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Abstract — An accurate evaluation of lightning
electromagnetic pulse (LEMP) using the finite-difference
time-domain (FDTD) method in 2-D cylindrical
coordinates is studied, which takes the soil dispersion
into account. The parameters of engineering soil models
are reformed by the vector-fitting (VF) scheme, for
an efficient handling in FDTD. The FDTD updating
equations for the dispersive soil are developed with the
semi-analytical recursive convolution (SARC) algorithm.
The cylindrical CPML is also developed for truncating
the dispersive soil. The efficiency of the proposed
method is validated by comparing the numerical results
with the Cooray-Rubinstein (CR) approximation. The
proposed method provides an accurate FDTD evaluation
of LEMP considering the soil dispersion and can
be further incorporated into the simulations of more
complicated LEMP problems.

Index Terms — Dispersive soil, FDTD, LEMP, SARC,
vector-fitting.

I. INTRODUCTION

The electromagnetic field radiated by the lightning
channel is a key threat to the safety of the social
electronic equipment, communication systems and
power systems. Therefore, it is important to investigate
the lightning-radiated electromagnetic field and its
propagating property. For the past decades, the precise
evaluation of lightning electromagnetic pulse (LEMP)
around the lightning channel has drawn worldwide
concern. The evaluation methods for LEMP can
be divided into three categories: theory, numerical
simulations, and experimental validation [1]. Since the
analytical formulation is restricted to unrealistically
simple configurations and the experiment is not easy
to be implemented, the numerical simulation has
been increasingly employed in investigations of LEMP
problems.

During the past decades, lots of numerical methods,
such as the method of moments (MoM) [2], the finite-
difference time-domain (FDTD) method [3-5], the finite-
element method (FEM) [6,7], the transmission-line-
modeling (TLM) method [8], and the partial-element
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equivalent-circuit (PEEC) method [9], have been adopted
to calculate the LEMP generated by return strokes.
Among these methods, the FDTD method is the most
widespread choice, with the advantages of the efficiently
modeling of inhomogeneous parameters, 3-D structures,
grounding systems and the complex ground surface.

The FDTD evaluation of LEMP is firstly introduced
by Yang [3] in 2-D cylindrical coordinates. And then
Baba and Rakov [4] adopted a 3-D FDTD method for the
LEMP analysis. Yang [5] proposed a two-step approach
for simulating the LEMP problems, by combining the
2-D cylindrical FDTD method and the 3-D FDTD
method. For the evaluation of the LEMP radiated from a
vertical channel over a rotationally symmetrical ground,
it is more advantageous to use the 2-D cylindrical FDTD
method, since much less computational resource is
required than the 3-D FDTD method.

The ground electronic parameters play an important
role in the evaluation of LEMP. For the lightning
frequency range, soil materials may exhibit relatively
dispersive properties, which can affect the distributions
of the LEMP [3, 6, 7]. However, in the FDTD evaluation
of LEMP, the ground electronic parameters are always
assumed either as a perfect electric conductor (PEC)
or as a lossy homogeneous medium characterized by
constant electrical parameters. To the best of our
knowledge, none of the reports on the FDTD evaluation
of LEMP has taken the dispersive property of soil into
account.

In this paper, the 2-D cylindrical FDTD method for
evaluation the LEMP is developed, which takes the soil
dispersion into account. With the vector-fitting scheme
[10], the engineering model of the dispersive soil is
translated into a new form, which can be easily dealt with
in FDTD. The FDTD updating equations for dispersive
soil are developed by introducing the semi-analytical
recursive convolution (SARC) algorithm [11]. For
truncating the dispersive soil, the updating equations
of CPML are also developed in cylindrical coordinates.
The validation of the proposed method is proved by
comparing its numerical results with those obtained from
the Cooray-Rubinstein (CR) approximation [12]. The
proposed method can be further incorporated into the
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two-step method [5] to simulate more complicated LEMP
problems, such as the coupling of underground cables
and cavities.

