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Abstract — To efficiently analyze the electromagnetic
scattering from composite perfect electric conductor
(PEC)-dielectric objects with coexisting closed-open
PEC junctions, a modified hybrid integral equation (HIE)
is established as the surface integral equation (SIE) part
of the volume surface integral equation (VSIE), which
employs the combined field integral equation (CFIE) and
the electric field integral equation (EFIE) on the closed
and open PEC surfaces, respectively. Different from the
traditional HIE modeled for the objects whose closed and
open PEC surfaces are strictly separate, the modified
HIE can be applied to the objects containing closed-open
junctions. A matrix equation is obtained by using
the Galerkin’s method of moments (MoM), which is
augmented with the spherical harmonics expansion-based
multilevel fast multipole algorithm (SE-MLFMA),
improved by the mixed-potential representation and the
triangle/tetrahedron-based grouping scheme. Because
in the improved SE-MLFMA, the memory usage for
storing the radiation patterns of basis functions is
independent of the SIE type in the VSIE, it is highly
appropriate for the fast solution of the VVSIE that contains
the HIE. Various numerical experiments demonstrate
that during the calculation of composite objects
containing closed-open PEC junctions, the application of
the modified HIE in the VSIE can give reliable results
with fast convergence speed.

Index Terms — Fast solver, integral equation, method of
moments, multilevel fast multipole algorithm.

I. INTRODUCTION

In the electromagnetic analysis of composite perfect
electric conductor (PEC)-dielectric objects, using the
method of moments (MoM) to solve the volume surface
integral equation (VSIE) is one of the most competitive
approaches [1-9]. During the numerical modeling of
composite objects, the electric field integral equation
(EFIE) is usually formulated on all the PEC surfaces
because it is independent of the surface type [2, 3], and
then the EFIE is combined with the volume integral
equation (VIE) established in the dielectric region to
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form the EFIE-VIE, a general VSIE form [2]. Whereas,
when closed PEC surfaces are contained by the
calculated objects, using the EFIE alone may encounter
the internal-resonance problems [2, 9]. Moreover, it is
typically difficult to iteratively solve the matrix equation
derived from the EFIE, which is a first-kind Fredholm
integral equation. To deal with the internal-resonance
problems as well as to accelerate the iterative solution,
some articles put forward the concept of hybrid integral
equation (HIE) [4-7]. That is, establishing the combined
field integral equation (CFIE) on the closed PEC
surfaces of the objects [8, 9], which is the second-kind
and derived from the linear combination of the EFIE and
the magnetic field integral equation (MFIE), while the
open surfaces keep the EFIE. Nevertheless, only the
situation that the closed and open surfaces are strictly
separate was discussed [4-7], while for the objects
containing closed-open junctions, the traditional HIE is
out of action. To overcome this drawback, the authors
modified the traditional HIE to make it suitable for the
PEC objects containing closed-open junctions [10]. In
this paper, the modified HIE acts as the surface integral
equation (SIE) part of the VVSIE, combined with the VIE
to form the modified HIE-VIE, a new VSIE type, to
compute the composite PEC-dielectric objects that
contain closed-open PEC junctions.

