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Abstract – The analytical characterization of coupled
composite righ/left-handed ladder networks is presented.
Relying on closed-form polynomials, the two-port repre-
sentation of the composite right/left-handed ladder net-
work is obtained in a rational form, leading to identify its
poles and residues and, thus, the state-space macromodel
of the network. The proposed macromodel is successfully
validated by comparing the numerical results with those
obtained using conventional frequency domain techniques
of finite periodic structures.

Keywords:Metamaterials, composite righ/left-handed lad-
der networks, transient analysis, rational macromodeling.

I. INTRODUCTION

Over 30 years ago Veselago [1] theoretically investi-
gated materials with simultaneously negative permittivity
and permeability, or left-handed (LH) materials. Recently
a transmission line approach of left-handed (LH) materials
has been presented in [2, 3] where an equivalent circuit for
a left-handed transmission line (LH-TL) is proposed. Such
equivalent circuit has been also extended to composite
right/left handed (CRLH) metamaterials in [4].

The low insertion loss and broad bandwidth of the
LH-TL make it an efficient candidate for microwave
frequencies. Due to their negative propagation constant,
LH-TLs exhibit phase advance instead of a phase delay
as the conventional right-handed transmission lines. This
characteristic leads to new designs for many microwave
circuits, antennas and couplers.

Artificial CRLH structures are periodic networks
whose unit cell consists of a conventional transmission
line which is electrically short and loaded with series and
shunt elements such that it exhibits a CRLH behavior.
Typically the transmission line is loaded by longitudinal
(interdigital) capacitances and transverse (short-stub)in-
ductances. As a consequence, the analysis of such type of
structures requires modeling either the continuous nature
of the transmission line or the discrete behavior of lumped
elements. In [5] this task is carried out by solving the

Telegrapher’s equations for a continuous transmission line
problem.

As long as the spatial period of loading lumped
elements is electrically short, the resulting structure can
be regarded as a finite periodic half-T ladder network
(HTLN) which is the best candidate to model composite
right/left handed structures.

HTLNs have been widely used in transmission lines
modeling [6] under the hypothesis that electrically small
sections of length∆` are assumed (∆` � λg, λg being
the guided wavelength [3]). In the case of artificial CRLH
structures obtained by periodically loading transmission
lines or by cascading lumped elements, half-T ladder
networks represent their exact model [7, 8].

While a great attention has been devoted to
frequency-domain analysis of composite right/left handed
structures [3, 9], their time-domain analysis is a relatively
new issue. The fact that transient analysis provides infor-
mation about the system response over many frequencies,
makes it attractive to investigate metamaterials properties
in a fast and efficient way. In addition, non-linear termi-
nations call for time-domain macromodels.

Time-domain transmission line matrix (TLM) mod-
eling of metamaterials with negative refractive index
has been derived in [10]. A composite right/left-handed
equivalent circuit FDTD method is presented in [11]
and applied to investigate several transient and refractive
phenomena occurring at the interface between a CRLH
metamaterial and a purely right-handed (PRH) structure.
More recently, a stability analysis of 1-D double negative
transmission lines is presented in [5] where a method of
moments (MOM) [12] approach is employed to perform
time-domain computations.

In [13] a systematic approach to composite righ/left-
handed ladder networks (CRLH-LNs) has been presented.
The aim of this work is to extend such a methodology
to coupled composite righ/left-handed ladder networks.
Metamaterial coupled-line couplers have the advantage
of providing arbitrary coupling level in addition to the
broad bandwidth of conventional coupled-line couplers.
A comprehensive frequency-domain analysis of this type
of structures is presented in [14] where mechanisms of

45

1054-4887 ' 2009 ACES

ACES JOURNAL, VOL. 24, NO. 1, FEBRUARY 2009



coupling are derived in the framework of generalized
transmission lines.

Based on the ladder structure of the system, a rigor-
ous analysis of coupled CRLH-LNs is developed, which
is based on closed-form polynomials, leading to a rational
macromodel of the transfer functions of the system. In the
recent years new and effective techniques have been de-
veloped to generate macromodels from frequency-domain
response of electromagnetic systems [15–17]. CRLH-LN
structures can be regarded as periodic and finite; as a
consequence, any electrical quantities of the CRLH-LNs,
such as voltages and currents, can always be expressed in
a rational form due to the RLCG nature of the network.
This target is achieved by using closed-form polynomials
depending on the cell matrixK(s) = Y 2(s)Z1(s) of
the ladder network. Polynomial coefficients area-priori
analytically computed and stored. The resulting rational
macromodel is the exact representation of the CRLH-
LN and can be used for both time and frequency-domain
analysis of coupled CRLH-LNs.

