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Abstract ─ An empirical formula for calculating the 

shifted resonant frequencies of Jerusalem-cross frequency 

selective surfaces (FSSs) with different substrates is 

derived based on extensive calculations made on widely 

varying in shifted dual resonant frequencies for substrates 

with different relative dielectric constants and thickness. 

The coefficients in the empirical formula were determined 

by using least-square curve fitting technique to fit 672 

sets of shifted resonant frequencies obtained by the 

HFSS simulator. Numerical results of shifted resonant 

frequencies obtained from the empirical formula are 

generally in good agreement with those calculated by  

the HFSS simulator and measurement. The average error 

in the shifted resonant frequencies is less than 5 percent. 

The empirical formula thus provides a simple, 

inexpensive, and quick method for obtaining optimum 

geometrical parameters of a dual-band Jerusalem-cross 

FSS with a substrate consisting of different dielectric 

constants and thickness for arbitrarily specifying two 

resonant frequencies. 

 

Index Terms ─ Empirical formula, Jerusalem-cross 

frequency selective surface, least-square curve fitting, 

shifted resonant frequencies. 

 

I. INTRODUCTION 
Frequency selective surface (FSS) has a wide 

variety of applications including design of antennas  

[1-14], realization of polarizers [15], improvement of 

transmission for signals through energy-saving glass 

[16-19], synthesis of artificial magnetic conductors 

(AMCs) and electromagnetic band-gap surfaces (EBGs) 

[20-23], design of spatial microwave and optical filters 

[24-36], invention of electromagnetic absorbers [37-42], 

and creation of planar metamaterials [43]. The FSS is 

usually formed by periodic arrays of metallic patches or 

slots of arbitrary geometries. For a patch FSS, it is 

designed where transmission is minimum but reflection 

is maximum in the neighborhood of the resonant 

frequency. Reverse situation happens to the slot FSS. 

Here transmission is maximum but reflection is 

minimum in the neighborhood of the resonant frequency.  

Three numerical methods are often used to analyze 

different types of FSS parameters. They are method of 

moments (MoM) [24], finite-difference time-domain 

(FDTD) method [44-46], and finite-element method 

(FEM) [47]. However, these numerical methods can be 

costly and labor intensive due to the many electromagnetic 

equations governing FSS theory which should be solved. 

Alternatively, the equivalent circuit method [48-50] is 

much simpler than numerical methods for the design of 

FSS parameters. A limitation of the equivalent circuit 

method is that it can be used only for a FSS constructed 

without substrates. It is expected that the presence of the 

dielectric substrate will shift the resonant frequencies 

downwards [51-52]. For a Jerusalem-cross FSS with 

substrate on one side, resonant frequency will be shifted 

by a factor between unity and [(r+1)/2]1/2 depending on 

the substrate thickness [25, 53], wherer is the relative 

dielectric constant of the substrate. 

Based on equivalent circuit models [49], we proposed 

the least-square curve fitting technique [54] to quickly 

obtain optimum values of geometrical parameters of a 

dual-band Jerusalem-cross FSS without substrate for 

arbitrarily specifying any dual resonant frequencies [55]. 

The computational time of the proposed technique is  

less than 30 seconds for obtaining optimum parameters 

of a dual-band Jerusalem-cross FSS without substrate. 

