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Abstract - In this paper, a set of new asymptotic approx-
imate expressions for evaluating the electromagnetic
(EM) fields generated by a vertical magnetic dipole
placed in a dissipative half space is proposed. The lat-
eral wave that guarantees the continuity of the EM fields
at the interface is discussed in detail. Using the spectral
method, the integral expressions of the field components
are obtained. The dominant part is extracted from the lat-
eral wave for large radial distance so that all field com-
ponents in this situation can be approximately expressed
with explicit expressions, which makes the method effi-
cient. Besides, the proposed method has no restric-
tion condition on the parameter choices of different half
spaces, so it can be applied in more general situations.
Some calculation results and comparisons are given to
validate the effectiveness of this extraction method.

Index Terms — Asymptotic approximation, dissipative
medium, lateral wave, spectral method, surface wave,
magnetic dipole.

L. INTRODUCTION

The surface waves have been studied since the time
of Sommerfeld [1]. In 1907, Zenneck discussed the
waves crouching on the intersecting surface of the earth
and the air that possesses the radial symmetry [2]. He
wanted to explain the long-distance radio wave propaga-
tion on the earth by the surface wave over the ground.
The discussion of the Zenneck wave is still going on,
even if the long-distance propagation of the electromag-
netic (EM) waves could be explained by the existence of
the ionosphere nowadays. The study about such waves
has its own meaning since it guarantees the continu-
ity of the EM waves at the boundary of lossy media
such as the earth, the sea water, and the sea crust [3H8]].
This kind of surface waves only exist when the source
is placed near the boundary, which means that sources
like plane waves cannot excite such kind of waves [9].
Norton simplified the Sommerfeld’s complicated inte-
gral solution of the surface waves by some approxima-
tions to give explicit expressions of the surface waves
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and make it more applicable [7]. On the other hand,
Bafios got further results following the work of Som-
merfeld, but those were still too complicated [[10]. They
could not give the direct physical insight of the surface
waves and were not convenient for engineering applica-
tions [3]. The surface waves excited by dipoles (electric
and magnetic) placed near the boundary of dissipative
medium are also called the lateral waves. It has many
realistic application scenes such as communication with
submerged submarines. King [3] gave an extensive dis-
cussion of the theory and application of the lateral waves
generated by a vertical electric dipole in the sea. How-
ever, King’s asymptotic approximation method has the
restriction condition on the wave numbers of the two
half spaces that |k;| >> |ko|, and this condition is satis-
fied by the relevant parameters of the sea and the air.
Researchers also tried to get numerical solutions of the
lateral waves that travel along the interface of the sea and
the air with the help of computers. However, the numer-
ical methods are time-consuming when calculating the
far fields because the integrands of the integral expres-
sions of the fields oscillate severely, and it needs some
special techniques [[11H13]]. Nowadays, there are differ-
ent methods that could deal with the EM field problem in
planar stratified media [14H17]. None of these methods
could avoid the evaluation of Sommerfeld integrals and
the evaluation of Sommerfeld integrals can be catego-
rized into three types: the direct numerical method [[18-
20]], the discrete complex image method [21H23]], and the
asymptotic method [3} [10]. The asymptotic method has
the advantage of having high efficiency and being accu-
rate when calculating the EM field in the far region.

In this paper, a novel asymptotic method to extract
the dominant parts of the lateral waves is proposed. This
method stems from the double saddle point method [[10].
Nevertheless, no asymptotic series coefficients need to
be specifically calculated like that in [10] due to the pro-
posed extraction technique. All the field components
generated by a vertical magnetic dipole (VMD; it can be
regarded as a model of the closed electrical line carrying
a time-varying electric current loop which supplies the

https://doi.org/10.13052/2021.ACES.J.361101

1054-4887 © ACES


https://doi.org/10.13052/2021.ACES.J.361101

z
€0s Hy» Op T

0 p
I AP SVER

Fig. 1. A vertical magnetic dipole in the sea.

electricity to the electronic devices on a ship) in a dissi-
pative half space have explicit expressions by neglecting
the corresponding residual integrals. The fields of other
types of dipoles can be dealt with in a similar way. The
newly proposed method has no restriction condition on
the wavenumbers of different half spaces; so it can be
applied in more general problems than King’s approxi-
mation method.