Il. METHODOLOGY

A. Computational model

In engineering models, the lightning channel is
assumed to be straight and vertical to a rotationally
symmetrical ground, as shown in Fig. 1. The field
components H,_, E , E, are all independent of azimuth
angle, therefore the lightning electromagnetic field around
the lightning channel can be simulated by the two-
dimensional FDTD in cylindrical coordinates [3]. The
2D-FDTD mesh is also depicted in Fig. 1.
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Fig. 1. Computational configurations.

The FDTD evaluation of the LEMP is achieved by
solving the Maxwell’s equations in the simulation area,
with lightning currents along the lightning channel as
exciting sources. For an isotropic, inhomogeneous,
conductive, linear medium, the Maxwell’s equations in
the two-dimensional cylindrical coordinates (TMz) can
be written as [13]:

oH, OE
e % OB, (1a)
a  a op
o(pH,) 8(H.) H
o, g _12PH) oK) B, g
ot p Op op P
oD oH
2 _G6E =—*¢, 1c
a T @ (1c)

where g, is the permeability of free space, o is the
conductivity. D, D, are the displacement, which satisfy
the constitutive relation to the electric field in frequency
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domain:
D, (@) = &¢, (@) E, ()
=& (& (w)-j&! (0))E () s=p.z ’
where &, is the permittivity of free space, ¢, () is the

@

relative permittivity. &/ () and &/(w) are the real part
and the image part of &, (), respectively. According to
the Fourier transform, (2) in time domain can be derived

as:
D, (t) = e, (1)*E (1), (3)
where = is the convolution operator. When ¢, (o) is

frequency-dependent, solving the convolution results by
direct-integration with FDTD is much time consuming.

B. Parameters of the dispersive soil
(1) Longmire & Smith model

The engineering models for dispersive soils are
expressed in terms of curve-fitting expressions for the
soil conductivity and relative permittivity based on
experimental data. In this paper, we use the universal
Longmire & Smith (LS) model [14] to represent the
electrical parameters of dispersive soils. Based on the
experimental data of Scott, the LS model expresses the
soil parameters as functions of frequency and percentage
of water content:

%“):0"“7;(f):%””gil a1n+f-n((ff//f:n)2 9
N a

f)= "(f)= —nl 4b

gr,LS( ) e, +er(f) gw+n§:11+(f/fn)2 (4b)

where 5, =8-(p/10)*-10° is the low-frequency
conductivity at 100 Hz, f is the frequency, ranging
from DC to 5 MHz, o, (f) and ¢, () are the soil

conductivity and relative permittivity at each frequency,
respectively. p is the water percentage of soil, and a,

are coefficients presented in Table 1. The LS model
satisfies the Kramers—Kronig relationships, and thus
provides causal results [15]. Typical curves associated
with the frequency dependence of the soil relative
permittivity and conductivity for different soil water
contents are shown in Fig. 2.

Table 1: Coefficients a, of the LS model

n 1 2 3 4 5 6 7

3.4e6|2.74e5(2.58e4|3.38e3| 526 | 133 |27.2

an
n 8 9 10 11 12 13 | 14
a, | 125| 48 | 2.17 | 0.98 [0.392|0.173| O




SUN, SHI, ZHOU, YANG, JIANG: FDTD EVALUATION OF LEMP

100
----- p=1.65
_______ 0=53
.......... 0=116
T2 P —————
g .....
2 R
3
3 S
-4
10 : ;
100 102 104 106
flHz
(@)

f /Hz
(b)

Fig. 2. Parameters of the dispersive soil over the
frequency range of interest with different soil water
contents: (a) relative permittivity and (b) conductivity.

