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Abstract – An analytical model of an E-core driver-
pickup coils probe located above a multilayer conductor
containing a hidden cylindrical conductor is presented.
The truncated region eigenfunction expansion (TREE)
method is used to deal with the axial symmetry prob-
lem, and the closed-form final expression of the induced
voltage in the pickup coil is derived. The changes of
the induced voltage in the pickup coil due to the hid-
den cylindrical conductor are examined and calculated
in Mathematica. Experiments and finite element simula-
tions are performed and the results are compared with
the analytical results, and they are in good agreement.

Index Terms – Analytical model, cylindrical conductor,
E-core driver-pickup coils probe, eddy current testing,
induced voltage.

I. INTRODUCTION
In the aviation, petrochemical, nuclear power, and

other industries, nondestructive testing and evaluation
(NDT&E) methods are extensively used to acquire
information about important components and structures,
which is of great significance to ensure the normal oper-
ation of equipment and prevent accidents. Eddy current
testing (ECT) is a widely used NDT method for detect-
ing conductor defects due to its distinct advantages, such
as non-contact, high sensitivity, and low cost. If the ECT
probe is an absolute coil probe, the information obtained
is the coil impedance or coil impedance change [1–
3]. If the probe consists of a driver coil and a pickup
coil, an induced voltage will be generated in the pickup
coil.

The purpose of many practical ECT is to find the
characteristics of conductive materials or reconstruct the
shape of defect in the conductor by measuring changes
of the coil impedance or changes of the induced volt-
age in pickup coils [4–6]. In the defect inversion oper-
ation [7–8], a lot of time is consumed in the forward
model for repeated computations. Therefore, a fast and
accurate forward model is very important for conductive

defect evaluation. In general, the analytical model has the
advantages of fast calculation speed and high accuracy
compared with the finite element method. The traditional
ECT analytical models proposed by Dodd and Deeds,
whose final expressions are in integral form, have been
widely used in ECT for more than fifty years [9]. Later,
Theodoulidis proposed the truncated region eigenfunc-
tion expansion (TREE) method, which can obtain the
expression of response in the form of series [10]. Com-
pared with traditional integral model, one of the most
important advantages of the TREE method is its fast cal-
culation speed.

Coils are usually combined with ferrite cores to form
a magnetic core probe, such as I-core, E-core, and T-
core probes. The magnetic core has the function of con-
centrating the magnetic field, reducing flux leakage and
shielding external electromagnetic interference. There-
fore, in ECT, the sensitivity of a ferrite core coil is higher
than that of an air core coil [11–12]. Among various
magnetic cores, E-core has been widely used due to its
superior performance.

In this paper, as shown in Fig. 1, the analytical model
of an E-core probe placed over a layered conductor is
investigated. The probe consists of two coils, an inner
coil and an outer coil, both surrounding the column of
the E-core with a circular air gap. If one of the coils
is selected as the excitation coil and the other as the
pickup coil, an E-core driver-pickup probe is formed. If
the inner and outer coils are connected in series, they can
also form an absolute E-core probe. For the case of an
absolute cored coil probe located above an infinite lay-
ered conductor, on a multilayer conductor containing air
hole, or on a multilayer conductive disk, many schol-
ars have conducted extensive research on their analytical
models and derived expressions of the coil impedance
of the E-core probe with air gap in various cases [12–
15]. However, the analytical model of an E-core probe
consisting of an excitation coil and a pickup coil above
a multilayer conductor containing a hidden cylindrical
conductor has not been examined. In some special appli-
cations, driver-pickup coils probes have advantages over
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absolute coil probes, and the solution method for a multi-
layer half-space conductor containing a hidden cylindri-
cal conductor is different from that for a multilayer con-
ductor with air hole, so it is necessary to further investi-
gate its analytical model.

II. SOLUTION
The analytical model shown in Fig. 2 (a) is first

analyzed, a filamentary driver coil cd and a filamen-
tary pickup coil cp. The two filamentary coils are on
the same plane, but have different radii, and are both
wound around the column of an E-core with a circular
air gap. The probe is located above four layers of non-
magnetic conductors, the second layer is a hidden cylin-
drical conductor with radius c, and the remaining lay-
ers are half-space conductors. From top to bottom, the
conductivities of each layer of conductors are σ6, σ7,
σ8, and σ9, respectively. The plane z = 0 coincides with
the upper surface of the conductor. The whole problem
region is truncated into a cylinder with radius b in the
radial direction, and the homogeneous Dirichlet condi-
tion is applied to the magnetic vector potential on the
truncation boundary.

