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Abstract — The optimal design of a 4x4 multimode
interference (MMI) coupler as an optical 90° hybrid
based on a weakly-guided optical waveguide was
considered. Seven geometrical parameters of a 4x4 MMI
coupler were optimized by a real-coded micro-genetic
algorithm, and parallelized using a message-passing
interface. The beam-propagation method was used
to evaluate the fitness of the MMI coupler in the
optimization process. The optimized 4x4 MMI coupler
showed a common-mode rejection ratio greater than
28.9 dBe and a phase error less than 2.52° across a
wavelength range of 1520 to 1580 nm, which satisfied
typical system requirements. The optimization process
was executed on a Beowulf-style cluster comprising five
identical PCs, and its parallel efficiency was 0.78.

Index Terms — Beam-propagation method, finite element
method, genetic algorithm, multimode interference
coupler, optical waveguides, parallel computation.

I. INTRODUCTION

The optical 90° hybrid is a key component for
demodulating optical signals in coherent transmission
systems, and is considered to be a promising candidate
for next-generation high-capacity optical transmission
systems. Although some configurations for the
waveguide-based 90° hybrids have been proposed [1,2]
for photonic integrated circuits (PICs), those based
on 4x4 multimode interference (MMI) couplers have
attracted considerable attention because of their simple
and compact structures [3,4,5]. These MMI-based 90°
hybrids are based on high-index-contrast technologies
such as silicon-on-insulator (SOI) [3,4] and InP [5]
waveguides.

Silica is another attractive material for PICs because
of its extremely low propagation loss, low coupling loss
to single-mode fibers, and low polarization dependence,
and is widely used in PICs. In general, the self-imaging
theory [6], which relies on a parabolic distribution of
effective indices of eigenmodes in the MMI section, is
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used to design MMI couplers. However, it is difficult to
design accurate and high-performance MMI couplers
based on weakly-guided waveguides, such as silica-
based waveguides using the self-imaging theory is
difficult. This is because that the parabolic distribution
of the effective indices of eigenmodes in the MM section
cannot be assumed in weakly guided waveguides.

To realize high-performance MMI couplers based
on weakly guided waveguides, structural optimization
of MMI couplers using genetic algorithms (GAs) has
been considered [7,8,9]. Wang et al. [7], and West and
Honkanen [8] performed structural optimization of
weakly-guided MMI couplers operating at a single
wavelength. In their work, a simple GA and a mode
propagation analysis were employed for the optimization
and propagation analysis of optical waves, respectively.
Yasui et al. [9] demonstrated the structural optimization
of silica-based 2 x 2 MMI couplers operating at
wavelengths ranging from 1520 to 1580 nm, which
includes the C-band of optical transmission systems. A
real-coded micro-GA, which is a combination of a real-
coded GA and a micro-GA (uGA), was employed for the
structural optimization, and the two-dimensional beam-
propagation method (BPM) based on the finite element
method (FE-BPM) [10,11] was used for the propagation
analysis. The BPM analysis, which is a more accurate
but time-consuming method, was executed 750 times for
one optimization process.

In this study, we propose a parallelized optimization
method based on a real-coded pGA. Two-dimensional
FE-BPM was applied to the optimization of silica-based
4x4 MMI couplers as an optical 90° hybrid to satisfy
typical system requirements [4,5]. A 4 x 4 MMI coupler
optimized by the proposed method has a common-mode
rejection ratio (CMRR) greater than 28.9 dBe and a
phase error less than 2.52° across a wavelength range of
1520 to 1580 nm, which satisfies the system requirements.
In addition, the excess loss remained less than 0.68 dB.
The optimization process was executed on a Beowulf-
style cluster [12], which comprised five identical PCs,
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and its parallel efficiency was 0.78.

II. NUMERICAL METHODS

A. Parallelized u GA

A pGA is a GA with a small population, (typically
five), and reinitialization. It starts with a randomly
generated population. The production of individuals in the
next generation by a genetic operation is performed until
nominal convergence is reached. Subsequently, a new
population is generated by transferring the best individual
in the converged population to the new one, followed by
randomly generating the remaining individuals [9,13,14].