However, the proposed technique has a limitation which 

is only available for a dual-band Jerusalem-cross FSS 

without substrate. In order to investigate the shift effect 

of resonant frequency on a dual-band Jerusalem-cross 

grid with different substrates, one higher resonant 

frequency and one lower resonant frequency were first 

arbitrarily specified. Then optimum geometrical 

parameters of the dual-band Jerusalem-cross FSS 

without substrate were quickly obtained by using our 

proposed technique [55] for the dual resonant frequency 

response. Based on the same optimum geometrical 

parameters, the shifted dual resonant frequencies of the 

Jerusalem-cross grid with different substrates on one 

side were studied by using the Ansoft high-frequency 

structure simulator (HFSS, Ansoft, Pittsburgh, PA). After 

further study on shift effects, we derived an empirical 

ACES JOURNAL, Vol. 33, No. 7, July 2018

Submitted On: November 7, 2016 
Accepted On: June 13, 2018 1054-4887 © ACES 

730



formula for quickly obtaining optimum parameters of  

a dual-band Jerusalem-cross FSS with substrate for 

arbitrarily specifying any dual resonant frequencies. The 

empirical formula was derived based on extensive 

calculations made on widely varying in shifted dual 

resonant frequencies for substrates with different relative 

dielectric constants, conductivities, and thickness. 
 

II. JERUSALEM-CROSS FSS WITHOUT 

SUBSTRATE 
Figure 1 shows a Jerusalem-cross FSS without 

substrate. Its geometrical parameters p, w, s, h, and d are 

also shown in Fig. 1. Where p is the periodicity of a  

unit cell, w is the width of the conductive strip, s is the 

separation distance between adjacent units, h is the width 

of the end caps of the Jerusalem-cross, and d is the length 

of the end caps of the Jerusalem-cross. Based on Langley 

and Drinkwater’s studies [49], for any array of thin, 

continuous, infinitely long, and perfectly conducting 

Jerusalem-cross FSSs, the Jerusalem-cross FSS can be 

replaced by an equivalent circuit model. This equivalent 

circuit can generate one lower resonant frequency f0L (in 

reflection band), one higher resonant frequency f0H (in 

reflection band), and a transmission band frequency ft. 

For arbitrarily specifying any dual resonant frequencies, 

the optimum values of geometrical parameters of a  

dual-band Jerusalem-cross FSS without substrate can be 

quickly obtained by using our proposed technique [55]. 

The specified dual resonant frequencies will have a 

downward trend if the dual-band Jerusalem-cross FSS is 

constructed with substrate on one side [25], [51-53]. 

Therefore, it is worth studying further on the down-

shifting effect of the dual resonant frequencies on 

Jerusalem-cross FSS with different substrates. 
 

 
 

Fig. 1. Geometrical parameters of a FSS constructed with 

Jerusalem-Cross grids. 
 

III. SUBSTRATE EFFECTS  
The FSS is usually printed on a substrate for 

mechanical strength as shown in Fig. 2. Definitions of 

geometrical parameters p, w, s, h, and d shown in Fig. 2 

are described in Section II. Geometrical parameters t and 

T are the thickness of the copper foil and the substrate, 

respectively. Using our proposed technique [55], optimum 

geometrical parameters (p = 5.33 mm, w = 0.5195 mm, 

s = 0.3897 mm, h = 0.4311 mm, d = 3.168 mm) of a dual-

band Jerusalem-cross FSS without substrate are easily 

obtained for arbitrarily specifying two resonant 

frequencies of 16.2 and 50.7 GHz. Based on the same 

optimum geometrical parameters and assuming t = 0.1 mm 

and T = 0.0 mm (in air), simulation results of transmission 

for the Jerusalem-cross FSS without substrate obtained 

by using the HFSS simulator are shown in Fig. 3. In the 

simulation, the relative dielectric constant r = 1.0 and 

conductivity = 5.8×107 S/m of the copper foil were 

adopted. Obviously, the dual resonant frequencies f0L 

and f0H are found at 16.2 and 50.7 GHz, respectively.  

In the following studies, the optimum geometrical 

parameters (p = 5.33 mm, w = 0.5195 mm, s = 0.3897 mm, 

h = 0.4311 mm, d = 3.168 mm) and the thickness of 

copper foil t = 0.1 mm of the dual-band Jerusalem-cross 

FSS with substrate are always kept unchanged. However, 

one of the parameters T (thickness of the substrate), r 

(relative dielectric constant of the substrate), and  

(conductivity of the substrate) is changed in each study. 

