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Abstract — In this paper, KP method is applied to
study the scattering of a 2D loaded crack on a
ground plane, coated by a dielectric layer for TM
case. For simplicity, the geometry is divided into
three regions, whose fields are expressed in terms
of Bessel eigen functions. The governing
equations involve several infinite summations with
infinite number of unknown coefficients. By the
use of Weber-Schatheitlin discontinuous integrals,
these infinite summations could efficiently be
truncated with high numerical accuracy. Boundary
conditions are applied to determine unknown
coefficients. We employ finite element method
(FEM) and convergence analysis to confirm our
results. Finally, the influence of coating dielectric
layer and filling material is investigated on the
scattered field.

Index Terms — 2D coated crack, dielectric layer,
Kobayashi and Nomura method, plane wave
scattering, and Weber-Schafheitlin discontinuous
integrals.

I. INTRODUCTION

An assessment of the surface cracks is a
significant area under discussion in nondestructive
testing and evaluation (NDT/NDE). There are two
main near-field category techniques reported by
the engineering community for crack detection.
These methods are based on waveguide techniques
[1-3] and the resonator method [4-6]. These
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techniques are not applicable to the non-accessible
cracks like those on boilers or blast furnaces, thus,
far-field  electromagnetic =~ (EM)  scattering
measurement is recommended.

The scattering from the rectangular crack can
be approached in a variety of ways including the
method of moment (MoM) [7], quasi-static
approach [8, 9], approximate boundary conditions
(ABC) [10, 11], Fourier spectrum analysis [12],
finite element boundary integral method (FE-BI)
[13], transparent boundary condition (TBC) [14],
and overlapping T-block method [15-17].
Additionally, Morgan and Schwering utilized
mode expansion scattering solution for wide
rectangular cracks in 2D [18] and cavities in 3D
[19]. Deek et al. extracted the natural frequency
poles with matrix pencil method (MPM) for
detecting cracks in buried pipes [20]. Bozorgi et
al. reported a direct integral equation solver
(DIES) method for determining the backscattering
signatures of a crack in a metallic surface by
omitting singularities in hyper singular integrals
[21, 22]. Honarbakhsh et al. presented mesh free
collocation method for 2D filled crack in infinite
ground [23].

The Kobayashi potential (KP) is an analytical
technique for solving mixed boundary problems
and it has been applied to various EM scattering
problems [24-32]. KP utilizes the discontinuity
properties of Weber-Schatheitlin's integrals and is
closely related to MoM approach. Some of the
advantages of KP method are cited here. First, the
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KP method is accurate and simple in the sense of
not dealing with singularity of the Green's
functions. Second, the solution converges rapidly
due to the satisfaction of a part of the boundary
condition by each basis function involved in the
integrand [31].

Hongo et al used KP method to find
scattering of EM spherical wave from a PEC disk
[24]. Imran et al. utilized this method to compute
diffraction of plane wave from a perfectly
electromagnetic conductor (PEMC) strip [25].
Sato et al. used KP method to analyze TM plane
wave scattering by a 2D filled rectangular crack on
a ground plane without any dielectric coating [26].
They applied KP method to two rectangular
troughs on a ground plane [27] with a standard
impedance boundary condition (SIBC) [28] and
estimated the depth of the crack [29]. They also
used KP method to model the propagation through
slits array [30].

In most cases, paint, primer, rust, and oil coat
the corrosion (crack) and it cannot be visually
detected. Near-field techniques for detecting
cracks under paint were applied [1, 3] but a fast,
accurate and rigorous method for analyzing the
scattering signature of the coating crack with far-
field methods is in demand. Previously, EM plane
wave scattering by a 2D rectangular gap in a PEC
ground plane, coated by a dielectric layer was
reported for TE case [32]. In this paper, the TM
case of this problem is investigated.

The paper is organized as follows. In section 11
the KP method is used to derive the governing
field equations with unknown excitation
coefficients and truncated unknown excitation
coefficients are computed. The numerical results
and validations are shown in section III.
Conclusion remarks are provided in section IV.

