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Abstract — In this paper, the region of interest is a
cavity between a spherical and electrically
homogeneous earth and an  anisotropic
homogeneous ionosphere. Both the dipole
(Vertical Electric Dipole (VED), Vertical
Magnetic Dipole (VMD), or Horizontal Electric
Dipole (HED)) and the observation point are
assumed to be located on or near the spherical
surface of the earth. The approximate formulas are
obtained for the electromagnetic field of a vertical
magnetic dipole and that of a vertical electric
dipole in the presence of an anisotropic earth-
ionosphere cavity, respectively. Based on the
results obtained, the approximate formulas are
derived readily for the electromagnetic field of a
horizontal electric dipole in the presence of an
anisotropic earth-ionosphere cavity by using a
reciprocity theorem. Analysis and computations in
SLF/ELF ranges are carried out specifically.

Index Terms — Anisotropic
cavity, reciprocity theorem,
electromagnetic field.

earth-ionosphere
SLF/ELF

L. INTRODUCTION

The subject on the VLF/ULF/SLF/ELF
electromagnetic waves (VLF: 3 kHz - 30 kHz;
ULF: 300 Hz - 3 kHz; SLF: 300 Hz - 30 Hz; ELF:
30 Hz - 3 Hz) in the earth-ionosphere waveguide
or cavity were intensively investigated for over 60
years because of its myriad applications in
submarine = communication and navigation,
geophysical prospecting and diagnostics, and
earthquake electromagnetic detection [1-7].

Since the 1950s, driven by the defense
requirement, the VLF radio wave propagation
theory was investigated by many researchers,
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especially including several pioneers, such as
Budden [3], Wait [4,8-10], and Galejs [14-17]. In
early works by Wait and Galejs, detailed analysis
was carried out on the VLF radio wave
propagation in an earth-ionosphere waveguide.
Naturally, the VLF radio wave propagation theory
can be extended in the study on SLF/ELF radio
wave propagation. Since the 1960s, the SLF/ELF
wave propagation were studied widely [11-26]. In
particular, it was noted that the outstanding
contributions on the SLF/ELF wave propagation
and application were made by Galejs, and the
detailed findings were well summarized in the
classic book [5]. With the extension of the
pioneering works by Budden, Wait, and Galejs,
some important developments on the SLF/ELF
wave propagation were accomplished [18-26]. It
was also pointed that some excellent works on the
SLF/ELF wave propagation were also carried out
in China, and those works were summarized in
recent book [28].

In SLF/ELF ranges, when considering the
effect by geomagnetic field, it is necessary that the
ionosphere should be idealized as anisotropic
plasma. Unfortunately, the complete analytical
solution on SLF/ELF electromagnetic field of a
horizontal electric dipole source in the presence of
an anisotropic earth-ionosphere waveguide or
cavity are still in dark by now. In what follows, we
will attempt to outline the complete approximate
solution for the SLF/ELF electromagnetic field of
a horizontal electric dipole in the presence of an
anisotropic earth-ionosphere cavity. The region of
interest is a cavity between a spherical and
electrically homogeneous earth and an anisotropic
homogeneous ionosphere, and both the dipole
source and the observation point are assumed on
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or near the earth’s surface. First, the approximate
formulas are obtained for the electromagnetic field
of a vertical magnetic dipole in an anisotropic
earth-ionosphere cavity. Based on the obtained
results of wvertical magnetic dipole and the
available results of vertical electric dipole, the
approximate formulas are derived readily for the
clectromagnetic field of a horizontal -electric
dipole in the presence of an anisotropic earth-
ionosphere cavity by using a reciprocity theorem.
Finally, computations and analysis in SLF/ELF
ranges are carried out specifically.