Figure 4 shows the comparison of frequency responses 

of transmission for the Jerusalem-cross FSS with and 

without substrate. In HFSS simulations, the relative 

dielectric constant of the substrate is changed from  

r = 1.0 to r = 10.0. The thickness and the conductivity 

of the substrate T = 0.8 mm and = 1.3×10-3 S/m are 

kept unchanged, respectively. The relative dielectric 

constant r = 1.0 means that the substrate is replaced by 

air. As shown in Fig. 4, the higher resonant frequency fH 

decreases from 50 .7 GHz to 23.6 GHz and the lower 

resonant frequency fL decreases from 16.2 GHz to 7.5 

GHz when the relative dielectric constant increases from 

r = 1.0 to r = 10.0, respectively. Figure 5 also shows  

the comparison of frequency responses for transmission 

of the Jerusalem-cross FSS with and without substrate. 

In Fig. 5, the thickness of the substrate is changed from 

T= 0.0 mm to 3.0 mm. The relative dielectric constant 

and the conductivity of the substrate r = 3.0 and =  

1.3 × 10-3 S/m are kept unchanged, respectively. The 

thickness of the substrate T = 0.0 mm also means that  

the substrate is replaced by air. Figure 5 shows that the 

higher resonant frequency fH decreases from 50 .7 GHz 

to 34.6 GHz and the lower resonant frequency fL decreases 

from 16.2 GHz to 11.5 GHz when the thickness of  

the substrate is changed from T = 0.0 mm to 3.0 mm, 

respectively. From the resonant frequency responses 

shown in Fig. 5, it is found that the shift of resonant 

frequency is a function of the substrate thickness. In 

terms of resonant wavelength, the variation of the 

thickness of the substrate is in the range of 0 - 0.27040H 

and 0 - 0.0864 0L, where 0H and 0L are the higher and 

the lower resonant wavelengths of the FSS without 

substrate, respectively. The shifting factors of the higher 

and the lower resonant frequencies are found to be 1.0 - 

0.682 and 1.0 - 0.709 for the thickness of the substrate 
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ranging from 0.0 to 0.2704 0H and from 0.0 to 0.0864 

0L, respectively. Figure 6 shows the frequency response 

of transmission for the Jerusalem-cross FSS with substrate. 

In Fig. 6, the conductivity of the substrate is changed 

from = 1.0 × 10-5 to 1.0 × 10-1 S/m. The relative dielectric 

constant r = 3.0 and the thickness of the substrate T = 

0.8 mm are kept unchanged. In Fig. 6, it is found that the 

shift of resonant frequency resulting from the variation 

of the conductivity of the substrate is insignificant. 
 

 
 

Fig. 2. A Jerusalem-cross FSS with a supporting substrate. 
 

 
 

Fig. 3. The frequency responses of transmission of the 

Jerusalem-cross FSS without substrate. 
 

 
 

Fig. 4. Comparison of frequency responses of 

transmission for the Jerusalem-cross FSS with and 

without substrate. The thickness and the conductivity of 

the substrate T = 0.8 mm and = 1.3 × 10-3 S/m are kept 

unchanged, respectively. 

 
 

Fig. 5. Comparison of frequency responses of 

transmission for the Jerusalem-cross FSS with and 

without substrate. The relative dielectric constant and  

the conductivity of the substrate r = 3.0 and = 1.3 × 

10-3 S/m are kept unchanged, respectively. 

 

 
 

Fig. 6. Frequency responses of transmission for the 

Jerusalem-cross FSS with substrate. The relative dielectric 

constant and the thickness of the substrate r = 3.0 and 

= 0.8 mm are kept unchanged, respectively. 
 

IV. LEAST-SQUARE CURVE FITTING 

TECHNIQUE 
Figure 7 and Fig. 8 show that the resonant frequencies 

of a Jerusalem-cross FSS with a substrate are shifted 

downwards due to increases in the relative dielectric 

constant of the substrate from 1.0 to 10 and to increases 

in the thickness of the substrate from 0.0 to 3.0 mm. 

