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Abstract
This paper presents the combination of the nonorthogonal Partial Element Equivalent Circuit (PEEC) models and
interconnect structures through a macromodel approach for the analysis of automotive electromagnetic problems.
The applications are within automotive computational electromagnetics due to the typical combination of cable
harnesses and chassis structures. It is shown that PEEC-based solvers are capable of handling electrically large
problems with high geometrical complexity for detailed analysis in both the time- and frequency- domain with
attached multi-conductor transmission lines.
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I. I NTRODUCTION
The need for three-dimensional (3-D) electromagnetic (EM) modeling is increasing due to multi-gigahertz signal
bandwidths at all levels of integration and packaging, mixed-signal functionality, and larger wiring densities in
complex 3-D environments [1]. In the 2005 International Technology Roadmap for Semiconductors (ITRS) [2], the
use of high frequency 3-D EM modeling is designated as an emerging area. Solving combined electromagnetic
and circuit analysis problems is required for printed circuit board (PCB), subsystem-PCB modeling, and electrical
interconnect and package (EIP) problems. Two-dimensional (2-D) multiconductor transmission line (MTL) analysis
is used for problems which can be solved in this way. However, where 2-D modeling is inadequate, 3-D modeling
techniques must be used. The partial element equivalent circuit (PEEC) method [3], [4], [5] is a 3-D full-wave
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modeling method suitable for combined EM and circuit analysis. Unlike the method of moments (MoM), PEEC
is a full spectrum method valid from dc to the maximum frequency determined by the meshing. In the PEEC
method, the integral equation is interpreted as Kirchoff’s voltage law applied to a basic PEEC cell, which results
in a complete circuit solution for 3-D geometries. The equivalent circuit formulation allows for additional SPICE
type circuit elements to be easily included. Further, the models and the analysis apply to both the time-and the
frequency-domain. With a general purpose SPICE type solver, different analysis such as quasi-static, LR or RC,
and multi-conductor transmission line model analysis can be performed.
The PEEC method has recently been extended to include nonorthogonal geometries [6]. This model extension,
which is consistent with the classical orthogonal formulation, includes the Manhattan representation of the geometries in addition to the more general quadrilateral and hexahedral elements. This helps in keeping the number of
unknowns at a minimum and thus reduces computational time for nonorthogonal geometries.
Electronic components and systems are widely used in modern vehicles for safety, control, and entertainment
systems for example. While this revolution was going on, the electronics industry developed issues and concepts
that were addressed to allow inter-operation of the systems in the presence of each other and with the external
environment. For this reason electromagnetic compatibility (EMC) has gained an increasing importance as systems
and components started to have influence on each other just due to their operation. The advent of electric and hybrid
vehicles and the increasingly wide range of systems and frequencies which are used in vehicles, are expected to make
automotive EMC an increasingly troublesome burden to vehicle manufacturers in the future. It is considered that
the adoption of numerical modeling techniques will provide the most cost effective approach for future automotive
EMC engineering. The PEEC method has shown to be particularly suitable for the solution of EMC and electrical
interconnect and package (EIP) problems in combination with SPICE type circuit models since the entire problem
is solved in the circuit domain. The advantage with the method is the systematic development of equivalent circuits
which offers a good insight in the physics of the original problem and a deep understanding of the interaction
mechanisms (conduction and radiation).
To efficiently handle the combination of complex PEEC models and interconnect structures (signal transmission
in cable harnesses), the cables can not be meshed and treated as PEEC models. This would create an extremely
large PEEC model which would result in excessive calculation times. Therefore, cable harnesses could be treated
using multi-conductor transmission line (MTL) theory and integrated with the PEEC model. For example, work in
this direction has been presented for transmission lines in [7]. In this work, the combination of PEEC models with
MTL:s is conducted through a macromodel description. The MTL port voltages/current are related to PEEC model
node potentials/currents and the two models are solved simultaneously. This gives a very efficient solution of the
problem in both the time and frequency domain.
II. PEEC BASIC THEORY
The PEEC formulation uses an integral equation solution of Maxwell’s equations based on the total electric field.
40

The starting point is the total electric field at or in the material which is:
E i (r, t) =

J (r, t) ∂A(r, t)
+
+ ∇φ(r, t)
σ
∂t

(1)

where E i is the incident electric field, J is the current density in a conductor and A and φ are vector and scalar
potentials respectively. The vector potential A is for a single conductor at the field point r given by:
Z
A(r, t) = µ
G(r, r 0 )J (r 0 , td )dv 0

