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Abstract - In this work, the equivalent electro-
magnetic (EM) currents on the surface of stratified 
homogeneous bi-anisotropic media backed by a 
perfect electric conductor (PEC) layer are derived 
and investigated. By using the representation of 
Maxwell's equations with a first-order state-vector 
differential equation, the tangential field compo-
nents and the corresponding equivalent EM cur-
rents at the interface between the outmost 
bi-anisotropic media layer and the free space is 
derived analytically and can be easily degenerated 
into the single anisotropic and isotropic cases. This 
work is considered as a further step in the study of 
the EM characteristics of stratified complex media 
and the obtained results may provide a way for 
approximately fast calculation of the EM scattering 
from PEC targets coated by stratified homogene-
ous bi-anisotropic media. Simulation results are 
given to validate our analysis and conclusions. 
 
Index Terms – Bi-anisotropic media, equivalent 
electromagnetic current, high frequency method, 
scattering. 
 

I. INTRODUCTION 
    In modern warfare, stealth technology has been 
becoming one of the most important technologies 
for military targets. Besides shape stealth, coating 
is the most commonly used method. The equipped 
aircrafts and warships are usually coated with 
one-layer or multi-layer radar absorption materials 
(RAM), which are commonly anisotropic or 
bi-anisotropic. To obtain the scattering character-
istics and the evaluation of these stealth targets, 

several full-wave methods have been employed, in 
which the finite-difference time-domain (FDTD) 
method [1-3], the couple dipole approximation 
method [4], the method of moments (MoM) [5], 
and the finite element method (FEM) are the most 
representative ones. However, these methods are 
not suitable for electrically large EM scattering 
problems owing to limited computational re-
sources. Asymptotic methods, such as the physical 
optics (PO) method with its extension the physical 
theory of diffraction (PTD), the geometrical optics 
(GO) method with its extension the geometrical 
theory of diffraction (GTD), and the shooting and 
bouncing ray (SBR) method, can solve electrically 
large problems at the cost of losing precision since 
these approximate methods do not exactly capture 
the EM characteristics of complex media. Our 
work here concentrates on the hybridization of the 
full-wave and the asymptotic methods based on the 
generalized field equivalence principle. As we 
know, the PO method utilizes the induced PO 
currents on the surface of PEC objects to calculate 
the scattered field based on the high frequency 
approximation that the induced equivalent electric 
current J

  at a certain point is solely determined by 
the incident magnetic field H

  and the normal 
vector n̂  at that point with the formula ˆ2J n H= ×

  . 
Another assumption is also made in this approxi-
mation that each illuminated point is regarded as an 
infinite plane without considering the curvature at 
that point. Thus, the mutual coupling of two arbi-
trary induced currents is not taken into considera-
tion. This approximation is well suited for electri-
cally large EM scattering problems. So in this work, 
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we inherit this approximation idea for the extrac-
tion of equivalent electric and magnetic currents on 
the surface of an infinite stratified homogeneous 
bi-anisotropic media backed by a PEC layer. These 
analytical equivalence currents give us an alterna-
tive solution for fast approximate estimation of the 
EM scattering from complex coated PEC targets 
through asymptotic methods.  
    In 1950, Abelès [6] provided a solution called 
characteristic matrix to solve the problem of EM 
wave propagation in isotropic stratified medium in 
a single direction. Later in the 1970s, Teitler and 
Henvis [7] applied Abelès's characteristic matrix 
method to the stratified anisotropic media. Then, 
Berreman [8] introduced a 4 4×  matrix technique 
to solve the problem of reflection and transmission 
of EM waves in anisotropic material. Graglia [9] 
used integro-differential equations to solve the 
scattering problem in linear, lossy, anisotropic 
media. References [10] provided another approach 
that employs a first-order state-vector differential 
equation representation of Maxwell's equations 
and uses a 4 4×  transition matrix relating the 
tangential field components at the input and output 
planes of the anisotropic region to represent the 
solution. References [11-13] provide several ana-
lytical methods to the propagation problem in 
stratified anisotropic media. All of the above works 
only considered the reflection and transmission of 
EM waves in the stratified anisotropic material.  
    In this paper, we focus on the equivalent EM 
currents extraction on the surface of anisotropic or 
bi-anisotropic media backed by a PEC layer, which 
can be employed in the estimation of EM scattering 
from electrically large PEC targets coated by 
stratified anisotropic or bi-anisotropic media. In 
Section II and III, the EM wave propagation in 
multiple layered infinite bi-anisotropic media is 
studied, in which the tangential EM components in 
bi-anisotropic material are derived from Maxwell's 
equation in the form of a 4 4×  matrix. After im-
posing the boundary condition that the tangential 
EM components are continuous across the bound-
ary of two different media and the tangential elec-
tric field is zero on the surface of the PEC layer, the 
relation of the tangential EM field components of 
the outmost and inmost layer of the stratified 
bi-anisotropic is obtained. Then the total tangential 
EM fields on the surface of the outmost anisotropic 
media layer are derived analytically and the 
equivalent EM currents on the surface of the out-