The paper is organized as follows: Section II presents
the polynomial model of CRLH ladder networks leading
to a rational multiport representations of coupled CRLH-
LNs, described in Section III, which is suitable for an effi-
cient computation of poles/residues and, thus, for a time-
domain macromodel. Section IV presents the computation
of the dispersion diagram and a comparison with that of
CRLH-TLs. Numerical tests are carried out and reported
in Section V. The conclusions are drawn in Section VI.

II. POLYNOMIAL MODEL OF CRLH-LNS

Composite right/left handed transmission lines can be
modeled as the cascade ofn elementary identical half-T
cells, as shown in Fig. 1, characterized by both longi-
tudinal and transversal inductances and capacitances [4].
In addition, longitudinal resistances and transverse con-
ductances are added to take the ever existing losses into
account.
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Fig. 1. Half-T ladder network.

The resulting structure is ahigh-passfilter mimick-
ing a composite right/left handed transmission line. The
equivalent circuit shown in Fig. 2 represents a possible
model of a cell although other topologies can be consid-
ered [2].

The transmission line model can still be adopted
under the hypothesis that the unit cell is electrically small
[2, 18], but a rigorous analysis of practical realizations of

CRLH structures is desirable and useful to designers. The
main difference with respect to the continuous transmis-
sion line model relies on the fact that the half-T ladder
network is a periodic structure which is characterized
by having any transfer function to be written as rational
function. Obviously, standard multiport network theory
can be used to analyze the ladder network in the frequency
domain [19] but such an approach is not suitable to
provide a time-domain macromodel.

R LR CL

CR LLG

Fig. 2. Elementary half-T cell for a composite right/left
handed ladder network (CRLH-LN).

To the aim to develop the closed-form macromodel
of a CRLH-LN, is useful to define the unit cell impedance
and admittance in the Laplace domain,

Z1 (s) = R+ sLR +
1

sCL
=
s2LRCL + sRCL + 1

sCL

Y2 (s) = G+ sCR +
1

sLL
=
s2LLCR + sGLL + 1

sLL
,

(1a)

which are rational functions.
In [20] it is shown that, in the hypothesis of a

uniform, linear and time invariant HTLN, the voltage
at the generic nodeβ in the Laplace-domain can be
expressed as,

Vβ (s) =
Pn−β

b (K (s))

Pn
b (K (s))

Vin (s) (2)

where the cell factorK(s) is,

K (s) = Y2 (s)Z1 (s) (3)

and

Pn−β
b (K(s)) =

n−β
∑

j=0

bj,n−βK
j (s) (4)

is a polynomial inK (s), of ordern−β with 0 ≤ β ≤ n.
Polynomial coefficientsb are generated as [21],

bi,j =

(

i+ j
j − i

)

=

(

i+ j
2j

)

(5)

which leads to the generation of the following triangle
known as DFF triangle [20], shown in Table II.

The general expression of the longitudinal branch
currentIβ1(s) is,

Iβ1 (s) =
1

Z1(s)

Pn−β+1
c (K(s))

Pn
b (K(s))

Vin (s) (6)
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Table 1. DFF triangle.

ij 0 1 2 3 4

0 1

1 1 1

2 1 3 1

3 1 6 5 1

4 1 10 15 7 1

. . . . . . . . . . . .

where the corresponding roots are,

Pn−β+1
c (K(s)) =

n−β+1
∑

j=0

cj,n−β+1K
j+1 (s) (7)

is a polynomial inK (s) of order n − β + 1 and the
coefficientsc are obtained as [21],

ci,j =

(

i+ j + 1
j − i

)

=

(

i+ j + 1
2j + 1

)

(8)

leading to the triangle known as DFFz triangle [20],
shown in Table II.

Table 2. DFFz triangle.

i
j

0 1 2 3 4

0 1

1 1 1

2 1 3 1

3 1 6 5 1

4 1 10 15 7 1

. . . . . . . . . . . .

It is worth noticing that polynomialsPn
b (K(s)) and

Pn
c (K(s)) allow to describe any kind of finite periodic

structure, provided the cell factorK(s) is given. In
particular it can be used to model CRLN-LNs.