I1I. EM FIELD IN AN ANISOTROPIC
EARTH-IONOSPHERE CAVITY
The geometry under consideration is shown in
Fig. 1. The cavity is occupied by the air

characterized by the permeability z4, , uniform
permittivity &, , and conductivity o, =0 . The
spherical earth is characterized by 4, , uniform
permittivity &, , and conductivity o, . Assuming
that the earth’s magnetic field By, which has the
angle ¢, with z —direction, is in the x—zplane,
the ionosphere can be characterized by a tensor
permittivity Z [3] Itis:

& =& ([1]+[m)), (M
where & is the free-space permittivity, [1] is 3% 3
unit matrix, the susceptibility [M]is expressed in
the following form:

M
U=y’ iUy Ly )
x| —-ilUy U’ iy |,
-1y —ilUy U -y

where U=1+i(¢/w) and ¢ 1is the effective
electron collision frequency of the ionosphere,
y=(o)/(®), X =(a})/(0*), @y and @, are the
gyrofrequency of the electrons and the angular
plasma frequency of the ionosphere, respectively;
[ =sin@, and [ =cosf, are the directional
cosines of the Earth's magnetic field in the x and
z directions, respectively.
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Anisotropic Ionosphere

Dipole Source:
! | VED,VMD or HED

Fig. 1. Geometry of a dipole source in the
presence of an anisotropic earth-ionosphere cavity.

In general, a SLF/ELF radiation source is
usually employed a horizontal linear antenna. So
that it is necessary to investigate SLF/ELF
electromagnetic field of a horizontal electric
dipole in the presence of an anisotropic earth-
ionosphere cavity. In available reference [27], the
electromagnetic field of a vertical electric dipole
in the presence of an anisotropic earth-ionosphere
cavity is addressed specifically. If the
corresponding electromagnetic field of a vertical
magnetic dipole, the analytical solution on the
electromagnetic field of a horizontal electric
dipole in the presence of an anisotropic earth-
ionosphere cavity can be obtained readily. Next,
we will attempt to derive the approximated
formulas for the electromagnetic field of a vertical
magnetic dipole in the presence of an anisotropic
earth-ionosphere cavity.

A. Field of vertical magnetic dipole
Assume that a vertical magnetic dipole is
represented by its moment Z/daS(x)5(y)o(z—b) ,

where da is the area of the loop, b=a+z , and

z. >0 denotes the height of the magnetic dipole

above the earth’s surface. Considering anisotropic
properties of the ionosphere, the field components
radiated by a vertical electric dipole in the
presence of an anisotropic earth-ionosphere cavity
can be expressed in the terms of the potential
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functions U and V , which is addressed in the
book by Pan [27]. In this paper, we assume that
the characteristics of SLF/ELF wave propagation
are determined by the propagation path from the
dipole source to the field point, namely, the
propagation characteristics are not affected by
other propagation paths. Then, we have 6/0¢=0.

Additionally, the surface impedances of the earth
and the ionosphere are changed very slowly to the
propagation  distances. = For  mathematical
convenience, the surface impedances of the earth
and the ionosphere are regarded as constants. Thus,
we write:

E = [_+ kzj(Ur), (3a)
or
1 0
E,= = (Ur), (3b)
jou O
E,= ‘%E(W)’ (3¢)
H, = [8—22+k2j(1/r), (3d)
or
1 o
H, e vr), (3e)
iwe O
=% 9 ), 3
Hy===550n) G1)

It is noted that the potential functions U and V'
satisfy the following wave equation:

(v +k2{(ﬂ ~0. @

With similar procedure for the electromagnetic
field of a vertical electric dipole as addressed in
the book by Pan [27], by using the boundary
conditions at » =a and » =a+h, the potential
functions U and V" are expressed in the following
forms:

Ur=> A FM(2)P(cos(z~0)), (5a)

Vr= ZA”G,ﬁM )(2)P.(cos(z - 0)). (5b)

where V = V7, nis wave impedance in free space,
A, is the excitation factor, and P,(cos(z —@)) is

the potential function U is used to express the
electromagnetic field components when the dipole
source is a vertical electric dipole (TM mode), and

the potential function V' is used when the dipole

source is a vertical magnetic dipole (TE mode).
For the electromagnetic field radiated by a

vertical magnetic dipole, the “height-gain”

function G,EM)(Z) of the potential function 7
should be normalized, namely, G!")(z=0)=1 .