most layer of bi-anisotropic are obtained. Finally, 
we show in Section III that these equivalent cur-
rents can be easily degenerated into the single an-
isotropic and isotropic cases. Simulation results are 
given in Section IV to validate our conclusions.      
 

II. PROPAGATION EQUATION IN 
STRATIFIED BIANISOTROPIC 

MATERIAL 
    In this paper, the infinite stratified homoge-
neous bi-anisotropic coating is viewed as a 
one-dimensional issue. As shown in Fig.1, that a 
monochromatic plane wave is obliquely incident 
from free space to an infinite stratified homoge-
neous bi-anisotropic media backed with a PEC 
layer. Each layer is assumed to be infinite towards 
x and y directions. The position of each layer along 
the z  direction is set as ( 0,1, 2 , )n n Nz d = ⋅ ⋅⋅= . 

1z d= 2z d= 1Nz d −= Nz d=

θ

θ

x

o z

xE

yE zE

Freespace

e⊥


/ /e

( )xE x−

( )xE x+

••••••

  Bianisotropic
Media

PEC
1st Layer 2nd Layer N-1 th Layer N th Layer

y

0 0z d= =

NN N Nµ x e z11 1 1µ x e z

Fig. 1. A monochromatic plane wave is obliquely in-
cident from free space to an infinite stratified ho-
mogeneous bi-anisotropic media backed with a PEC 
layer. 
 
    Imposing the phase matching condition in each 
layer, the x-component of wave vector nk should 
be equal and denoted by xk , in which the subscript 

n stands for the nth layer. Using the j te ω  time 
convention, the phasor fields in the nth layer can be 
written in a separable product form as below 

( , ) ( ) ,

( , ) ( ) ,

x

x

jk x
n n

jk x
n n

E x z E z e

H x z H z e

−

−

=

=

 

 

                   (1)                           

where 0 sinxk k θ=  is the x-component of 0k . 0k  
is the incident wave number in free space and θ  is 
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the incident angle. For bi-anisotropic materials, the 
source-free Maxwell's equations can be expressed as 

,

,
n n n n n

n n n n n

E j H j E

H j H j E

ω µ ω ς

ω x ω e

−∇× = ⋅ + ⋅

∇× = ⋅ + ⋅

  

  

            (2)                        

where ne , nµ are the dyadic permittivity and per-

meability, nς , nx  are the dyadic magneto electric 
parameters as follows: 

11 12 13

21 22 23

31 32 33

,
n n n

n n n n

n n n

e e e
e e e e

e e e

 
 =  
  

 

11 12 13

21 22 23

31 32 33

,
n n n

n n n n

n n n

µ µ µ
µ µ µ µ

µ µ µ

 
 =  
  

 

11 12 13

21 22 23

31 32 33

,
n n n

n n n n

n n n

ς ς ς
ς ς ς ς

ς ς ς

 
 =  
  

  

11 12 13

21 22 23

31 32 33

.
n n n

n n n n

n n n

x x x
x x x x

x x x

 
 =  
  

                      (3) 

    
     Substituting Eq. (1) into Eq. (2) and canceling 
the common exponential factor, six first-order dif-
ferential equations can be derived. By eliminating the 
z-component of the EM field, the above six equations 
can be reduced to four independent equations. If we 
define a state vector in terms of the transverse field 
components of nE



 and nH  
(1)

