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Abstract ─ Herein, a novel design of an X-band Non-

Uniform Reflectarray Antenna (NURA) with Symbolic 

Regression SR and its fabrication using 3D Printer 

technology are presented. A NURA is consist of simply 

a grounded dielectric layer with the variable thickness. 

Firstly, SR is employed to obtain with a great accuracy 

for the reflection phase characteristics of a grounded 

dielectric layer in the analytical form within the 

continuous domain of 1≤εr≤6 and thickness 0.1≤h≤3 mm 

for the X-band. For this purpose, SR is trained and 

validated by the 3D CST Microwave Studio data. Then, 

for the design purpose of NURA, a special fine reflection 

calibration characteristic is built up again by SR with the 

sufficient reflection phase range of the 3D Printer’s 

material at the operation frequency 10 GHz. In the third 

step, the designed NURA is then prototyped by using 3D 

printer technology where the material can be easily 

shaped and create unit cell at printing accuracy of  

0.1 mm per layer. Thus, by this mean the prototyping 

cost of non-uniform Reflectarray design can be reduced 

drastically both in means of time and ease of 

manufacturing. In the final step, mismatching and 

radiation properties of the prototyped NURA are 

measured. 

 

Index Terms ─ 3D printer, antenna design, microstrip 

reflectarrays, reflection phase modelling, symbolic 

regression. 
 

I. INTRODUCTION 
A Microstrip Reflectarray Antenna (MRA) is a 

design that being a hybrid of a reflector antenna and a 

planar phased array antenna which uses a suitable 

phasing scheme for its elements to reflect the incoming 

electromagnetic wave form a pencil beam in a specified 

direction (θ0, φ0) [1-4]. One of the very popular phasing 

schemes involves varying dimensions of the elements 

such as printed dipoles or patches around their resonant 

size. In the recent works of [3-4], novel multi-objective 

evolutionary design optimization procedures are put 

forward to obtain the quasilinear phasing characteristic 

for the Minkowski RA s using 3D CST Microwave 

Studio based Multilayer Perceptron Neural Network 

(MLP) models with Particle Swarm and hybrid Genetic 

Algorithm (GA) and Nelder-Mead (NM) algorithms, 

respectively. In fact, MRAs are advantageous antennas 

having the simple structures with low profiles, light 

weights and no need of any complicated feeding 

networks. However, MRA s are inherently narrow-band 

radiating elements and the mutual couplings between 

microstrip elements printed on standard substrates are 

significant; in addition, the conductor and surface wave 

loss are severe. To reduce these shortcomings solely 

grounded dielectric layer with variable thickness is 

proposed to be used as a reflecting surface in [5]. In this 

Non-Uniform dielectric layer, the required phase shift is 

provided by determining thickness at each cell on the RA 

plane to produce a pencil reflected beam in a specific 

direction (θ0, φ0). Thus, a RA design with the possible 

simpler and more advantageous structure can be 

obtained than MRAs.  

In this work, a novel approach for design and 

fabrication of Non-uniform Reflectarray Antenna 

(NURA) had been proposed. Firstly in the design stage, 

SR [6] is applied to express the reflection phase 

characteristics of a grounded dielectric layer in the form 

of an analytical expression within the domain of 1≤εr≤6 

with variable thickness 0.1≤h≤3 mm using the 3-D EM 

based data sets for X-band (8-12 GHz) applications. 

Then, for the design purpose, a special fine calibration 

characteristic is built up by SR with the sufficient 

reflection phase range for the 3D Printer’s material PLA 

with εr=2.4 at the operation frequency 10GHz. SR Eureqa 

is a novel regression method that performs genetic 

programming within the mathematical expression 

domain to create a model consisting of summation of 
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expressions that fits to a given dataset with a great 

accuracy [7-8]. This regression method nowadays has 

been used to obtain solutions for various science and 

engineering problems [9-12]. In the recent work [12], SR 

has been employed to uncover intrinsic relationships 

hidden within the Big Data that is derivation of a full-

wave simulation based analytical expression for the 

characteristic impedance Z0 of microstrip lines. In [12], 

Big Data is obtained from the CST Microwave Studio, 

in terms of the substrate dielectric constant ε, height h 

and strip width w within 1-10 GHz band.  