According to the problem geometry, nine regions are
formed along the z-axis in Fig. 2 (a). The cylindrical con-
ductor is hidden in region 7. For other regions, the eigen-
values of each region can be defined and calculated in a
similar way as discussed for E-core coil in the references
[12–14], and will not be repeated here.

Region 7 consists of two subregions: cylindrical
conductor (0 ≤ r ≤ c) and air space (c ≤ r ≤ b). The
magnetic vector potentials of these subregions can be
expressed in general form as

Ac = AEJ1(vir)F1(uic) 0 ≤ r ≤ c , (1)
Aa = AEJ1(vic)F1(uir) c ≤ r ≤ b , (2)

where
Fn(uir) = Jn(uir)Y1(uib)− J1(uib)Yn(uir), (3)

where Jn and Yn are first kind Bessel functions of n order.
AE is the unknown coefficient, and ui and vi are the cor-
responding discrete eigenvalues. The eigenvalues ui and

Fig. 1. E-core driver and pickup coils probe located
above layered conductor containing a hidden cylindrical
conductor.

(a)

(b)

Fig. 2. Axially symmetric E-core (a) filamentary and (b)
rectangular cross-section driver and pickup coils probe
located above a layered conductor containing a cylindri-
cal conductor.

related values vi can be computed from the roots of the
following equation obtained from the interface condi-
tions in the radial direction at r = c.

1
µ7

viF1(uic)J0(vic) = uiJ1(vic)F0(uic). (4)

Finding all eigenvalues accurately is crucial for the
correctness of the final analytical calculation results. The
Newton-Raphson iteration scheme is a reliable method
for calculating eigenvalues [10]. In recent years, some
more accurate methods have been proposed to ensure
that all eigenvalues are found [16–18].

The relationship between ui and vi is as follows:

ui =
√

v2
i + jωµ0µ7σ7. (5)
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The general expressions of the magnetic vector
potential in the nine regions in Fig. 2 (a) can be expressed
in matrix form as follows:

A1(r,z) = J1(qr)q−1e−qzC1, (6)

A2(r,z) =


J1(mr) 0 ≤ r ≤ a1

R1(mr)m−1 (e−mzC2 − emzB2) a1 ≤ r ≤ a4

R′
1(mr) a4 ≤ r ≤ b

, (7)

A3(r,z) =



J1(pr) 0 ≤ r ≤ a1

L1(pr) a1 ≤ r ≤ a2

L′
1(pr)p−1 (e−pzC3 − epzB3) a2 ≤ r ≤ a3

L′′(pr) a3 ≤ r ≤ a4

L′′′(pr) a4 ≤ r ≤ b

, (8)

A4(r,z) =



J1(pr) 0 ≤ r ≤ a1

L1(pr) a1 ≤ r ≤ a2

L′
1(pr)p−1 (e−pzC4 − epzB4) a2 ≤ r ≤ a3

L′′(pr) a3 ≤ r ≤ a4

L′′′(pr) a4 ≤ r ≤ b

, (9)

A5(r,z) = J1(qr)q−1 (e−qzC5 − eqzB5
)
, (10)

A6(r,z) = J1(qr)s−1
6

(
e−s6zC6 − es6zB6

)
, (11)

A7(r,z) =

{
J1(vr)F1(uc)

F1(ur)J1(vc)
u−1(e−uzC7 − euzB7)

0 ⩽ r ⩽ c

c ⩽ r ⩽ b
, (12)

A8(r,z) = J1(qr)s−1
8 (e−s8zC8 − es8zB8), (13)

A9(r,z) = −J1(qr)s−1
9 es9zB9, (14)

where
s6 =

√
q2 + jωµ0µ6σ6, (15)

s8 =
√

q2 + jωµ0µ8σ8, (16)

s9 =
√

q2 + jωµ0µ9σ9. (17)

The magnetic vector potential of each region in
Fig. 2 (a) can be obtained by solving equations (6) to
(14) using the interface conditions. The magnetic vector
potential between region 3 and region 4 in Fig. 2 (b) can
be derived by replacing z2 with z in A3 and z1 with z in
A4, and then adding them together.