The flowchart of the proposed algorithm parallelized
with the message passing interface (MPI)[15,16] is shown
inFig. 1. Let N, be the population number, which is equal
to the number of MPI processes. First, an initial random
population is generated in process 0. The genes in the
population are broadcast to all the processes. Second, in
the i-th process, a BPM analysis is executed for a 4x4
MMI coupler represented by the i-th individual in the
population, and its fitness is evaluated. Here, the two-
dimensional FE-BPM [10,11] is utilized to an equivalent
two-dimensional 4x4 MMI coupler obtained by the
effective index method. After a barrier synchronization to
ensure that all the processes have reached the same point
in the code, all fitness values were gathered to process 0.
Third, if a termination condition is satisfied then the
optimization process is completed; otherwise, genes in the
next generation are generated. Here, the individual with
the largest fitness is carried to the next generation as the
elite (elitist strategy). If nominal convergence is reached,
the remaining N}, — 1 individuals in the next generation
are randomly generated; otherwise, the remaining N, — 1
individuals are produced by selection and crossover. The
second and third procedures are repeated until the
termination condition is satisfied.

B. Real-coded GA

In a real-coded GA, a chromosome is represented as
a vector of floating-point numbers, in which the elements
denote the values of the parameters to be optimized
[17,18]. In this study, we denote the chromosome of the
ith individual in the gth generation as:

x@) = (xfg'l),xég'l)

where N is the size of the chromosome

For the selection and crossover, a binary tournament
selection and the BLX-a strategy [9,17] were applied,
respectively.

(g l)) (1)

X

C. A brief review of FE-BPM

Herein, we briefly review the FE-BPM [10, 11]. We
consider an optical wave propagating in the +z-direction
in a two-dimensional planar optical waveguide uniform in
the x-direction. From Maxwell’s equations, we obtain the
following wave equation:
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where ® = E,, p = 1, ¢ = n? for the transverse electric
(TE) modes, and ® = H,, p=1/n?, g =1 for the
transverse magnetic (TM) modes, and n is the refractive
index. Substituting the solution of the form:

@(y,2) = @(v,2) exp (= jkono2z), @)
into Eq. (2), we obtain the following equation for the
slowly varying complex amplitude ¢:

0% ] dp 0 [ 0@

pﬁ—2]k0n0p5+ay( 6y) 4

+ ki (q — ngp)e = 0.

Applying the finite-element method to the cross-
section of the waveguide in the y-direction of Eq. (4), we
obtain:

d*{g} d{so}
[M]—- dz2 2]kono (M]—— (5)
+ ([K] — kgng[MD{g} = {0}

where {¢@} is the global electrlc or magnetic field vector,
and [K] and [M] are the finite-element matrices. Applying
the Crank-Nicholson algorithm for the z-direction after
introducing the Padé approximation [19] and the
transparent boundary condition [20] to Eq. (5), we finally
obtain the following fundamental equation of the BPM:
[Al{p}ir1 = [Blido}s (6)
where [4]; and [B]; are the beam-propagation matrices,
and the subscripts i and i + 1 denote the quantities related
to the ith and (i + 1)th propagation steps at z = iAz and
(i + 1)Az, respectively, and Az is the propagation step
size. When an incident field {@}, is given, the
propagating field can be calculated by solving Eq. (6).
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Fig. 1. Flow chart of the proposed parallelized pGA.
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111. NUMERICAL MODEL

Figure 2 (a) shows a three-dimensional model of an
optical 90° hybrid based on a 4 x 4 MMI coupler, whose
core and cladding materials are ZrO,-doped silica and
silica, respectively. Let W and L be the width and
length of the MMI section, respectively. The MMI has
,4 and four output

four input waveguides labeled 1, ...
waveguides labeled 5,...,8 . We note that

waveguides 2 and 4 are not used for optical 90° hybrids
[3]. The widths of the input and output waveguides were
identical and equal to w. The positions of the centers of
,8). In addition, we

these waveguides are y; (i =1, ...
assume y; = yjp4 fori =1, .. 4.

Figure 2 (b) shows an equivalent two-dimensional
model, which is obtained using the effective index
method, of a 4 x 4 MMI coupler. In this model, the
refractive index of the core region is expressed as the
effective index of a three-layer slab waveguide. The
BPM analyses in the proposed method were performed

for two-dimensional equivalent models.

(a)
silica

1.z

T<y 3Fum
Zr0,-doped silica
(b)
z

oy g % L
1 ﬂ _____ M W Y5 - = : ''

3= Y3 Y7 -z

JI I I S—
— 4 8 —
z|=0 I!