Using the MoM, the VSIE is converted into a matrix
equation, the iterative solution process of which is
usually accelerated by fast solvers such as the multilevel
fast multipole algorithm (MLFMA) [2, 11-16]. Due to
the addition theorem of Green’s function and the
diagonalization of the translation operator, the MLFMA
drastically reduces the overall computational complexity
from the order of O(N?) to O(NlogN) through three steps:
aggregation, translation, and disaggregation. To enhance
the computing efficiency, the radiation patterns (RPs) of
the basis functions should be computed and stored in
advance. In order to minimize the sampling redundancy
introduced by numerical quadrature rules, the RPs can be
expanded by spherical harmonics, yielding the spherical
harmonic expansion-based MLFMA (SE-MLFMA) [13-
16], which is extended to the fast solution of HIE-VIE in
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this paper. On the other hand, in the conventional SE-
MLFMA that is dyadic form [13, 14], the memory usage
of RPs is relevant to the SIE type in the VSIE. To be
more specific, the memory usage costed by storing the
RPs for the CFIE is double times of that for the EFIE.
Therefore, if the conventional SE-MLFMA is used to
accelerate the solution of HIE-VIE where the HIE is
composed by the CFIE and EFIE, the RPs about the HIE
are needed to be prior classified according to whether
they belong to the CFIE or the EFIE part, which is quite
inconvenient. To avoid this problem, this paper will
adopt the improved SE-MLFMA formulated by using
the mixed-potential representation [15, 16], and the RPs
memory usage is then independent of the SIE type.
Furthermore, the improved SE-MLFMA is grouped by a
triangle/tetrahedron-based scheme, making the memory
usage of RPs depend on the total number of triangles and
tetrahedrons instead of the number of basis functions in
the conventional SE-MLFMA. Since the total number of
triangles and tetrahedrons is usually much less than that
of basis functions, a considerable memory usage is saved.

The rest of this paper is organized as follows. In
Section 11, the modified HIE-VIE is established to be
suitable for the numerical modeling of composite objects
containing closed-open PEC junctions, followed by
the discretization using the Galerkin’s MoM. The SE-
MLFMA improved by the mixed-potential representation
and the triangle/tetrahedron-based grouping scheme is
adopted to fast solve the HIE-VIE, which will be
elaborated in Section Il1. Various numerical experiments
are shown in Section IV to demonstrate the validity and
efficiency of the proposed method. Finally, some
conclusions about the application of the modified HIE-
VIE are summarized.

I1. DERIVATION OF THE HIE-VIE AND
THE MOM SOLUTION
Suppose that in the free space, there is an
electromagnetic wave (E", ﬁi) illuminating a composite
PEC-dielectric object that contains both closed and open
PEC surfaces Sc and S, as well as the dielectric region V
with the permittivity ¢. The scattered field (E¥, H®) is
the superposition of fields produced by the equivalent
surface and volume currents as:

o], Js(r')GdS'+wi%vjsanS(r')GdS'
== ! |t M

+jwy0jvJv(r’)GdV'+wi%vjvv"Jv(r')GdV' !

H* =V x [ Jg (")GdS'+Vx [ J, (F)Gdv’

where &y and uo are the permittivity and permeability of
the free space, and .75 and f/v are the equivalent surface
and volume currents at the source point 7/, respectively.
With the wavenumber k and the time-harmonic factor
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el', the Green’s function of the free space is:

efjk\rfr'\
G=G(r,r)=——— 2
()= e =7 @
In the region V, the VIE is established by making the
total field equal to the sum of the incident and the
scattered fields as [2]:
D(F) ..
( ):E'(F)+E5(f) rev, (3)

where D is the electric flux density. By vanishing the
tangential component of the total electric field on both
the open and closed PEC surfaces, the EFIE based on the
mixed-potential form is deduced as [2, 3]:

f(r)[E°(r)+E'(r)]=0 res,+S,, (4

where £ is any tangential vector to the surface at the
observation point 7. The EFIE is combined with the VIE
to form the generally used EFIE-VIE, which is ill-
conditioned at the resonant frequencies.

Imposing the boundary condition of the magnetic
field over the closed PEC surface S, the MFIE can be
established as [2, 9]:

A(F)x[H'(F)+H* (F)]=3(r) res,, (5
where 7 is the outwardly directed normal. Further, similar
to form the CFIE [2, 9], we can linearly combine the
MFIE with the EFIE to form the so-called HIE as [4-7]:

HIE = a(F)EFIE+ B(F)n, MFIE FeS +S,, (6)

where a and g are both 7#-dependent real combined
coefficients, and 7y is the free-space intrinsic impedance.
Combining the VIE and the HIE together can build the
HIE-VIE, a new VSIE type. Compared with the EFIE-
VIE implementation, the HIE-VIE may have a good
convergence behavior when the composite objects
contain closed PEC surfaces, which will be investigated
during the numerical experiment. To determine the
values of a and g in (6), for the traditional HIE, it is
stated in [5] that B(A) =1 —a(®) with 0 < a(?) <1
for7eS., while p(® =0and a(*) =1 for7€ S,. If
the closed and open PEC surfaces of the calculated
object are strictly separate, we can straightforwardly set
o and g as stated above. In contrast, if the object contains
closed-open junctions where the closed and open PEC
surfaces have conjunct boundary, it is necessary to
further discuss how to set the values of o and .