(2)

v0

The scalar potential is similarly
φ(r, t) =

1
0

Z
v

G(r, r 0 )%(r 0 , τ )dv 0

(3)

0

where the free space Green’s function is
G(r, r 0 ) =

1
1
4π | r − r 0 |

(4)

0
and the retardation time is given by τ = t − |r −cr | which simply is the free space travel time between the points

r and r 0 . The conservation of charge is enforced by the continuity equation:
∇ · J (r, t) = −

∂% (r, t)
∂t

(5)

The most popular method for the discretization of integral equations was called by Harrington the method of
moments (MoM) [8] with different implementation [9]-[12]. In PEEC, in the first step the unknown quantities
J (r, t) and % (r, t) are expanded as a weighted sum of finite set of basis functions. Next, the so-called Galerkin’s

testing or weighting process ([13]) is used to generate a system of equations for the unknowns weights by enforcing
the residuals of equations (1)-(5) to be orthogonal to a set of weighting functions which are chosen to be coincident
with the basis functions. It is evident that this procedure transforms equations (1)-(5) into the Kirchoff Voltage and
Current Laws (KVL and KCL) respectively.
A. Improved PEEC models for accuracy and stability
In the PEEC framework, the magnetic field coupling between two elementary volumes α and β is described by
partial inductances defined, in the Laplace domain, as:
Z Z
µ0
e−sτ
Lp,αβ (s)=
uα·uβ dvα dvβ
4πaα aβ vα vβ|r α − r β |

(6)

where τ = |r α − r β |/c0 and c0 is the speed of light in vacuum. In the past such coefficient was approximated taking
the exponential term out of the integral. More recently [14] it has been pointed out that such choice may prevent the
model to capture the damping which occurs at high frequency, causing inaccuracies and late-time instability. For this
reason a macromodel for the partial element has been evaluated, providing accuracy and better stability properties at
the same time [15]. These targets are achieved by means of different techniques based on: (1) subdivision schemes
[16], (2) split-cap filter [15], (3) R-ind filter [15], and (4) macromodels generated by orthogonal vector fitting
techniques [17] which will be described in detail in the references.
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B. Non-orthogonal formulation
Three dimensional electromagnetic modeling of car chassis requires handling non-orthogonal geometries. The
PEEC formulation for non-orthogonal geometry utilizes a global as well as a local coordinate system. The key
global coordinate system uses conventional orthogonal coordinates x, y, z . Hence, a global vector F is of the form
F = Fx x̂ + Fy ŷ + Fz ẑ . Therefore, the global unit vectors x̂, ŷ and ẑ are position independent. A vector in

the global coordinates is denoted as r . All local coordinates have to relate back to the global x, y, z coordinates.
Therefore, a unique representation is needed for the mapping from a local point a, b, c on an object to the global
point rg . Mapping a point in the above hexahedron from a local coordinate point a, b, c into a global coordinate
P
point x, y, z is described by x = 7k=0 Nk (a, b, c)xk , which is applied for x = x, y, z with coefficients given by
N0 = 1/8(1 − a)(1 − b)(1 − c)

N1 = 1/8(1 − a)(1 − b)(1 + c)

N2 = 1/8(1 − a)(1 + b)(1 − c)

N3 = 1/8(1 − a)(1 + b)(1 + c)

N4 = 1/8(1 + a)(1 − b)(1 − c)

N5 = 1/8(1 + a)(1 − b)(1 + c)

N6 = 1/8(1 + a)(1 + b)(1 − c)

N7 = 1/8(1 + a)(1 + b)(1 + c)

(7)

where a ∈ [−1, +1] and again a = a, b, c.
Fig. 1 (a) details the (Lp,P ,τ )PEEC model for the nonorthogonal metal patch in Fig. 1 (b) when discretized
using four edge nodes (dark full circles). The model in Fig. 1 (a) consists of:
•

partial inductances (Lp) which are calculated from the volume cell discretization using a double volume integral.

•

coefficients of potentials which are calculated from the surface cell discretization using a double surface
integral.

