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Abstract – A printed dual-band antenna is designed to
resonate at 3.5 GHz with the measured gain of 6.38 dBi
and at 5.5 GHz with that of 5.84 dBi for the WiMAX
application. The bandwidth of this antenna at 3.5 GHz
and 5.5 GHz is 8% and 5%, respectively. The radia-
tion efficiency of 91.45% is obtained at 3.5 GHz and
that of 89.56% at 5.5 GHz. A novel approach based on
the perturbation technique is used to relate the resonant
frequency to the electromagnetic energy stored and the
volume of the proposed antenna’s structure. The dual
resonant length of this antenna is determined by a pa-
rameter named as the length reduction factor, which is
computed by the curve fitting method. A polynomial
equation connects the length reduction factor and res-
onance frequency. The resonant cavity model has been
used to derive the resonant frequency equations for dual
bands. The simulation and measured results are used
to validate the analytically predicted resonant frequency
caused by the structure perturbation and cavity technique
and show good agreement. This antenna is fed by a bal-
anced parallel plane, which conveniently facilitates the
PCB’s integration.

Index Terms – curve fitting, electric and magnetic
energy, perturbation technique, polynomial equation,
printed antenna, resonant cavity, WiMAX band.

I. INTRODUCTION
Around the world, every domestic and official activ-

ity has been computerized. As a result, high-speed inter-
net access in emerging countries’ rural areas is required.
Orthogonal Frequency Division Multiplexing (OFDM)
can be incorporated into WiMAX to provide a higher
data rate without selective fading. A printed or microstrip
antenna is the ideal tool for transmitting and receiv-
ing the WiMAX band of frequencies. It is affordable,

lightweight, and takes up less space on mobile phones,
laptops, and other electronic devices.

Numerous antennas for the WiMAX band that oper-
ate at 3.5 GHz and 5.5 GHz have been documented in the
literature. These types include printed monopoles, ring-
shaped patches, defective ground plane antennas, meta-
material loaded antennas, and MIMO antennas, accord-
ing to Refs. [1–15]. In addition, coplanar waveguide-fed
microstrips, Minkowski-Sierpinski carpet fractal con-
structed, complementary split-ring resonator-based, me-
ander line slotted antennas, and Vicsek Fractal slotted an-
tennas are reported in [16–26].

In order for a WiMAX signal to traverse a great dis-
tance, the antenna gain is critical. The gain of these re-
ported antennas is lower. The antennas listed in the lit-
erature have either a full or partial ground plane, and
most of them employ a microstrip line as a feeder, which
necessitates the ground plane. Because the RF currents
are carried via the pair of tracks on the printed circuit
board (PCB), it is difficult to integrate the antenna with
microwave or RF printed circuitry. This challenge is a re-
sult of the ground plane being a part of the antenna struc-
ture. The feeder lines in these reported antennas are un-
balanced, although the tracks on the PCB are balanced.
Consequently, compatibility issues exist between these
antennas and the PCBs of high-frequency circuitry.

A novel mitigation strategy is proposed in this arti-
cle to address these issues. A printed antenna is designed
to radiate in the WiMAX band (3.5 GHz and 5.5 GHz)
with a balanced line feeder. This proposed antenna does
not require any full or partial ground plane as a part of
the feeding structure, which facilitates the uniform field
distribution. As a result, it is self-shielding to some ex-
tent. As it has a balanced line feeder, integrating this
proposed printed antenna with the PCB of RF circuitry
is very compatible. The gain of this proposed antenna
is much better than that of those antennas reported in
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the literature. The analytical expression for the resonant
frequency of this proposed antenna is derived with the
aid of perturbation and the resonant cavity method. This
theoretical concept of perturbation is applied to the per-
mittivity measurement of polystyrene mixed with carbon
black fillers [27], and the computation of resonant fre-
quency in a rectangular dielectric resonator antenna [28].

II. ANTENNA DESIGN
The dimensions of the proposed dual-band printed

antenna are 48.5 mm × 97 mm × 1.6 mm. The RT
Duroid 5880 substrate was used to make this antenna,
which has a relative permittivity of 2.2. A pair of bal-
anced copper strip lines are printed to feed RF current
into the radiating patch, with the appropriate length (Lf)
and width (Wf) determined by the CST Studio Suite sim-
ulator to deliver the optimum signal level to the patch
over the WiMAX band of frequency range.

This balanced line ensures a consistent electric field
distribution between the strips. This mechanism ensures

Table 1: Dimensions of antenna
Parameter Lf Wf Lr1 Lr2 Wr Wx
Dimension
(mm)

9 26 15.5 24 63 17
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Fig. 1. Perturbed antenna. (a) Top view. (b) Bottom 

view.  m = m1 at 3.5 GHz. m = m2 at 5.5 GHz.   

 

This balanced line ensures a consistent electric field 

distribution between the strips.   This mechanism ensures 

self-shielding, which reduces the undesired radiation 

from the feeder line. The proposed antenna’s top and 

bottom views are depicted in Fig. 1, and its dimensions 

are provided in Table 1. To move the resonance from 

lower to higher frequency, the right-hand side edge of 

the top patch and the corresponding region on the bottom 

side are perturbed in this antenna. The unperturbed 

antenna resonates at a lower frequency. Resonant cavity 

modelling is used to calculate the length (Lr1, Lr2) and 

width (Wr) of the patch and ground plane. The width 

(Wx) is stretched along the Y-axis, whose dimension is 

determined by CST Studio Suite simulation, in order to 

enhance the gain. 

 

III. RESONANT FREQUENCY ANALYSIS 
 The resonant frequency of this proposed antenna is 

analyzed using the cavity model and perturbation 

technique. With CST simulation and measurement using 

Vector Network Analyzer, the expected resonant 

frequency derived from these two analytical techniques 

is validated. All these results are matched well, ensuring 

the accuracy of the analytical procedure. 