Fig. 2. Schematic structure of 4x4 MMI coupler for: (a)
a three-dimensional model, and (b) an equivalent two-

dimensional model.

The length of the MMI, L, and the positions of the
1,..,4), are, respectively,

input waveguides, y; (i =
given as follows:

3L,
L=T+AL )

and
2i—5
Vi = W + 4y, ®)
where AL and Ay; are the deviations of the length of
the MMI and the positions of the center of the input
waveguides, respectively. Here, L is the beat length in
the MMI and is given by:
T
L, = 9
"= BB ©)

where B, and B; denote the propagation constants of
the fundamental and first-order modes of the MMI,
respectively [6].

To evaluate the fitness of a 4x4 MMI coupler, we
define two properties of the coupler as follows: Let I =
{1,3}, 0 = {5,6,7,8}, and A be sets of the input ports,
output ports, and wavelengths for BPM analysis,
respectively. Let S;;(1) be the scattering parameter at
j € O for the input from i € I at wavelength 1 € A. We
define the imbalance I ; (1), and excess loss X} ; (1) by
the following equations, respectively:

IB,i(/‘l) {| | }
_ min {|S;;(D)|?*|j € 0 (10)
= —101logy, [max{|5ﬁ(/1)|2|j € 0}] [dB

and

X, (D)

Yjeol ,l(l)lz] (11)

101log,, P (D) [dB],
where P;,, (1) denotes the input power. The fitness of a
4x4 MMI coupler expressed as an individual is evaluated
as follows:

F = ex {—L
B GRTITVY } W

XY [Cinlsu@) + G XD

i€l A€EA
where |I| and |A| denote the number of elements in the

sets [ and A, respectively, and C,5; and Cy, are the
weighting coefficients that determine the relative
importance of I ;(4) and X, ;(4), respectively.

IV. NUMERICAL RESULTS

We consider silica-based 4x4 MMI couplers as
optical 90° hybrids. The operating wavelength ranged
from 1520 to 1580 nm. The relative refractive index
difference A, was 5.5% [21]. The wavelength-dependent
refractive index of the cladding is given by the Sellmeier
equation [22]: the thickness of the core was assumed to
be 3.0 um. The equivalent two-dimensional models
obtained by the effective index method were analyzed
using the BPM. The incident wave was assumed to
be the TE-polarized fundamental mode of the input
waveguides. The set of wavelengths used to evaluate the
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fitness was A = {1520, 1550, 1580 nm}. The values of
B, and B; for Eq. (9) were evaluated at 1550 nm. The
termination condition of the proposed GA was g = 50.
The genes in a chromosome, which represent a 4x4 MMI
coupler, and their search ranges are shown in Table 1.
The coefficients in Eq. (12) are assumed as C;53 = 1 and
Cy, = 0.5.

Table 1: Genes and their search ranges

] xj(g’l) Xjmin Xjmax
1 w 20 pm 40 pm
2 AL —10 pm 10 um
3 w 2.3 um 3.3 um
4 Ay, —1 ym 1 pm
5 Ay, —1 um 1 pum
6 Ay, —1 pym 1 ym
7 Ay, —1 pm 1 pm

The optimization processes were executed on a
Beowulf-style cluster [12] comprise five identical PCs.
Each PC had an Intel Core i7-8700 processor and a solid-
state disk. The code for the proposed optimization was
primarily developed in Python language with mpidpy
[15], which is a Python library for MPI. From the Python
code, a Fortran90 code for the BPM was executed on
each process as a subprocess. The population of the GA
N,, was assumed as 5; thus, each single process in Fig. 1
was assigned to one PC each.

The performance of an optical 90° hybrid is often
quantified in terms of the CMRR and phase error. The
CMRRs for the in-phase (1) and quadrature (Q) channels
are, respectively, defined as:

CMRR, (1) =
] IS5 |58i(A)|2|] (13)
20080 s P 1sa@r? [P
and
CMRR,; (1) =
IS = 1S DI (14)

—20log, [dBe],

L 1S6i (D12 + [S7: (D)2
for the input from i € I[4]. The phase error at the output
port j € O with respect to output port 5 is defined as:

Api(D) = @;(A) — @s(1) — (j — Ps). (15)
Here, @;(4) = £S8;5(4) — £5;; (A1), and §; (j =5, ...,8)
are the theoretical values of ¢;(4); in other words, @5 =
—45°, $g = 225°, $;, = 45°, and @g = 135° [3]. The
typical system requirements of these values were
CMRR = 20 dBe and |Ag;| < 5° [4,5].