(2) Translate LS model into FDTD parameters
The relations between the parameters of LS model
and those in FDTD are [15]:

Orptp = O s (5a)
& oo (@) =€) (0)—j&! (o)
BT
j2zfe, 27 joe,
The high order rational fraction form of & oy is
difficult to deal with in FDTD scheme. Therefore, we

employ the vector-fitting scheme [10] to reform &, orp
as:
Q r
€r FDTD (a’)=5c+ﬂ((w)=5c+z ——,  (6)
gq=1 Ja)_ pq
where &, is constant, r, , p, are the residues and poles,

respectively. The fitting results and the relative fitting
errors of the relative permittivity for different water
contents are shown in Fig. 3. As we can see, the VF
fitting results are excellent. The differences between the
curves p=5.3 and p=11.6 caused by the different fitting
orders Q employed (Q=17 for p=5.3, Q=14 for p=1.65
and p=11.6).
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Fig. 3. The vector-fitting results of ¢, with different soil
water contents p: (a) VF results and (b) deviations.
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C. FDTD Updating equations for the dispersive soil
(1) Algorithms for the constitutive relation [11]
If gr(a)) has the form of (6), according to the

frequency-time relation 1/(a + jw) —exp(-at)U (1), the
translation form of (2) in time domain is:
D, (t) =& (chs (t)+ = (t)*l(t))

Q
=50[ch5 ()+E, (t)*[Z;rq exp( pyt)U (t)H' (7)

Q
=& [gc Es (t) + qzﬂ‘/lsrjq (t)J

Vsq (D=Es (t)xryexp(pt)U(t).  (8)
Discretize (8) with time interval t = nAt, we obtain:

At
V=t exp(pg(nat-))E, (7)dr
(n-1)At
= Jon Iy exp( Py (nAt —z-))Es (r)dr
nAt ’
+J-(n_1)m Iy EXP( Py (NA - r))ES (r)dz

=exp( pyAt)-wly + ¥l

where

©)

where
nAt
Yoq =14 exp( pant)-(j(n_l)At exp(—pqr)) E, (T)dr) .(10)
If we replace E, over the time interval [ (n—1)At,

nAt] with the average approximation (E{+EM)/2,
we can get:

Yoo =exp(—p, Ayl +c, (BN +EID/2,  (11)
where
I’th P = 0
=4 T (12)
Coq _p_q(l—eXp(qut)) Py # 0
q

(2) FDTD updating equations for the dispersive soil

Discretize (1c) with FDTD method [13]:
Dg+li+1/2,j - D2i+1/2,j i E2+li+1/2,j + Egi+1/2,j
At 2

n+1/2
—_ H(D

.(13
H n+1/2 ( )
_ e i+1/2, j+1/2

i+1/2,j-1/2

Az
Substitute (7) into (13), we obtain the updating

equation for E

n+1 _ n
Ep i+1/2,j — CA- Epi+1/2,j

H n+1/2 —H n+1/2
_CB-At-—2? i+l/2,j+1/2A o i+1/2,j-1/2 ’ (14)
z

Q
+CB- g, z ((L—exp( qut))l//;,qu/Z,j )
q=1
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12 oAt
& (& _Ezco’q)_T

where CA= o : (15a)
12 oAt
&0 (& +7ZCO,Q)+7
24 2
1
CB-= , (15b)
12 oAt
& (&, +§Zc0’q)+7
=1

W;fql = exp( qut)-y/;q +Coq(Ep+Ep) /2. (16)
Similarly, we can derive the updating equation for E, :

E;Hli,m/z =CA. Ezin,j+1/2
Q
+CB-&y- ) {[1‘ exp( qut)] Wy gi 2 }
g=1

n+1/2 n+1/2
Hga i+1/2,j+1/2_H¢

i-1/2,j+1/2
Ap
+CB-At-
n+1/2 +Hn+1/2
c e U212 o i-12,j+/2
2p,

17)
CA, CB are the same as (15). Since (1a) has none

dispersive parameters, the updating equation for H, is:
HIY2 (142, j+1/2) = H) Y2 (1+Y/2, j+1/2)

E;(i+]/2, j+1)—E/ro1 (i+1/2, j)
Az ,(18)

Ey (i+1 j+1/2)—-E] (i, j+1/2)
Ap

-CC.

where CC = At/ .

(14), (17) and (18) are the updating equations for the
dispersive soil.