Based on observation from Figs. 7 and 8, the following 

empirical formula (1) is proposed to calculate the dual-

band resonant frequencies for a Jerusalem-cross FSS 

with different substrates: 
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, (1) 

where f denotes the higher resonant frequency fH or the 

lower resonant frequency fL of a Jerusalem-cross FSS 

with different substrates. f0 denotes the higher resonant 

frequency f0H or the lower resonant frequency f0L of a 

Jerusalem-cross FSS without substrate. r and T (mm) 

are the relative dielectric constant and thickness of the 

substrate, respectively. A1, A2, A3, A4, and A5 are unknown 

coefficients to be solved for the empirical formula. 
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Fig. 7. Resonant frequencies of a Jerusalem-cross FSS 

with a substrate are shifted downwards due to increases 

in the relative dielectric constant of the substrate from 

1.0 to 10. The thickness and the conductivity of the 

substrate are T = 0.8 mm and = 1.3×10-3 S/m, respectively. 

The geometrical parameters of the FSS are p = 5.33 mm, 

w = 0.5195 mm, s = 0.3897 mm, h = 0.4311 mm,  

d = 3.168 mm, respectively. 
 

 
 

Fig. 8. Resonant frequencies of a Jerusalem-cross FSS 

with a substrate are shifted downwards due to increases 

in the thickness of the substrate from 0.0 to 3.0 mm. The 

relative dielectric constant and the conductivity of the 

substrate are r = 3.0 and = 1.3×10-3 S/m, respectively. 

The geometrical parameters of the FSS are p = 5.33 mm, 

w = 0.5195 mm, s = 0.3897 mm, h = 0.4311 mm,  

d = 3.168 mm, respectively.  
 

Basically, the resonant frequency f is a nonlinear 

function expressed by (1) in terms of the relative 

dielectric constant r and thickness of the substrate T. 

The method of differential corrections, together with 

Newton’s iterative method [54], can be used to fit the 

nonlinear function f. The differential corrections method 

approximates the nonlinear functions with a linear form 

that is more convenient to use for an iterative solution. 

By estimating approximate values of the unknown 

coefficients (0)

1 ,A   ( 0 )

2 ,A   ( 0 )

3 ,A   
( 0 )

4 ,A   and (0)

5 ,A   and 

expanding (1) in a Taylor's series with only the first-

order terms retained, we obtain: 
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The superscript (0) is used to indicate values obtained 

after substituting the first guess ( (0)

1 ,A (0)

2 ,A
(0)

3 ,A (0)

4 ,A  

and (0)

5A ), for the unknown coefficients in (1). Equation (2) 

is a linear function of the correction terms 
1,A 2 ,A 3 ,A

4 ,A  and 
5 ,A  and hence the least-square curve fitting 

method can be used directly to determine these correction 

terms. The correction terms, when added to the first 

guess, give an improved approximation of the unknown 

coefficients,  i.e.,  (1) (0)
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2
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3A  , )1(

4A  , and )1(

5A   are 

subsequently substituted as new estimates of the unknown 

coefficients, the Taylor's series reduces to: 
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where f 
(1) as well as its derivatives are obtained by 

substituting the values of )1(

1A , )1(

2A , )1(

3A , )1(

4A , and )1(

5A  
in (1), respectively. Again, the correction terms 

1,A

2 ,A 3 ,A
4 ,A  and 

5A  are determined using the least-

square curve fitting method. The procedure is continued 

until the solution converges to within a specified accuracy. 

The criterion of best fit of the technique of least-

square curve fitting is that the sum of the squares of the 

errors be a minimum expressed by: 
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where the term errors 2

i  means the difference between 

the measured (observed) values of the resonant 

frequencies )(if M  and computed values from (3) for the 

ith case, respectively. N is the total number of cases. 