In the initial process of the MoM, the equivalent
current is expanded with basis functions. Because of the
convenience of discretizing arbitrarily shaped objects
and the quality of naturally avoiding pseudo line or
surface charges, the divergence-conforming RWG [3]
and SWG [17] basis functions based on triangular patches
and tetrahedral volumes are being widely used. Using the
Galerkin’s MoM [1], the HIE-VIE is transformed into a
generalized impedance matrix equation as:



ZSS ZSV IS bS
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where {15} and {IV} are the subvectors of unknown
expansion coefficients, {bS} and {b'} are the excitation
subvectors, respectively. [ZP9] (P, Q is S or V) denotes
the impedance submatrix representing the interactions
between various types of test and basis functions.
Besides, the calculation of submatrices [ZY5] and [ZYV]
are independent of the SIE type, which can be found in
[16]. The submatrix [Z%] is the same as that generated
by the pure HIE, according to whose calculation the
article [10] reported how to choose the values of o and S
in detail. In this paper, we will discuss the same question
from the calculation of [Z5V]. The submatrix entry Z5%,,
denoting the interaction between the nth SWG basis

function fn" with domain V, and the mth RWG test
function f:,{ with domain Sy, is calculated as:

Zon = jomo ] a(f)ﬂ?(f)fvﬂz(*’) £ (r)Gavds
e UL R RS TGN
[, AN (F)'{ﬁ(f)XLn[z(r’) £y (r')]xvedv'} ds

(r)]edvids (8)
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where V denotes the surface gradient operation. It is
noticed that for the second term of the right hand side in
(8), the gradient operator is placed on the observation
point 7, leading to a two-order singularity when 7
approaches 7. To reduce the order of singularity, taking
the surface Gauss theorem, the second term in the right-
hand side of (8) is usually transformed as:

J, a(r Ve[, V- [2(r) £ (7)]Gdvds
=Lmvs-[a(F HOIREP: ﬂ)an(r/)]de'}ds
—Lmv EIGING ]j VL) §) ”’)]GdV'dS ,(10)
“ls et RO {20
), Vs [ ]J v (r)

where 0Sm denotes the boundary of Sm, and Aigg, is the
outer-normal direction of dSm. In (10), the singularity
order is degraded to one. On the other hand, it is
observed that the surface divergence operator is forced
on the product a(#) £S5 (7), which is then requested to
be divergence conforming. Under this restriction, if the
domain Sy of f,;f just belongs to a junctional region
containing both the closed surface S¢ and open surface
So, the value of a(#) for 7 € S, and for 7 € S, must be
the same. In other words, a(#) should be constant

Y (r)]Gavdi

)]de ds
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everywhere. This conclusion is the same as that drew in
[10]. Therefore, we set:

a(f)=q, VFeS +S,

l-a, VreS_, 11
ﬂ(r)={ 0 wres o
resS,
where ag is constant and O<ao<l. Moreover, with a
constant «, the first term in the right-hand side of
(10) will be cancelled out as [3]. Please note that
mathematically, the values of a« and g in (8) are
dependent on the position of the observation point, but
not the row of the matrix as [4-7]. If the closed and open
PEC surfaces are separate, depending on the observation
point position and the matrix row are equivalent.
Nevertheless, this equivalence is invalid when the closed

and open PEC surfaces are conjoint.
Substituting (11) into (6) yields the modified HIE as:
a, EFIE Vres,
HIE = = .(12)
{CHE:% EFIE+(1-a, )7, MFIE VF €S,

It states that the modified HIE consists of two parts: the
CFIE on the closed surface Sc, and the EFIE scaled down
by multiplying a coefficient ao on the open surface S.
The modified HIE can be combined with the VIE to form
the modified HIE-VIE for the calculation of composite
objects containing closed-open PEC junctions.

