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Abstract ─ A new numerical solution method is 
presented for the electromagnetic field scattered 
by a perfectly conducting (PEC) cylindrical object 
with an arbitrary cross-section buried in a lossy 
dielectric half-space. The dielectric half-space is 
considered to be flat, and the method is outlined 
for TMz (horizontally) polarized incident wave. 
The surface equivalence principle and a 
decomposition method are utilized to form a set of 
electric field integral equations (EFIEs) for the 
currents on the object and the portion of the 
surface most strongly interacting with the object. 
To obtain the scattered electric field, the EFIEs are 
solved in the frequency domain using the method 
of moments (MoM).  
 
Index Terms ─ Electromagnetic scattering, 
integral equations, method of moments, 
perturbational field.  
 

I. INTRODUCTION 
Solution of the electromagnetic scattering by 

buried objects has been the interest of many 
researches. Therefore, several techniques have 
been employed to obtain the scattered fields. This 
is because scattered field values can be used in 
nondestructive evaluation applications such as 
detecting landmines, buried pipes, near-surface 
geophysical exploration, and also archeological 
studies [1-6]. As a result, an efficient way of 
calculating scattered field is important for ground-
penetrating radar applications. 

Previously, the problem for a cylinder buried 
in a medium having a flat surface has been studied 
by many researches. For example, Uzunoglu et al. 

have computed the scattered electric field from 
underground tunnels using a Green's function 
approach, and analyzed the scattered amplitude for 
various observation angles [7]. Kanellopoulos et 
al. have used the same analytical approach for 
conducting wires buried in earth [8]. Also, “B” 
approximation and Sommerfield integrals with fast 
evaluation methods have been the other ways to 
build an analytical solution for buried scatterer [9-
11]. Naqvi et al. have used plane wave expansion 
and excitation of current on a cylinder for the 
scattered electric field from a conducting cylinder 
deeply buried in a dielectric half-space [12]. 
Another analytical method containing plane wave 
representation has been developed by Ahmed et al. 
[13]. 

In this paper, the scattered electric field from a 
PEC cylindrical object of arbitrary cross-section 
buried in a lossy half-space is computed by a new 
numerical solution method. The basis of the new 
solution method is that if an object is close to the 
surface, the electromagnetic fields will be nearly 
identical to that without the object, except within 
the region of finite extent near the object [14, 15]. 
Thus, the equivalent current on the surface will be 
affected only in a finite portion of the surface near 
the object. By using this assumption, the EFIEs for 
the induced current on the PEC object and the 
perturbation current (the difference current with 
object present and with object absent) on the 
surface are obtained. Then, the EFIEs are solved 
by MoM in frequency domain. 
 

II. THEORY 
The geometry of the problem is shown in 
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Fig.1. A TMz plane wave iE


 is assumed to be 
incident on a cylindrical object of arbitrary cross-
section buried in a two-dimensional infinite flat 
surface with the incidence angle of i : 

   0 cos sin
0, ,ˆ i ijk x yiE x y z E e  


          (1) 

where 0 0 0k    . A PEC object is located ch  
below the surface. The distance between y-axis 
and the object axis is indicated by cx . The flat 

surface is represented by dS , and ˆdn  is the 

outward unit normal vector to dS . The object 

surface is represented by cS , and ˆcn  is the 

outward unit normal vector to cS . 
 

 
Fig. 1. The geometry of the problem. 

 
The scattered electric field ( )sE


 can be 

written as the sum of the scattered field from the 
PEC object and the flat surface: 

.s S TE E E 
  

                       (2) 
S  and T  indicate surface and object, 

respectively. The scattered electric field from the 
surface can be written as; 

,S I PE E E 
  

                      (3) 

where PE


 is the perturbational field produced by 
the difference, or perturbation currents p

dJ


 and 
p

dM


, and IE


 is the field due to currents IJ


  and 
IM


 on the surface which is impressed by the 
incident field without the object present. 
Therefore, the difference currents can be defined 
as p I

dJ J J 
  



 and p I
dM M M 
  

 . Here, J



 

and M



 represent the equivalent currents on the 
surface. Then, substituting equation (3) into the 
equation (2) gives, 

.s I P TE E E E  
   

              (4) 
The unknown currents are the equivalent 

perturbation currents on the surface and the 
induced current on the object. These currents can 
be obtained by using the surface equivalence 
principle that is well-known in literature [16]. This 
principle has been used and explained by many 
researches [17, 20]. 