(2)

(3)

(4)

( )( )
( )( )

( ) ,
( )( )
( )( )

nxn

nyn
n

nxn

nyn

E zz
E zz

z
H zz
H zz

   Ψ
   Ψ   Ψ = =
   Ψ
   
Ψ      

             (4)                     

the four independent first-order differential equa-
tions can be expressed as 

( ) ( ),n n n
d z z
dz

Ψ = Γ ⋅Ψ                       (5)           

in which the complex elements of the 4 4× Γ ma-
trix are given in Appendix(I). 
The solutions of Eq. (5) have the form of 
non-uniform plane waves as follow 

( ) ,n n n nz B E AΨ =                             (6)          

where 1 2 3 4[ ,  ,  ,  ]n n n nz z z z
nE Diag e e e eλ λ λ λ= , in 

which njλ (j=1,2,3,4) are the eigenvalues of the 

nΓ matrix and can be easily found by solving the 
roots of the unitary complex quartic equation in 
Appendix (II). nB  is a 4 4×  matrix with its  

elements 1/nij nij n jb = ∆ ∆ , (i, j=1, 2,3,4) see nij∆  
in the Appendix (III). In general anisotropic or 
bi-anisotropic case, njλ (j=1,2,3,4) are two pairs of 
conjugate complex roots, which represent the type 
I and type II waves going in the positive and neg-
ative z directions [19]. And the column vectors of 

nB are the corresponding eigenvectors. In isotropic 

cases, njλ  (j=1, 2, 3, 4) are two identical pairs of 

conjugate complex roots and nB  has four linearly 
independent eigenvectors. So, nB is always re-
versible in any case. nA =   

( ) ( ) ( ) ( )
1 2 3 4 , , ,  

Tn n n na a a a   is the unknown column 

vector to be determined, in which ( )n
ia  (i=1, 2, 3, 

4) are the unknown coefficients of the tangential 
fields in the nth layer. It can be seen from Eq. (6) 
that once the nA  is known, the tangential compo-
nents of EM wave in the nth layer can be evaluated 
analytically. 
 

III.  DERIVATION OF THE EM 
FIELDS AND EQUIVALENT 

CURRENTS ON THE SURFACE 
OF STRATIFIED BIANISO-

TROPIC MEDIA BACKED BY A 
PEC LAYER 

    Imposing the boundary condition at the inter-
face between the nth and (n+1) th layer that the 
tangential EM fields are continuous

1( ) ( )n n n nz d z d+Ψ = = Ψ = , the following matrix 
equations can be derived 

( 1) ( 1) ( 1)

1 1
( 1) ( 1) ( 1)

,

,
n Rn n n L n n

L n n n Rn n n

B E A B E A

E B B E A A
+ + +

− −
+ + +

=

=
                (7)                         

where 
1 2 3 4

1 1 2 1 3 1 4 1

[ , , , ],

[ , , , ].

n n n n n n n n

n n n n n n n n

d d d d
Rn

d d d d
Ln

E Diag e e e e

E Diag e e e e

λ λ λ λ

λ λ λ λ− − − −

=

=
   (8)                       

By using the boundary condition at N-1 interfaces 
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(from 1z d= to 1nz d −= ) repeatedly, the relation of 
the tangential electric fields between the outmost 
and inmost layers can be derived as 

1 1 1 1
( 1) ( 1) 2 2 1 1 1 .LN N N R N L R NE B B E E B B E A A− − − −

− − ⋅⋅ ⋅ =   
  (9)                   

On the surface of the PEC layer, tangential electric 
fields are naturally set to zero that /2 0N RN NB E A = , 
in which /2NB  is a 2 4×  matrix with the ele-
ments from the first two rows of matrix BN. Thus, 
we can get 1 0C A× = , where 

1 1 1 1
/2 ( 1) ( 1) 2 2 1 1N RN LN N N R N L RC B E E B B E E B B E− − − −

− −= ⋅⋅⋅
                   (10) 

is a 2 4× matrix. 
    From Maxwell's equations, the transverse EM 
fields in the left half free space can be expressed as 
the sum of the incident wave and the reflected 
wave 