II. FORMULATION

A. Model

The basic model in this paper is depicted in Figure[T]
Hereinafter, the cylindrical coordinate system is used,
and the three coordinates are (p,¢,z). Due to the radial
symmetry, ¢ is always assumed to be 0. The lower half
space is sea, and the upper half space is air. The plane
z = 0 is the interface of the two half spaces. A VMD is
placed in the sea at the point (p,z) = (0,—d) (d > 0). M
is the dipole moment. Assume that the permittivity and
the permeability of the free space are & and L, respec-
tively. The sea has the permittivity of £ = 81, the per-
meability of t; =y, and the conductivity of 61 =4 S/m.
The air has the permittivity of &, the permeability of u,
and the conductivity of oy = 0 S/m.

B. Integral expressions of the EM fields
Using the spectral method [24], the nonzero field
components in the sea can be expressed as the follow-
ing three integrals:
ekz(z+d)
Hy,= f wdkp Re—ikiz (z-;l;') :| HVMDH( ) (kpp) ’
ekz(z+d) _
Hip = [ dkp Re—ik1z(z+d)
- zklk(z+d)+ (1)
Eip = [Z dkp |:Reiklz(z+d)] ikp T, HvMDHy

} %HVMDH(()I), (kop)

(kop) -
(1

The nonzero field components in the air can be expressed
as the following three integrals:

Ho, = [, dkyTe*oHyynHY (kpp)
ik
Hop = |7..dkpTe"o* lkz HynpH (kop), @
oo ; 1)
E()¢ = f_m dkaelkOZZ ?];OHVMDH(E ) (kp[)) .
Hy; and Hp(Hop, and Hyp) are the z component and
the p component of the magnetic field in the sea (air),

/
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respectively. E1y (Eog) is the ¢ component of the elec-
trical field in the sea (air). R and T are, respectively,
the reflection coefficient and the transmission coefficient.

1/2
kp is the radial wavenumber. ko, = (k% —k%) and

ki, = (k% — kg) 1/2. ko is the wavenumber in the air and
k1 is the wavenumber in the sea. @ is the angular fre-
quency. Hywmp is the spectral expression of the VMD
which equals fiMkf, /8mk) Z.H(gl) (e)is the zeroth-order
Hankel function of the first kind. The prime means tak-
ing the derivative with respect to p.

The tangential components of the EM field should
be continuous at the interface. Let z approaches zero in
equations () and (2)), and the linear equations of R and T
can be written as eqn (3). Then, R and T can be obtained

by solving eqn (3):

JZdkp %HVMD [efk1:d — Re~ikizd] H(gl)/ (kop)
= f dkp tho, HVMDTH( )y (kpp) R
7. dky ﬂkpul HVMD [ezklszrRe—iklzd] Hél), (kpp)

= [ dky =2 HympTHS" (kop) -
(3)
_ Hokiz — Uiko; Q2ikizd
.Uoklz+l11k0z @)
__ 2kt g
Hokiz + Hiko;

All components of the EM fields can then be expressed
by Sommerfeld integrals. Unfortunately, they have no
explicit expressions except for some special occasions,
and their integrands oscillate severely when the radial
distance is large. We will focus on these integrals in the
following subsections.

C. EM fields in the sea

The nonzero EM field components in the sea (—d <
z < 0) are available by substituting eqn (@) into eqn (T).
After some simple rearrangements, each field component
can be decomposed into three parts as follows:

le _ Hln +H +Hlat

Iz
Hyp = H‘n +Him +Hlf}j‘,‘, (5)
Eip = E}‘}P+E}‘}P‘+Ea‘

“ 77

The superscript “in” means the direct wave, “im” means
the image wave, and “lat” means the lateral wave. They
are defined by the following equations:

—igz o dkp My (kop)
H? = ig Jy dkpk elkl 0y (kop) ©)

3 .
HI = —i M (= ik, ot =2 1y (kyp) .

in _
le_
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Hly =~ J7 dkgkpe 0 (k)
Hn=—fndnﬁmﬂfww%m7 ™
k klz

Hlat fO dkpk zklz(d—z)Jl (k P)

1z +k e
Ein — wﬂle dk P eikiz(d+2) (k )

1¢ 0 1{KpP
Em = oM dk ekl =y (kop), (B
Elat — wl»llM fO dkpk f; tklz(d—Z)]l (ka)

19 =

19 —
All components of the direct wave and the image wave
have explicit expressions according to Appendix A of
[13], so only the lateral wave needs to be dealt with.

For the sake of simplicity, some notations are intro-

duced as follows:
3

Fiz(p,x) :/mdk ki”e"klzwo (kop)
a 0 Pki;+ko; pES

° k2k1 .
Flp (p7x) = /0 dkp pilioelklzle (kpp) s (9)
Z
o K3 .
Fig (p,x) :/0 dkp klZTpkoZelkwl (kop) -

Now, the lateral wave in the sea can be written as

Hlat F d—
27i lz(p» Z)7
M
HY% = 57 Fe (p.d=2), (10)
oM
Bl = 2 Ry (pd —2).