 

IV. RESONANT CAVITY METHOD 
This proposed antenna forms a cavity filled with RT 

Duroid 5880 dielectric of a thickness (h) bounded by 

(Lr1+Lr2) × Wr × h mm3. This resonant cavity supports 

two distinct resonant lengths, 3.5 GHz along Y-axis and 

5.5 GHz along X-axis, as shown in Fig. 1 (a), causing a 

dual band of radiation. As there is no tapering along the 

Y-axis, the resonant length along this axis is constant, 

whereas the resonant length along the X-axis is variable 

due to tapering. The expression for the resonant 

frequency of these two bands is described in the 

following sections.  

 

A. WiMAX band of 3.5 GHz 

Equation (1) states that for an antenna to resonant at 

3.5 GHz, the resonant length along the Y-axis connecting 

the radiating slots should be one half of the guide 

wavelength ( 1λ ) at 3.5 GHz:  

Wr + 2h = 0.5 1λ ,                 (1) 

where electric field fringing at both ends along Y-axis is 

incorporated as ‘2h’. This fringing field should be taken 

into account due to the ground plane extension in the 

bottom side of antenna. For microstrip or printed antenna 

design, the resonant length extension can be 

approximated by  
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h
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 for one radiating edge [29]. Here 

it is taken as ‘h’ approximately against the actual 
Fig. 1. Perturbed antenna. (a) Top view. (b) Bottom view.
m = m1 at 3.5 GHz. m = m2 at 5.5 GHz.

self-shielding, which reduces the undesired radiation
from the feeder line. The proposed antenna’s top and
bottom views are depicted in Fig. 1, and its dimensions
are provided in Table 1. To move the resonance from
lower to higher frequency, the right-hand side edge of
the top patch and the corresponding region on the bot-
tom side are perturbed in this antenna. The unperturbed
antenna resonates at a lower frequency. Resonant cavity
modelling is used to calculate the length (Lr1, Lr2) and
width (Wr) of the patch and ground plane. The width
(Wx) is stretched along the Y-axis, whose dimension is
determined by CST Studio Suite simulation, in order to
enhance the gain.

III. RESONANT FREQUENCY ANALYSIS
The resonant frequency of this proposed antenna

is analyzed using the cavity model and perturbation
technique. With CST simulation and measurement us-
ing Vector Network Analyzer, the expected resonant fre-
quency derived from these two analytical techniques is
validated. All these results are matched well, ensuring
the accuracy of the analytical procedure.

IV. RESONANT CAVITY METHOD
This proposed antenna forms a cavity filled with RT

Duroid 5880 dielectric of a thickness (h) bounded by
(Lr1+Lr2) × Wr × h mm3. This resonant cavity sup-
ports two distinct resonant lengths, 3.5 GHz along Y-
axis and 5.5 GHz along X-axis, as shown in Fig. 1 (a),
causing a dual band of radiation. As there is no tapering
along the Y-axis, the resonant length along this axis is
constant, whereas the resonant length along the X-axis is
variable due to tapering. The expression for the resonant
frequency of these two bands is described in the follow-
ing sections.

A. WiMAX band of 3.5 GHz
Equation (1) states that for an antenna to resonant at

3.5 GHz, the resonant length along the Y-axis connect-
ing the radiating slots should be one half of the guide
wavelength (λ1) at 3.5 GHz:

Wr+2h = 0.5λ1, (1)
where electric field fringing at both ends along Y-axis is
incorporated as ‘2h’. This fringing field should be taken
into account due to the ground plane extension in the bot-
tom side of antenna. For microstrip or printed antenna
design, the resonant length extension can be approxi-
mated by h√

ε1
for one radiating edge [29]. Here it is taken

as ‘h’ approximately against the actual computed value
of 0.7h. ‘λ1’ can be computed from Eqn. (1) as follows:

λ1 = 132.4 mm. (2)
The length along the X-axis connecting the non-

radiating slots is not constant due to the presence of
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tapering and is represented by Eqn. (3). The effective
length will be less than ‘Lr2’, which is represented by
‘Lr2-m1’, where ‘m1’ is length reduction factor. The
value of ‘m1’ is 6.4mm, which is computed from MAT-
LAB program:

Lr1+Lr2−m1 = 33.1 mm = 0.3λ1. (3)
As there is no conductive plane extension at the

ground plane, fringing field is neglected at both left and
right edge of patch, compared to top and bottom edge.

Equation (4) represents the resonant frequency (f1)
corresponds to 3.5 GHz band [30]:

f1 =
150√

ε1

√(
P

Lr1+Lr2−m1

)2

+

(
Q

Wr+2h

)2

(4)

GHz = 3.497 GHz,
where Lr1, Lr2, m1, Wr and h are in ‘mm’.

‘P’ is an integer represents the half-cycle electric
field variation along the X-axis and Q for Y-axis. For
3.5 GHz, P=1 and Q=1 from Eqn. (3) and Eqn. (1),
respectively. As the ‘P’ has to be an integer to satisfy
the boundary condition requirements, the nearest integer
unity has been taken to satisfy the Eqn. (3). As the thick-
ness ‘h’ is very small, the field variation along the Z-axis
is negligible. The effective permittivity ‘ε1’ is given by
Eqn. (5) [30]:

ε1 =
εr +1

2
+

εr−1
2

[
1+12

h
W

]−0.5

= 2.1. (5)

W = W1= Lr1+Lr2-m1 at 3.5 GHz
W = W2= Wr + 2h at 5.5 GHz

The mode of operation at 3.5 GHz is Transverse
Magnetic to Z-axis (TMZ

110).

B. WiMAX band of 5.5 GHz
The resonant length condition for 5.5 GHz band is

given in Eqn. (6):
Lr1+Lr2−m2 = 0.5 λ 2. (6)

The length reduction factor ‘m2’ for this band is
16.9 mm, calculated from the MATLAB program. Equa-
tion (7) depicts the guide wavelength at 5.5 GHz.