Then, we have:

e (z) =

n

(7 22 an
— {exp[—lkjo(cn+75'n) dz}

hn
+R, exp[ik [« +£S§)”2dz}}. (6)
0 a

The normalized “height-gain” functions F,,(M)(z)

of the potential function U is expressed in the
form of:

/M e 2z 23
EM(2)= 1 i 2 {exp{—zk [« +;S}f)2dz}
hn

[ 2z .
+R, exp{lkj.o (C? +;Sj)2 dz}} (7)

In the above two formulas, C, are the roots of the
following mode equation:

[(1+Re™)=C A, (1-R,e™)]

[c‘ (1-R, &™)+ A, (1+ R, )]

. , . 8
+C AL, (1+ R )(1- R, ) =0, ®
where
-A
R, =S P, ©)
C+Ag
) :L/Ag, (10)
C+1/Ag
1
H:Ih[C2+2ZS2)2dz, (11)
0 a
1
c :(czﬂsz]i (12)
a

and A, is the normalized surface impedance of

the earth. At lower frequencies, the normalized
surface impedance Ag at the earth’s surface is

approximated as:

2
RS VO L (13)
k&
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where Ag is the wave number of the earth. The

normalized surface impedance matrix of the
ionosphere [A] is written in the form:

[a]= [ Azj (14)

It is noted that the normalized surface impedance
matrix of ionosphere [A] can be determined and
computed by using the proposed method in the
classic book by Budden [3]. The parameters C
and S are defined by:
+1

V;(fzaz)=sz; C=1-5". (15)

And M, in (7) is the coupling factor to show the

coupling relationship between TE wave and TM
wave. It is written in the form:
A,C. (1-R, ")
" c (=R, ")+ A, (1+R, e

gn

. (16)
2,/(11”)

It is noted that the excitation factor for the
electromagnetic field of a vertical magnetic dipole
is different to that for the electromagnetic field of
vertical electric dipole. It is necessary to examine
the “orthogonality” between waves of different
orders. The inner product of the two waves with
different orders is defined by:

h
4, =[G )G (2)+ pFE (2)E (2) . (17)
A, /A, . Since G, G, (M) and
F™M) satisfy the following differential equation:

Z”(r)+k2[l—VE;?)}Z(;"):O, (18)
r

where p, =

we get:
S (EE - )
_ FU0 prlan) _ ) po)
_p {#(A;;l) _ V(Vz;l) FO0 0
~ k(82 -8y ) M EM, (19)
where
§2 = ,u(,u+1); S? = v(v+1)‘ (20)

m k2a2 k2a2
Considering the boundary conditions, we have:
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Jh F00) ) 1
o m kZ (SZ SZ)
(R )R ()R () (2)],
1 ikA,,

K (S2-87) A,

M) (G 00 () M) 21
(£ ()G ()~ EL (1) G (1))
Similarly, we write:

J” GMG™M gy — _ 1 ikA,,
0 n m

k2 (S'i _S:) Azz
(61 (h) L) (1) =L (1) (1)
It is seen that, when A, =A,, =0, both TE and

TM waves are not coupled each other. When
n#m, we have:

(22)

n

Then, the factor 4,
form:

A =J1(G9G 4 p O

n

is expressed in the following

das, "
With substitutions (6) and (7) into (23), we have:

Aerl
(

p‘ R, +R, on
as.

+p) {Fn““ ()2 (h)}}' (24)

J{[]CI] R:+R; jexp(ZlkH)

n

!

[A/; +1]exp(—2ikH):|' Zg”

n

OR
£ 2ikC! ( — ‘21; j} 25)

Then, the field component £ can be expressed in

the form:

E, ——%ZA GM(z)=P,(cos(z-0)). (26)
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In the next step, the main task is to determine
the excitation factor A, . It is noted that the

excitation source (vertical magnetic dipole) can be
regarded as a small loop antenna which is placed

at the height of z_. When the observation point is

infinitely close to the excitation source, the effects
by the earth and the ionosphere can be neglected.
Thus, we write:

lim271E, (r,0) = iuywH (r,0)da
N @g(r_rs). 27)

Multiplying the function G}(qM)(z) on both

sides of (27) and integrating from 0 to 4 for z ,
with (26), it follows that:

lim iou,lda

G™M)
00 2716 (z)

n

—lim- " 4 iP (cos(z—0)). (28)

00 pp "M 00

Considering,

lim oP,(cos(z —0)) _ 2s1nvzz’ (29)

-0 00 70
we have:

(M)
A =_MdaG"(z,) (30)
44, sinvr

In SLF/ELF ranges,
impedance A,

the normalized surface
is small, so that the excitation

factor of a vertical magnetic dipole A is very
small. In other words, for the electromagnetic field
in SLF/ELF ranges radiated by a vertical magnetic
dipole in the presence of an earth-ionosphere
cavity, the excitation efficiency is very low.