III. COUPLED CRLN-LNS

As stated before, no assumption is done either on
the cell factorK(s) as for the nature of longitudinal
impedanceZ1(s) and transverse admittanceY 2(s) or its
dimension; hence, the extension to the multidimensional
case is straightforward. To this aim, let us considerN
coupled CRLH-LNs (Fig. 3 shows an example withN =
2) and define the longitudinal impedance and transverse
admittance matrices as,

Z1 (s) = R+ sLR +
1

s
C−1

L (9a)

Y 2 (s) = G+ sCR +
1

s
L−1

L , (9b)

whereR and G are diagonal matrices containing the
resistance and conductance of each half-T cell,LR and
CR are the right-handed inductance and capacitance
matrices andLL andCL are the left-handed inductance

R1 LR1
C

L1

CR1

LL1G1

R2
LR2 CL2

C
R2

L
L2

G
2CR12

LM

Fig. 3. Elementary half-T cell for a coupled composite
right/left handed ladder network (CRLH-LN).

and capacitance matrices, respectively. These latter are
diagonal matrices.

In the multidimensional case, the cell factorK(s)
becomes a matrix and can be defined as,

K (s) = Y 2 (s)Z1 (s) . (10)

The polynomialsPn
b (K(s)) andPn

c (K(s)) become
polynomial matrices,

Pn
b (K(s)) =

n
∑

j=0

bj,nK
j (s) (11a)

Pn
c (K(s)) =

n
∑

j=0

cj,nK
j+1 (s) . (11b)

When general terminal conditions need to be consid-
ered, the chain parameters [6] of the half-T ladder network
can be obtained as,

Φ11(s) =

n−1
∑

j=0

bj,n−1K
j(s) = Pn−1

b (K(s)) ,(12a)

Φ12(s) = −





n
∑

j=0

cj,nK
j+1(s)



 · Y −1
2 (s) (12b)

= −Pn
c (K(s)) · Y −1

2 (s),

Φ21(s) = −





n
∑

j=0

cj,nK
j+1(s)



 ·Z−1
1 (s) (12c)

= −Pn
c (K(s)) ·Z−1

1 (s),

Φ22(s) =
n

∑

j=0

bj,nK
j(s) = Pn

b (K(s)) . (12d)

PolynomialsPn−1

b (K(s)) and Pn
c (K(s)) can be

factored into zero-pole pairs. Their factorization is ac-
complished by using the poles given by the expressions
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presented in [21],

Pn−1
b (K(s)) =

n−1
∏

j=1

(K(s) − uj,n−1UN ) (13a)

Pn
c (K(s)) =

n−1
∏

j=1

(K(s) − vj,n−1UN ) ·K(s), (13b)

whereUN is the identity matrix of orderN and poly-
nomial rootsuj,n andvj,n can be computed analytically
as,

uj,n = −4 sin2

[

(2j − 1)

(2n+ 1)

π

2

]

(14a)

vj,n = −4 sin2

[

j

(n+ 1)

π

2

]

, (14b)

for j = 1 · · ·n.
The knowledge of the chain parametersΦ allows to

obtain the rational form of any other two port matrix
representation. TheZ(s) matrix entries can be evaluated
in terms ofPn

b (K(s)) andPn
c (K(s)) polynomials as,

Z11(s) = Pn
b (K(s)) ·

(

Pn
c (K(s)) ·Z−1

1 (s)
]

−1
(15a)

Z12(s) = −
(

Pn
c (K(s)) ·Z−1

1 (s)
)−1

, (15b)

Z21(s) = −
(

Pn
c (K(s)) ·Z−1

1 (s)
)

−1
, (15c)

Z22(s) = Pn−1
b (K(s)) ·

(

Pn
c (K(s))Z1(s)

−1·
]

−1
.