λ 2 = 45.2 mm. (7)
The length which connects the non-radiating slots of

this 5.5 GHz band is represented by the Eqn. (8):

Wr = 63 mm = 1.39 λ 2. (8)
The nearest integers that satisfy the boundary condi-

tion of the cavity model are ‘P’ = 1 and ‘Q’ = 2. If ‘Q’
= 3 refers to the mode integer along the length linking
the non-radiating slots, the length reduction factor ‘m2’
in the MATLAB program turns negative, ruling out the

solution. The negative value of ‘m2’ refers to the length
extension rather than the intended reduction. To make the
‘m2’ positive, the mode integer ‘P’ has to be increased,
which does not mean full. ‘P’ should be ‘1’ because it
refers to the half-cycle field variation along the resonant
length. Moreover, the length extension of ‘2h’ due to the
fringing field is insignificant for the non-radiating side of
the patch as it regulates the impedance matching only at
the band of interest. Hence ‘Wr’ is the most significant
term for the integer value computation for ‘Q’ in Eqn.
(8). The resonant frequency (f2) expression for 5.5 GHz
band is given by Eqn. (9):

f2 =
150√

ε2

√(
P

Lr1+Lr2−m2

)2

+

(
Q

Wr

)2

(9)

GHz = 5.58GHz.
Equation (5) with the appropriate ‘W’ value is used

to calculate the effective permittivity ‘ε2’. The calculated
value is 2.13, and the mode of operation is TMZ

120.

C. Length reduction factor computation
The length reduction factor plays a more vital role in

the 5.5 GHz resonant band than in the 3.5 GHz band, as
it appears in the resonant length expression of 5.5 GHz.
The length along the X-axis varies almost linearly due
to tapering. Therefore, numerous resonance lengths are
feasible. One of these variable lengths has been set (ac-
tivated) for 5.5 GHz resonance by matching the port
impedance with the resonator exclusively for the 3.5 and
5.5 GHz bands, as depicted in Fig. 1 (a) as a red dashed
line. Whereas, all other frequencies are not matched,
hence those other resonant frequencies are not set. This
is demonstrated in Figs. 8 (a), (b) and Figs. 6 (c) through
(f). Therefore, ‘m’ specifies the length reduction neces-
sary to activate the specified band. A MATLAB program
is written to predict the ‘m1’ value for the 3.5 GHz band
and the ‘m2’ value for the 5.5 GHz band. Angle ‘α’
can be varied by varying the parameter ‘g’ as shown in
Fig. 1 (a), which alters the length of ‘Lr2’ to ‘Lr3’ as
given by Eqn. (10):

Lr3 = Lr2−g. (10)
The ‘α’and ‘Lr3’ can be related by the Eqns. (11a)

or (11b):

α = tan−1
[

Wr/2
Lr3

]
radian, (11a)

α =
180
π

tan−1
[

Wr/2
Lr3

]
degree. (11b)

The ‘m1’ or ‘m2’ value also varied accordingly,
influencing the resonant frequency in the 3.5 GHz or
5.5 GHz band. The resonant frequencies are noted from
the simulator for each ‘α’ or ‘g’ value. The ‘m1’ or ‘m2’
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value depends on the effective electrical length along the
X-axis. This is an unknown parameter. This ‘m1’ or ‘m2’
is predicted using the MATLAB program, whose algo-
rithm is listed below:

Step 1: Keep all the parameters are constant except ‘f1’
(‘f 2’) and ‘m1’ (‘m2’) in Eqn. (4) (Eqn. (9)) for the
3.5 GHz (5.5 GHz) band.

Step 2: Vary the ‘α’ or ‘g’ values and note the resonant
frequency in the CST Studio Suite simulator. Feed these
simulated resonant frequencies ‘f1s’ (‘f2s’) into MAT-
LAB program.

Step 3: Arbitrarily vary the ‘m1’ (‘m2’) value with the
step size of 0.001 mm and calculate the resonant fre-
quency as ‘f 1m’ (‘f 2m’) using MATLAB coding.

Step 4: Store the ‘m1’ (‘m2’) values when the devia-
tion between ‘f 1m’ (‘f 2m’) and ‘f1s’ (‘f2s’) is less than
0.0001 GHz.

The expressions that relate the ‘m1’ (‘m2’) values
with ‘f1’ (‘f2’) are derived with the aid of curve fitting
technique in MATLAB.

For 3.5 GHz Band, 3.044 GHz ≤ f1 ≤ 3.5 GHz,

m1 =−234.5 f 1
−1.904 +28.03, (12)

m1 =−6.425 f 1
2 +56.42 f 1−112.3. (13)

For 5.5 GHz Band, 4.568GHz ≤ f2 ≤ 5.51 GHz,

m2 =−1503 f 2
−2.861 +28.31, (14)

m2 = 1.324 f 2
3 −23.32 f 2

2 +142.5 f 2−281.5. (15)
Equation (12) and Eqn. (14) represent the general

power2 model. The linear polynomial of degree 2 and
3 models are represented by Eqn. (13) and Eqn. (15),
respectively. Among these models, the general power2
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Eqn. (12) and eqn. (14) represent the general power2 

model. The linear polynomial of degree 2 and 3 models 

are represented by eqn. (13) and eqn. (15), respectively. 

Among these models, the general power2 model relates 

the ‘m1’ (‘m2’) with ‘f1’ (‘f2’) better than the linear 

polynomial of degree 2 or degree 3 model. The R-square 

value is 1 for both models, which ensures the best 

goodness of fit. Fig. 2 depicts this relationship. As the 

patch is perturbed, the resonant frequency is shifted from 

a lower to a higher value as shown in Fig. 3. 

 

V. PERTURBATION TECHNIQUE 
The solution of the homogeneous wave equation in 

terms of vector potential (Az) for this proposed antenna 

has been obtained using the differential equation method 

(separation of variables). Then the fields and the 

expression for resonant frequency are derived from ‘Az’. 