Before applying the surface equivalence 
principle to the original problem, the scattered 
electric field IE


 should be obtained when the flat 

surface is the only scatterer. Thus, the flat surface 
is chosen to be the only scatterer shown in Fig. 2. 

 

dS

 00 ,

1 1 1, ,  
Fig. 2. The flat surface as a scatterer. 
 

Figure 3 shows the external equivalence 
principle applied to the problem in Fig. 2. The 
whole space parameters are chosen as  0 0,   
[19, 20]. The surface is replaced by surface 
electric ( )IJ


 and magnetic ( )IM


 currents. At 

any point outside the surface, the total fields are 
E


 and H


. The total fields are zero under the 
surface; 

0 ,i I
ext dE E S   

 
               (5) 

0 .i I
ext dH H S   

 
             (6) 

Here, ext means external and dS   represents 

the surface just inside dS . 
Then, the internal equivalence principle is 

applied in Fig. 4 to the problem shown in Fig. 2. 
Therefore, the whole space parameters are chosen 
as  1 1 1, ,    [19, 20]. The surface is replaced by 

surface electric ( )IJ


 and magnetic ( )IM


 
currents.  
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,

0

0





H
E



IM
IJ



dS

00 ,

00 ,

 
Fig. 3. External equivalence applied to the 
problem in Fig. 2. 
 
The total fields are zero at any point external to 

dS ; 

,0I
int dE S  


                       (7) 
.0I

int dH S  


                      (8) 

Here, int means internal, and dS  represents the 

surface just outside dS . 

 HE


,

0

0





H
E



IM


IJ


dS

111 ,, 

111 ,, 
 

Fig. 4. Internal equivalence applied to the problem 
in Fig. 2. 
 

Now, with the knowledge of scattered electric 
fields on the surface when there is not any object, 
the original problem in Fig. 1 can be solved. 
Initially, the external equivalence principle is 
applied in Fig. 5. 

The total field outside the surface is the sum of 
the incident, and scattered field; 

,i sE E E 
  

            (9) 
,i sH H H 

  
                     (10) 

and the scattered electric field is; 
.s I P

ext extE E E 
  

                   (11) 

In Fig. 5, p
dJ


 and p
dM


 are the perturbation 
currents; 

 

00 ,

0E


HE


,
p

dM


p
dJ


dS

0H 
00,

Fig. 5. The external equivalence principle applied 
to the problem in Fig. 1. 

 
ˆ ( ),p

d d dJ n H S  
 

                (12) 
ˆ( ) .p

d d dM E S n 
 

               (13) 
The total field is zero just inside the surface

dS ; 

.s i
dE E S   

 
                  (14) 

Then, the field caused by perturbation currents 
becomes; 

.P I i
ext ext dE E E S    
  

       (15) 
Now, equation (5) is used in equation (15), 

then the value of the perturbation field on dS   
becomes, 

 , .0P p p
ext d d dE J M S  
  

     (16) 

Then, the internal equivalence principle is 
applied in Fig. 6 to the problem shown in Fig. 1. 

 

111 ,, 

111 ,, 

0E


0H


HE


,

0E


0H


p
dM


p
dJ




dS

cJ


 
Fig. 6. The internal equivalence principle applied 
to the problem in Fig. 1. 
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There is no incident wave, and the total fields 
under the surface contain just the scattered fields; 

,sE E
 

                               (17) 
.sH H

 
                              (18) The scattered electric field is expressed; 

s I P T
int intE E E E  

   
                        (19) 

The total electric field is zero outside dS : 

   , .P p p T I
int d d c int dE J M E J E S      
     

   (20) 
After equation (7) is used in equation (20), the 

scattered electric field on dS 

 becomes, 

   , .0P p p T
int d d c dE J M E J S     
    

        (21) 
The total field is also zero inside cS , 

   , ,P p p T I
int d d c int cE J M E J E S      
     

  (22) 
where  cS 

 represents the surface just inside  cS  

and cJ


 is the equivalent current on the object; 

ˆ ( ).c c cJ n H S  
 

                 (23) 
I
intE


 on cS   is the electric field value on the 
object points when the object is absent. Therefore, 
this electric field can be obtained analytically in a 
closed form as; 

 1 sin cos
0 .ˆ t tjk x yI

intE zT E e  


              (24) 

Here, 1 1 ck     and 1
1

1

1c j  


 
  

 
. The 

transmission coefficient indicated by T ; 
1

1 0

2 cos ,
cos cos

i

i t

T  
   




         (25) 

where 0 0 0/   and 1 1 / c    are the 
intrinsic impedance of free and lossy half-space, 
respectively. Here, t  is the transmission angle 
and defined by Snell's law; 

1 0 0

1

sin cos .t i
c

  
 

  
   

 
               (26) 

In other words, there are three equations (16), 
(21), and (22) to be solved by using MoM and the 
three unknown currents to calculate the scattered 
field. 