(15d)

The previous expressions (15a)- (15d), taking into
account thatK(s) ·Y −1

2 (s) = Z1 (s), can be factored in
the following way,

Z11(s) =

n
∏

j=1

(K (s) − uj,n−1UN )

·





n−1
∏

j=1

(K (s) − vj,n−1UN ) · Y 2 (s)





−1

(16a)

Z21(s) = Z12

= −





n−1
∏

j=1

(K (s) − vj,n−1) · Y 2 (s)





−1

(16b)

Z22(s) =

n−1
∏

j=1

(K (s) − uj,n−1UN )

·





n−1
∏

j=1

(K (s) − vj,n−1UN ) · Y 2 (s)





−1

(16c)

The poles of the open-ended CRLH-LN are obtained
as the zeros of the following equation,

P(s) = det





n−1
∏

j=1

(K (s) − vj,n−1UN ) · Y 2 (s)



 = 0

(17)

which can be rewritten as,

n−1
∏

j=1

det
[

K (s) − vj,n−1UN

]

· det
[

Y 2 (s)
]

= 0. (18)

The poles of the CRLH-LN can be identified as,

1) the roots of polynomial,

det
[

Y 2 (s)
]

. (19)

2) the roots of polynomials,

det
[

Y 2 (s)Z1 (s) − vj,n−1UN

]

, j = 1 · · ·n− 1.

(20)

Residues of thei-th pole can be obtained as,

R11,i = (21)
n

∏

j=1

(K(s) − uj,n−1UN ) · (s− pi)|s=pi

·adj





n−1
∏

j=1

(K(s) − vj,n−1UN )Y 2(s)



 /P(s)

R12,i =

−adj









n−1
∏

j=1

(K(s) − vj,n−1U)



Y 2(s)



 /P(s)

·(s− pi)|s=pi
, (22)

R21,i =

adj









n−1
∏

j=1

(K(s) − vj,n−1U)



Y 2(s)



 /P(s)

·(s− pi)|s=pi
, (23)

R22,i =
n−1
∏

j=1

(K(s) − uj,n−1UN ) · (s− pi)|s=pi

·adj





n−1
∏

j=1

(K(s) − vj,n−1UN )Y 2(s)



 /P(s), (24)

for i = 1 · · ·PZ , beingPZ the total number of poles of
theZ matrix entries and adj indicates the adjugate oper-
ator. The reciprocity of the LN guarantees that matrices
R21,i = R12,i.

A. Remarks

If we consider two identical coupled HTLNs some
observations can be addressed when computing poles of
equation (20). In fact, in this case, the diagonal elements
of all matrices are identical and exists a unique nonsingu-
lar transformation which diagonalizes both matricesLR

andCR. As stated before, matricesR,G,CL andLL

are already diagonal. The transformation is,

T =
1
√

2

[

1 1
1 −1

]

. (25)
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Hence, multiplying the original matrixY 2 (s)Z1 (s)
in equation (20) on the left byT−1 and on the right byT ,
the determinant remains the same sinceT is nonsingular
and can be written as,

det
[

T−1Y 2 (s)Z1 (s)T − vj,n−1U2

]

= (26)

det
[

(

R+ T−1LRT +
1

s
C−1

L

)

(27)

·

(

G+ T−1CRT +
1

s
L−1

L

)

− vj,n−1U2

]

.

From equation (26), it is worth noticing that poles of
equation (20) can be computed as the roots of two quartic
equations,

det
[

Z̃1cỸ2c − vj,n−1

]

= 0 (28a)

det
[

Z̃1dỸ2d − vj,n−1

]

= 0, (28b)

where

Z̃1c = R+ s (LR + LM ) +
1

s
C−1

L , (29a)

Ỹ2c = G+ s (CR + CM ) +
1

s
L−1

L , (29b)

Z̃1d = R+ s (LR − LM ) +
1

s
C−1

L , (29c)

Ỹ2d = G+ s (CR − CM ) +
1

s
L−1

L , (29d)

and LR, LM represents the self and mutual inductance
of the lines, CR, CM represents the self and mutual
capacitance of the lines, respectively.

Hence, the poles of the coupled CRLH-LN can be
computed by solving two quartic algebraic equations cor-
responding to two separate CRLH-LNs, characterized by
common and differential mode right-handed parameters.
The quartic equations (28) can be analytically solved
using the method described in [22]. Since the system
is physically stable, the exact solution of equations (28)
ensures the stability of both the decoupled and coupled
CRLH-LNs because the transformation (25) is purely real.

It is also to be pointed out that the proposed method is
general as far as the topology and nature of impedanceZ1

and admittanceY 2 which can be eventually dispersive.
In [8] an equivalent circuit is used to model double-

negative metamaterial lenses; recursive relations are pro-
vided giving the node voltages and branch currents and
the link with the Fibonacci problem is pointed out.
The proposed method completely exploits the polynomial
nature of the problem, leading to closed-form models
of CRLH-LNs. The polynomial coefficients reduce to
Fibonacci’s numbers whenZ1(s) = Y 2(s)

−1 so that
K(s) = IN [20].