I1. SE-MLFMA IMPLEMENTATION

In the SE-MLFMA, the impedance matrix generated
by the MoM is decomposed into two parts as [Zn] + [Z¢],
where [Zn] and [Z¢] denote the matrices representing the
interactions between the basis and test functions in the
near and far groups, respectively. In our implementation,
the grouping scheme is based on triangles and
tetrahedrons [15, 16], rather than the most commonly
used edge-based grouping scheme [2, 11-14]. That is to
say, the index of the leaf box which a given triangle or
tetrahedron belongs to is determined by comparing the
box center coordinate with the triangle or tetrahedron
barycenter. It was reported in [16] that how to use the
SE-MLFMA to accelerate the VSIE solution of EFIE-
VIE type. In this section, we focus on the SE-MLFMA
application on the HIE part of the HIE-VIE matrix,
which is [Z59].

The nth RWG basis function is defined over a
common edge of length I, shared by two adjacent
triangles T¥ of areas A as:

Fj(r’)ziz'?ﬁ(r’—r;), (13)

where the sign “+” means the current flowing direction
is outward or inward to T;X, and 7 is the free vertex of
T to the common edge. Since the RWG basis function
is defined on two adjacent triangles, the submatrix entry
755 consists of four double surface integrals,
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representing the mutual interactions between the four
triangles involved in the basis and test functions. In
the following, for the purpose of easy reading, only the
integral involving two “positive” triangles is considered,
and other three ones can be obtained by simply changing
the signs. If two positive triangles T,; and T, are
grouped into the m'th and n'th leaf boxes of the centers
coordinates 7, and 7,/ , respectively, then via the
addition theorem of Green’s function, (2) is rewritten as:

gSe DT (K, )™ 07K, (14)

~»~>’

with the translatlon operator [2],

T (K ) = X3 (210 ()R (€

1=0

Fr ) (15)

where 7,,1,s = 7,r — 7, L is the order of multipole

expansion, hl(z) is the second-kind spherical Hankel
function of order I, and P, denotes the Legendre
Polynomial of degree I. In the far-group interaction,
Substituting (14) and (15) into the expression of Zss,
results in (16), where B, is 1 — a, when the triangle
T+ belongs to the closed surface S, or 0 for T, € S,,
and the asterisk denotes the complex conjugate. It is seen

that the scalar 53 and vector 173 with:
§ﬂ (Iz) = T/,
v, (k)= re

contain all information needed by the aggregation and
disaggregation processes in the leaf boxes in the
MLFMA, which means that they can be regarded as the
RPs defined on triangles. Using the symmetry of RPs,
the memory usage in bytes by storing the RPs is:

(o) g

pg=mn, @an

“oa’ﬂoSf’UT+ (f— o )e"'k"“"m')ds]ﬂ (k.1
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(16)

8 single precision
Memg, = 4cN, (L+1)" c= g1 pIecision g,
16 double precison
where N; is the number of triangles.
Further, in the improved SE-MLFMA [15, 16], the
RPs of triangles can be expressed as a series of the

spherical harmonics as:
P

55 (€)= 2 2 86 (¥

p=0q=-p

V()= 2 2 Vv (4

where Ypq is the orthonormalized spherical harmonics
[18]. The expansion coefficients are computed by:

=[S (k)Y (k)%
Vp’é—IV() ((Rjek

Instead of the RPs, the expansion coefficients qu and

l_/;fé can be computed and stored in the setup of the
improved SE-MLFMA, while the memory usage in bytes is:
Memg, = 2cN, (P+1)(P+2), (21)

where P is the degree of spherical harmonics. Usually, P
= L/2 — 1 is recommended with an sufficient accuracy.
Thus, compared (21) with (18), a large amount of
memory usage is saved.

