
Series Solution to the Radiation from Slotted Antenna on Elliptic Cylinder 

Coated by Biaxial Anisotropic Material 
 

 

A-K. Hamid 
 

Dept. of Electrical and Computer Engineering, College of Engineering 
University of Sharjah, UAE 

akhamid@sharrjah.ac.ae 
 
 

Abstract ─ Radiation characteristics of an axially slotted 
circular or elliptical antenna coated by biaxial anisotropic 
material are investigated using series solution. The fields 
inside and outside the coating regions are expressed in 
terms of appropriate Mathieu functions with unknown 
field coefficients. The boundary conditions at the 
conducting and dielectric coating surfaces are invoked 
to obtain the unknown field expansion coefficients. 
Numerical results are presented graphically for the 
radiation pattern with various geometries and electrical 
parameters. 
 
Index Terms ─ Axially slotted elliptic antenna, biaxial 
anisotropic material, Mathieu functions, series solution. 
 

I. INTRODUCTION 
Numerous scholars in the literature have studied 

the characteristic radiation by dielectric coated slotted 
circular and elliptical cylinders [1-6]. Investigation on 
the radiation by axially N slotted elliptical antenna 
coated with lossy dielectric material was conducted by 
Hussein and Hamid [7]. Recently, materials possessing 
both lossy and lossless metamaterials as well as chiral 
material have gained considerable attention by several 
researchers [8-10], while possessing anisotropic materials 
have been studied by [11-13]. The anisotropic material 
coating is important to investigate since the electrical 
characteristics of coated antenna are not uniform in all 
directions [14-15]. Antennas with anisotropic dielectric 
coating may have application in satellite communication, 
space aircraft and airplanes industries. 

To the best of our knowledge, the radiation produced 
by an axially slotted circular or elliptical cylinder coated 
with biaxial anisotropic material has not been investigated 
using series solution. 

This paper presents series solution to the radiation 
by an axially slotted antenna on a conducting elliptic 
cylinder coated with biaxial anisotropic material based 
on the boundary value method. The presented numerical 
results will show the effect of biaxial anisotropic 
material coating on the radiation pattern of slotted 
antenna. 

II. FORMULATION 
The geometry of conducting elliptic cylinder with 

axially slotted antenna covered by biaxial anisotropic 
material is shown in Fig. 1. The antenna is assumed to 
be infinite in the z-axis. The antenna parameters ac and 
bc represent the conducting core semi-major and semi-
minor axes, respectively, while a and b are the semi-
major and semi-minor axes of the dielectric coating 
material. The axial antenna slot coordinates are denoted 
by 1  and 2 .  The relation between the elliptical (u, v, z) 
and Cartesian coordinate systems (x, y, z) is: 
 cosh( )cos( ),x F u   (1) 
 sinh( )sin( ),y F u   (2) 
where F is the semifocal length of the elliptical antenna. 
The radiated electric field exterior to the biaxial 
anisotropic dielectric coating (region I and 1  ) can 
be expressed in terms of Mathieu functions as follows 
[16]: 
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where ,,oeq   qmC  are the unknown radiated field 

expansion coefficients, qmS  are the angular Mathieu 

functions of order m, while (4)
qmR  are the radial Mathieu 

functions of the fourth kind. It should be noted that 
cosh ,u   cos ,   ,c kF  and k .   
The relative permittivity and permeability tensors 

of the anisotropic material referred to the coordinate 
axes , , z   are assumed to be biaxial and written as 
[17-19]: 
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The Maxwell’s equations for an anisotropic region 
can be written as: 

 ,rjkZ   E H  (5) 

 ( ) ,rj k Z   H E  (6) 
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where Z is the free space wave impedance, and a bold 
symbol referring to a vector sign. The electric and 
magnetic field components within the anisotropic elliptic 
cylinder can be written using equation (5) and (6) as: 
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Substituting for ,II II

u vH H  in (9) from equations (7) and 
(8), we obtain: 
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If II

zE  is written as the product ),()( 21 ugvg  then by 
using the method of separation of variables, equation 
(10) can be separated into the two differential equations: 
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satisfied by 13( ,cos ),nSq c v
(1)

23( ,cosh ),pRq c u  respectively, 

with 2 1 ,r rp m   13 1 3 ,r rc F   23 2 3 ,r rc F    
2 2(cosh cos ,h F u    and 2b  being the separation 

constant. 
The electric field inside the biaxial anisotropic 

dielectric coating (region II) for 1c     can be written 
in terms of Mathieu functions as: 
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where qmA  and qmB  are the unknown transmitted field 

expansion coefficients, (1)
qpR  and (2)

qpR  are the radial 
Mathieu functions of the first and second kind, 
respectively. The magnetic field components in regions 
(I) and (II) are derived using Maxwell’s equations and 
written as:  
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The prime in equations (14) and (15) refers to the 
derivative with respect to .u  

The electric field zE  should be continuous across 
the dielectric layer at 1,   this leads to: 

 

(1) (2)
23 1 23 1 13

(4)
0 1 13 0

[ ( , ) ( , )] ( )

( , ) ( , ),

qn qp qn qp qn

qm qm qnm

m

A R c B R c N c

C R c M c c

 




 


 (16) 

where 13( )qnN c  and 13 0( , )qnmM c c  are defined as: 
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The tangential magnetic field components at 1   
should also be continuous and require that: 
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The tangential electric field on the conducting surface 
(

c  ) must be zero except at the slot surface. This 
leads to: 

 

(1) (2)
23 23 13

,

1 2

[ ( , ) ( , )] ( , )= 

( )