Recently, 3-D printing technology has been used  

for the prototyping of microwave designs [13-22]. 3D 

printing method has many advantages compared with the 

traditional fabrication methods such as being easier to 

prototype complex designs in terms of low cost and  

low weight. Herein, 3D printer technology is used for 

prototyping of the designed NURA. One of the most 

recent innovation for fast and accurate prototyping is 3D 

printing technology. 

The paper is organized as follows: The next section 

gives the basics of SR and application to the reflection 

calibration characteristics of NURA. In this section, for 

the purpose of training and validation, 3D CST data set 

is obtained for the substrates with dielectric permittivity 

(1≤εr≤6) and height (0.1mm≤h≤3mm) using the waveguide 

simulator is briefly explained and a continuous function 

fitted to this data set is built up using SR, finally 

validation will be given. The third section is devoted to 

the design of NURA using SR, which is made from the 

3D Printer’s material PLA with εr=2.4 at the operation 

frequency 10GHz, alongside of fabrication by 3D printer. 

Finally, the work ends with conclusions. 

 

II. SYMBOLIC REGRESSION AND 

APPLICATION TO NURA 
Symbolic Regression (SR) is used to discover 

mathematical expressions of functions that can fit the 

given data based on the rules of accuracy, simplicity, and 

generalization. This method builds a model consisting  

of solely an accurate analytical expression formed 

recombining the ready base functions using some 

evolutionary algorithms such as Genetic Programming 

(GP) [6], Gene Expression Programming (GEP) [23], 

Grammatical Evolution (GE) [24], Analytic Programming 

(AP) [25], and some optimization problems [26-27]. The 

main advantage of SR is that it does not require any 

specific structure or parameter, instead reveals intrinsic 

relationships within the dataset letting its patterns.  

Thus this analytical model enables a designer a rapid 

optimization and analysis of the complicated 

electromagnetic devices instead using computationally 

inefficient commercial full wave simulators. In this 

work, SR in the design stage that is based on GP. Main 

principle of GP based SR is such that expressions (Eqs. 

1-5) are represented in chromosomes like syntactic trees. 

The syntactic tree form of Eq. (1) is given in Fig. 1 for a 

better understanding. Based on GA principles, new 

individuals (children) whose representations are in fact 

new expressions which are evaluated by fitness, are 

created either by random generators, or by exchanging 

parent’s parts by crossover or mutation operators. As an 

example for SR regression process, the expression given 

in Eqs. (1-2) are taken as Parents and Eqs. (3-5) are the 

children of these parents through cross over or mutation 

operations: 
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Fig. 1. An example of syntactic tree. 

 

In Fig. 2, a typical NURA design is given in which 

with the variation of the height in the unit elements the 

reflection phase is changed and is focus on a desired 

direction. 
 

N1 N2 N3 N4 N5 N6 N7

Θ4 
Θ3 

Θ2 
Θ1 

Θ5 Θ6 Θ7 

 
 

Fig. 2. Centre fed Non-Uniform Reflect Array. 

 

The reflection phase characteristics of a grounded 

dielectric layer 1≤εr≤6 with variable thickness 0.1≤h≤3 

mm are obtained using the H-wall simulator [2] in order 

to form an analytical expression for X-band (8-12 GHz) 

applications. For this purpose, the required training and 
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validation data sets of reflection phase of unit cell given 

in Fig. 3 are generated by the 3-D EM simulation tool 

CST. 

 

Waveguide
Port

Waveguide Port
Unit cell of NURA

Incoming

EM Wave

Θ

 

Dielectric Layer of Substrate

Metal Layer of Substrate 

 
 

Fig. 3. Unit Cell of the NURA with its simulation setup. 

 

The top and bottom surfaces of the H-wall 

waveguide simulator are perfectly electric conducting 

walls, while the right and left walls are perfectly 

magnetic field walls [2]. The vertically polarized 

incoming waves will be incident normally onto the 

element at the end of the waveguide at the broadside 

direction and then reflected back also at the broadside 

direction with a set of amplitude and phase information. 

A series of simulations are carried out to gather training 

and test data samples Tables 1 and 2 for SR search of 

Reflection Phase by using CST 3D EM simulation tool, 

respectively. 