Here, the time harmonic factor e ' is assumed
throughout the context.

II. PROBLEM DISCRIPTION AND
FORMULATION

We assume a dielectric rectangular crack that
is filled by a dielectric material and is coated by a
dielectric slab. The cross section for the crack is
2a x b and the height of the slab is y, as shown in
Fig. 1. The relative permittivity and permeability
of the filling material are & and g, respectively,
and (&, 44) are of the coating material. The filling
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and the coating materials could be both lossy,
meaning that &, 4., &, and g could be complex.

Plane Wave
Incident

Observation s
baintcop). 9 E

»X

Fig. 1. Geometry of the filled rectangular crack
underneath a coating layer in an infinite ground
plane.

The incident angle is &) and the observation
point is represented by o and € in the cylindrical
coordinate system. Assuming i is the total
electric field in a dielectric slab. The crack is filled
by a material with relative permittivity and
permeability of & and g, respectively. The
relative permittivity and permeability of the slab
are & and g, respectively.

A. Expansion of electromagnetic fields
The geometry of the problem is divided into
three regions, which are described as follows.

Region I: Semi-infinite half space (y > yt)

In this region the total z-component of the
electric field is denoted by ¢' = £ which is,

#=¢+¢ +4, (1
where, ¢ ' and ¢ " represent the incident and the
reflected field, respectively. Additionally, ¢°
characterizes the scattering contribution of the
crack in this region. The material in this region is
free space (&, tb).

Region II: Slab Region (y, >y > O)

The total z-component of the electric field in
this region is given by,



B=y+4. 2
Here, y is the total electric field in the dielectric
slab and its calculation is given in the Appendix.
Scattering contribution of the crack in this region
is denoted by ¢ .

<a)

Region III: Cavity Region (—

This region is like a parallel plate waveguide.
Therefore, the total field is expressed by a
summation of waveguide modal eigenfunctions.
Considering the boundary conditions at x = + a

and y = b, ¢; is given by,
I e ™ — e gin E[l—fj
#=3Lle fin| 12 )
where  n =.e 1k} —(nz/w) stands for the

propagation constant of the n"
waveguide mode and L, is
coefficient inside cavity region.

parallel plate
the excitation

B. Applying KP method for scattering fields
In this section, the scattering fields¢’ (i = 1, 2)

are derived by utilizing the KP method and the
boundary conditions are applied to find the
unknown coefficients. Since the scattering fields

¢’ (i = 1, 2) satisfy the homogeneous Helmholtz

equation, they could be represented as an integral
of the general solutions by using the separation of
variables method [26]. Without loss of generality,
all variables and parameters are normalized with
respect to a as follows,

X K K,
u=-—, v:l’ koz_oaklz_latzﬁa (4)
a a a a a

therefore

u)+e(£/a)sin(¢ u)}e i ag
(%)

d(&/a)cos(

and

@zé?{f(f/a)cos(é u)+g(&/a)sin(& u)}e_VJT'('zdgg

+éT{h(§/a)cos(§ u)+k(&/a)sin(& u)}e(v")ﬁdéz’

(6)
where, d(.), e(.), f.), g(.), A(.), and k(.) denote the
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unknown weighting functions. It is notable that
@ includes only the up-going wave, while @&
contains both up-going and down-going waves.
Noting the relation between trigonometric and
Bessel functions,

coséu) =

7Z§u

Ve

ﬂfu

sin@) ===/, (&) -

The weightmg functions are expanded in term of
the Bessel functions. Thus,

y o] @

- Lomn\o)
! 7 efe) ‘ZZ : ®)
and
e B
g (f/a)zz Gm J2m+2(§)a. (9)
. =] g

By substituting equations
equations (5) and (6) we have,

& =

(8 and (9) into

D,y (8)7 1 (S )

© 1
A7 1 2 N e
D |—= e 'dé,
EZI VE |+E, 0 (8)J, (& u)
2
(10)
and
poy [FfmaleV (&) -
s_ AN L 2 - &k} d
S EP R RVARETE
H,J,,. (M (&) -
2 (vt -7
R D2 i IR

In equations (10) and (11), all integrals are
identified as a class of Weber-Schafheitlin
integrals, which automatically satisfy the zero
tangential electric field boundary condition on a
part of the ground plane where ‘u‘ >Lv=0.