In Fig. 2 (b), the magnetic induction in z direction
generated by the Nd turns excitation coil in region 3-4
can be expressed as follows:

Bz(3−4) =
µNdI

2(r2 − r1)(z2 − z1)
D−1pL′

0(pr)

× [p−4
∫ pr2

pr1

prdL′
1(prd)d(prd)]

·
〈

(e−pzC49 − epzB49)

× λ2[ep(h1−z1)− ep(h1−z2)]−λ1[ep(z2−h1)− ep(z1−h1)]

λ1e−ph1 C49 −λ2eph1 B49

+[2− ep(z1−z)− ep(z−z1)]

〉
(18)

where I is the excitation current flowing in the driver coil.

When the z-direction magnetic induction intensity
generated by the excitation coil passes through the
pickup coil, the magnetic flux penetrating the Np turns
of pickup coil can be obtained as:

φ =
πµNdNpI

(r2 − r1)(z2 − z1)(r4 − r3)(z4 − z3)

×D−1[p−4
∫ pr2

pr1

prdL′
1(prd)d(prd)]

· ⟨[(e−pz3 − e−pz4 )C49 +(epz3 − epz4 )B49]

×λ2[ep(h1−z1)− ep(h1−z2)]−λ1[ep(z2−h1)− ep(z1−h1)]

λ1e−ph1 C49 −λ2eph1 B49

+[2p(z4 − z3)+ ep(z1−z4)− ep(z1−z3)− ep(z4−z1)+ ep(z3−z1)]
〉

·p−3
∫ pr4

pr3

prpL′
1(prp)d(prp)

(19)

The induced voltage generated in the pickup coil of
rectangular cross section is derived as follows:

V = Vco ·D−1 ·p−4
χ
′(pr1,pr2) · (W1W−1

2 W3 +W4)

·p−3
χ
′(pr3,pr4), (20)

where

Vco =
jωπµNdNpI

(r2 − r1)(z2 − z1)(r4 − r3)(z4 − z3)
, (21)

χ
′(x1,x2) =

∫ x2

x1

xL′
1(x)dx, (22)

W1 = (e−pz3 − e−pz4)C49 +(epz3 − epz4)B49, (23)
W2 = λ1e−ph1C49 −λ2eph1B49, (24)

W3 = λ2[ep(h1−z1)−ep(h1−z2)]−λ1[ep(z2−h1)−ep(z1−h1)],
(25)

W4 = 2p(z4 − z3)+ ep(z1−z4)− ep(z1−z3)

−ep(z4−z1)+ ep(z3−z1)
, (26)

λ1 = (T−U)em(h1−h2)F−1(H+G)

−(T+U)em(h2−h1)F−1(H−G)
, (27)

λ2 = [(T+U)em(h2−h1)F−1(H+G)

−(T−U)em(h1−h2)F−1(H−G)]
, (28)

C89
B89

=
1
2

e∓s8d3(1∓ s8s−1
9 )e−s9d3 , (29)

C79
B79

=
1
2

e∓ud2 [(N∗−1E±N−1Eqs−1
8 )es8d2C89

+(N∗−1E∓N−1Eqs−1
8 )e−s8d2B89]

, (30)

C69
B69

=
1
2

e∓s6d1 [(E−1N∗± s6q−1E−1N)eud1C79

+(E−1N∗∓ s6q−1E−1N)e−ud1B79]

, (31)

C59
B59

=
1
2
[(µ−1

6 ±qs−1
6 )C69 +(µ−1

6 ∓qs−1
6 )B69], (32)

C49
B49

=
1
2

e±ph0D−1

× [(H∗±G∗)e−qh0 C59 +(H∗∓G∗)eqh0B59].
(33)

The definitions of T, U, F, D, H, G, N, N∗, H∗ and
G∗ can be found in the APPENDIX.
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III. SPECIAL CASES
When the radius of the hidden cylindrical conductor

in the second layer is infinite, the general expression of
the magnetic vector potential for region 7 in Fig. 2 (a)
becomes

A7(r,z) = J1(qr)s−1
7 (e−s7zC7 − es7zB7), (34)

where
s7 =

√
q2 + jωµ0µ7σ7. (35)