The electric field is expressed in terms of 
electric and magnetic potential functions [17], and 

equations (16), (21), and (22) can be rewritten as; 

   
0

1 0 ,,ext p ext p
z d d dz

j A J F M S


     
  

             (27)    
  ,1 0,

int p int
z d z c

i

c

nt p
d dz

j A J j A J

F M S

 




  

     

 

 
 

         (28)    
 1 , ,

int p int
z d z c

int p I
d int cz

c
z

j A J j A J

F M E S

 




  

          

 

  

                                                                      (29)
 where A


 and F


 denote the magnetic and electric 

vector potential, respectively. They are given by 
the following line integrals: 

     (2)
0  ,

4
jC

A J H k dl
j
      

        (30) 

     (2)
0 ,

4
mC

F M H k dl
j
      

       (31) 

where  represents the source points, and 


 is a 
two-dimensional position vector. The contours 
over J


and M


 are jC  and mC , respectively.  

Three equations (27, 28, 29) are solved 
numerically using MoM for three unknown 
surface currents ( , ,p p

d d cJ M J
  

). The currents on 

the surfaces of  dS  and   cS are approximated by 
linear segments: 

   
1

ˆ ,
cN

c c
c i i

i
J z I P 



  
                    (32) 

   
1

ˆ ,
dN

p d d
d i i

i
J z I P 



  
                  (33) 

   
1

ˆ ,
dN

p d d
d i i i

i
M K P  



 
              (34) 

where cN and dN  are the numbers of segments on 

cS and dS , respectively. c
iI  and d

iI  are the 
unknown values of electric current on the i th 
segment of cS  and dS , respectively. d

iK  denotes 
the value of the magnetic current on the   ith 
segment of dN . The unit vector in the 
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circumferential direction tangent to the ith 
segment of dS  is denoted by î , and the unit 
vector in the z -direction is denoted by ẑ . Pulse 
functions ( ,c dP P ) are chosen as the expansion 
functions. 

Equations (27), (28), and (29) can be rewritten 
using equations (32), (33), and (34); 

 

 

 

(2)0
0 0

1

(2)0
1 0

1

4

4

ˆ ·
0,  ,  

d

di

d

di

N
d
i

i C

N
d
i

i C

d
i

d

I H k dl

jk K H k

n
dl S

  

 

 
 







  

 


 



 

 

 

 

 
 

     

(35) 

 

 

 

 

(2)1
0 1

1

(2)1
0 1

1

(2)1
1 1

1

4

4

4

ˆ ·
0, ,   

d

di

c

ci

d

di

N
d
i

i C

N
c
i

i C

N
d
i

i C

d
i

d

I H k dl

I H k dl

jk K H k

n
dl S

  

  

 

 
 









 

  

 


 



 

 

 

 

 

 

 
 

    (36) 

 

 

 

 

(2)1
0 1

1

(2)1
0 1

1

(2)1
1 1

1

4

4

4

ˆ ·
, ,   

d

di

c

ci

d

di

N
d
i

i C

N
c
i

i C

N
d
i

i C

d
i I

int c

I H k dl

I H k dl

jk K H k

n
dl E S

  

  

 

 
 









 

  

 


  



 

 

 

 

 

 

 
 

 (37) 

where (2)
0H  is the zeroth-order Hankel function of 

the second kind, (2)
1H  is the first-order Hankel 

function of the second kind, dC  and cC  are the 

contours representing of dS  and cS , respectively. 
Then, pulse weighting functions are used to 
transform these EFIEs to linear equations. These 
linear equations are solved to obtain the unknown 

currents, and the far scattered field can be 
computed using only p

dJ


 and p
dM


: 

 

 

0
0

0
0

cos sin0

10

cos sin0

10

2
4

2 ,
4

d
s s

d
s s

Njk
jk x ys d d

z i i
i

Njk
jk x yd d

i i
i

j eE I e
k

jk j e K e
k


 


 


 

 


  




  



  

 




             (38) 
where s  is the scattering angle, and d  is the 

length of the segment on dS . 
 