This approach leads to an exact solution for this antenna 

that resembles an RT Duroid dielectric-loaded resonant 

cavity. However, many electromagnetic field problems 

such as microwave resonators, waveguides and antenna 

problems cannot be solved using the conventional 

differential equation method due to the mathematical 

complexity involved in the structural definition and 

boundary conditions. The perturbational method is an 

alternative approach for solving electromagnetic 

problems, including antenna analysis. The word 

‘perturb’ means to disturb or to change slightly. The 

perturbational method is useful for calculating the shift 

in resonant frequency due to changes in the structure of 

the printed antenna. Two kinds of structures involved in 

this proposed printed antenna. One kind is the 

‘unperturbed’ structure, for which the resonant 

frequency is known (3.04 GHz at 3.5 GHz band and 4.57 

GHz at 5.5 GHz band), and the other is the ‘perturbed’ 

structure, which is different from the unperturbed one. 

The perturbed and unperturbed printed antennas are 

shown in Fig. 1 and Fig. 4, respectively. The 

electromagnetic energy is stored in the volume of 3981.6 

mm3 in the unperturbed antenna, bounded by (Lr1+Lr2) 

× Wr × h mm3. The right-hand side edge of the antenna 

is perturbed in both patch and ground plane, which 

reduces the conducting surface area in that region, which 

in turn removes the volume of 1209.6 mm3.  

Consequently, the stored energy is also removed in 

that volume governed by the removed surface area and 

the thickness of the substrate. Eqn. (16) relates the 

resonant frequency shift with the volume and energy 

stored in the resonant cavity [31]: 

0

0

i i i
i

i i

f f V W
a

f V W

 


  ,                                     (16) 

where, ' 'if
 is the shifted resonant frequency due to 

perturbation or resonant frequency of the perturbed 

antenna. ' 'oif  is the resonant frequency of the unperturbed 

antenna. ' 'ia is the parameter that depends on the antenna 

structure and the position of the perturbation. ' 'V
  is the 

removed volume due to perturbation. ‘V’ is the volume 

of the unperturbed antenna. ' 'iW
   is the removed energy 

due to perturbation or stored energy in the volume 

defined by the product of removed patch area and 

thickness of the antenna. ' 'iW   is the stored energy in the 

volume defined by the unperturbed antenna: 

i = 1 for 3.5 GHz band  

i = 2 for 5.5 GHz band 

 

 

Fig. 2. Length reduction factor. 

 

A change in the input power to the antenna will not 

affect the estimated frequency since the resonant 

frequency shift is proportional to the change in stored 

energy relative to the total energy stored in the 

unperturbed resonant cavity. For various input power 

Fig. 2. Length reduction factor.

model relates the ‘m1’ (‘m2’) with ‘f1’ (‘f2’) better than
the linear polynomial of degree 2 or degree 3 model. The
R-square value is 1 for both models, which ensures the
best goodness of fit. Figure 2 depicts this relationship. As
the patch is perturbed, the resonant frequency is shifted
from a lower to a higher value as shown in Fig. 3.

levels, the stored and removed energy level will be 

proportionally varied. Consequently, the energy ratio 

will remain constant. 

   

 

Fig. 3. Resonant frequency shifts due to perturbation. 

 

A. WiMAX 3.5 GHz band 

The resonant frequency of the unperturbed antenna   

‘𝑓𝑜1’ is 3.04 GHz from eqn. (4) with the effective value 

of ‘m1’ equals -0.133. The physical value of ‘m1’ equals 

zero also predicts the resonant frequency of the 

unperturbed antenna as 3.05 GHz, which is very close to 

3.04 GHz. CST Studio Suite simulation demonstrating 

3.04 GHz validates the calculated result. When it is 

perturbed at the right-hand edge, the frequency has 

shifted to 3.5 GHz. More perturbation is taking place at 

the position where its magnetic field is maximum.  

 

                   
          (a)                              (b) 

 

Fig. 4. Unperturbed antenna. (a) Top view. (b) Bottom 

view.  

 

The resonant frequency shift ‘𝑓1’ caused by 

perturbation in the antenna’s structure can be computed 

using eqn. (16): 

V = (Lr1+Lr2) ×Wr × h = 3981.6 mm3 ,              (17) 

Vα = 0.5× Lr2 ×Wr × h = 1209.6 mm3 .              (18) 

The electric and magnetic field expressions within 

the antenna structure (taken as cavity resonator) are 

given by eqn. (19) to eqn. (24) [30]: 
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     
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A
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y

rx q
x

K
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     x y zH =   Sin K Cos K y Cos K z ,
μ p

x

ry q
xK

A
          (23) 

0,H z                                                                      (24) 

All of the above equations contain the mode-

dependent amplitude coefficient ‘Apqr’, which scales 

the amplitude of all fields equally. As only TMz
110 mode 

exists in this 3.5 GHz band, the ‘Apqr’ value will be the 

same for all fields. Therefore, its value is taken as unity. 

Moreover, all fields can be normalized by this coefficient 

to make its presence insignificant. The wavenumbers are 

expressed by the eqn. (25) to eqn. (28): 

95,
1 2 1x

p

Lr Lr m
K


 

 

                            (25)

 47.46,
2y

q

Wr h
K


 



                                     (26)

 
0,

z

r

h
K


 

               (27)

 
1 11

,
i kk                                                  (28) 

The field variation along the Z-axis is negligible 

because the antenna’s thickness is minimal to its 

operating wavelength. The denominator of eqn. (25) 

determines the resonant length. The stored energy is 

computed for the band of interest, such as 3.5 and 5.5 

GHz. Hence, the resonant length is the effective length 

along the X-axis, which is considered for stored energy 

calculation. The total energy stored in the electric field  

‘ 1eW ’ and magnetic field ‘ 1mW ’ at 3.5 GHz of an 

unperturbed antenna of volume ‘V’ is given by eqn. (29) 

to eqn. (32): 
2

1

1
4.947 ,

2e
dv KJzW E

 
                            (29) 

with the integral limit for eqn. (29), eqn. (31) and eqn. 
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Fig. 3. Resonant frequency shifts due to perturbation.