C. Boundary conditions

The unknown coefficients of the fields
consisting of D,,, E,, F,, G., H,, K,, and L, are
determined by applying the boundary conditions.
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The boundary conditions at the interface between
regions / and /I, wherev=¢(y = yt), are given by,

w=@ BC.1

¢1 /118 — .

Also the boundary conditions at the interface
between regions // and /1, where v= O(y = 0) , are

¢2’ =@, BC3

. BC.A4
M&% m®¢

By substituting equations (12) and (13) and
equations (7) and (9) into equations (10) and (11)
and after some mathematical manipulation, the
following equations are derived,

BC.1:

BC.2 (12)

(13)

o ©

1 i
0;) T ) (14)

[ EGS(8)+G,G5, (&)l de

m=0( E
STL .65 (6K, Gl
m=0
BC.2
| v ’ Kl 2_2
M z.[ 5 5 { D ’G2C1+l (5) +EmG;/n+2 (5)}67[\/;6{5
m=0 , (l 5)
SR Kl 22
ST Re(9 6.0 (@) e
o 9 52 K] . i
_Z‘J g { H G2m+l (§)+K G2m+2 (5)}d§
BC3

2k+1
Cos u
—l)k Ly iV [ 5 ] _

+Loy 2V SN ((k +1) mt)
Zj 2m+1

+§:I 1 { H,G5,1(£)+K,G,(9)] R g

, (16)
&)+G,G,,(£)lde
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2k +1
& 1) 2A+1(Zh2A+1a)ﬂzk+1C05( 7[ ”j B

+Lys (ihyy20) Bos sin((k +1)7 u)

—iZAKl siné eik,y, sin6, e—x’k0 cosGyx
t

_i:]c. g f_’( { F, G§m+1(§)+G G;}Hz (é)}dé:
j:]f 5;’( { H Gzcm+1(§)+KmG§n+2(§)}e*’md§’

(17)
where }/() _ {1 _ )2 }’ ,3() _ {1 4 oMb }’ Ge

and Gs are

{cﬁf(5)==JT(é)cos<éu>
G:(&)=J,(&)sin(&u) .

These equations are solved by KP method and
separated into odd and even groups in accordance

with Euler's formula. One may end up with the
following simultaneous equations.

(18)

BC.1:Even Identity:

ZD IP(f)efF dg = gonp(é)e - d<5+ZH IP(S)df: (19)

BC.1:0dd Identity:

> E [ =36, [olel T as k[ ol )

BC.2 :Even Ildentity:
# iDm ,[ JE KA ag=

) H £ -k A ag - Z Jxlfz—KfP(é)d§~ @1

m=

BC.2:0dd Identity:
DV CRS

gG (V& ae T ae- ZK [VE - otz @)

BC.3: Even Identity:
E,

¢ -2 5 z
) L7z} = 2+ ’;sz ((Zk'H) 2){ »

e

]_ (23)

[( 2k+1)§]:ﬂf i



BC.3:0dd Identity:

G,
( ){lﬁk+272k+2 i+ IZJ2m+z k+1) ){ ’WK,,} (24)

BC.4 :Even Identity:

© 2 +I((2k+1)2)
AN LByl ) ————— 2=
k4177 2k+1 k+1
Hi= (2k+1)%
2
K, 036},

i24k singe"" " Taw
t
K, cos6),

YA NER VRS YA NGy G P )

BC.4:0dd Identity:
al z { 2k+2ﬁ2k+2(ih2k+2a)M}_

4,5 (k+1)
24k sin@,e™ Sz, 086, )
K, €0s0,

+ 3G, V& R e 3K, [VE e N e

(26)
where
P(éf) 2m+l (‘f)‘]z +1( )
& 27
Q( Cf) — J: 2m+2 §)J211+2(§ ) ( )
§2

Equations (19) to (26) are eight sets of
equations to be solved for eight sets of unknown
coefficients D,,, En, Fry Gy Hyy Ky Lok, Logs1. In a
cylindrical coordinate  system  where the
observation point is represented by o and 8 the far-
field scattering is [29],

& = ll(kop+’7)z D J2m+1(k0a0059) . (©28)
2k0,0 |, .. kyacos0)

The above summations are all convergent and
therefore, n and m are limited to N and M,
respectively.