1

2

( , ) ( ) ( ) ,

( , ) ( ) ( ) ,

( , ) [ ( ) ( ) ],

( , ) [ ( ) ( ) ],

z z

z z

z z

z z

jk z jk z
x x x

jk z jk z
y y y

jk z jk z
x y y

jk z jk z
y x x

E x z E x e E x e

E x z E x e E x e

H x z E x e E x e

H x z E x e E x e

η

η

−+ −

−+ −

−+ −

−+ −

= +

= +

= − +

= −   (11) 
where 0( ) xjk x

x xE x E e−+ += , 0( ) xjk x
y yE x E e−+ +=  are 

the transverse electric fields of incident wave at
0 0z d= = , which are known, and

0( ) xjk x
x xE x E e− −= , 0( ) xjk x

y yE x E e− −=   are the re-
flected electric fields, which are unknown. 

0 coszk k θ=  is the incident field wave propaga-
tion vector in the z direction.  1 0cos / ,η θ η=

2 01/ ( cos ),η η θ= 0 120η π= Ω  is the wave 
impedance in free space. By using the boundary 
condition that the tangential electric fields must be 
continuous across the interface (z=0) of free space 
and the outmost layer of the stratified 
bi-anisotropic media, the following matrix can be 
obtained 

1 1 1 [ ( , 0), ( , 0),

( , 0), ( , 0)] .
L x y

T
x y

B E A E x z E x z

H x z H x z

= = =

= =
     (12) 

Considering Eqs. (10 and 12) and through some 
matrix operations, the unknown ( )xE x−  and 

( )yE x−  can be expressed as 

(1)
1
(1)
2
(1)
3 1 1
(1)
4 2

( )
( )

( )
,

( )
( ) 0
( ) 0

x

y

y

x

x

y

a E x
a E x
a E x

Q
a E x

E x
E x

η
η

+

+

+
−

+

−

−

   
   
   
   −

=   
   
   
   
     

111 112 113 114

121 122 123 124

131 132 133 134 1

141 142 143 144 2

11 12 13 14

21 22 23 24

1 0
0 1
0

,
0

0 0
0 0

b b b b
b b b b
b b b b

Q
b b b b
c c c c
c c c c

η
η

− 
 − 
 −

=  
 
 
 
  

    (13) 

and ijc  (i=1,2;j=1,2,3,4) are the elements of 
matrix C in Eq.(10). 
    Finally, the relation between the incident and 
reflected tangential electric fields can be simpli-
fied as 

11 12

21 22

( ) ( )
,

( ) ( )
x x

y y

E x E xs s
E x E xs s

− +

− +

    
=    

       
            (14)                       

where 

11 1 2 2( ) / ,s q q Qη= + 12 3 1 4( ) / ,s q q Qη= +

21 5 2 6( ) / ,s q q Qη= +  22 7 1 8( )s q qη= + / ,Q  

and ( 1, 2 8)jq j = ⋅⋅⋅  can be found in Appendix 
(III). 
    So far the reflected tangential EM fields on 
the surface of the outmost layer are obtained, 
which can be added to the incident fields to obtain 
the total tangential EM fields on the surface of the 
outmost layer. Thus, the equivalent EM currents 
can be derived as follows: 

0 21

22 1

11 12 2

0 11

12 1 21

22 2

ˆ ˆ| [ ( )

(1 ) ( )]

ˆ[(1 ) ( ) ( )] ,

ˆ ˆ| [(1 ) ( )
ˆ( )] [ ( )

(1 ) ( )] .

s total z x

y

x y

ms total z x

y x

y

J n H y s E x
s E x

x s E x s E x

J E n y s E x
s E x x s E x

s E x

η

η

η

η

+
=

+

+ +

+
=

+ +

+

= × = −

+ −

+ − −

= × = +

+ −

+ +

 

 

        (15)                  

Equation (15) can also be written in the following 
general forms 
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21 / / 22
0

12
11 / /

0

11 / / 12

21 / / 22

cosˆ [ cos (1 ) ]

1ˆ [(1 ) ] ,
cos

ˆ [(1 ) cos ]
ˆ [ cos (1 ) ],

i i
s

i i

i i
ms

i i

J e s E s E

se s E E

J e s E s E
e s E s E

ω

ω

θθ
η

θ η

θ

θ

⊥ ⊥

⊥

⊥ ⊥

⊥

= − + −

+ − −

= + +

− + +





   (16) 

where ˆˆˆe n eω ⊥= × , / /
iE  and iE⊥  are the incident 

electric fields those are parallel and perpendicular to 
the incidence plane, respectively, as shown in Fig. 1. 