V. PERTURBATION TECHNIQUE
The solution of the homogeneous wave equation in

terms of vector potential (Az) for this proposed antenna
has been obtained using the differential equation method
(separation of variables). Then the fields and the expres-
sion for resonant frequency are derived from ‘Az’. This
approach leads to an exact solution for this antenna that
resembles an RT Duroid dielectric-loaded resonant cav-
ity. However, many electromagnetic field problems such
as microwave resonators, waveguides and antenna prob-
lems cannot be solved using the conventional differen-
tial equation method due to the mathematical complexity
involved in the structural definition and boundary con-
ditions. The perturbational method is an alternative ap-
proach for solving electromagnetic problems, including
antenna analysis. The word ‘perturb’ means to disturb
or to change slightly. The perturbational method is use-
ful for calculating the shift in resonant frequency due
to changes in the structure of the printed antenna. Two
kinds of structures involved in this proposed printed an-
tenna. One kind is the ‘unperturbed’ structure, for which
the resonant frequency is known (3.04 GHz at 3.5 GHz
band and 4.57 GHz at 5.5 GHz band), and the other is
the ‘perturbed’ structure, which is different from the un-
perturbed one. The perturbed and unperturbed printed
antennas are shown in Fig. 1 and Fig. 4, respectively.
The electromagnetic energy is stored in the volume of
3981.6 mm3 in the unperturbed antenna, bounded by
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(Lr1+Lr2) ×Wr × h mm3. The right-hand side edge of
the antenna is perturbed in both patch and ground plane,
which reduces the conducting surface area in that region,
which in turn removes the volume of 1209.6 mm3.

levels, the stored and removed energy level will be 

proportionally varied. Consequently, the energy ratio 

will remain constant. 

   

 

Fig. 3. Resonant frequency shifts due to perturbation. 
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zero also predicts the resonant frequency of the 

unperturbed antenna as 3.05 GHz, which is very close to 
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The resonant frequency shift ‘𝑓1’ caused by 

perturbation in the antenna’s structure can be computed 

using eqn. (16): 

V = (Lr1+Lr2) ×Wr × h = 3981.6 mm3 ,              (17) 

Vα = 0.5× Lr2 ×Wr × h = 1209.6 mm3 .              (18) 
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All of the above equations contain the mode-

dependent amplitude coefficient ‘Apqr’, which scales 

the amplitude of all fields equally. As only TMz
110 mode 

exists in this 3.5 GHz band, the ‘Apqr’ value will be the 

same for all fields. Therefore, its value is taken as unity. 

Moreover, all fields can be normalized by this coefficient 

to make its presence insignificant. The wavenumbers are 

expressed by the eqn. (25) to eqn. (28): 
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The field variation along the Z-axis is negligible 

because the antenna’s thickness is minimal to its 

operating wavelength. The denominator of eqn. (25) 

determines the resonant length. The stored energy is 

computed for the band of interest, such as 3.5 and 5.5 

GHz. Hence, the resonant length is the effective length 

along the X-axis, which is considered for stored energy 

calculation. The total energy stored in the electric field  

‘ 1eW ’ and magnetic field ‘ 1mW ’ at 3.5 GHz of an 

unperturbed antenna of volume ‘V’ is given by eqn. (29) 

to eqn. (32): 
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Fig. 4. Unperturbed antenna. (a) Top view. (b) Bottom
view.

Consequently, the stored energy is also removed in
that volume governed by the removed surface area and
the thickness of the substrate. Equation (16) relates the
resonant frequency shift with the volume and energy
stored in the resonant cavity [31]:

fi− f0i

f0i
= ai =

Vα

V
=

Wiα

Wi
, (16)

where, ‘ fi’ is the shifted resonant frequency due to per-
turbation or resonant frequency of the perturbed antenna.
‘ foi’ is the resonant frequency of the unperturbed an-
tenna. ‘ai’ is the parameter that depends on the antenna
structure and the position of the perturbation. ‘Vα ’ is the
removed volume due to perturbation. ‘V’ is the volume
of the unperturbed antenna. ‘Wiα ’ is the removed energy
due to perturbation or stored energy in the volume de-
fined by the product of removed patch area and thickness
of the antenna. ‘Wi’ is the stored energy in the volume
defined by the unperturbed antenna:

i = 1 for 3.5 GHz band
i = 2 for 5.5 GHz band
A change in the input power to the antenna will not

affect the estimated frequency since the resonant fre-
quency shift is proportional to the change in stored en-
ergy relative to the total energy stored in the unperturbed
resonant cavity. For various input power levels, the stored
and removed energy level will be proportionally varied.
Consequently, the energy ratio will remain constant.

A. WiMAX 3.5 GHz band
The resonant frequency of the unperturbed antenna

‘ fo1’ is 3.04 GHz from Eqn. (4) with the effective value

of ‘m1’ equals −0.133. The physical value of ‘m1’
equals zero also predicts the resonant frequency of the
unperturbed antenna as 3.05 GHz, which is very close to
3.04 GHz. CST Studio Suite simulation demonstrating
3.04 GHz validates the calculated result. When it is per-
turbed at the right-hand edge, the frequency has shifted
to 3.5 GHz. More perturbation is taking place at the po-
sition where its magnetic field is maximum.

The resonant frequency shift ‘ f1’ caused by pertur-
bation in the antenna’s structure can be computed using
Eqn. (16):

V = (Lr1+Lr2)×Wr×h = 3981.6 mm3, (17)

V α = 0.5×Lr2×Wr×h = 1209.6 mm3. (18)
The electric and magnetic field expressions within

the antenna structure (taken as cavity resonator) are
given by Eqn. (19) to Eqn. (24) [30]:

Ex=
−jKzKx

ωµε
Apqr Sin(Kxx)Cos

(
Kyy

)
Sin(Kzz) ,

(19)

Ey=
−jKzKy

ωµε
Apqr Cos(Kxx)Sin

(
Kyy

)
Sin(Kzz) ,

(20)

Ez=
−j(k2

i −K2
z )

ωµε
Apqr Cos(Kxx)Cos

(
Kyy

)
Cos(Kzz) ,

(21)

Hx=
Ky

µ
Apqr Cos(Kxx)Sin

(
Kyy

)
Cos(Kzz) , (22)