 

Table 1: Training data set for Reflection Phase expression 

Parameter Sample Ranges Sample Step 

Dielectric 

Permittivity 
1-6 0.25 

Substrates 

Height (mm) 
0.3-3 0.1 

Frequency (GHz) 8-12 0.5 

Total 5292 

 

Table 2: Test data set for Reflection Phase expression 

Rogers r  
Height 

(mm) 

Frequency 

(GHz) 
Total 

4003 3.55 
0.305, 0.406, 0.508 

0.813, 1.524 
8-12 

12012 4350 3.66 0.338, 0.76, 1.52 8-12 

5870 2.33 
0.127*, 0.381, 0.508, 

0.787, 1.575 3.175* 
8-12 

*Values out of training dataset range. 

 

The 5292 data in Table 1 are used as the training 

data in Eureqa environment [6] to perform SR search. 

The following commands are used to start the SR search: 

- Use data points equally for training and validation 

purposes; 

- Use all basic formula blocks; 

- Use all exponential blocks; 

- Use Mean Absolute Error as error-metric (Default). 

Thus, the targeted analytical expression for 

Reflection Phase (RP) is obtained as a function of 

dielectric constant εr, height h, frequency f as follows: 

   
 

4 22

3.1 0.5 0.62 0.019
541.73 45.59 2.68

6
0.9710






     



hf hfr
RP h f

h r

. (6) 

The performance of the obtained expression is 

validated by Eureqa itself, however we also validated 

accuracy of the model using approximately 12.000 

additionally test data belonging to the typical X-band 

substrates as given in Table 2, even we also tested 

extrapolation performance. In this analysis, the common 

error-metrics measures are employed which are Mean 

Absolute Error (MAE), Relative Mean Error (RME) and 

Maximum Error (MXE) as given in Eqs. (7-9) for both 

training and test data: 
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Table 3: Performance of Analytical Expression 

Error Metric 

(Degree) 

Training 

Data 

Test 

Data 

MAE 0.27 0.1027 

RME 0.0006 0.0003 

MXE 13.96 0.3586 

 

Results of the performance measures of Eq. (6) are 

presented at Table 3 alongside of Figs. 4-5 of reflection 

phase versus variable substrate height for typical εr, f 

values as compared with CST values. 

 

 
 (a) (b) 

 

Fig. 4. Reflection Phase Characteristics for variable 

dielectric permittivity and height for: (a) 8 GHz and (b) 

12 GHz. 
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   (a)   (b) 

 

Fig. 5. Reflection Phase Characteristic for Rogers: (a) 4003 

(h=0.305, εr =3.55), and (b) 5870 (h=1.575, εr =2.33). 

 

III. 3D FABRICATION AND 

EXPERIMENTAL WORK 
Fast and accurate prototyping process of microwave 

devices and antennas have an extreme importance for 

design process. In today’s RF and microwave technology, 

there is an ever-increasing demand for higher level of 

fast, low cost and accurate prototyping. One of the  

most recent innovation for fast and accurate prototyping 

is 3D printing technology. 3D printing is a method of 

manufacturing in which materials, such as plastic or 

metal, are deposited onto one another in  the form of 

layers to produce a three dimensional object, such as a 

pair of eye glasses or other 3D objects. To date, 3D 

printing has primarily been used in engineering to create 

engineering prototypes.  

In this work, firstly the 3D model is exported in 

“.STL” file format, so that the CEL Robox® Micro [28] 

(Fig. 6) can create its code for printing of the prototype. 

Also, in case of large structure models, the model can be 

sliced into smaller parts, where in here, the prototyped 

antenna model given in Fig. 7 was sliced into smaller 

size parts (1/12). The material used for 3D printer is PLA 

“Black as Night” [29] with a dielectric constant of 2.4 

and the printing accuracy (printed layer height) is chosen 

as 0.1 mm for the best quality printing results. 

 

 
 

Fig. 6. CEL Robox® Micro manufacturing platform [28]. 