B. Rational macromodel

The explicit knowledge of poles and residues allow
to select the dominant poles according to the frequency
range of interest; among the selected poles, only those

whose residues significantly impact the frequency re-
sponse are retained. This two-step process leads to gen-
erate a reduced order model of the CRLH-LN.

The poles-residues representation of the impedance
matrix Z allows to generate a macromodel in the state-
space form, leading to a set of first order differential
equations which reads,

d

dt
x (t) = Ax (t) + Bu (t)

y (t) = Cx (t) + Du (t) , (30)

whereA ∈ Rp×p, B ∈ Rp×q, C ∈ Rq×p, D ∈ Rq×q, p is
the number of states andq is the number of ports. Since
the impedance matrix representation is used, the input and
the output vectors,u (t) andy (t) respectively, correspond
to port currentsi (t) and voltagesv (t), respectively. The
set of first order differential equations (30) are completed
with the terminal conditions and solved numerically.

It is to be remarked that the proposed macromodeling
methodology can be used for longitudinal impedance
Z1(s) and transverse admittanceY 2(s) different from
the series ones of equations (9a) and (9b) (e.g. see [2]).

IV. DISPERSION RELATION OF THE
PERIODIC CRLH-LN

The dispersion relation of a CRLH-LN is obtained
by applying periodic boundary conditions to the unit cell
represented by itsABCD matrix. As a consequence,
the output voltages and currents are related to the input
voltages and currents by the propagation terme−γ`, being
` the length of each cell. Hence, in the multidimensional
case, according to the Bloch-Floquet theorem, the follow-
ing relations hold,

[

A B

C D

]

·

[

V in

Iin

]

= ψ

[

V in

Iin

]

(31)

which is an eigensystem with eigenvaluesψn = e−γn`.
For a half-T unit cell,ABCD parameters are,

A = IN +Z1Y 2 (32a)

B = Z1, (32b)

C = Y 2, (32c)

D = IN . (32d)

The computation of the eigenvaluesψn leads to
determine the dispersion relations. The eigensystem (31)
can be rewritten as a homogeneous linear system which
must have a zero determinant to provide non trivial
solution [3]. For coupled CRLH-LNs, the eigenvaluesψn

are computed as the solution of the following equation,

det

[

A−ψn B

C D −ψn

]

= 0. (33)
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From its solutionsψn, the propagation constants are
obtained as,

γn = −
1

`
logψn (34a)

αn = Re(γn), (34b)

βn = Im(γn). (34c)

For a single CRLH-LN with a half-T unit cell, it is
trivial finding,

γ = −
1

`
log



1 +
Z1Y2

2
±

√

(

1 +
Z1Y2

2

)2

− 1





(35)

where` is the length of each section.
In [4] it is shown that CRLH-LN is equivalent to

the homogenous CRLH-TL for small electrical lengths
and the dispersion relation obtained applying periodic
boundary conditions reduces to the homogenous disper-
sion relation. Since such a condition holds only within a
limited frequency range, the transmission line model can-
not be used for accurate broadband time-domain analysis
of CRLH-LN structures. In fact, due to the left-handed
lumped elementsCL and LL, for a fixed length`, the
imaginary part of the propagation constant greatly differs,
at low frequencies, from that of the transmission line, as
confirmed by the numerical results in the next section.

V. NUMERICAL RESULTS

A. Dispersion diagram analysis

To the aim of investigating the difference between
the continuous and the periodic structures, the CRLH-LN
described in [4] has been considered. It is characterized
by global parametersR = 10−3 Ω, LR = 2.45 nH,CL =
0.68 pF,G = 10−3 S,CR = 0.5 pF andLL = 3.38 nH;
10 unit cells have been considered of length` = 6.1 mm.

Figure 4 shows the dispersion diagram of the CRLH-
LN described in ( [4], page 41) using the Bloch-Floquet
theorem [3], the approximated one under the hypothesis
of electrically small sections and that of a homogeneous
CRLH-TL. It is seen that the hypothesis of electrically
small network leads to significantly different results from
the Bloch-Floquet theorem in the gigahertz range.