The above content discussed how to apply the SE-
MLFMA on the [Z%] part of (7), while the similar
application about other three parts [Z5V], [2¥%] and [Z2'V]
is shown in [16]. The remaining steps, such as the
computation of expansion coefficients as well as
aggregation and disaggregation steps at the finest level
using the spherical harmonics series, are done in the
same way as [14-16]. The analysis on advantages of the

; (19)

(20)



improved SE-MLFMA have been given in [15, 16],
which are beyond the scope of this paper. But we still
summarize them as follows:

1) The memory requirement does not depend on the SIE
type, which means that the application of HIE-VIE
will not cause any memory increasing compared
with the EFIE-VIE implementation. Because of the
adoption of mix-potential representation, the complex
conjugate of (17) can be reused as the receiving
patterns for any SIE type in the disaggregation step,
which is impossible for the dyadic-form MLFMA
when the MFIE is involved.

2) The memory requirement of RPs is only proportional
to the total number of triangles and tetrahedrons
rather than that of the basis functions, leading to a
considerable reduction of core memory requirement.
This is due to the grouping scheme based on the
triangles and tetrahedrons [15, 16], rather than the
commonly edge-based grouping scheme [2, 11-14].

3) Compared with the conventional SE-MLFMA, the
improved one has a faster execution. Since in the
improved SE-MLFMA, the Cartesian components
of RPs are permanently used during the whole
procedures, the repeated transforms between Cartesian
and spherical coordinates, which is inevitable for the
conventional SE-MLFMA to eliminate the Gibbs
phenomenon [13, 14], are totally eliminated.

IV. NUMERICAL EXPERIMENTS

In the following, the bistatic radar cross section
(RCS) results of several objects at 0<6<180° and ¢=0 are
calculated, all of which are illuminated by an x-polarized
plane wave from +z-axis. The generalized minimal
residual algorithm (GMRES) with a restart number 100
is adopted as the iterative solver to reach 0.001 relative
residual error [19]. The constant oo in (11) is 0.5. Unless
otherwise stated, the leaf box size of the MLFMA is
fixed to 0.25A, in which situation the degree of spherical
harmonics P =2 with the order of multipole expansion
L =5. During the HIE-VIE modeling for the composite
objects containing closed-open PEC junctions, the CFIE
is established on the closed PEC surface, and the EFIE is
on the remaining open surface. All the calculations
serially execute on a computer with 3.2 GHz CPU and
16 GB RAM in single precision.

The first case is a composite object, which is a
closed semisphere of radius 5A coated with 0.05A
thickness material from the top surface, midmost clung
to an open square plate of variable side length I, as shown
inside Fig. 1 (a). The relative permittivity of the coating
material is & = 2.2 — j0.00198. A moderate mesh size
is chosen to discretize the object, while the numbers of
triangles and unknowns with respect to different values
of | are given in Table 1. Besides, the numbers of
tetrahedrons and the triangles belonging to the closed
semisphere are fixed to 118,401 and 59,960, respectively.
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The numerical results from the EFIE-VIE and the
modified HIE-VIE with | =10A and | =30\ are shown in
Figs. 1 (a) and (b). The traditional HIE-VIE result, i.e.,
a(?) is 0.5 for7 € S, and 1 for # € S,, is also given. It
is observed that the results from EFIE-VIE and modified
HIE-VIE are in agreement everywhere, while the result
from traditional HIE-VIE shows a totally unacceptable
difference. This phenomenon states the necessity of
modifying the traditional HIE. In order to investigate
how the proportion of the closed PEC surface occupying
the whole PEC structure of the composite object
influences the performance of the modified HIE-VIE or
the EFIE-VIE, Fig. 2 shows the number of iterations with
respect to various I. It is observed that when | = 102, the
coverage speed of the HIE-VIE is about 2.6 times faster
than the EFIE-VIE (iterations 231 vs. 601). Along with
the increase of |, the number of iterations from the HIE-
VIE will sharply increase, while that from the EFIE-VIE
is relatively stable. This phenomenon illuminates that the
HIE-VIE can be more efficient for the calculation in
which the closed surface occupies a main proportion of
the whole PEC structure. On the other hand, the iteration
number from the HIE-VIE is always less than the EFIE-
VIE. Therefore, we may draw the conclusion that no
matter what the proportion of the closed PEC surface in
the whole object is, the HIE-VIE can always be adopted
safely and reliably.