D. CPML for the dispersive soil

The absorbing boundary condition is an essential
technique in truncating the FDTD computational domain
for open problem simulations. The Mur’s boundary [16]
is commonly employed in the FDTD simulations of
LEMP [3, 5]. However, the absorbing performance of
the Mur’s boundary degrades severely when terminates
the dispersive medium. The complex frequency-shifted
PML (CFS-PML) has been proven to be very efficient
for truncating the dispersive medium [17]. The modified
Maxwell’s scalar equations in CPML can be obtained
from the stretched cylindrical coordinate (TMz) [18]:

oH oE
e 15 1 (19a)
ot s, 0z s, Op
o(H H
o, e 1oH) 1H g
ot s, Op S, P



SUN, SHI, ZHOU, YANG, JIANG: FDTD EVALUATION OF LEMP

ob 1 oH

-—2-cE, =——2, 19¢c
a s, a (19¢)
where
s,=k,+0,/(a, + jos,) (20a)
s, =k, +0,/(a, + jos,) (20b)
s, =k, +0,/a,+ jog,
(21)

=WPpy+[ (K, +0, [(a, + joe)dpT’

P, represents the interface between FDTD and PML

grids. Based on the semi-analytical recursive convolution
(SARC) algorithm [11], the CPML equations for
truncating the dispersive soil can be derived as:

E2+1i+1/2,j =CA- E;i+l/2,j

H n+1/2_ X _ H n+1/2_ X

_CB-At-( o i+12,j+12 g 22 en+21/zi+l/2 Y,
k,Az ’ K

Q
+CB- &5 ) (L-exp(PAW) givviz ;)

g=1
(22)
n+l n
E, i,j+12 :CA'Ezi,j+1/2
Q n
+CB-¢, -Z{[l—exp( qut):|'//z,qi,j+l/2}
q=1
n+1/2 n+1/2 !
H(p i+l/2,j+1/2_H(p i-1/2, j+1/2 n n+1/2
ezp i,j+1/2
+CB-At- N
H n+1/2 +H n+1/2
P i+12,j+1/2 p U212 | nir2
+ k 2p k2 i, j+1/2
0 i
(23)
n+1/2 _gn-y2
H(p i+1/2,j+y2 — H(p i+1/2, j+1/2
n n
Epi+1/2,j+1_Epi+1/2,j +¢r? ' '
e kZAZ 0zi+1/2, j+1/2 , (24)
- ’ n n
Ezi+1,j+1/2 - Ezi,j+1/2 #]
- ~ Phopi+l/2,j+12
k,Ap
The auxiliary variables ¢ for E are updated by:
n+1/2 n-1/2
¢epz i+1/2, j :bz'¢epz i+1/2, ]
n+1/2 n+1/2 ,(25a
+a _Hq; i+1/2,j+1/2 _H(p i+1/2,j-1/2 (252)
: Az
n+1/2 _ n-1/2
ezp i,j+1/2 _bp'¢e2p i, j+1/2
n+1/2 n+1/2
+a .ng i+1/2,j+1/2_H(/; i-1/2,j+1/2 ,(25D)
P A,O
n+1/2 n-1/2
¢ez1p i,j+1/2 :b¢'¢ez¢ i,j+1/2
n+1/2 n+1/2 2
+a Hy ez T Hy i e (25¢)
(2

2p;

where b =@/ aWD) g = (o [k’e; +07k;) (0 —1)

i =p,z,¢. The updating equations for ¢, , ¢,,, can

be derived similarly, which has the same form as (25a)
and (25b).

I11. NUMERICAL RESULTS AND
DISCUSSIONS

A. Performance of the CPML

We first simulate a point source radiation using
both the proposed CPML boundary and Mur’s absorbing
boundary. The simulation configuration is shown in
Fig. 4 (a). The overall computation domain is
defined by 50*50 cells with ten-cell-thick CPML.
The source located at grid point (0, 26) is given by

- t—
H,(t)= —2(tt—t°) exp(—(t—t")z) with t, =50At ,t, = 200At .