From (3a)-(3f), (5a)-(5b), and (30), the six

field components E,, E,, E¢, H., H, and H¢
of the electromagnetic field radiated by a vertical
magnetic dipole at (a + ZS,O,O) in the presence of

an anisotropic earth-ionosphere cavity, are

expressed in the following forms:

nlda G\" (z,)F™
,0,¢0

nn

62PV (cos(7-0))

sinvzo*6

, (€29

—nlda ¥ G, (vz,) oF™ (z)
4 S A, Oz
oP, (cos(7-0))

sinvzrod

E, (0,0) = ia),:tlda Z G

r n

oP, (cos(7-0))

sinvmo6d

Jda — G (zS)G,EM) (z)
prD

nn

E,(r.0,9) =

, (32)

(33)

>

H, (r,0,p) =

0°P, (cos(7-0))
sinvo’0

—Ida Z G,(,M) (ZS ) aGf,M) ( z)
4r A 0z

(34)

b

H, (r,H,(p) =

OP, (cos(7 - 0))
sinvr oo
cienlda 5 G," (z)5" (2)
4y ~
oP, (cos(7-0))

sinvrol

H, (r.6,0) =

) (36)
where r =z+a.

B. Field of vertical electric dipole

If the excitation source is replaced by a
vertical electric dipole, which is represented by the
current density zIdlS(x)0(y)d(z—b) , the formulas

for the components E£, , E,, E¢ , H,, H, and
H 4 of the electromagnetic field radiated by a

vertical electric dipole at (a+z,0,0) in the presence
of an anisotropic earth-ionosphere cavity, were
derived specifically in the monograph by Pan [27].
We write:

(E) ( Z)

(r 9 l[daz Z

4a)5r

mm

o°P (COS(?Z’ 9))

sin uz6’0 37
—ildl < F," (2,) 0F, (2)
Ey (r,@,(p) - 4a)grz A Oz
OP (cos(z—6
(eons-0)

sin uw o6
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—uldl - 7 (2,) G (2)
E 0,p) =
o (r-0:0) 4rne Z o
P, (cos(ﬂ' - 0)) (39)
sin um0
ildl EP(2,)GY (2)
H 9 — m s m
(r.6.9) dnwer’ zn: 4,
°P, (cos(ﬂ—é’)) “0)
sin umo*0 ’
—ildl  F(z,) 0G' (z)
H 9 — m S m
g(r, ,(p) 477a)5r; A, oz
oP, (cos(ﬂ—H)) 41
sin uzo6 1)
a0 () ()
H 2] _ m s m
o(r0:9) = 02 R
oP, (cos(;r - 9))
sin prw 06 (42)
where
_ 1
" 2s, (1+R,)
o oH
{~4ikC] (R, + p’ MR, )@
+[(1+p2M:1)exp(—2ika)
_qac
_(Rj +p2MjR,f)exp(21kH)] 55
,[ OR, OR
-2€, ( 6S: + M, ﬁj} (43)
P = Alz/Azl - (44)

It is noted that the “height-gain” function F| ff )(z)

of the potential function U is normalized as
F,,SE )(Z = ()) =1. Then, we write:

1
{exp {—ikj.oz (€ + 252y dz}
a

am
(P2, 22 Z%d
+R,, exp zkj.O(Cer;Sm) 2| 45)

Correspondingly, the normalized “height-gain”
function G,(nE)(z) of the potential function V is

written as follows:
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M z 2z 1
G (z)=—= {exp{—ik (C37+—Sj)2dz}
+R,, '[0 a
+R ex ikr(C2+£S2)%dz
m &P ik | (€, +—=35,, - (46)

C. Field of a horizontal electric dipole

The electromagnetic field of a horizontal
electric dipole can be obtained from the
electromagnetic fields of vertical electric and
magnetic dipoles by the reciprocity theorem [4-5].
Following similar manner addressed in Sec. 4.2.4
in the monograph by Galejs [5], the vertical field

components E'“ and H’ at (a+z,0,0), where
the subscript se designates the horizontal electric
dipole, can be derived readily. We write:

. he F(E)
E*(r,0,p) = -;Id—scos (pZ’”A—(z)

e

0 mm

oF\") (z,) 0P, (cos(;r - 49))

oz sin uzof “7)
he (M) (M)
) g IO
oP, (cos(7-0))
sinvzdd (48)

From Maxwell’s equations, the other field

components E;’e , E;e , ng and H ;’e can be

expressed in the terms of E" and H!*, we have

2 he 2 he
i +8_2 (rsin@H;’e) =—iws, OF, +sint9a H, s (49)
or op orol

o O E™ OH"e
k* +— |(rsin@E) ) = —"—iau, sin@—, (50
arz](l" 1 9 ) 8’”6({7 ! IUO arag ( )

B he 2 he
k2+6_2 (rsinHHﬂe):ia)eo sinHaE" +6 H, , (1)

» 4 00  Oorop

e . o . L OE"  oH"™
k2 +a7](VSIHHE; ) =sind oro0 +la)ﬂ0 o0 : (52)

It is seen that the height functions of all modes
of the electromagnetic field components in the
earth-ionosphere cavity should be satisfied to the
equation (18).

With substitutions (47) and (48) into (49)-(52),
and considering the relation v(v +1)/r ~ k’a, the

analytical formulas of the remaining four
components are obtained readily. We write:
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Idshe 1 F(E)( )
Hy (r,0,9) = ing| —
0 (0.9 = qu{sma; 4 S
OF " (z,) oP,(cos(z - )
oz sin umo6
L_26G,7(z) Gan

B Z AnnS;f (ZS )

6 PV(COS(ﬂ'— 0)) (53)
sinom’0 |

0z

d he F(E)
Wa ¢{2A—§)

mn=—m

H (r,0,) =

OF'" (z,) 0P, (cos(z —0))
oz sin und*6
1 1 8G,(,M)(z)G(M) (=)

- sin@zn: 48 oz "

or, (cos(ﬂ—é’))} (54)
sin v O ’
ildS
4k*a®

E)(r,0,p) =—5—sing

1 1 5FW(IE) (2)
Logo sinHZA Sz oz

G(M)( )

¥yl

nn"n

52R/(cosﬂ—9)} (55)

sinvz o’
ilds™

E;le(}",e,¢) = —WC

0s¢@

1 1 oF"(z)
|:a)80;A S oz

oF'" (z,) 0°P,(cos( - 0))
0z sin y70°60
G,"(2)6,"(z,)
AnnSj

OP, (cos( —9))} (56)
sinvzo06 '

II1. FIELD OF A HORIZONTAL
ELECTRIC DIPOLE
From above derivations and analysis, it is seen
that the approximated formulas are derived for the
electromagnetic field of a horizontal -electric

dipole in the presence of an anisotropic earth-
ionosphere cavity. In VLF ranges, the
electromagnetic fields of a dipole source (vertical
electric dipole, vertical magnetic dipole, and
horizontal electric dipole) can be computed readily
by using (47), (48), and (53)-(56). Obviously, the
computations can also be carried out for the
electromagnetic field in SLF/ELF ranges of a
dipole source (VED, VMD, or HED) in the
presence of anisotropic earth-ionosphere cavity.

In practical applications, the horizontal
antenna is usually placed on or near the earth’s
surface, and considering the height of the antenna
is very small comparing to the wavelength of the
electromagnetic wave in SLF/ELF ranges, the
horizontal dipole source and the observation point
can be regarded to be placed on the surface of the

earth; namely, z, ~0 and z~0. Then, we have:

F(0)=1, Gy (0)=M,(1+R,,)/(1+R,,).
GM(0)=1, FM(0)=(1+R,,)/M,(1+R,,).
oF") (2) oGM(z),  —i

koz 70 Be> koz

At large distance between the dipole source
and the observation point, namely, kp >>1, and

the observation is not close to an antipole, the
Legendre function of the first kind is
approximated by:
P, (cos(z ~6))
sinuz