ITII. VALIDATION AND NUMERICAL

RESULTS
In this section different simulations for both
filled and coated cracks are given. Two

approaches are utilized for validation of this
method. First, FEM calculates the equivalent
magnetic current density |M,| on the aperture for
several incident angles. Second, for rigorous
validation, convergence analysis is performed by
changing the truncation numbers N and M [33].
Different cases of the simulations are listed in
Table 1.
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A. Magnetic current density analysis

Referring to Fig. 1 and Table 1, in the case (a),
the non-filled crack is coated by a dielectric layer
with a complex permittivity and permeability,
while in the case (b); the crack is additionally
filled by a complex material. Figure 2 shows the
equivalent magnetic current density distribution,
|M,| on the crack (x| < a, y = 0) for various
incident angles (6, = 15°, 30°, 45°, 60°, 75°, 90°).
In this figure, truncation number of the series is
assumed to be N, M = 14. Comparison of the
results with the FEM solution demonstrates the
accuracy of the method for all incident angles. We
plot the electric field distribution, calculated by
KP method, at normal incident angle for case (b)
(see Fig. 3). As shown, the boundary conditions
are satisfied at the edges of the crack (x / 4y == 1,
v/ Ay = 0), while the field maximum occurs near
the slab layer (y / 4o = 1). It can also be observed
that the field values at y / 4o = 1 is equal to the
black solid line in Fig. 2 where &, = 90°.

Table 1: Different scenarios of coated/filled
cracks.
2+ 1.4+
2 | 1k 1 1 o1i | o1 | /10
25+ 1.8+ 2+ 1.4+
2o | Tho 0.2i 0.1i o1i | o1 | M0
3+ 1.2+ 2.1+ 1.4+
0.5%0 | 0.2 ) ) ) | a6
0.1i 0.02i 1.53i 0.1i
27+ | 1.8+ | 533+ | 14+
08k | 03k |0 02 | o | 1530 | o | M7
8.42+ 1.6+ 348+ | 1.2+
09 | 05% | oo oti | 012 | 02i | M5
2% 2.5+ 1.8+
1A . . 1 1 -—-
[26] 0.2i 0.1i
[227;01 1 1 1 1 1
348+ | 1.2+
157\.0 107\,0 0121 00021 1 1 -

B. Convergence analysis

For rigorous validation, the error analysis is
carried out and the convergence curves are
represented in Fig. 4 for various cases ¢, d, and e.
The error function and Euclidean norm are
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/H M i=1.N Fig. 7. We also coat this case by a material with &
el ’ =2.7+0.03i, 44 = 1.4 + 0.1i and the thickness of

K 5 29) =24
=./Z\M;
k=1

where x; denotes the position of the Km point on the
crack and K represents the total number of the
observation points. The results are calculated
using K = 25 for all three cases.

According to Fig. 4, the summations converge
rapidly, such that for N and M close to 8~10, the
error is equal to 1077 = 0.02. This result is
expectable due to the fact that Weber-Schafheitlin
type integrals satisfy the boundary condition on
the PEC (|x| > a, v = 0) automatically. The rapid
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desirable for efficient calculation of the scattered o o
field in the inverse problems. Fig. 2. Magnetic current densities on the crack (|x|
<a,y =0) computed by the proposed method and

C. Results FEM for cases a and b.

In this section, we compute backscattered
RCS, bistatic RCS, and far-field scattering patterns
for several filled and coated cracks. We make
comparisons with other computed results of the
backscattered RCS for the simpler geometry, such
as the case of no coating layer. Figure 5 shows the
normalized backscattered RCS of cases f and g
from Table 1 and compare the results of this
method with those on [26]. A very good
agreement is observed between these methods.
Cases of coated layer with height y, = 45/ 3 and
relative permittivity & = 3 + 0.1/ and relative
permeability g4 = 1.6 + 0.2i are also simulated.