0, elsewhere.

qm qp c qm qp c qm

q m

A R c B R c S c

F v

  

  





 







 (20) 

Multiplying both sides of (20) by 13( , )qnS c   and 
integrating over 0 2 ,v    we obtain: 
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The integral in equation (21) may be computed 
numerically by expressing the field at the slot surface as 
[6,7]: 
 0 0( ) cos[ ( ) / (2 )],F E       (22) 
 0 1 2( ) / 2,     (23) 
 2 1( ) / 2.     (24) 

The angular Mathieu functions are written in terms 
of Fourier series as: 
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Substituting equations (25)-(26) into equation (21), enF  
and onF  can finally be written as: 
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Solving for enB  by equation (21) and incorporating the 
result in equations (16) and (19) by eliminating ,enA  
we obtain the radiated field coefficients .enC  Similar 
procedure may be followed to obtain the odd 
coefficients .onC  
 

 
 
Fig. 1. Slotted antenna on elliptic cylinder with biaxial 
anisotropic material coating. 
 

III. NUMERICAL RESULTS 
After computing the radiated field coefficients 
,qnC  the far-field radiation pattern, antenna gain, and 

the aperture conductance may be evaluated. The slotted 
antenna far field can be written as: 
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where   and   represent the polar coordinates in the 
cylindrical coordinate system. The antenna gain is 
expressed as [6,7]: 
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The accuracy of the obtained numerical results is 
checked against slotted circular and elliptic antennas 
coated with conventional dielectric material [6,8]. 
Figure 2 shows the radiation pattern numerical results 
(gain versus  ) obtained for a conventional dielectric 
coating material represented by solid line ( 2r   and 

1r  ), while biaxial anisotropic coating represented by 
dotted 2r = 4 and circled 2r = 9 lines. The slot 
location is at o

0 90  where o2.8657 .   The parameters 
for the biaxial medium are 1 1.0,r   2 1.0,r   

3 2.0,r   1 1.0,r   3 1.0,r   while for cylinder 
geometries are kac = 1.0, kbc = 0.6, ka = 1.13, kb = 0.8. It 
can be seen the gain of the antenna is slightly dropped 
at the location of the antenna by increasing the value 

2r  from 4 to 9 while the gain is increased for the 
range -100° to 0° and 150° to 250°. 

Figure 3 is similar to Fig. 2 except for circular 
antenna with kac = 1.0, kbc = 1.0, ka = 1.6, kb = 1.6. The 
gain is not affected by increasing the value 2r  at the 
location of the antenna while it is significantly 
decreased at the side lobes locations. 

Figure 4 shows the again for an elliptic antenna by 
fixing the value 2r  at 4.0 while changing the value of 

3r  from 2.0 to 4.0. Increasing the value of 3 2.0r   

has little on the antenna except for minor increase at the 
side lobe locations. Figure 5 is similar to 4 except for 
circular antenna it behaves like elliptical antenna. 
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Fig. 2. Radiation pattern of slotted elliptic antenna 
coated with biaxial anisotropic material and different 
values of 2r  ( 1 1.0,r  2 1.0,r  3 2.0,r  1 1.0,r   

3 1.0,r   kac = 1.0, kbc = 0.6, ka = 1.13, kb = 0.8). 
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Fig. 3. Radiation pattern of slotted circular antenna 
coated with biaxial anisotropic material and different 
values of 2r  ( 1 1.0,r  2 1.0,r  3 2.0,r  1 1.0,r   

3 1.0,r   kac = 1.0, kbc = 1.0, ka = 1.6, kb = 1.6). 
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Fig. 4. Radiation pattern of slotted elliptic antenna 
coated with biaxial anisotropic material and different 
values of 3r  ( 1 1.0,r  2 1.0,r  1 1.0,r  2 4.0,r   

3 1.0,r   kac = 1.0, kbc = 0.5, ka = 1.1, kb = 0.7). 
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Fig. 5. Radiation pattern of slotted circular antenna 
coated with biaxial anisotropic material and different 
values of 3r  ( 1 1.0,r  2 1.0,r  1 1.0,r  2 4.0,r   

3 1.0,r   kac = 1.0, kbc = 1.0, ka = 2.0, kb = 2.0). 
 

In Fig. 6 we plotted the gain versus the anisotropic 
dielectric material thickness for the cases kb = 0.7 and 
kb = 1.0. It can be noticed for these cases, the side lobes 
decrease and the antenna bandwidth increase. Figure 7 
is similar to Fig. 6 except for circular antenna for 
thickness kb = 1.3 and kb = 1.5. 
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Fig. 6. Radiation pattern of slotted elliptic antenna 
coated with biaxial anisotropic material and different 
values of kb ( 1 1.0,r  2 1.0,r  3 2.0,r  1 1.0,r   

2 4.0,r  3 1.0,r   kac = 1.0, kbc = 0.5). 
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Fig. 7. Radiation pattern of slotted circular antenna 
coated with biaxial anisotropic material and different 
values of kb ( 1 1.0,r  2 1.0,r  3 2.0,r  1 1.0,r   

2 4.0,r  3 1.0,r   kac = 1.0). 
 

IV. CONCLUSIONS 
The radiation characteristics of an axially slotted 

circular, for comparison, or elliptical antenna coated by 
biaxial anisotropic material were investigated using 
series solution. It was shown that the presence of 
biaxial anisotropic material coating with specific  
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characteristic values and thickness lead to reducing the 
side lobes and enhancing the bandwidth of the antenna. 
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