This result is expected since the wavelength is in-
versely proportional to the phase constantβ. At frequen-
cies below 1 GHz the phase constant of the CRLN-LN
is larger than that of the CRLH-TL, leading to smaller
wavelengths. Figure 5 shows the phase velocity diagram.
Again, a significant difference is observed, below 1 GHz,
between the result of the Bloch-Floquet theorem and those
obtained assuming the hypothesis of electrically small
sections.

Figure 6 shows the attenuation constant as evalu-
ated using the homogeneous CRLH-TL and the discrete
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Fig. 4. Dispersion diagram. The solid line refers to
the Bloch-Floquet theorem, the dashed line refers to the
approximation under the hypothesis of electrically small
network, the dashdot line refers to the homogeneous
CRLN-TL (example V-A).
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Fig. 5. Phase velocity diagram. The solid line refers
to the Bloch-Floquet theorem, the dashed line refers to
the approximation under the hypothesis of electrically
small sections, the dashdot line refers to the homogeneous
CRLN-TL (example V-A).

CRLH-LN models. A significant difference is observed
up to few gigahertz.

The previous results point out that the homogeneous
CRLH-TL may be not accurate at low frequencies and
may generate inaccuracies when adopted for broadband
macromodeling of CRLH-LN structures.

Figure 7 shows the poles in the complex plane. A
large number of poles is clustered close to zero and de-
termine the left handed low frequency oscillatory behavior
of the response.The selection of dominant poles may be a
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difficult task due to the presence of many clustered poles
which leads to ill-conditioning.
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Fig. 6. Attenuation constant (example V-A).
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Fig. 7. Location of poles in the complex plane (example
V-A).

The chain parameters of the CRLH-LN of order
10 have been computed using the proposed polynomial
method and compared with those obtained by inversion
of the global transmission matrix computed as cascade of
ten identical sections and those of the equivalent CRLH-
TL. Figure 8 shows the magnitude spectrum ofΦ11 up to
0.5 GHz. It is clearly seen that the polynomial approach
is in a very good agreement with the result of the CRLH-
LN while, again, the equivalent CRLH-TL exhibits a
significant difference.

The CRLH-LN has been excited by a pulse with
100 ps rise and fall times and width 5 ns. The input is
terminated on 50Ω resistance, the output port is left open.
Figure 9 shows a sample of the output voltage as evaluated

using the equivalent CRLH-TL model via IFFT, the half-
T ladder network via IFFT and the proposed time-domain
macromodel.
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Fig. 8. Chain parameterΦ11. The solid line refers to
the equivalent CRLH-TL, the dashed line refers to the
result obtained by inversion of the global transmission
matrix, the dashdot line refers to the proposed polynomial
approach (example V-A).
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Fig. 9. Output voltage. The solid line refers to the
equivalent CRLH-TL via IFFT, the dashed line refers to
the result obtained by inversion of the CRLH-LN model
via IFFT, the dashdot line refers to the proposed time-
domain macromodel (example V-A).

As before, the polynomial-based macromodeling ap-
proach is in perfect agreement with the analysis of the
global ladder network while the equivalent CRLH-TL
exhibits a significant difference. In particular, the CRLH-
LN is characterized by a larger attenuation than the
CRLH-TL, as expected from Fig. 6. Furthermore, the use
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of the IFFT, combined with a underestimated attenuation,
causes a not accuratedc value of the CRLH-TL results.

B. Two coupled CRLH-LNs

In the second example a coupled CRLH-LN is con-
sidered. It is constituted by 40 half-T cells with param-
etersLR1 = LR2 = 1.938 nH, CR1 = CR2 = 0.841
pF, LL1 = LL2 = 0.749 nH, CL1 = CL2 = 0.416 pF,
LM = 0.361 nH, CM = −0.189 pF,R1 = R2 = 10 mΩ,
G1 = G2 = 1 mΩ. The coupled ladder networks are
terminated on 50Ω resistances at the input ports and
1.5 pF capacitances at the output ports. The rational
macromodel has been generated leading to 316 poles;
among them only 172 have been selected as dominant
in the 0-20 GHz range. Figure 10 shows the location of
poles in the complex plane: the circles refer to the set
of poles of the CRLH-LN, the stars to those selected as
dominant.
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Fig. 10. Location of poles in the complex plane (example
V-B).

Figure 11 reports the magnitude of the corresponding
residues: circles refer to the set of poles computed by
equations (19) and (20), stars indicate those selected as
dominant in the frequency range of interest.