Take Fy; (p,x) as an example. It can be rearranged as

_ iky x
Flz (p7 ) fO dkp (klzkz koz)ze Jo (kpp) . (11)
1~ %o
The integral at the right-hand side can be further trans-
formed to
Jo dkpk (ki — koz) €150 (ko p)

=hmmm—kahmmm}
_ﬁ)mdkpkgk()z |:eik12x_ei(koz+\/k%k(2))x:| JO (kpp) )

12)
L (p,x,k) is an auxiliary integral. It is defined in the
appendix together with all other auxiliary integrals that
would appear in this paper. Denote that

1
Fi(px) = %
SPPTER

{11 (p,x, k1) —VE gy (P,kao)} ,
(13)

Fl.(p,x) = mx

/ dkp ko [ e V) e""'zx] Jo (kpp) -
Hence, Fi,(p,x) is written as the sum of two parts
Flz(p7x) :Flez(p7x)+Flrz(p7x)' (14)
F{.(p,x) is extracted from the original integral which has
an explicit expression and F{, (p,x) is the corresponding
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Fig. 2. The kp plane.

residual integral. Hereinafter, all the functions with a
superscript “e” mean that they have explicit expressions.
Correspondingly, all the functions with a superscript “r”
mean the residual integrals. It seems that F{ (p,x) is
more difficult to handle than the original Sommerfeld
integral at first glance. However, it can be verified that
F{_(p,x) could be neglected in the lateral wave when the
radial distance is large.

Consider the integral in the complex plane shown in
Figure @ The horizontal axis is the real axis, while the
vertical axis is the image axis.

Extending the integration path to the whole real axis
and using the Cauchy theorem, the integration path is
deformed to Cy and C| as follows:

1
E (k% - k(z)) Flrz (pvx)
_ /_idkpkf,kgz [ei<koz+\/k%k(2))xeiklzx] " (kop)

212\ x .
= S kol koZ[ (CEEE) _elklzX] H" (kop) -

0 1
5)

i i 2 12 .
Denote f (kp) :kgkoz |:e (kodr\//q ko)x _etklzx:| H(()l)

(kop). and it has five branch points at ky =0 ko +k;.
The branch points and the related branch cuts are also
depicted in Figure The branch cuts are parallel to
the image axis. While passing the branch points, the
integration path should have appropriate indentations as
shown in Figure 2]

Using the double saddle point method [10], the inte-
grals along the path Cyp and C; can be expanded with
asymptotic series, respectively

; Az Ay A
/ f(kp)dkpwezkop( ;+4+5+...>,
Co p

77T 5
B, 23 24 (16)
ik
./le(kp)dkp"ve 1P (I)2+P3+P4+ )

A, and B, are constants determined by the Taylor series
of f (kp) at ko = ko and kp = k;. For example, the A3
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term is

Ay — % 4oV _ 3k3x? B 3ik3x 4

7 2
! 24/K3 — kG
(17)

The coefficients are lengthy but easy to be obtained by
the commercial software Mathematica. What should be
emphasized is that the exact forms of the coefficients A,,
and B,, are not important in the realistic approximation
because the residual integrals are to be neglected. The
series is just used while proving the effectiveness of our
method.

Since Im (ki) > 0, e¥1P = o (1/r") (n € Z,), it can
be deduced from eqn (T6) that only the integral on the
path Cy should be taken into consideration as p — oo,
Therefore,

W (Ay Ay As
k MAJW(+++W)
/C()+C1f(p) P p3 " pt pS
(13)

Combining eqn (I3) and (I8), the asymptotic series of
F{.(p,x) can be written as
ei(x. /kf—kg+kop) A Ay As
Fl(px) ~ — 53— <+++"'>~
) 2(—=k5) \p* ptp?
(19)
According to eqn (I4)—(T9), the relative error e, between
Fi;(p,x) and FY, (p,x) is found to be

7Flz (P,X)

r=

—F.(p,x)
Flz(p’x>

_ o(1/p?) —o(l)
Co(1/p)+o(1/p2)+A/p2

The above equation means e, — 0 as p — o0, s0 F{’ (p,x)
is a good approximation of Fi;(p,x). In other words,
F{_(p,x) could be neglected in Fi; (p,x) which confirms
our previous observation.