Observing Eq. (16), the relations between sJ


 and 
msJ


can be expressed as 

0 ˆ ( ),ms s sJ n Z Jη= − × ⋅
 

                    (17)                     
where  

/ /ˆˆˆˆsZ Z e e Z e eω ω⊥ ⊥ ⊥= +                       (18)                
is the normalized dyadic surface impedance to the 
free space and 

22 21 / /

22 21 / /

11 / / 12
/ /

11 / / 12

(1 ) cos ,
[(1 ) cos ]cos

[(1 ) cos ]cos .
(1 ) cos

i i

i i

i i

i i

s E s EZ
s E s E
s E s EZ

s E s E

θ
θ θ

θ θ
θ

⊥
⊥

⊥

⊥

⊥

+ +
=

− −

+ +
=

− −      (19)

                            

    We remark that Eq. (16) - Eq. (19) give the 
final results of the equivalent EM currents on the 
surface of stratified homogeneous bi-anisotropic 
media backed with a PEC layer, which can be de-
generated into the single anisotropic and isotropic 
cases easily. 
    Now, we consider the single anisotropic case 
when the PEC layer is coated with stratified uni-
axial or biaxial anisotropic material and the per-
mittivity ne  and permeability nµ are diagonal 
matrixes 

0 11 22 3

0 11 22 3

[ , , ],

[ , , ].

r r r
n n n n

r r r
n n n n

Diag
Diag

e e e e e

µ µ µ µ µ

= ×

= ×
            (20)                   

In this case, the matrix nB  can be simplified as 
[17, 18] 

3 4

23 23

1 2

14 14

1 1 0 0
0 0 1 1

0 0 ,

0 0

n n
n

n n

n n

n n

B
λ λ

λ λ

 
 
 
 

=  Γ Γ 
 
 Γ Γ 

         (21)                       

where nijΓ  (i, j=1,2,3,4) is the element of matrix 

nΓ  in Eq. (5). 
    If there is only one anisotropic layer, the fol-
lowing expressions can be obtained that 

11 / / / /

22

12 21

( cos ) / ( cos ),
( cos 1) / ( cos 1),

0,

s Z Z
s Z Z
s s

θ θ
θ θ⊥ ⊥

= − +
= − +
= =

         (22)                        

2
/ / 22 33

2
0 22 11 11 33 11 33

11 33

2 2
0 11 22 11 33 33 22

sin

tan( sin / ) / ,

tan( sin / ) / sin .

r r

r r r r r r

r r

r r r r r r

Z j

k d

Z j

k d

µ e θ

µ e e θ e e e

µ µ

µ e µ θ µ µ e θ

⊥

= −

−

=

− −
          (23) 

Then Eq. (16) can be simplified as 

0 / / / / 0 / /

/ / / /

ˆˆ/ ( ) ( ) / ( ),
ˆˆˆ ( ) ,

i i
s

i i
ms

J e T E Z n e T E Z
J e T E n e T E

η η⊥ ⊥ ⊥ ⊥ ⊥

⊥ ⊥ ⊥ ⊥

= + ×

= − ×







  

(24)               
where / / / / / /2 cos / ( cos ),T Z Zθ θ= + and 

2 cos / ( cos 1).T Z Zθ θ⊥ ⊥ ⊥= +  
    Comparing Eq. (24) with the Eq. (17) and Eq. 
(18) in [14], we can observe that our generalized 
form of equivalent EM currents can be degener-
ated into the single anisotropic case naturally. By 
comparing Eq. (24) with Eq. (12) and Eq. (13) in 
[15], we can see that our results can also be de-
generated into the isotropic case easily. This 
equivalent EM current can be employed for RCS 
prediction of coated targets in free space and half 
space [16]. 
 