Figure 3 shows the characteristics of an optimized
4x4 MMI coupler obtained through trials, and the
optimized parameters are summarized in Table 2. A
CMRR greater than 28.9 dBe and a phase error less
than 2.52° across the operation wavelength range, which
satisfied the system requirements, were achieved. In
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addition, the excess loss remained less than 0.68 dB.
Figure 4 shows the field distributions at the end of the
4x4 MMI coupler at wavelengths of 1520, 1550, and
1580 nm. A uniform field distribution among the output
ports was realized, and thus, good values of CMRR
were achieved. Conversely, we observed larger field
distributions between two adjacent output waveguides,
especially at wavelengths of 1520 and 1580 nm. This
caused a larger excess loss at the shorter and longer sides
of the operation wavelength range, as shown in Fig. 3 (c).
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Fig. 3. Performance of an optimized 4x4 MMI coupler
as an optical 90° hybrid: (a) CMRR, (b) phase error, and
(c) excess loss.

The computational time of the optimization executed
in parallel with five PCs was 330 s. Contrastingly, the
total computational time of the BPMs in serial execution
for all the individuals generated in the optimization
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process was 1287 s. The speedup and parallel efficiency
were 3.90, and 0.78, respectively. Here, the speedup is
the ratio of the sequential to parallel execution times, and
the parallel efficiency is equal to the speedup divided
by the number of processes. The speedup or parallel
efficiency was degraded by unbalanced computational
loads in the BPM analyses, executed in parallel. This
imbalance occurred, because the number of unknowns
and propagation steps in the BPM analyses depended on
the generated individuals in the optimization process.

more accurate than the typical fabrication tolerances,
which were of the order of 0.1 um for silica waveguides.
To verify the influence of the fabrication tolerances
on the optimized 4x4 MMI coupler, we subsequently
carried out an FE-BPM analysis for a 4x4 MMI coupler
having the parameters of the fabrication tolerance shown
in Table 3. The results are shown in Table 4 and
compared with those for the optimized model. Moreover,
this model satisfies the typical system requirements
of the CMRR and phase error. The excess loss is
comparable to that of the optimized structure. We can
see that the accuracy of the fabrication tolerance did not
degrade the performance of the optimized device.

Table 2: The optimized structural parameters

Parameter Value [um]
w 20.606524
L 459
w 2.982606
V1 —8.310509
Vs —2.643767
Vs 2.471436
Vs 8.202657

Table 3: Structural parameters with the accuracy of
fabrication tolerance
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Fig. 4. Field distributions at the end of the optimized 4x4
MMI coupler at wavelengths of: (a) 1520, (b) 1550, and
(c) 1580 nm. The boundaries of the output waveguides
are also shown by thin solid lines.

Because of using the real-coded GA was used, the
optimized structural parameters shown in Table 2 were

Parameter Value [um]
w 20.6
L 459
w 3.0
Vi —8.3
Y, —-2.6
V3 2.5
Va 8.2
Table 4: Comparison of performance
Structural Table 3 Table 2
Parameters
CMRR [dBe] > 289 > 289
Phase error [deg.] <246 <2.52
Excess loss [dB] 0.63 0.68

V. CONCLUSIONS

In this study, we proposed a parallelized structural
optimization method based on a real-coded pnGA for
weakly guided 4x4 MMI couplers for use as optical 90°
hybrids. The proposed method was applied to a silica-
based 4x4 MMI coupler with A = 5.5%. The optimized
4x4 MMI coupler showed a CMRR greater than 28.9
dBe and a phase error less than 2.52°, which satisfied the
typical system requirements over the wavelength range
of 1520 to 1580 nm. In addition, the excess loss remained
less than 0.68 dB over the wavelength range. The
optimization process was executed on a Beowulf-style
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cluster comprises five identical PCs. As a result, the
speedup and parallel efficiency of the optimization
process were 3.90 and 0.78, respectively. A 4x4 MMI
coupler with structural parameter values close to the
optimized values within an accuracy of typical
fabrication tolerance was also analyzed using the FE-
BPM. This result is comparable to that of the optimized
4x4 MMI coupler.
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