Bistatic RCS (dBsw)

'y
y | 1=10
—— EFIE-VIE
o modified HIE-VIE
ol - —traditional HIE-VIE

. . . . .
0 30 60 %0 120 150 180
0(deg)

@) I=10%

1=30
——EFIE-VIE

*  modified HIE-VIE
- —_traditional HIE-VIE

Bistatic RCS (dBsw)

0 (deg)

(b) 1=30%

Fig. 1. Bistatic RCS results from a coated semisphere of
radius 5A clung to a square plate of side length I.
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400

Number of Iterations
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200 1 1 1 1 1 1 1
10.0 125 15.0 175 20.0 225 25.0 275 30.0

1(2)

Fig. 2. Numbers of iterations with respect to various | in
the calculation of the composite object shown inside Fig.
1 (a), while the GMRES with 100 restart number is the
iterative solver to reach 0.001 relative residual error.

Table 1: Numbers of triangles and unknowns with
respect to different values of |

1 () Nur_nber of Number of
Triangles Unknowns
10 64,298 373,270
12.5 76,736 391,008
15 91,612 413,713
17.5 109,991 441,320
20 131,317 473,253
22.5 156,119 510,397
25 183,805 551,875
27.5 214,801 597,272
30 247,065 646,698
0.27»¢
A
| 201 EYS

Fig. 3. An almond of length 202, penetrated by a narrow
strip from the tip, whose width is 0.2A, and the length
from the tip of the almond is 4A.

Table 2: Memory usage of RPs and CPU time per MVVP
versus different L and P

Box Size | Method | Parameter RI(DMNg';m I\EAIX E Tlm:I(Es)
Trad L=5 67.40 | 0.592 | 0.662

0.25M Imp pP=2 11.23 | 0.506 | 0.532
P=3 18.72 0.539 | 0.561

Trad L=6 91.73 | 0.721 | 0.895

0.3A Imp p=2 11.23 0.538 | 0.575
pP=3 18.72 0.575 | 0.619
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EFIE, MLFMA, L=6

Bistatic RCS (dBsw)

210 F

1 1 1
30 60 90 120 150 180
6 (deg)

® EFIE, SE-MLFMA, P=2
- - HIE, MLFMA, L=6
o HIE, SE-MLEMA, P=2 [

Fig. 4. Bistatic RCS results from the object shown in Fig.
3, with an intersection angle of 10° between the axis of
the almond and +z-axis.

The second object is a pure-PEC almond of length
20A [20], penetrated by a narrow strip from the tip, as
shown in Fig. 3. The width of the strip is 0.2A, while the
length from the tip of the almond is 4A. In order to make
the incident plane wave illuminate the closed-open PEC
junction structure adequately, in which situation whether
the junction structure is properly modeled or not will
have a strong influence on the RCS results, there is an
intersection angle of 10° between the axis of the almond
and +z-axis as shown inside Fig. 4. This object is
discretized into 92,126 unknowns, while the numbers of
triangles belonging to the closed almond and the open
strip are 61,200 and 145, respectively. In this case, the
pure SIE methods, EFIE and HIE, are used to model the
object. To illustrate the effectiveness of the improved
SE-MLFMA, both the traditional MLFMA and the
improved SE-MLFMA are used, while two kinds of
leaf box sizes (0.25\ with L=5 and 0.3\ with L=6) in the
MLFMA are adopted during the calculation, respectively.
Please note in our implementation, the traditional
MLFMA is also expressed by the mixed-potential
representation and grouped based on the triangles, thus,
the memory usage of RPs is independent of the SIE type
and in proportion to the number triangles. Table 2 gives
the detail information on the memory usage of RPs (RP
Mem) and the CPU time per matrix-vector product (MVP
time) during the iterative solution with different SIE type
(EFIE or HIE). It is observed that compared with the
traditional MLFMA (trad), the improved SE-MLFMA
(imp) saves a considerable core memory usage, matching
with (18) or (21). Besides, the improved SE-MLFMA is
even faster than the traditional MLFMA in the MVP
implementation. This is because the aggregation of the
outgoing waves and the disaggregation of the incoming
waves at the finest level can be computed in an efficient
way by summation of the spherical harmonics instead of
the integrations. When the leaf box size is 0.3, the EFIE