Black dash line and cyan dot line depict the results ~ Fig. 3. Distribution of magnetic current density in
of proposed method for coated cases f and g,  the crack computed by the KP method for crack of

respectively. Observation shows that coating layer ~ case b.
on the crack alters the RCS signature significantly.

Figure 6 shows the variation of the normalized 1
RCS versus observation angle for case g where the 08| —Casodl |
crack is coated by various materials. The crack is or # Cased
illuminated by an incident plane wave at &) = 45°. oS, [-Casecj 1

Additionally, the depth of the dielectric layer is
assumed y, = 0.6 4 for all of the coating layers. As

RN M
W
-2r ”“00“00’{

shown the dielectric constant of the layer does not sl e ‘,{’0‘,".»“..‘ AR AW
. .. : ML X T e,
have a monotonic effect on RCS. Additionally, _3, LT T S T e by
RCS drops down when very lossy material coats sl R A O
the crack (solid pink line Wlt.h .dlamonds). T T, S Y
Next, to show the validity of the proposed M=N

method for narrow cracks the normalized

backscattering RCS of the case g is presented in Fig. 4. Convergence curves for cases ¢, d, and e.
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Fig. 5. Normalized RCS as a function of incident
angles for case e, and with a dielectric layer of
case f.
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Fig. 6. Normalized bistatic RCS of the crack
versus observation angle for wvarious coated
dielectric materials of case g.

The variation of the normalized RCS versus the
dielectric layer thickness for various permittivity
and permeability are shown in Figs. 8 and 9,
respectively. The parameters of the crack are w =
02 4 and b = 0.2 A, also it is illuminated by
normal plane wave. In addition, the cracks in all
cases are filled by rust with g =2.7 + 0.03i and g, =
1. As shown in Fig. 8 when the dielectric constant
increases, normalized RCS almost increases.
According to Figs. 8 and 9, by increasing the
dielectric slab thickness RCS has oscillatory
behaviour.

Next, the scattering far-field pattern for an
empty and covered crack with w = b and 2ka = 15
is shown in Fig. 10. We compare our results with
those on [26] for non-coated crack. The crack is
coated by a common paint with relative dielectric
constant & = 3 + 0.17 and height of y, = 0.6 4, for
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plane-wave incident angle of @ = 30°. Also, the
crack is coated by a layer of salt rust with relative
dielectric of & = 5.33 + 1.53i height of y, = 0.5 Ay
for plane-wave incident angle of 6, = 75°.

ol [dB]

6o} |=caseh
~e—case h with 51:2‘7:0.03i u1:1.4+0.1i yt:kom

79%0 160 1;‘10 1‘20 1:‘&0 11‘10 15‘0 1(‘50 1"/0 180
90 [degree]
Fig. 7. Normalized backscattering RCS of the
narrow crack of case h and this case with a A,/ 4
dielectric layer of ¢, = 2.7 + 0.03/ and gy = 1.4 +
0.1:.

10y

-- -81:1 Air

-~ i H ——e&,=2.2 Polystyrene
—¢,=6 Mica
- - -g,=12 GaAs

Fig. 8. Normalized RCS of the crack with w =
0.2y, b = 0.2 4 as a function of coating thickness
for different permittivities.
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AL

Fig. 9. Normalized RCS of the crack with w =
024, b = 024, & = 2.7 + 0.03i, y4. = 1 versus
paint thickness for different permeabilities.
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Fig. 10. Scattering far-field pattern for an empty
crack where w = b and 2ka = 15.