Hy=
−Kx

µ
Apqr Sin(Kxx)Cos

(
Kyy

)
Cos(Kzz) , (23)

Hz = 0. (24)
All of the above equations contain the mode-

dependent amplitude coefficient ‘Apqr’, which scales the
amplitude of all fields equally. As only TMz

110 mode ex-
ists in this 3.5 GHz band, the ‘Apqr’ value will be the
same for all fields. Therefore, its value is taken as unity.
Moreover, all fields can be normalized by this coefficient
to make its presence insignificant. The wavenumbers are
expressed by the Eqn. (25) to Eqn. (28):

Kx =
pπ

Lr1+Lr2−m1
= 95, (25)

Ky =
qπ

Wr+2h
= 47.46, (26)

Kz =
rπ

h
= 0, (27)

ki = k1 = ω1
√

µε1. (28)
The field variation along the Z-axis is negligible be-

cause the antenna’s thickness is minimal to its operating
wavelength. The denominator of Eqn. (25) determines
the resonant length. The stored energy is computed for
the band of interest, such as 3.5 and 5.5 GHz. Hence,
the resonant length is the effective length along the X-
axis, which is considered for stored energy calculation.
The total energy stored in the electric field ‘We1’ and
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magnetic field ‘Wm1’ at 3.5 GHz of an unperturbed an-
tenna of volume ‘V’ is given by Eqn. (29) to Eqn. (32):

We1 =
ε1

2

∫∫∫
|Ez|2dv = 4.947KJ, (29)

with the integral limit for Eqn. (29), Eqn. (31) and Eqn.
(32): x = 0 to Lr1+Lr2; y = 0 to Wr and z = 0 to h:

Wm1 =WHx +WHy = 4.875KJ, (30)

WHx =
µ

2

∫∫∫
|Hx|2dv = 1.054KJ, (31)

WHy =
µ

2

∫∫∫ ∣∣Hy
∣∣2dv = 3.821KJ. (32)

The energy stored in the electric and magnetic fields is al-
most the same at resonance. The perturbation technique
is applied to predict the resonant frequency shift for two
cases of energy perturbation.
Case 1: Electric energy perturbation

The part of the electric energy ‘W1αe’ removed by
the volume ‘Vα’ due to perturbation from the total stored
energy is 1503 J. The ratio of removed energy to total
stored energy in the electric field is given by the Eqn.
(33):

W1αe

W1
=

1503J
2We1

= 0.153. (33)

The shifted resonant frequency and parameter ‘a1e’
is predicted using the Eqn. (16) that relates the energy
and volume ratio with the frequency ratio given by Eqn.
(34) and Eqn. (35):

f1e = 1.153 f01 = 3.505GHz, (34)
a1e = 0.5036. (35)

Case 2: Magnetic energy perturbation
Magnetic energy of 1481J is removed by ‘Vα’ in

this case. The magnetic energy ratio is given by Eqn.
(36):

W1αm

W1
=

1481J
2Wm1

= 0.152. (36)

The shift in resonant frequency and parameter ‘a1m’
is given by Eqn. (37) and Eqn. (38)

f1m1 = 1.152 f01 = 3.502GHz, (37)
a1m1 = 0.5. (38)

If ‘W1’ is the summation of energy stored in the
electric and magnetic fields at the resonance, then Eqn.
(39) and Eqn. (40) will result.

f1m2 = 1.151 f01 = 3.499GHz, (39)
a1m2 = 0.497. (40)

The same result is estimated for the resonant fre-
quency shift resulting from perturbation from both elec-
tric and magnetic energy perturbation cases and is con-
firmed by simulation and measurement.

B. WiMAX 5.5 GHz band
The resonant length in 3.5 GHz band is the length

connecting the lower edge ‘AB’ to upper edge ‘ED’ as il-
lustrated in Fig. (5) and is uniform. Whereas for 5.5 GHz

band, the length connecting the left edge ‘AE’ to right
edge ‘BCD’ is the resonant length and is not uniform
due to the presence of perturbation. The ‘m2’ value cor-
responds to the effective length responsible for 5.5 GHz
resonance is calculated using MATLAB program and
simulation. The unperturbed antenna structure resonates
at 4.57 GHz in the simulation, whereas, the Eqn. (9)
predicts the resonance at 4.1 GHz. The simulated res-
onant frequency of 4.57 GHz is taken as the resonant
frequency of the unperturbed antenna. For this 5.5 GHz
band, the same procedure is followed as in section V.
A for 3.5 GHz band to compute the resonant frequency
shift using perturbation technique, and the results are fur-
nished below:

Equation (41) to Eqn. (44) express the wavenum-
bers:

Kx =
pπ

Lr1+Lr2−m2
= 139, (41)

Ky =
qπ

Wr
= 99.73, (42)

Kz =
rπ

h
= 0, (43)

ki = k2 = ω2
√

µε2. (44)
The field variation along the Z-axis is negligible be-

cause of the thin substrate compared to the operating
wavelength. The total energy stored in the electric field
‘ We2’ at 5.5 GHz of an unperturbed antenna of volume
‘V’ is expressed by Eqn. (45):

We2 =
ε2

2

∫∫∫
|Ez|2dv = 10.187KJ, (45)

with the integral limit for Eqn. (45): x = 0 to Lr1+Lr2;
y = 0 to Wr and z = 0 to h. As the energy stored in the
electric field will be the same as that in magnetic fields at
resonance, the total energy stored in the antenna structure
will be twice the energy stored in the E-field. This stored
electric energy calculation is enough to predict the res-
onant frequency shift due to perturbation using the per-
turbation technique. Therefore, the energy stored in the
H-field calculation is not necessary.