It can be checked from and that the low-
est negative order term 1/p? is extracted and included in
the explicit expression F{ (p,x), making it a more accu-
rate approximate expression for the lateral wave at large
radial distance. Fj (p,z) and Fy (p,x) can be dealt with
in a similar way

(20)

Fp (p,x) = Flep (p7x)—|—F1rp (p.x), 1)

F¢ (pax) = Fledj (pax) +Fqu) (pax)'
Ff, (p.x), Ffy (p,x), F{,, (p,x), and F, (p,x? are deﬁned
by eqn (22) and (23). Due to the term-wise differentiable
property of the asymptotic series of the residual integrals
[10], it can be proved that F{, (p,x) and F{, (p,x) could
also be neglected when p is large enough.

e — P
F, (p.x) = WE)
X % |:12 (pvxakl) —é k%_k%xl2 (vavk())} )
Ffy (p,x) = ﬁ
X |:12 (pax7kl) _ei k%ik%xIZ (p,X,kO):| :
(22)
2 o
F, (p,x) = W X 3935 I dkpkpko,
) i 72
{ezkux_e’(km'*‘\/ ki kO)"} Jo (kpp)7
Fro(p,x) = 2 X L [* dkykok ()
190X -2 % 9p Jo dkpkp 0z

Liklzx - ei(koz+ k%kg)x} Jo (kpp)-

Hence, the explicit expressions of the lateral waves
in the sea are

lat __

M
le - 7Flez(p7d_z)a

2mi
M
H%%:ﬂFlep(pWi*Z)a (24)
lat w‘lllM
Efy = 7Fle¢ (p,d—2z).

Thus, combining eqn () and (24), the EM field in the
sea can be expressed with explicit expressions.

D. EM fields in the air
The nonzero EM field components in the air (z > 0)
can be expressed as
3

M [ k ) .
Hy — — dk P iky.d lkaZJ k
0z 27,”./0 piklz-i-koze e 0( pP)7

M [ kozk% . .
Hoy — — — dk, ——P iky.d lk()zZJ k
0p 27:/0 Pl ko e (kop)
2
oM /w ko wid ik
Eny = dk 1z 02 J. (k. .
=0 Jo CPhitke  © 1 (ko)

(25
Conventionally, there is no need to decompose the
components of the EM fields in the air like in the sea.
The components themselves constitute the lateral wave
in the air. Under this circumstance, the problem is a lit-
tle different from that in the sea because the exponential
factors contain both ki, and ko,. Nevertheless, the core
idea can be applied to extract the dominant term for the
lateral wave from the integrals and abandon the residual
integrals.
Denote that

For (p.2,d) =/0 dky—P—

o0 ko k2
Foo (p,2,d) = / dky—P—
p (P ) 0 pklz+koz

2

o k
Foo (p,2,d :/ dky—P—
0¢(PZ ) Jo pklz+koz

Mot o (kpp)
oihicd giko:z g, (kop),

eikl?deikozzjl (kpp) .

(26)
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Now, the lateral wave in the air can be written as

M

HOZ: %Foz(pﬁzad)a
M

HOp = gFOP (P,Z,d), (27)
MLy

Eop = — —Foo (p,z,d).

Recalling eqn (T8), the integral on C; plays an
insignificant role in the lateral wave when p is large. To
extract the dominant part from the integral expression of
the lateral wave, we only need to make the lowest nega-
tive power term of the asymptotic series of the integrals
on the integration path C vanish like (T6). To achieve
this, the extraction is performed as follows:

Fo (p,z,d) :F()ez (p,z,d) +F0rz (p,z,d),
FOP (p,z,d) :F()ep (p,z,d) +F({p (pvzad) ’
F0¢ (p,z,d) :F()qu (p,Z,d) +F0rq) (p,Z,d) .
Related functions in eqn (28)) are defined in eqn (29)
and (30). It can be verified that the lowest negative order
terms vanish in the asymptotic series of the residual inte-
grals. Hence, for large radial distance, all the residual
integrals F (p,z,d), Fy, (p,z,d), and Fg, (p,z,d) can
be neglected, and the EM fields in the air can be repre-
sented by the explicit expressions as shown in eqn (31).

(28)

d J
Oz (p <y d) (k21 k2) (W_jz)
13 (p,d k1)+e \/ﬁdlg (p,z, ko)
e Jd (0 Jd\ o
FOp(p7Z d) k2 kzaz (W_aiz)%

Li(p.d k1)+e Kk, (p,z, ko)|

(29)

el el oo
FOZ (p Z, d) W (W — 72) fO dkpk?)
(ezklzd_e

(a2 _a\a (e
FOp(pZd) k% kgjz 37—37>Wf0 dkpkp

(elklzd —

(30)
OZ_2 F(fz(pvzad)v
Hop o FOp (p,z,d) (€2
Moy
09 = Fop (P 2:d).