The induced voltage of the pickup coil can still
be expressed as (20), but some coefficients need to be
changed as follows:

C79
B79

=
1
2

e∓s7d2 [(1± s7s−1
8 )es8d2C89

+(1∓ s7s−1
8 )e−s8d2B89]

, (36)

C69
B69

=
1
2

e∓s6d1 [(1± s6s−1
7 )es7d1C79

+(1∓ s6s−1
7 )e−s7d1B79]

. (37)

When the hidden cylindrical conductor of the sec-
ond layer is absent, the induced voltage in the pickup coil
of the probe over multilayer conductor can be calculated
using (20) by setting σ7 = 0.

When the multilayer conductor is absent, the
induced voltage in the pickup coil can also be calculated
using (20) by setting σ6 = σ7 = σ8 = σ9 = 0.

When the E-core shown in Fig. 2 (a) is absent, only
two regions remain above the layered conductor, region
4 above and region 5 below the filamentary coil. The
general expression of the magnetic vector potential for
region 4 becomes

A4(r,z) = J1(qr)q−1e−qzC4. (38)
The expression of the induced voltage in the pickup

coil of an air-core probe can be derived as
V ′ = 2Vco ·E−1 ·q−4

χ(qr1,qr2) ·(W5W−1
6 +W7) ·q−3

χ(qr3,qr4),
(39)

where
χ(x1,x2) =

∫ x2

x1

xJ1(x)dx, (40)

W5 =[q(z4 − z3)− eq(z4−z2)+ eq(z3−z2)]B59

+[e−q(z4+z1)− e−q(z4+z2)− e−q(z3+z1)+ e−q(z3+z2)]C59
,

(41)
W6 = (1−qs−1

6 )C69 +(1+qs−1
6 )B69, (42)

W7 =
1
2
[q(z4 − z3)+ eq(z1−z4)− eq(z1−z3)]. (43)

When the E-core and the cylindrical conductor in
the second-layer are both absent, the induced voltage in
the pickup coil of an air-core probe can be calculated
using (39) by setting σ7 = 0, and the coefficients of C79,
B79, C69, and B69 are same as (36) and (37). When the
E-core and the layered conductor are both absent, the
voltage induced in the pickup coil of an air-core probe
can also be calculated using (39) by setting σ6 = σ7 =
σ8 = σ9 = 0.

For the above examined analytical model as shown
in Fig. 1, the inner coil is used as driver coil and the outer
coil is used as pickup coil. When the excitation is applied
to the outer coil and the inner coil is used as pickup coil,
the voltage induced in the pickup coil can be expressed
as

V
′′
= Vco ·D−1 ·p−4χ ′(pr3,pr4) · (W′

1W−1
2 W′

3 +W′
4)

·p−3χ ′(pr1,pr2)
, (44)

where
W′

1 = (e−pz1 − e−pz2)C49 +(epz1 − epz2)B49, (45)

W′
3 = λ2[ep(h1−z3)−ep(h1−z4)]−λ1[ep(z4−h1)−ep(z3−h1)],

(46)
W′

4 = 2p(z2−z1)+ep(z3−z2)−ep(z3−z1)−ep(z2−z3)+ep(z1−z3).
(47)

The other expressions of the coefficients used in cal-
culation are same as (22), (24), and (27)-(33).

IV. FEM AND EXPERIMENT VALIDATION
First, the analytical model is verified using the finite

element method (FEM). The software ANSYS Maxwell
is used to construct the simulation model according to
Fig. 2 (b), and the parameters used are the same as those
in Table 1. Maxwell 2D and 3D models as shown in
Figs. 3 and 4 can be established respectively. The solu-
tion type is chosen to be transient, and a sinusoidal wave
current with an effective value of 0.1 A and a frequency
range of 0.1 kHz to 10 kHz is applied to the excitation
coil. When the stopping time and time step are set, the
model can be analyzed, and the results of transient report
can be generated after the simulation is finished. The
induced voltage waveform in the pickup coil can be plot-
ted as shown in Fig. 5, and the peak value of the induced
voltage is extracted and used for comparison.

Since the model examined in this paper is axisym-
metric, a 2D model is used for the finite element simu-
lation. Compared with 3D models, 2D models have the
advantages of simple modeling and short running time to
obtain results.