The part of the electric energy ‘W2α ’ of 3.1KJ is re-
moved by the volume ‘Vα’ due to perturbation from the
total stored energy. The ratio of removed energy to total
stored energy in the electric field is illustrated by Eqn.
(46):

W2α

W2
=

3.1KJ
2We2

= 0.152. (46)

The shifted resonant frequency ‘ f2ea’ and parame-
ter ‘a2ea’ are predicted analytically using Eqn. (16) as
illustrated by Eqn. (47) and Eqn. (48).

f2ea = 1.152 f02 = 5.3GHz, (47)
a2ea = 0.5. (48)

The ratio of the resonant frequency of a perturbed
( f2s) to an unperturbed ( f02) antenna from the simulation
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is given by Eqn. (49):
f2s

f02
=

5.5GHz
4.57GHz

= 1.2. (49)

The ratio of the removed energy ‘W2αs’ to total en-
ergy ‘W2s’ computed from Eqn. (16) corresponding to
Eqn. (49) is illustrated by Eqn. (50):

W2αs

W2s
= 0.2. (50)

The parameter ‘a2s’ corresponds to Eqn. (50) is cal-
culated from Eqn. (16) and is given by Eqn. (51):

a2s = 0.658. (51)
The simulated resonant frequency shift due to per-

turbation is validated with the measured result using a
vector network analyzer (ZNB20, Rohde & Schwarz) as
shown in Fig. 8. Equation (52) depicts the deviation (d)
between the measured frequency shift and that obtained
from a calculation using the analytical method (resonant
cavity method):

d =

(
f2s− f2ea

f2s

)
×100 = 3.6%. (52)

It is observed from Eqn. (16) that the resonant fre-
quency shift due to perturbation is determined by the en-
ergy removed in the perturbed volume. Equation (50) re-
veals that 20% of the total stored energy is removed due
to perturbation, whereas Eqn. (46) predicts that 15.2%
of that has been removed. A deviation of 4.8% exists be-
tween simulation and analytical computation based on
the resonant cavity method. The removed energy pre-
dicted by the analytical method is lower than that of sim-
ulation, which eventually leads to the deviation in the
resonant frequency shift, as notified by Eqn. (52). To val-
idate this proposed perturbation technique, few antennas
with slots and slits are selected from the literature [32–
35]. In the aforementioned research, the shifted resonant
frequencies are explored qualitatively rather than analyt-
ically. When the corners of a square patch are trimmed
in Ref. [32], the patch’s resonant frequency is shifted to
2.44 GHz from 2.4 GHz. The resonant frequency shift
due to the addition of five slits on a radiating patch
is reported in [33]. It is studied that the resonant fre-
quency has shifted towards a higher value as the slits
are added one by one from about 2.3 GHz to 7.5 GHz.
Square-shaped slits and truncated corners are introduced
on a patch fabricated using cotton and denim clothes as
substrate [34]. The resonant frequency has shifted from
2.43 GHz to 2.53 GHz when the patch is perturbed. A
square cavity formed by a substrate integrated waveg-
uide, backed slot antenna is presented in [35]. An in-
ward cut is made at the bottom right corner of the square
cavity. As the size of the inward cut increases, the ef-
fective volume decreases. Eventually, the resonant fre-
quency of the antenna increases. When these stated re-

sults are examined from the perspective of the pertur-
bation approach, the energy removed from the volume
corresponding to the region where the slits and trunca-
tions are taking place is what causes the resonant fre-
quency shifting. In these described works [32–35], the
eliminated energy causes the resonance to change from a
lower to a higher value.

VI. RESULTS AND DISCUSSION
The proposed printed antenna has two resonant

lengths, responsible for 3.5 GHz along the Y-axis and
5.5 GHz along the X-axis, as shown in Fig. 1. The sur-
face current density plot illustrated in Figs. 6 (a) and
6 (b) ensures that the current flows between the top and
bottom edges for 3.5 GHz resonance, and for 5.5 GHz,
it flows between left and right edges. The E-field con-
tour plot shown in Fig. 6 (c) demonstrates the electric
field variation along the X and Y axes. There is a null
between the maximum field that occurs at either end.
This scenario ensures the TMZ

110 mode for 3.5 GHz
resonance. In Fig. 6 (d), the horizontal white-coloured
dashed line refers to the resonant path length responsible
for the 5.5 GHz band. It is observed that a null occurs in
between the two field maxima, and it refers to a one half-
cycle variation along the X-axis. Three maximum field
clusters with two nulls along the white-coloured vertical
dotted line indicate the two half-cycle electric field vari-
ation along the Y-axis.

It dictates TMZ
120 mode at 5.5 GHz resonance.

Figures 6 (e) and (f) show the magnetic field contour
with the most significant amplitude corresponding to the
space where the E-field is least and vice versa.

The resonant frequency of the unperturbed antenna
is 3.04 GHz and 4.57 GHz, which has shifted to 3.5 GHz
and 5.5 GHz, respectively, when its right-side edge is
perturbed. This perturbation is made by removing cop-
per on both the top and the corresponding bottom side.

However, the RT Duroid substrate is left in place, as
illustrated in Fig. 1. When the copper and substrate of the
perturbed volume are fully removed as shown in Fig. 5,
little more energy is lost than in the perturbed structure,
which eventually shifts the resonance further as depicted
in Fig. 7. The simulated and measured return loss of the
perturbed antenna is plotted in Fig. 8 (a), which shows
the impedance bandwidth of 8% (3.35–3.64 GHz) at the
3.5.

GHz band and 5% (5.36–5.65 GHz) at the 5.5 GHz
WiMAX band. Figure 8 (b) depicts the input reactance
of the antenna, which ensures zero reactance at the res-
onant frequencies. Figures 9 and 10 depict the co and
cross-polarization pattern at 3.5 GHz for E- and H-
planes, respectively. This antenna is a broadside radia-
tor, and the maximum radiation is taking place towards
the normal to the patch. The cross-pol level is less than
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−50 dB in E-plane at the maximum radiation direction
and −120 dB in the H-plane. The polarization pattern at
5.5 GHz for both E and H-plane is shown in Figs. 11 and
12, respectively. It is observed that the cross-pol level is
about−90 dB in the E-plane and−70 dB in the H-plane.
A sharp null exists in the normal direction to the plane of
the patch, and the main beam is tilted to 18◦ from the nor-
mal in the H-plane, which looks like a split beam. This
split is due to the cut at the right edge of the perturbed
antenna.