The observation point is placed next to the PML
boundary at grid point (12, 38). The relative reflection
error is calculated as follows:

Error = 20log,, (| H, () =H ©) /| H," o (1), (26)
where the Hf is the reference result from an extended
simulation with no reflection coming from the boundary.

Figure 4 (b) shows the comparison of reflection
errors from CPML and Mur’s boundary. It can be
observed that the CPML shows excellent absorbing

performance, which is much better than the Mur’s
boundary.

B. Evaluation of the LEMP

In this study, the modified transmission line with
linear current decay with height (MTLL) [19] is adopted
for modeling the lightning return stroke channel with
H=7500m, assuming a return stroke speed v=1.3e8m/s.
The channel height is 2000m and the channel base
current is represented by Heidler’s function [20]:

. oy (t/7,)° exp(t/s
= Wy TPV e

+lop [ exp(—t/73) —exp(—t/z,) ]
with parameters listed in Table 2.
Table 2: Parameters of the channel base current
Lo KA| 1, [KA| 7, /us | 7,/us | T5/us | 7,/us | 7
100.0| 6.0 |0.845

9.9 75 (0.072| 5.0

The parameters of the dispersive soil are obtained
from the LS model with the water content of 1.65,
which is associated with the low-frequency conductivity
of 0,=0.0005 S/m. Calculations are carried out by the

proposed FDTD method with frequency-dependent

11
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soil parameters (FD-FDTD) and the traditional FDTD
method with constant soil parameters (CP-FDTD,
o =0.0005 S/m, £, =10). For comparison, the LEMP is

also evaluated by the Cooray—Rubinstein (CR) formulation
with frequency-dependent soil parameters.

The horizontal electric fields evaluated by different
methods are shown in Fig. 5. As we can see, the
results of FD-FDTD method agree well with the CR
approximation, which prove that the proposed FDTD
method can evaluated the LEMP with dispersive soil
efficiently. On the other hand, the results of CP-FDTD
display obvious deviations from the CR approximations,
which validate the necessity to consider the dispersive
property of soil in the evaluation of LEMP.
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Fig. 4. Comparison of the absorbing performances of CPML
and Mur’s boundary: (a) computational configurations
and (b) relative reflection errors.
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Fig. 5. The horizontal electric fields evaluated by
different methods at 200m away from the lightning
channel: (a) 1m below the ground and (b) 10m below the
ground.

C. Effects of the soil dispersion

In order to further investigate the effect of soil
dispersion, we evaluate the LEMPs with different
water content percentage of p=1.65%, 5.3% and 11.6%,
which are respectively associated with low-frequency
conductivities of 6=0.0005, 0.003, and 0.01 S/m [6].
As comparisons, simulations of the traditional FDTD
method with constant soil parameters are carried out
simultaneously, with ¢, =10,6=0.0005,0.003 and 0.01 S/m

respectively.

The horizontal electric fields calculated by the two
methods with different soil water contents are shown
in Fig. 6. It is shown that the dispersive property of the
soil results in an attenuation of the amplitude of the
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horizontal electric fields. As the decrease of the water
content, the decrease of the amplitude becomes more
noticeable. Therefore, the dispersive property of the soil
should not be neglected in the evaluation of LEMP,
especially for the poorly conducting soil.

V. CONCLUSION

To precisely evaluate the LEMP, the 2D-FDTD
method in cylindrical coordinates is further developed
for simulating the dispersive soil, by employing the
SARC scheme. The cylindrical CPML is also derived for
truncating the dispersive soil. The numerical results
validate that the proposed method can evaluate the
LEMP efficiently with the soil dispersion considered,
which leads to a more accurate results than the FDTD
methods that disregard the soil dispersion. It was also
shown that the soil dispersion can significantly affect
the LEMP values for soils with very low conductivity.
The proposed method inherits the advantages of the
FDTD method, which is efficient in modeling the
inhomogeneous ground and the rough ground surface.
The proposed method provides an efficient way to an
accurate evaluation of LEMP with FDTD, which can be
further incorporated into the simulations of more
complicated LEMP problems.
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