and HIE are used to calculate the bistatic RCS results
accelerated by the MLFMA with L=6 and SE-MLFMA
with P=2, respectively, which are displayed in Fig. 4.
Excellent agreements are observed, indicating that
although the sharp tips and edges are contained, the
results from the HIE are also dependable, while the
formula P = L/2 — 1 can still provide an acceptable
accuracy for the HIE accelerated by the SE-MLFMA.
During the calculation, the numbers of iteration from the
HIE and EFIE are 76 and 712, respectively. Since in this
example, the closed almond part occupies an absolutely
large proportion of the whole object, the advantage of
HIE to the EFIE on the convergence speed is quite clear.

Bistatic RCS (dBsw)

EFIE-VIE

e modified HIE-VIE
o traditional HIE-VIE
20 - - o FEKO 1

1 1 1 1 1
0 30 60 90 120 150 180

0 (deg)

Fig. 5. Bistatic RCS results from composite object. The
radius of PEC sphere is 12, the thickness of the coating
material is 0.05A with &= 3.35, and the distance between
the PEC cross and the center of sphere is 1.5\

The third case is a composite object. A PEC cross,
each branch size of which is 3A x 0.2, is placed over a
coated sphere, as shown inside Fig. 5. The radius of PEC
sphere is 12, the thickness of the coating material is
0.05A with & =3.35, and the distance between the PEC
cross and the center of sphere is 1.51. With a 0.07A
average mesh size, this object is discretized into 55,135
unknowns with 6,160 closed triangles, 322 open
triangles and 19,570 tetrahedrons. In this case, since the
closed and open PEC surfaces are totally separate, both
the traditional HIE-VIE and the modified one can be
adopted safely. The bistatic RCS results from the EFIE-
VIE, the traditional HIE-VIE and the modified HIE-VIE
implementations are shown in Fig. 5, while for
comparison, the result from the electromagnetic
simulation commercial software Altair FEKO using the
SIE-based method is also shown [21]. Good agreement
is observed among them. The iteration number from the
modified HIE-VIE is 103, almost equal to 106 that is
from the traditional one, and about 2.7 times faster than
that from the EFIE-VIE which is 280. This case states
that for the composite objects whose closed and open
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PEC surfaces are separate, the modified HIE-VIE can
also give reliable result and has a similar convergence
behavior compared with the traditional one. In other
words, the modified HIE implementation is always
effective on reducing the iteration number for any kind
of composite objects without losing the numerical
accuracy.

V. CONCLUSIONS

The modified HIE is combined with the VIE to form
the HIE-VIE, a new VSIE type, to exactly model the
composite PEC-dielectric objects that contain closed-
open PEC junctions. For the SIE part of the VSIE,
different from the traditional HIE establishing for objects
whose closed and open PEC surfaces are strictly
separate, in the modified HIE, the combined coefficient
o multiplied the EFIE in (6) must be constant everywhere.
Compared with the EFIE-VIE implementation, the use
of modified HIE-VIE can always improve the efficiency
of the iterative solution to some extent with a high
accuracy. The validity and efficiency are verified by
various numerical experiments, while during the
calculation, the improved SE-MLFMA, whose memory
usage for storing the RPs is independent of the SIE type,
is used to accelerate the iterative solution.
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