A sample of the magnitude and phase spectra of
the impedancesZ11 and Z12 is presented in Figs. 12
and 13. For the sake of comparison impedances are
computed using both the polynomial (HTLN-pol) and
the pole/residue (HTLN-RP) forms; as seen, a perfect
agreement is obtained.

The knowledge of poles and residues of the HTLN
has allowed to generate a rational macromodel in a state-
space form. Figure 14 shows the transient voltage at
the input port of the second line as evaluated by using
the standard frequency-domain model combined with the
IFFT to obtain the time-domain results and the proposed
reduced macromodel; as seen, no significant difference is
observed.
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Fig. 11. Magnitude of residues of impedanceZ13

(example V-B).
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Fig. 12. Magnitude and phase spectra ofZ11 (example
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Fig. 13. Magnitude and phase spectra ofZ12 (example
V-B).
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C. Four coupled CRLH-LNs

In the third test the CRLH-LN is obtained using
four equally spaced coplanar microstrips (` = 0.1m, σ =

5.8 · 107 S/m) on a alumina substrate (εr = 9.8). The
cross section of the CRLH-LN structure is sketched in
Fig. 15. The width of the strips isw = 241 µm, the
spacing iss = 800 µm, the thickness of the dielectric and
conductors areh = 254 and t = 34.8 µm, respectively,
the shoulderd = 2021.6 µm. The computation of the
per-unit-length parameters has been performed using the
method of moments [23], yielding,

Lr =







0.3982 0.01369 0.00387 0.00203
0.01369 0.3979 0.01357 0.00387
0.00387 0.01357 0 − 3979 0.01369
0.002037 0.00387 0.01369 0.3982







µH/m

(36a)

Cr =







172 −0.5501 −0.1206 −0.0616
−0.5501 172 −0.5462 −0.1206
−0.1206 −0.5462 172 −0.5501
−0.0616 −0.1206 −0.5501 172







pF/m,

(36b)

R =







80.83 2.399 0.7926 0.4507
2.399 80.80 2.381 0.7926
0.7926 2.381 80.80 2.399
0.4507 0.7926 2.399 80.83







Ω/m, (36c)

G =







0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0







S/m. (36d)
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Fig. 15. Coplanar microstrips cross section (example
V-C).

The microstrips are loaded with 15 longitudinal ca-
pacitancesCL = 0.15 nF and transverse inductances
LL = 0.2 µH.

The presence of the longitudinal capacitanceCL and
the transverse inductanceLL causes a complex resonant
behavior even at low frequency. Figure 16 shows an ex-
ample of the magnitude spectrum of the input impedance
Z11 evaluated using both the polynomial approach and
the residue-pole form. The spectrum exhibits several
resonances from 0 to 500 MHz while the inductive nature
dominates at higher frequencies.

This fact is confirmed by the location of the poles
in the complex plane, shown in Fig. 17. It is easy to
recognize four families of poles, corresponding to four
decoupled CRLH-LN and a cluster of poles close to
zero determining the highly oscillating behavior at low
frequency.
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Fig. 17. Location of poles in the complex plane (example
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The rational macromodel has been generated in the
state-space form. The four CRLH-LNs are terminated on
50 Ω at the input ports and 2 pF capacitances at the
output ports. Figure 18 shows the transient voltages at the
output of the first and fourth CRLH-LN as evaluated using
the frequency-domain approach via inverse fast Fourier
transform (HTLN-IFFT) and the proposed macromodel
(HTLN-macromodel). Again, a very good agreement is
obtained.

VI. CONCLUSIONS

In this work a systematic approach to coupled CRLH-
LNs is presented. The closed-form two-port represen-
tation of CRLH-LNs is obtained relying on analytical
polynomials which allow to exactly represent voltages
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Fig. 18. Transient voltages at the output port of the first
(top) and forth (bottom) CRLH-LNs (example V-C).

and currents along the network. The rational form of the
impedance matrixZ allows an easy identification of the
true poles and the corresponding residues of the CRLH-
LN and, thus, the generation of a rigorous state-space
macromodel which is proved to be accurate fromdc to
daylight. Hence, the proposed method is well suited to
representN -coupled CRLH-LNs with general topology
of longitudinal impedanceZ1 and transverse admittance
Y 2. The presented numerical results have validated the
method and confirmed its accuracy when compared with
standard frequency-domain techniques.
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