•

retarded current controlled current sources, to account for the electric field couplings, given by Ipi =

pij j
pii IC (t −

tdij ) where tdij is the free space travel time (delay time) between surface cells i and j ,
•

retarded current controlled voltage sources, to account for the magnetic field couplings, given by VLn =
dnm )
Lpnm ∂Im (t−t
, where tdnm is the free space travel time (delay time) between volume cells n and m.
∂t

III. PEEC- BASED ELECTROMAGNETIC SOLVER
A program for electromagnetic analysis, based on the theory and references outlined in the previous section, has
been developed [18]. The solver can handle both the traditional orthogonal PEEC model and the newly introduced
nonorthogonal formulation which is needed for the analysis of automotive problems. The solver creates an equivalent
circuit containing resistances, inductances, capacitances, and coupled voltage and current sources (to account for
electromagnetic couplings) for the given geometrical layout (CAD-data as specified in an input file). The user adds
external electronic (sub-)systems and analysis mode as described by the SPICE syntax. For example, the solver
performs transient analysis by the use of the .tran-command. The actual solution of the resulting circuit equations,
in either the time- or frequency- domain, is performed in the solver and results are given as current- and voltagedistributions in the geometrical layout.
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Fig. 1.

Nonorthogonal metal patch (a) and PEEC model (b).

Fig. 2.

PEEC model connected to a multiport system.

IV. I NCORPORATION OF MACROMODELS
Automotive computational electromagnetic problems can be extremely complex to be modeled entirely in the
PEEC framework. Therefore, it can be useful to incorporate a macromodel describing an electromagnetic system
into PEEC models. This can be accomplished by starting from a linear electromagnetic system described by a
state-space model


 ẋ(t) = Ax(t) + Bv(t)
 i(t) = Cx(t) + Dv(t)

(8)

where A ∈ Rp×p , B ∈ Rp×q , C ∈ Rq×p , D ∈ Rq×q , p is the number of states, q is the number of ports, x(t) is
the state of the macromodel, and inputs and outputs are represented by the port voltages v(t) and the port currents
i(t), respectively. Fig. 2 shows an example of the incorporation of a multiport system into the PEEC environment.

The discretization process of the EFIE (1) and the successive Galerkin’s weighting leads to generate an equivalent
circuit as seen in Fig. 1 (a). When Kirchhoff’s voltage and current laws are enforced to the Ni independent loops
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and Nφ independent nodes of the PEEC equivalent circuit we obtain:
−AΦ (t) − RiL (t) − Lp i̇ (t) = v s (t)

(9a)

P −1 Φ̇ (t) + imacro − At iL (t) = is (t)

(9b)

where
•

Φ (t) ∈ RNφ is the vector of node potentials to infinity; RNφ is the node space of the equivalent network;

•

iL (t) ∈ RNi is the vector of currents including both conduction and displacement currents; RNi is the current

space of the equivalent network;
•

imacro (t) ∈ RNφ is the vector of currents of macromodels;

•

Lp is the matrix of partial inductances describing the magnetic field coupling;

•

P is the matrix of coefficients of potential describing the electric field coupling;

•

R is the matrix of resistances;

•

A is the connectivity matrix;

•

v s (t) is the vector of distributed voltage sources due to external electromagnetic fields or lumped voltage

sources;
•

is (t) is the vector of lumped current sources.

The port voltages v(t) can be related to node potentials Φ(t) through the relation:
v(t) = SΦ(t)

(10)

where S ∈ Rp×Nφ ; it is easy to verify that, between macromodel currents imacro (t) and port currents i (t) the
following relation holds:
imacro (t) = S T i (t)

(11)

that allows to map port currents into the Nφ PEEC nodes (dark circles in Fig. 1 (a) and (b)). Equations (9a)-(9b),
(8), along with (10)-(11), represent a set of Ni + NΦ + p + q equations to be solved for the same number of
unknowns, namely iL (t) , Φ (t) , x (t) , i (t).
It is to be pointed out that the proposed approach allows to link multi-conductors transmission lines to PEEC
models as well as any kind of macromodel of linear electromagnetic systems.
V. N UMERICAL RESULTS FOR CHASSIS STRUCTURE
In the first test the developed PEEC solver has been used to analyze the voltage distribution on a car chassis in
both the time- and frequency domain. The sequential PEEC-solver is written in C++, uses the GMM++ template
library for matrix computation, and all the test are performed on a standard Linux server (Intel Xeon, duel core
with 4 Gb RAM).
The discretization process, mesh seen in Fig. 4 (a), of the overall chassis structure into quadrilateral patches led
to 3 816 inductive cells, 2 862 capacitive cells, and 1 355 nodes. This results in 14 558 040 mutual inductances,
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8 188 182 mutual coefficients of potential (capacitances) which results in an N × N dense linear system Ax = b
with N = 5 171. This system is complex in the frequency domain due to the phase shift in the electromagnetic
couplings while the time domain solver requires the use of history files for potentials and currents.
The majority of the computation time (4 hours), for both the tests, is the calculation of the nonorthogonal partial
elements (inductances and coefficients of potential). The subsequent solution of the circuit equations is performed
in 10 minutes in the time domain (1 500 time steps) and in 3 hours in the frequency domain (100 frequencies).
A. Time domain analysis
The first test is carried out in the time domain with the chassis excited by a fast current pulse. The current
source is a pulse waveform of Gaussian-type, I(t) = e−x·x where x =