Substituting (3) into (4), the result yields: 
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A necessary condition that a minimum for the error 

function S exists is that the partial derivatives with 

respect to each of the correction terms 
1,A 2 ,A  

3 ,A  

4 ,A  and 5A  be zero. For example, in the first iteration, 
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where j= 1, 2, 3, 4, and 5. Equation (6) can be expressed 

as a matrix equation: 
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One can easily solve for the correction terms 
1,A 2 ,A

3 ,A
4 ,A and

5A  in (7) by Gaussian elimination method. 
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V. VALIDATION OF THE EMPIRICAL 

FORMULA 
After curve-fitting 672 sets of shifted resonant 

frequencies calculated by the HFSS simulator, the 

coefficients A1 = 3.009, A2 = 0.55, A3 = 10.185 (mm), A4 

= 0.249, and A5 = 3.66 are obtained by the least-square 

curve fitting technique. In order to validate the empirical 

formula, we compared the shifted resonant frequencies 

calculated by the HFSS simulator with those obtained  

by the empirical formula for four different dual-band 

Jerusalem-cross FSSs with a substrate on one side. 

Comparisons of shifted resonant frequencies calculated 

by the HFSS simulator and the empirical formula are 

shown in Figs. 9-20. From Figs. 9-20, it is shown that 

numerical results of shifted resonant frequencies 

obtained from the empirical formula are generally in 

good agreement with those calculated by the HFSS 

simulator. The average error in the shifted resonant 

frequencies is less than 5 percent. 
 

 
 

Fig. 9. Comparisons of shifted resonant frequencies 

calculated by the HFSS simulator and the empirical 

formula for case 1. The conductivity of the substrate is 

= 1.3 × 10-3 S/m (p = 5.33, w = 0.5195, s = 0.3897,  

h = 0.4311, d = 3.168, and t = 0.1. Unit: mm).  
 

 
 

Fig. 10. Comparisons of shifted resonant frequencies 

calculated by the HFSS simulator and the empirical 

formula for case 1. The conductivity of the substrate is 

= 1.3 × 10-3 S/m (p = 5.33, w = 0.5195, s = 0.3897,  

h = 0.4311, d = 3.168, and t = 0.1. Unit: mm). 

 
 

Fig. 11. Comparisons of shifted resonant frequencies 

calculated by the HFSS simulator and the empirical 

formula for case 1. The conductivity of the substrate is 

= 1.3 × 10-3 S/m (p = 5.33, w = 0.5195, s = 0.3897,  

h = 0.4311, d = 3.168, and t = 0.1. Unit: mm). 
 

 
 

Fig. 12. Comparisons of shifted resonant frequencies 

calculated by the HFSS simulator and the empirical 

formula for case 2. The conductivity of the substrate is 

= 1.3 × 10-3 S/m.(p = 5.701, w = 0.5038, s = 0.5413,  

h = 0.4483, d = 3.895, and t = 0.1. Unit: mm). 

 

 
 

Fig. 13. Comparisons of shifted resonant frequencies 

calculated by the HFSS simulator and the empirical 

formula for case 2. The conductivity of the substrate is 

= 1.3 × 10-3 S/m (p = 5.701, w = 0.5038, s = 0.5413,  

h = 0.4483, d = 3.895, and t = 0.1. Unit: mm). 
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Fig. 14. Comparisons of shifted resonant frequencies 

calculated by the HFSS simulator and the empirical 

formula for case 2. The conductivity of the substrate is 

= 1.3 × 10-3S/m (p = 5.701, w = 0.5038, s = 0.5413,  

h = 0.4483, d = 3.895, and t = 0.1. Unit: mm). 
 

 
 

Fig. 15. Comparisons of shifted resonant frequencies 

calculated by the HFSS simulator and the empirical 

formula for case 3. The conductivity of the substrate is 

= 1.3 × 10-3 S/m.(p = 7.265, w = 0.7234, s = 0.7829,  

h = 0.5545, d = 5.276, and t = 0.1. Unit: mm). 