The correctness of the analytical model is also veri-
fied by experimental measurement.

The E-core and homemade driver and pickup coils
are shown in Fig. 6. The material characteristic param-

Fig. 3. ANSYS Maxwell 2D model.
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Fig. 4. ANSYS Maxwell 3D model.

Fig. 5. Induced voltage in the pickup coil and the effec-
tive value of excitation current and frequency are 0.1 A
and 2 kHz, respectively.

(a) (b)

Fig. 6. (a) E-core, driver-pickup coils and (b) E-core
probe used in experiments.

eters of the magnetic core and conductor are collected
from the manufacturers. All parameters used in experi-
ments are shown in Table 1.

The effective value of the sinusoidal excitation cur-
rent applied to the driver coil is maintained at 0.1 A by
adjusting the amplitude of the sinusoidal signal in the
signal generator and the amplification factor of the power
amplifier. The induced voltage in the pickup coil is mea-
sured by a millivolt meter.

Firstly, when the driver coil is excited by a sinu-
soidal signal with a frequency range from 0.1 kHz to 10
kHz, the induced voltage in the pickup coil of the E-core
probe located above a layered conductor is measured.
The second layer is a cylindrical conductor with a radius
of 15 mm and a thickness of 4 mm, and the other layers
are square conductive plates with a side length of 15 cm
and different thicknesses. Then, the cylindrical conduc-

Table 1: Parameters of E-core, coils, and conductor used
in analytical calculation, FEM and experiment

Coil
Inner radius of driver coil r1 8.58 mm
Outer radius of driver coil r2 10.7 mm
Inner radius of pickup coil r3 10.8 mm
Outer radius of pickup coil r4 12.5 mm

Parameter z1, z3 0.74 mm
Parameter z2, z4 6.14 mm

Excitation current I 0.1 A
Number of turns (driver) Nd 280
Number of turns (pickup) Np 310

Ferrite Core
Inner column radius a1 2.7 mm
Outer column radius a2 7.95 mm

Inner core radius a3 15.1 mm
Outer core radius a4 17.74 mm

Core liftoff h0 0.1 mm
Inner core height h1 7.4 mm
Outer core height h2 11.1 mm
Core permeability µ f 3500

Conductor
Parameter d1 0.5 mm
Parameter d2 4.5 mm
Parameter d3 5 mm

Cylindrical conductor
radius

c 15 mm

Relative permeability µ6,µ7,µ8,µ9 1
Conductivity σ6,σ7,σ8,σ9 36 MS/m

Radius of the domain b 60 mm

tor of the second layer is replaced with a non-conductive
material of equal thickness, and the above measure-
ment is repeated. Finally, when the layered conductor is
absent, the above measurements are repeated again.

V. RESULTS AND DISCUSSION
First, as shown in Fig. 2 (b), equation (20) is used to

calculate the induced voltage in the pickup coil when the
E-core probe is located above the multilayer conductor.
The excitation current is 0.1 A, and the excitation fre-
quency range is 0.1 kHz to 10 kHz. Then the induced
voltages in the pickup coil without layered conductor
and without hidden cylindrical conductor are calculated,
respectively. The calculations are implemented in Math-
ematica using the parameters shown in Table 1. In all
these calculations, the solution domain truncation value
b = 60 mm (5 times the outer radius of the outer coil) and
the number of summation terms Ns = 60.

The analytical calculation results are compared with
those of FEM and experiment. When the driver coil is
excited by current signals of different frequencies, the
relationship between the changes of the effective value
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of the induced voltage in the pickup coil and the exci-
tation frequency due to the hidden cylindrical conduc-
tor is shown in Fig. 7. When the excitation frequency
is increased, the absolute value of the induced volt-
age change in the pickup coil first increases and then
decreases, and the maximum value of the induced volt-
age change occurs when the excitation frequency is
approximately 2.5 kHz. When the excitation frequency
is fixed at 2 kHz and only the excitation current is
changed, the change of induced voltage in the pickup
coil due to the cylindrical conductor is shown in Fig. 8.
The results show that as the excitation current increases,

Fig. 7. The relationship between excitation frequency
and the change of induced voltage in the pickup coil due
to cylindrical conductor for an air-core coil (µ f = 1) and
an E-core coil (µ f = 3500).