III. NUMERICAL RESULTS 
If it is not indicated otherwise; for all MoM 

solutions, the value of 20 points per free-space 
wavelength ( 0 ) is used to represent the currents 
on the object and the surface. The object is chosen 
to be a PEC cylinder with circular cross-section of 
radius ar  (Fig. 7), and the perturbation currents' 
behaviors are investigated in Fig. 8 to validate the 
assumption that the equivalent current on the 
surface will be affected only in a finite portion of 
the surface near the object. As expected, when the 
object is buried deeper, the perturbation currents 
spread along the surface. So, it is important to 
select the truncation width ( wl ) carefully. 
 

wl

 
Fig. 7. The geometry used for the numerical 
results. 
 

After establishing the validity of our 
assumption, it is also necessary to determine the 
accuracy of the method. This can be done by 
choosing the space parameters under the flat 
surface as  0 0,  . Thus, the scattered field is 
expected to behave like a PEC cylinder. The 
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scattered E-field is first solved by the 
decomposition method, and then by the analytical 
method [21]. Then, these two results are compared 
in Fig. 9. It is seen that if the truncation width is 
chosen to be sufficiently long, the decomposition 
method gives very accurate results. 

The root-mean square error ( RMSE ) between 
the decomposition method and the analytical 
solution is calculated by using; 
 

 
(a) 

 
(b) 

Fig. 8. Perturbation (a) electric and (b) magnetic 
currents on the flat surface for f=1 GHz, 20i

 , 
0.01ar   m, / 0.0c ax r  , 1 015   F/m, 

1 0   H/m, and 1 0.01   Sm-1. 
 

 
(a) 

 
(b) 

Fig. 9. Scattered field (a) normalized amplitude 
and (b) phase for 0.01ar  m, 90i

 , 
/ 1.0c ah r  , / 0.0c ax r  , wl / 500ar  , 1 0    

F/m, and 1 0   H/m. 
 

 
2

2% ,
A P

RMS A

E E
E

E


          (39) 

where AE  and PE , show analytical and 
decomposition solutions, respectively. The number 
of points on the cylinder is chosen to be 50. Then, 
the RMS error is calculated and shown in Fig. 10. 
It is seen that 0.0033wl/(%) 0.227 ch

RMSE e , so the 
solution converges exponentially with respect to 
wl / hc and the solution becomes more accurate 
for increasing truncation width.  

Fig. 10. The approximation difference for 
0.01ar  m, 90i

 , / 1.0c ah r  , / 0.0c ax r  , 

1 0   F/m, and 1 0   H/m. 
 

To validate the decomposition method for 
lossy half-space, the solution is compared to the 
results in [8] including Green's function approach. 
The comparison is shown in Fig. 11. Increasing 
the truncation width makes the solution to 
converge the result of Green's function approach.  
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Fig. 11. Scattered amplitude from a cylindrical 
scatterer with circular cross-section for 0.3ar   
m, 1.7ch  m, / 0.0c ax r  , 1 015   F/m, 

1 0    H/m, 60i
 , f  30 MHz, and 

1 0.01   Sm-1. 
 

After determining the method's accuracy, the 
object is chosen as a cylinder with elliptical cross-
section in Fig. 12. The effect of the incident angle 
is noticeable on the scattered amplitude. There is a 
reduction of the magnitude of the scattered field as 
the incident angle deviates from 90 . Also, the 
scattered energy is concentrated around a 
scattering angle of 90  even for a very small 
incident angle.  

 

ar
br

 
Fig. 12. Relative scattered amplitude from a 
cylindrical scatterer with elliptical cross-section 
for 0.02ar   m, 0.01br   m, / 1.0c bh r  , 

/ 0.0c ax r  , 1 015   F/m, 1 0   H/m, and 

1 0.01   Sm-1. 
 

IV. CONCLUSION 
The scattered electric field from a conducting 

cylinder buried in a lossy medium having an 
infinite flat surface excited by a TMz polarized 
electromagnetic wave has been solved by a new 
numerical solution method. The validity of 
perturbation assumption is shown by calculating 
the perturbation currents on the flat surface. It is 

shown that the perturbation currents on the flat 
surface become negligible except within the region 
of finite extent near the object for lossy medium. 
Also, to investigate the accuracy of the method, 
the medium parameters are taken to be space 
parameters. It is seen that the method is very 
accurate. A detailed study of short-pulse scattering 
from objects buried in a lossy half-space will be 
undertaken in the future. 
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