 

 
 

Fig. 16. Comparisons of shifted resonant frequencies 

calculated by the HFSS simulator and the empirical 

formula for case 3. The conductivity of the substrate is 

= 1.3 × 10-3 S/m (p = 7.265, w = 0.7234, s = 0.7829,  

h = 0.5545, d = 5.276, and t = 0.1. \ Unit: mm). 

 
 

Fig. 17. Comparisons of shifted resonant frequencies 

calculated by the HFSS simulator and the empirical 

formula for case 3. The conductivity of the substrate is 

= 1.3 × 10-3 S/m (p = 7.265, w = 0.7234, s = 0.7829,  

h = 0.5545, d = 5.276, and t = 0.1. Unit: mm). 
 

 
 

Fig. 18. Comparisons of shifted resonant frequencies 

calculated by the HFSS simulator and the empirical 

formula for case 4. The conductivity of the substrate is 

= 1.3 × 10-3 S/m (p = 22.77, w = 2.212, s = 1.414,  

h = 1.524, d = 16.4, and t = 0.1. Unit: mm). 
 

 
 

Fig. 19. Comparisons of shifted resonant frequencies 

calculated by the HFSS simulator and the empirical 

formula for case 4. The conductivity of the substrate is 

= 1.3 × 10-3 S/m (p = 22.77, w = 2.212, s = 1.414,  

h = 1.524, d = 16.4, and t = 0.1. Unit: mm). 
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Fig. 20. Comparisons of shifted resonant frequencies 

calculated by the HFSS simulator and the empirical 

formula for case 4. The conductivity of the substrate is 

= 1.3 × 10-3 S/m (p = 22.77, w = 2.212, s = 1.414,  

h = 1.524, d = 16.4, and t = 0.1. Unit: mm).  
 

Optimum geometrical parameters of a dual-band 

Jerusalem-cross FSS with a substrate at arbitrarily 

specifying two resonant frequencies can be easily and 

quickly obtained. With Rogers RO4003 substrate as an 

example, the relative dielectric constant is r = 3.31, 

dielectric loss tangent = 0.0027, and thickness of substrate 

is T = 0.8 mm. The dual operating frequencies are 

arbitrarily given at f1 = 5.8 GHz and f2 = 24.0 GHz. The 

lower resonant frequency f0L = 8.1 GHz and the higher 

resonant frequency f0H = 33.5 GHz are directly calculated 

by putting the two specific frequencies of f1 and f2, 

relative dielectric constant, and thickness of substrate in 

the empirical formula (1), respectively. It takes 20.66 

seconds to obtain the optimum geometrical parameters 

of the dual-band Jerusalem-cross FSS without substrates 

at the operating frequencies f0L = 8.1 GHz and f0H = 33.5 

GHz by the technique presented in [55]. The obtained 

optimum geometrical parameters are p = 7.577 mm,  

w = 0.6059 mm, s = 0.1294 mm, h = 0.3793 mm, and  

d = 4.931 mm. The resonant frequencies of this dual-band 

Jerusalem-cross FSS without substrate obtained by the 

HFSS simulator are founded to be f0L = 8.1 GHz and  

f0H = 31.1 GHz as shown in Fig. 21. There are 0% and 

7.1% differences in the lower and higher resonant 

frequencies calculated by the HFSS simulator and the 

technique presented in [55], respectively.   