2 . i
~— ’—ﬂkaSn 7 exp(ikaS 6 + ?), 57
Thus, we have:
~—i , 2kaS,
zsin@

OP, (cos(7 — 0))
il 58
exp{l(v+ j0+ }, (58)

sinvo
2 J—
0°P (cos( —0)) N : (ka s )3/2
zsind

sinv0*0
exp{z(lﬂr j9+?}. (59)

When the observation point is close to an
antipole of the dipole source, the approximate

OP, (cos(7 —0))
formulas of the functions 20 and
&°P,(cos(r —0))

0’0

z=0

are written in the following forms:
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O (cos(z=0) _& (ijz 5_(1)

Kv %) _%} (60)

6P(cos(ﬂ' 0)) —_ v
e 2
+ﬁ[v+l) lej _Z}, (61)
16 2 2 6
where o =7-6.

At short distance between the dipole source
and the observation point, namely, kp<<1, we

have:
OP, (cos(7 —6)) zi(v +1j HO (Hljg (62)
sinvoé 2) ! 2)
0P (cos(z—0) "+ P
sinvo*0 0 .

By using above approximate formulas, the
computations can be simplified greatly. In the
following computations, the electron density of the
lower ionosphere is described by a two-parameter
exponential profile [29,30],

N,(2) =1.43x107 ™01 ™ (64)

where the two parameters / in kilometers and 2
in km™! control the altitude of the profile and the
sharpness of the ionospheric transition,
respectively. Then, by using the proposed method
in the book by Budden [3], the normalized surface
impedance matrix of the anisotropic ionosphere

[A] can be computed readily.

With a=6378 km, ¢=7/4 , c,=10" S/M,
h=85 km, and B=0.3 km ', the magnitudes of E,
and H, at /=100 Hz are computed and shown in

Figs. 2 and 3, respectively. In above computations,
numerical results are obtained for both isotropic
and anisotropic case by using the proposed
method, respectively. Comparing to the available
results for isotropic case, it is seen that the
numerical results for isotropic case by using the
proposed method in this paper are in good
agreement with the corresponding results by using
spherical harmonic series solution addressed in
Chapter 2 in the book [28]. From Figs. 2 and 3, it
is seen that when the propagation distance p is

close to 20000 km, the magnitudes of the field
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components are enlarged. This is caused by the
multi-path effects.

-260

—Anisotropic case
- —Isotropic case

-280

&
S
S

[E6] in dB(V/m)
&
N
o

-340 |

-360

0 0:5 1 1:5 2
pin km x10*
Fig. 2. The electric field |Ey| in V/m at £~100 Hz

with a=6378 km, ¢=7x/4,0,=10" S/m, h=85
km, and =03 km .

260 }+ —Anisotropic case|]
- = Isotropic case

-280

[Ho| in dB(A/m)
&
o
o

-320
-340
-360
0 05 1 1.5 2
pin km x10*

Fig. 3. The magnetic field |H,| in A/m at £100
Hz with a=6378 km, ¢=7x/4 , o, =10" S/m,
h=85 km, and £=0.3 km'.

When the observation point is close to the
antipole of the dipolesource, the multipath effects
should be considered. The electric field

components £, , E,, and E , and the magnetic
field components /1, and H; versus the distance

p from the antipole at /=100 Hz are computed and
shown in Figs. 4 and 5, respectively. The
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electromagnetic wave, which propagates along the
large circular path should not be neglected. The
total field included the electromagnetic wave
propagating along both the short and large circular
paths. Obviously, it is seen that when the
observation point is close to the antipole, the
interference between the electromagnetic waves
along different propagation paths occurs.

-240

-260 |

-280 |

-300

Magnitude in dB(V/m)

-320 |

340 200 400 600 800 1000 1200 1400 1600

p from antipode in km

Fig. 4. Magnitudes of the components £,,E,,E,
at /=100 Hz with a=6378 km,
p=r/4 6 0,=10" S/m, h=85 km, and B =0.3

km™".

280

—Hg
20}t |- Ho
-300 |

-310 E

-320

-330

Magnitude in dB(A/m)

-340 |

350 200 400 600 800 1000 1200 1400 1600

p from antipode in km
Fig. 5. Magnitudes of the components H,
and H; at £~100 Hz with @=6378 km,
p=rn/4,0,=10" S/m, h=85 km, and S =0.3

km™".
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