 

Applying the same process given in Section II, a 

new and simpler Reflection Calibration Characteristic 

having almost 3600 phase range is obtained using SR 

Eureqa with the 270 CST data in Table 4 where for the 

substrate height variation is taken between 0.5-10 mm  

which is considered as 0.1 mm sample steps: 

  2 321.2
1.88 0.022 0.51 3.19Phase h h h

h
     . (10) 

 

Table 4: Training data set for Limited Reflection Phase 

expression 

Parameter 
Sample 

Ranges 

Sample 

Step 

Substrate 

Height (mm) 
0.5-10 0.1 

Dielectric 

Permittivity 
2.4 

Frequency (GHz) 10 

Total 270 

 

Since the NURA is symmetric with respect to the 

center, thus Table 5 gives heights of the quadratic NURA 

being divided 10 segments and starting from the corner 

point. The values given in Table 5, are necessary 

compensation values at each element using the Eq. (10) 

to convert spherical wave to the plane wave [1]. Thus, a 

pencil beam in the normal direction of the RA plane, is 

achieved by designing the height of each RA cell using 

the Reflection Phase Calibration Characteristic in Fig. 8, 

to reflect the incident wave independently with a phase 

compensation proportional to the distance from the 

phase centre of the feed-horn as well-known from the 

classical array theory [1]. 

 

 
 

Fig. 7. Prototyped 3D printed NURA. 

 

Table 5: Parameter values of quadratic NURA in (mm) 

ID 1 2 3 4 5 6 7 8 9 10 

1 1.7 1.7 1.7 2.8 3.9 5 6.3 8.7 2.4 4.4 

2 1.7 1.7 2.2 3.2 4.1 5.2 6.6 9.2 2.7 4.7 

3 1.7 2.2 2.9 3.7 4.6 5.7 7.3 1.7 3.3 5.1 

4 2.8 3.2 3.7 4.5 5.3 6.5 8.6 1.9 4 5.7 

5 3.9 4.1 4.6 5.3 6.3 7.8 1.7 3.2 4.8 6.7 

6 5 5.2 5.7 6.5 7.8 1.7 2.8 4.3 5.9 8.3 

7 6.3 6.6 7.3 8.6 1.7 2.8 4.2 5.5 7.3 1.7 

8 8.7 9.2 1.7 1.9 3.2 4.3 5.5 7.1 1.7 3.2 

9 2.4 2.7 3.3 4 4.8 5.9 7.3 1.7 3.1 4.8 

10 4.4 4.7 5.1 5.7 6.7 8.3 1.7 3.2 4.8 6.4 
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Fig. 8. Reflection phase calibration characteristic of 

material with dielectric permittivity of 2.4 at 10 GHz. 

 

In Figs 9-10, the measurement results of the 

prototyped NURA design are presented. As it can be 

observed from the measurement results, the VSWR 

characteristics of the NURA is below 2 in all X band. 

Also, the design has a gain of almost 22dB at 10 GHz. 

The gain measurement results of NURA, show a 1 dB 

gain bandwidth of almost the 21% and confirm the 

promising characteristics of such radiating element. The 

feed is prime focus, positioned with an F/D = 0.66.  
 

 
 

Fig. 9. Measured NURA Characteristics Gain-VSWR, 

over Frequency band. 
 

 
 

Fig. 10. Measured Far Field Gain performance of NURA 

at 10 GHz. 

IV. CONCLUSION 
In this work, a novel regression SR and prototyping 

method which is 3D printing is applied to the realization 

of the Non-Uniform Reflect-Array (NURA). As it can  

be seen from the results, SR is used as a successful tool 

for building an accurate analytical expression for the 

reflection phase calibration characteristic of NURA that 

is used in a fast design optimization and performance 

analysis. The required amount of training data is 

comparable with the counterpart regression methods 

[12], in spite of this, a model consisting of a solely single 

analytical expression is resulted revealing the intrinsic 

relationships of the data set using the existing data 

patterns. Therefore, this method can be efficiently 

employed in the accurate, fast modelling and design 

optimization of electromagnetic devices in the form of 

analytical expressions. The training and test data is also 

share publicly in [30]. 

In the realization step, the designed NURA is 

prototyped by using 3D printer technology where the 

PLA material can be easily shaped and create unit cell  

at printing accuracy of 0.1 mm per layer. Thus, by this 

mean the prototyping cost of NURA design can be 

reduced drastically both in means of time and ease of 

manufacturing. Measurements of the mismatching and 

radiation properties of the realized NURA are resulted to 

be agreed with the novel theoretical performances.  
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