The optimum geometrical parameters of the dual-

band Jerusalem-cross FSS with substrates at operating 

frequencies of f1 and f2 will be the same as those obtained 

for the dual-band Jerusalem-cross FSS without substrates 

at operating frequencies of f0L = 8.1 GHz and f0H =  

31.1 GHz. The frequency response of this dual-band 

Jerusalem-cross FSS with substrate calculated by the 

HFSS simulator is shown in Fig. 21. The optimum 

geometrical parameters of the dual-band Jerusalem-cross 

FSS with substrates are p = 7.577 mm, w = 0.6059 mm, 

s = 0.1294 mm, h = 0.3793 mm, d = 4.931 mm, t = 0.035 

mm, and T = 0.8 mm. From Fig. 21, the dual resonant 

frequencies of this dual-band Jerusalem-cross FSS with 

substrate are found to be fL =5.6 GHz and fH = 23.3 GHz, 

respectively. Compared with the arbitrarily given 

frequencies f1 = 5.8 GHz and f2 = 24.0 GHz, there are 

3.4% and 2.9% differences in the lower and higher 

resonant frequencies, respectively. In order to compare 

with simulation results, the prototype of this dual-band 

Jerusalem-cross FSS with substrate is fabricated as shown 

in Fig. 22 and measurements are conducted. Measurement 

setup is shown in Fig. 23. Comparison of frequency 

response of this FSS with substrate between simulation 

results and measurement data is also made as shown in 

Fig. 21. Good agreement between the simulation results 

and measurement data has been shown in Fig. 21. From 

measurement data shown in Fig. 21, it is clear that the 

lower and higher resonant frequencies are found to be fL 

= 5.9 GHz and fH = 23.4 GHz, respectively. Compared with 

the arbitrarily given frequencies f1 = 5.8 GHz and f2 = 

24.0 GHz, there are 1.7% and 2.5% differences in the 

lower and higher resonant frequencies, respectively.     
 

 
 

Fig. 21. Frequency responses of a dual-band Jerusalem-

cross FSS with and without substrate obtained by HFSS 

simulator. The geometrical parameters of the FSS are  

p = 7.577, w = 0.6059, s = 0.1294, h = 0.3793, d = 4.931, 

t = 0.035, and T = 0.8(or 0.0). Unit: mm. 
 

 
 

Fig. 22. The prototype of the dual-band Jerusalem-cross 

FSS with substrate. The geometrical parameters of the 

FSS are p = 7.577, w = 0.6059, s = 0.1294, h = 0.3793,  

d = 4.931, t = 0.035, and T = 0.8. Unit: mm. 
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Fig. 23. Measurement setup. 

 

VI. CONCLUSIONS 
Based on equivalent circuit models, we proposed  

a technique to quickly obtain optimum geometrical 

parameters of a dual-band Jerusalem-cross FSS without 

substrate for arbitrarily specifying any dual resonant 

frequencies in the Applied Computational Electro-

magnetics Society Journal in June, 2015. The drawback 

of this proposed technique is that it is only available for 

a dual-band Jerusalem-cross FSS without substrate. In 

order to overcome the drawback of the proposed 

technique, firstly, the shifted effects of dual resonant 

frequencies of Jerusalem-cross FSS with different 

substrates on one side were extensively studied. After 

curve-fitting 672 sets of shifted resonant frequencies 

calculated by the HFSS simulator, we derived an 

empirical formula for calculating the optimum 

geometrical parameters of a dual-band Jerusalem-cross 

FSS with a substrate at arbitrarily specifying two 

resonant frequencies. The empirical formula is in terms 

of relative dielectric constant and thickness of substrate. 

It takes a few seconds to obtain the optimum geometrical 

parameters of a dual-band Jerusalem-cross FSS with 

substrates by applying the empirical formula combined 

with our previous technique. The validity of this 

empirical formula is checked by comparing simulation 

results and measurement data of frequency response. The 

accuracy of the empirical formula is better than 5%. The 

empirical formula provides a very simple, inexpensive, 

and quick method for obtaining optimum geometrical 

parameters of a dual-band Jerusalem-cross FSS with 

substrate for arbitrarily specifying any dual resonant 

frequencies. The accuracy of this empirical formula may 

be within a reasonable error of 5% for substrates with 

relative dielectric constants in the range from 1.0 to 10, 

thickness in the range from 0.0 to 3.0 mm, conductivities 

in the range from 1.0 × 10-5 to 1.0 × 10-1 S/m, and 

operating frequencies below 50 GHz.  
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