The simulated and measured gain are illustrated in
Fig. 13. The simulated gain is 6.62 dBi at 3.5 GHz,
whereas measured gain is 6.38 dBi. The simulated and
measured gain for 5.5 GHz are 6.07dBi and 5.84 dBi,
respectively. The measured gain at 5.5 GHz is less than
that of 3.5 GHz due to the tapering at the right edge of
perturbed antenna shown in Fig. 5. The red line shown in
Fig. 5 is the resonant length for 5.5 GHz. A small amount
of the electric field around this line at the left side (AE)
forms the radiating slot. The electric field marked as ‘E2’
at the right side (BCD) has normal and tangential com-
ponents. The angle between ‘AB’ and ‘BC’ is 53◦. The
angle between the electric field vector ‘E2’ and the edge
‘AB’ or ‘ED’ is 37◦. The ‘E2’ vector is resolved into nor-
mal and tangential components expressed by Eqn. (53).
E2 = x̂E2Cos37◦± ŷE2Sin37◦ = 0.799E2x̂±0.602E2ŷ.

(53)
Sign is positive for taper line ‘BC’ and negative for

taper line ‘CD’. The tangential component ‘0.799E2’ is
constructively added with the corresponding E-field at
the side ‘AE’, whereas the normal component ‘0.602E2’
is destructively added between ‘BC’ and ‘CD’. About
20% of ‘E2’ field is lost due to tapering at the right side
of the patch. This field loss reduces the field strength in
the radiating slot, and the gain is also lowered accord-

technique is applied to predict the resonant frequency 

shift for two cases of energy perturbation. 

Case 1: Electric energy perturbation 

The part of the electric energy ‘
1 eW 

’ removed by the 

volume ‘Vα’ due to perturbation from the total stored 

energy is 1503 J. The ratio of removed energy to total 
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Case 2: Magnetic energy perturbation 

Magnetic energy of 1481J is removed by ‘Vα’ in this 

case. The magnetic energy ratio is given by eqn. (36): 
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The shift in resonant frequency and parameter ‘a1m’ 

is given by eqn. (37) and eqn. (38) 

1 1 01
1.152 3.502 ,

m
GHzf f               (37) 

1 1
0.5,

ma                                                     (38) 

If ‘W1’ is the summation of energy stored in the 

electric and magnetic fields at the resonance, then eqn. 

(39) and eqn. (40) will result. 
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The same result is estimated for the resonant 

frequency shift resulting from perturbation from both 

electric and magnetic energy perturbation cases and is 

confirmed by simulation and measurement. 
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The field variation along the Z-axis is negligible 

because of the thin substrate compared to the operating 

wavelength. The total energy stored in the electric field 

‘ 
2eW ’ at 5.5 GHz of an unperturbed antenna of volume 

‘V’ is expressed by eqn. (45): 
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with the integral limit for eqn. (45): x = 0 to Lr1+Lr2; y 
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The shifted resonant frequency ‘
2ea

f ’ and 

parameter ‘a2ea’ are predicted analytically using eqn. 

(16) as illustrated by eqn. (47) and eqn. (48). 
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respectively. This antenna is a broadside radiator, and the 
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to the patch. The cross-pol level is less than -50 dB in E-

plane at the maximum radiation direction and -120 dB in 
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E and H-plane is shown in Fig. 11 and Fig. 12, 

respectively. It is observed that the cross-pol level is 

about -90 dB in the E-plane and -70 dB in the H-plane. 

A sharp null exists in the normal direction to the plane of 

the patch, and the main beam is tilted to 18° from the 

normal in the H-plane, which looks like a split beam. 

This split is due to the cut at the right edge of the 

perturbed antenna. 

The simulated and measured gain are illustrated in 

Fig. 13. The simulated gain is 6.62 dBi at 3.5 GHz, 

whereas measured gain is 6.38 dBi. The simulated and 

measured gain for 5.5 GHz are 6.07dBi and 5.84 dBi, 

respectively. The measured gain at 5.5 GHz is less than 

that of 3.5 GHz due to the tapering at the right edge of 

perturbed antenna shown in Fig. 5. The red line shown 

in Fig. 5 is the resonant length for 5.5 GHz. A small 

amount of the electric field around this line at the left 

side (AE) forms the radiating slot. The electric field 

marked as ‘E2’ at the right side (BCD) has normal and 

tangential components. The angle between ‘AB’ and 

‘BC’ is 53°. The angle between the electric field vector 

‘E2’ and the edge ‘AB’ or ‘ED’ is 37°. The ‘E2’ vector 

is resolved into normal and tangential components 

expressed by eqn. (53). 
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20% of ‘E2’ field is lost due to tapering at the right side 

of the patch. This field loss reduces the field strength in 

the radiating slot, and the gain is also lowered 

accordingly. As there is no tapering in the resonant 

length for 3.5 GHz, its gain is not suffered.  
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ingly. As there is no tapering in the resonant length for
3.5 GHz, its gain is not suffered.

The simulated radiation efficiency is depicted in
Fig. 14. The radiation efficiency is 91.45% at 3.5 GHz
and 89.56% at 5.5 GHz.
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Fig. 14. Simulated Radiation efficiency.

VII. CONCLUSION
A dual-band printed antenna has been designed for

WiMAX application. The perturbation technique is ap-
plied to study the relationship between the resonant fre-
quency and electromagnetic energy stored in the volume
of antenna structure. The result obtained from this tech-
nique has been validated with simulation and measure-
ment. The cross-pol level is well below the co-pol. As
the structure of this proposed antenna is simple and con-
formal, it can be printed conveniently on electronic gad-
gets. The procedure discussed in this article for applying
the perturbation technique can be adapted to predict the
resonant frequency of any printed antenna loaded with
slit or slot or similar patterns from the known resonant
frequency of the undisturbed structure. In addition, to

study the trend of frequency shift when the antenna’s
structure is perturbed, numerical methods can be used to
compute the energy in the complicated or ununiformed
perturbation.
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