——:(6,=30">5,=1,4 =1), Ref[26],

—-1(6,=30" 2, =3+ 0.1,y =1,y, =0.64,)

...... (6,275 55 =11 =1), Ref.[26],
(6,275, & =533+1.53i,1, =1,y, =054,

As shown a thin layer of lossy dielectric alters
the scattering pattern significantly. The maximum
scattering peak value occurs at the vicinity of the
corresponding specular direction for both cases of
incident angles. Finally, in Fig. 11, the scattering
far-field pattern for a crack with w = b and 2ka = 5
is shown. We compare our results with those on
[26] for non-coated crack. Relative permittivity and
relative permeability of & = 2.5 + 0.2i and z = 1.8
+ 0.17 are used to fill the crack and Fe,O; powder
(Rust) with relative dielectric constant & = 2.7 +
0.037 and height of y, = 0.7 4, is utilized to cover
the crack. Additionally, the results are shown for
two incident angles &, = 15°, 60°. As shown in Fig.
11, scattering pattern varies significantly even for a
thin layer of coating layer.

IV. CONCLUSION

In this paper, we analyzed the EM plane wave
scattering of a 2D rectangular filled and coated
crack on a ground plane by the use of KP method
for the TM case. The validation of the proposed
method was accomplished by utilizing two
techniques; consisting of FEM to investigate the
equivalent magnetic current density on the
aperture and the convergence analysis. The
proposed method is shown to be accurate for both
narrow and wide cracks and also is applicable to
all lossy and lossless materials for filled and
coated cracks. In addition, the sensitivity of RCS
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to permittivity, permeability, and thickness of the
overlaying layer was presented.

105° 90 75° ¥

165°

20 -15 -1 -5

10l0g10(0) [dB]

180° -

Fig. 11. Scattering far-field pattern for a crack
where w = b, 2ka = 5, y, = Ay / 7, and dielectric
filled material characteristics are depicted in the
figure legend

—:(9, =15" ., =1, 14 =1), non-filled, Ref.[26],

—. - (00 =15",6, =2.7+0.03i, 4, =1,y, =0.72, ), filled,

...... :(90 =60, ¢, =1, =1), non-filled, Ref.[26],
16, =60°, &, =2.7+0.03i, 4, = 1,3, =0.74,), filled.
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APPENDIX
STANDING WAVES IN THE SLAB
A dielectric slab on an infinite PEC ground is
shown in Fig. A. The height of the slab is y, and
the relative permittivity and relative permeability
of gand gy, respectively are the material
characterization of the slab. Here, k, = wm

and k, = k,./e 1, are respectively the free space and

the dielectric slab wave numbers. The slab is
illuminated by a TM polarized EM plane wave,

¢i(: Ei ): e—i/q,(xcos90+ysin 90)’ (Al)
and the reflected plane wave is,
¢r(: Er): Re—ikg(xcosﬁo—ysinﬁo)’ (A.2)

where, R is the reflection coefficient, €, is the
incident angle, 6 is the transmission angle.
Assuming i is the total electric field in the
dielectric slab. Therefore,



= [ Aot sing (y—y,) + B sinH,yJe—ikl cosé’,x’ (A.3)
where 4 and B are unknown coefficients. The first
term and the second term in (A.3) describe the
down-going and the up-going wave, respectively.
In order to find the aforementioned unknowns
first, we note that the tangential electric field is
zero over the PEC boundary (y = 0), thus,

B=—A4V" (A4)

Second, imposing the continuity of the tangential
field components E, and H, at y =y, yields,

o~ hovi(sinty)
14 Rsing efwsinﬂ){_ 1 +k1sin€,} ’ (A.5)
Mk, sing, ik, sing,
and
Ky sing 1+eikl2y,(sinr9,)]_1+eik12)’z(5in9r)
R=tasinG, (A6)
_M 1+ eikl 2)’1(51“'91)]_1 + eik12y,(sin0,) ‘
Mk, sing),
.e—iko2y,(sim90).

Thus, the electric field in dielectric slab can be

expressed as,
W= A[ e—ikl(y—y,)smﬁ, _ e+ik1(y+y,)sin9, J e—iklcos@x.

(A.7)
where 4 is given in equation (A.5).
AY
Plane Wave
. E.

bk . Incident

L bsk,y

gl’:ul v,k

\/ * b

Fig. A. Geometry of a dielectric slab on an infinite
ground plane.
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