ACES JOURNAL, Vol. 36, No. 11, November 2021

II1. RESULTS

In this section, some numerical results and compar-
isons are given. First, the VMD is placed in the sea at
d = 10m and the working frequency is f = 50 Hz. The
lateral waves at z = —0.5 m and z = 0.5 m are consid-
ered. The results are compared with King’s results and
they are in good agreement. Then, the EM fields are
calculated when the restriction condition |k;| > |ko| is
not satisfied. It can be seen from the numerical results
that King’s approximation method could not give accu-
rate results in this situation. Nevertheless, our method
could still give the accurate results.

Now consider the VMD placed in the sea at first.

Figure [3] shows the comparison of the integrands of
H %‘? at different radial distances. It can be observed that

2x10'5
L Il |l |
u— | i
(@] Il \“ | \‘
- | | |
c 1
©
L
(@]
9
£ o5t

Oj\ﬁ

0 0.5 1 1.5 2

res
1z

Integrand of H

0 0.5 1 1.I5 2
-1
k, (m™)
(b)

Fig. 3. The comparison of the integrands at (a) p = 100
m and (b) p = 1000 m.
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Fig. 4. The comparison of the extracted parts and the
residual integrals: (a) H}2, (b) Hg¥, (c) H}3, (b) H, (e)
ER2t and (f) E(l)‘;}
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Fig. 5. The comparison of the results within p < 1000 m
of our method and King’s method. (a) Field in the sea.
(b) Field in the air.
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the integrands possess rapid oscillations, and the oscilla-
tion rate increases with p. Therefore, the direct numer-
ical evaluation of the integral is inefficient when p is
large.

In Figure @] the solid curves represent the modu-
lus of the extracted parts of the field components and
the dashed lines represent the corresponding counterpart
of residual parts. When p exceeds 200 m, the residual
integrals become negligible compared with the extracted
explicit parts.

The results of our method are also compared with
the results obtained by the method of King (refer to
Appendix D of [3]). Figure [5 shows the comparison in
the range p < 1000 m. The solid lines are the results
of our method, and the symbols are the results of King’s
method. While p is larger than about 200 m, the results
of the two methods match very well because the require-
ment of |k;| > |ko| for King’s method is satisfied in this
example.

Figure [6] shows the comparison within p < 100km.
It is known that the traditional numerical methods

2004 T T -
—_ H1 5 This work
H, King
250 z
—~ —H, This work
m 1
° A Hy, King
= —E,, This work
3 [
b
c
o> -350
@
€
400
. "SSeq
0 20 40 60 80 100
p (km)
(a)
2004 T T -
_— HOZ This work
H._ King
250 0z
~ —H, This work
m 0p
° A Hy King
-300 [
3 — E,,, This work
35 [
b
c
>-350
@
€
-400
\Vg
. S9%eq
0 20 40 60 80 100
p (km)
(b)

Fig. 6. The comparison of the results within p < 100 km
of our method and King’s method. (a) Field in the sea.
(b) Field in the air.
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Fig. 7. The comparison of the results obtained by differ-
ent methods: (a) Hy¥', (b) Hg¥, (c) H}5, (b) H, (e) EYy,
and (f) E(l)‘};

become very inefficient when p reaches such a large dis-
tance.

Next consider the problem when the restriction con-
dition |k;| > |ko| no longer holds. Specifically, the con-
ductivity of the lower half space is 1 x 107® S/m and the
permittivity of the upper half space is 200y now. The
working frequency f is 5.2 kHz and d = 500 m. The
other parameters remain the same.

Figure 7] shows the comparison of the results of our
method, King’s method, and the direct numerical inte-
gration. It can be seen from the figure that the results
of our method match very well with the direct numerical
integration results, which are made converged with high
accuracy but very time-consuming. However, the field
components obtained by King’s method could not give
accurate results as shown in Figure[7]

IV. CONCLUSION
In this paper, a method for efficiently evaluating the
fields of a VMD in a dissipative half space is proposed.
Dominant explicit formulae for nonzero field compo-
nents are extracted from their integral expressions. The
residual integrals are negligible for large radial distance.
Since no numerical integration is needed, this method
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is efficient for calculating the far fields. Besides, it has
no restriction on the parameters of the media; so it has
broader application scope than the King’s method when
dealing with different problems.
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