t−(150e−9)
(50e−9) ,

injected in the front bumper.

The back bumper is terminated with a 50 Ω resistor to infinity in order to have a current path through the chassis.
This results in the terminal voltages, at the front bumper (VF RON T ) and back bumper (VBACK ), as seen in Fig. 3
(a). The results, current and voltage distribution, can be visualized in the analyzed structure instead at single ports.
This results in the potential distribution, in the chassis, as seen in Fig. 3 (b) for time t = 180 ns.
B. Frequency domain analysis
The only addition for the frequency domain test is a resistor (100 Ω) in parallel with the input current source
(unitary for AC analysis). The result is given as the potential distribution in the chassis at 22 MHz in Fig. 4.
C. Chassis with and an interconnect structure
The second test adds a multi-conductor transmission line (MTL) to the chassis analysis in the previous section.
The inclusion of the MTL is through the macromodel formulation detailed in Sec. IV. The interconnect structure
consists of two signal lines with a common reference conductor, driving circuitry, and a PEEC model for two
square loops as schematically shown in Fig. 5. The interconnect structure is positioned near the back window of
the chassis, Fig. 6 (b).
For testing, one signal conductor is excited using a unitary Gaussian pulse function with a 5 ns rise time. The
port voltages for the MTL is observed as well as the induced voltages and currents in the chassis.
The port voltages, near and far end, are shown in Fig. 6 (a). The induced voltages in the chassis, as seen in Fig.
6 (b), are close to 0.4 V near the small loop structures.
Since the proposed approach works well for frequency domain analysis, the last example shows a situation where
a current- and voltage- distribution in the chassis impact on interconnect port voltages through the loop structures.
The chassis is excited as described in Sec. 4.1.2 while observing the interconnect port voltages, seen in Fig. 7. Port
voltages well over 1.5 V are observed around 85 MHz. Further, since the loop attached to signal conductor 2 is
closer to the chassis, the induced voltages are slightly higher (Vin T2 and Vout T2 in Fig. 7) in that one than in
signal conductor 1.
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Fig. 3. Time domain voltages at front and back bumper of chassis for the current injection (a). Potential distribution in chassis at a specific
time point (180 ns) after excitation with the Gaussian pulse.

The overall computation time, compared to single chassis analysis, is not impacted due to the addition of the
macromodel and the loop circuits. This is due to the minimal inclusion of unknowns compared to the chassis
structure. However, the creation of the macromodels require some effort in post-processing to create the A, B , C ,
and D matrices in (8).
VI. C ONCLUSIONS AND D ISCUSSION
This paper shows the first application of nonorthogonal PEEC to an electrically large structure in both the timeand frequency domain. The developed solver is utilizing standard C++ libraries and requires only a Linux server to
perform the analysis. Within the PEEC framework, additional active and passive circuit elements are easily included
which enable the analysis if complete automotive systems with the effects of the chassis geometry in the same
solver.
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Fig. 4.

Potential distribution in chassis analyzed with the PEEC solver at 22 MHz.

This paper also outlines the combination of PEEC models and interconnect structures through a macromodel
approach. The applications are within automotive computational electromagnetics and involve nonorthogonal PEEC
models for electrically large structures. With the electrically large structures, multi-conductor transmission lines are
included through a macromodel approach resulting in an computationally efficient method.
Propagation in multiconductor
transmission lines solved using a
macromodel

PEEC model
for driving circuitry

PEEC model
for two loops
W

W

PEEC model
for chassis

Fig. 5.

Test configuration for chassis and interconnect structure.
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Fig. 6.

MTL port voltages, near and far end, for the chassis and interconnect structure in (a) and induced voltages in the chassis structure

(b).
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