Fig. 8. The relationship between the excitation current
and the change of induced voltage in the pickup coil due
to the cylindrical conductor for an air-core coil (µ f = 1)
and an E-core coil (µ f = 3500).

the change of induced voltage in the pickup coil also
increases.

In all the above cases, the change of induced voltage
in the pickup coil of the E-core probe is larger than that of
the air-core probe, which indicates that the E-core probe
has a higher sensitivity than that of the air-core probe.

For E-core driver and pickup coils probe, in all cases
the relative error of ∆V between analytical calculation
and experimental measurement or FEM is less than 2%,
which shows a good agreement.

VI. CONCLUSION
The analytical model of an E-core driver and pickup

coils probe over a layered conductor containing hid-
den cylindrical conductor is proposed using the TREE
method. The expressions for the induced voltage in the
pickup coil are derived for the general case and for sev-
eral special cases. The analytical results are compared
with the results of experiment and FEM, and they are in
good agreement. The proposed analytical model can be
used for the design of ferrite cored driver-pickup probes,
ECT simulation of multilayer conductors, and can also
be used directly for the detection and evaluation of hid-
den metallic components (such as coins and corrosion)
in layered conductive materials.
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APPENDIX

T =
∫ a1

0
rJ0(qr)J0(mr)dr+

∫ a4

a1

rJ0(qr)R0(mr)dr

+
∫ b

a4

rJ0(qr)R′
0(mr)dr

,

(A.1)

U =
∫ a1

0
rJ1(qr)J1(mr)dr+

1
µ f

∫ a4

a1

rJ1(qr)R1(mr)dr

+
∫ b

a4

rJ1(qr)R1(mr)dr
,

(A.2)

F =
∫ a1

0
rJ0(mr)J0(mr)+

∫ a4

a1

rR0(mr)R0(mr)dr)

+
∫ b

a4

rR′
0(mr)R′

0(mr)dr
,

(A.3)

G =
∫ a1

0
rJ0(mr)J0(pr)dr+

∫ a2

a1

rR0(mr)L0(pr)dr

+
∫ a3

a2

rR0(mr)L′
0(pr)dr+

∫ a4

a3

rR0(mr)L
′′
0(pr)dr

+
∫ b

a4

rR′
0(mr)L

′′′
0 (pr)dr)

,

(A.4)

H =
∫ a1

0
J1(mr)J1(pr)dr+

1
µ f

∫ a2

a1

rR1(mr)L1(pr)dr

+
∫ a3

a2

rR1(mr)L′
1(pr)dr+

1
µ f

∫ a4

a3

rR1(mr)L
′′

1(pr)dr

+
∫ b

a4

rR′
1(mr)L

′′′

1 (pr)dr

,

(A.5)

D =
∫ a1

0
rJ1(pr)J1(pr)dr+

1
µ f

∫ a2

a1

rL1(pr)L1(pr)

+
∫ a3

a2

rL′
1(pr)L′

1(pr)dr+
1

µ f

∫ a4

a3

rL
′′
1(pr)L

′′
1(pr)dr

+
∫ b

a4

rL
′′′
1 (pr)L

′′′
1 (pr)dr

,

(A.6)

G∗ =
∫ a1

0
rJ0(pr)J0(qr)+

∫ a2

a1

rL0(pr)J0(qr)dr

+
∫ a3

a2

rL′
0(pr)J0(qr)dr+

∫ a4

a3

rL
′′
0(pr)J0(qr)

+
∫ b

a4

rL
′′′
0 (pr)J0(qr)dr

,

(A.7)
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H∗ =
∫ a1

0
rJ1(pr)J1(qr)+

∫ a2

a1

rL1(pr)J1(qr)dr

+
∫ a3

a2

rL′
1(pr)J1(qr)dr+

∫ a4

a3

rL
′′
1(pr)J1(qr)

+
∫ b

a4

rL
′′′
1 (pr)J1(qr)dr

,

(A.8)

N =vu−1F1(uc)
∫ c

0
rJ0(qr)J0(vr)dr

+ J1(vc)
∫ b

c
rJ0(qr)F0(ur)dr

, (A.9)

N∗=F1(uc)
∫ c

0
rJ1(qr)J1(vr)dr

+ J1(vc)
∫ b

c
rJ1(qr)F1(ur)dr

. (A.10)
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