IV. VALIDATION AND SIMULATION 
RESULTS 

    In this section, several simulation results are 
given for validation of the deduced analytical 
equivalent EM currents sJ



and msJ


. We remark 
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that only the four s parameters ( 11, 12, 21, 22s s s s ) are 
calculated for comparison considering that the s 
parameters are identical to sJ



and msJ


 if the in-
cident fields are known based on Eq. (15). 
    First, we consider a two-layered isotropic 
lossy media case and a two-layered anisotropic 
lossy media case. The parameters of isotropic 
lossy case is as follows 

1 0.002 ,d m=

1 0 [15 - 4,15 - 4,15 - 4]Diag j j je e= ×  

1 0 [2 1.2,2 1.2,2 1.2]Diag j j jµ µ= × − − − ; 

2 0.006 ,d m=

2 0 [4 0.8,4 0.8,4 0.8]Diag j j je e= × − − −  

2 0 [1.5 0.4,1.5 0.4,1.5 0.4];Diag j j jµ µ= × − − −
and the parameters of the uniaxial anisotropic 
lossy case is as follows, the frequency is 10 GHz 
 

1 0.002 ,d m=

1 0

[10 2,10 2,29.39 0.94],Diag j j j
e e=
× − − −

1 0

[2.24 1.68, 2.24 1.68,3.52 16];Diag j j j

µ µ=

× − − −

2 0.006 ,d m=

2 0

[25.59 3.89, 25.59 3.89,8.19 1.30],Diag j j j

e e=

× − − −

2 0

[2.16 1.68, 2.16 1.68,1.39 0.56];Diag j j j

µ µ=

× − − −  
In both of these two cases 12 21 0s s= = . 

When the incident wave is TE wave, ( ) 0xE x+ = , 

22( ) ( )y yE x s E x− += , when the incident wave is 

TM wave, ( ) 0yE x+ = , 11( ) ( )x xE x s E x− += , the 
simulation results of the modulus and phase of 

11s , 22s  changed with the incident angle θ  are 
shown in Fig. 2 and Fig. 3 for comparison with 
HFSS. It is obvious that our results agree quite 
well with those of HFSS and the analytical calcu-
lation in this paper takes no time while the nu-
merical results obtained by HFSS takes more than 
5 minutes even calculating one incident angle. 

 
(a)                                     

 
(b) 

Fig. 2. Comparison of the s parameters (s11 and s22) 
simulated in this paper with HFSS in the two lay-
ered lossy isotropic case. (a) Module and (b) 
phase. 
 
    Then, we consider a single layered 
bi-anisotropic case, the parameters are as follows, 
the frequency is 10 GHz, 

1 0.006 ,d m=

1 0

[25.59 1.68,25.59 1.68,8.19 1.30],Diag j j j
e e= ×

− − −

1 0

[2.16 1.68,2.16 1.68,8.19 1.30],Diag j j j
µ µ= ×

− − −

1 0 0 [1.5 1.2,1.5 1.2,1 0.2],Diag j j jς e µ= × − − +

1 0 0 [1 0.8,1 0.8,1.1 0.5].Diag j j jx e µ= × − − −

 As shown in Fig. 4, 12s  and 21s is not zero in 
this case for bi-anisotropic media is rotational, 
which causes cross polarization. 
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(a)                                     

 
(b) 

Fig. 3. Comparison of the s parameters (s11 and s22) 
simulated in this paper with HFSS in the two lay-
ered lossy uniaxial anisotropic case. (a) Module 
and (b) phase. 
    

V. CONCLUSIONS 
    In this work, the analytical expressions of 
equivalent EM currents on the surface of stratified 
homogeneous bi-anisotropic media backed by a 
PEC layer are derived, which can be degenerated 
into the single anisotropic and isotropic cases. 
Some simulation results are given to validate our 
conclusions. These equivalent currents are straight 
forward and very general for derivation and cod-
ing, which can be employed in the quick approx-
imate estimation of EM scattering from electri-
cally large PEC targets coated by stratified iso-
tropic, anisotropic, or bi-anisotropic material. 
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(b) 

Fig. 4. The simulation results of the four s param-
eters (s11, s12, s21 and s22) of the bi-anisotropic case. 
(a) Module and (b) phase. 
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