ACES JOURNAL, Vol. 34, No. 1, January 2019

Analysis of Random Nonuniform Transmission Line Response under Plane-
Wave Illumination with a Perturbation Decomposition-Polynomial Chaos
Expansion Method

Jinpeng Yang, Xiaoying Sun, Yu Zhao, Jian Chen, and Hanging Wang

College of Communication Engineering
Jilin University, Chang Chun, 130012, China
yangjpl5@mails.jlu.edu.cn, sunxy@jlu.edu.cn, yzhao@jlu.edu.cn,
chenjian@jlu.edu.cn, hqwangl6@mails.jlu.edu.cn

Abstract — A perturbation decomposition-polynomial
chaos expansion method is presented to evaluate the
electromagnetic  effects of random nonuniform
transmission line under plane-wave illumination. The
nonuniformity is represented as perturbation with respect
to the reference uniform transmission line. Moreover, by
expanding the unknown random parameters in terms of
orthogonal polynomials, the stochastic transmission
line equation is projected into a set of deterministic
transmission line equations. Numerical simulations are
presented for several typical deterministic and random
nonuniform transmission lines above an ideal ground.
The results show that the proposed perturbation
decomposition-polynomial chaos expansion method is
accurate and computationally efficient compared with
the traditional uniform cascaded section method and
Monte Carlo method.

Index Terms — Deterministic nonuniform transmission
line, parameter uncertainty, perturbation decomposition,
plane-wave illumination, polynomial chaos expansion,
random nonuniform transmission line.

I. INTRODUCTION

Cables and wires are usually the most sensitive parts
in the electromagnetic compatibility problems of electrical
and electronic systems. Owing to the mechanical
manufacturing tolerances or manual installation manner
errors, uncertainty [1,2] and nonuniformity [3-8] of
transmission line (TL) are often encountered in practical
applications, such as linearly tapered micro-strip line [3],
interconnects subject to line-edge roughness [4], twisted
pair [5], and undesired asymmetry differential lines [6],
which may significantly affect the signal integrity and
immunity. The intentional/unintentional electromagnetic
interference in the free space may also aggravate the
distortion effect. Therefore, it is of great significance to
analyze the effect of randomness and nonuniformity on
the response of TL under plane-wave illumination.
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Transmission line theory [9] has been investigated
for a long time. For a deterministic uniform transmission
line (DUTL), the coupling mechanism is well established
and has been overviewed in [10,11]. For a random
uniform transmission line (RUTL), several methods
have been proposed [12-16]. A direct method is the
Monte Carlo (MC) method [12,13], which collects
statistical information through huge samplings of
random parameters to perform extensive repeated
simulations of deterministic models. Although robust,
MC has a large computational load. Another approach
called the polynomial chaos expansion (PCE) method
[14-16], which describes the statistical behavior through
the orthogonal basis of a series of random variables, is
fairly accurate and much faster than the MC method.

For a deterministic nonuniform transmission line
(DNTL), the conventional approach is the uniform
cascaded section (UCS) method [9]. UCS tackles the
nonuniformity problem by subdividing the DNTL into
large local uniform sections [17-21], thus leading to long
computation time. Recently, a computationally efficient
method called the equivalent source method [22] has
been proposed to cope with DNTL. Subsequently, it
has been extended to the perturbation decomposition
technique (PDT) to cope with the crosstalk problem
of different types of DNTL [3-8]. However, studies on
the electromagnetic effect of random nonuniform
transmission lines (RNTL) are scant. Moreover, the PDT
is limited to DNTL, and cannot be directly applied to
RNTL. So far, the PDT has only been applied to the
crosstalk problems, and the ability of coping with DNTL
under plane-wave illumination has not been verified.

Therefore, an N'-order perturbation decomposition-
Mt-order polynomial chaos expansion method ((N™,
Mt)-order PD-PCE) is presented to analyze the RNTL
response under external plane-wave illumination in
this paper. The nonuniformity of TL is modeled as an
equivalent distribution source for the reference uniform
transmission line. Subsequently, based on the orthogonal
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polynomial expansion of unknown random parameters,
the stochastic transmission line equation is projected into
a set of deterministic transmission line equations through
a stochastic Galerkin method.

The rest of this paper is structured as follows. The
derivation of the PD-PCE method is demonstrated in
Section Il. In Section 111, the feasibility and strength of
the PD-PCE method are validated by applying it to
several typical simplifying RNTLs. Finally, a summary
is given in Section IV.

1. PERTURBATION DECOMPOSITION-
POLYNOMIAL CHAOS EXPANSION
METHOD

In this section, the general solution of RNTL under
plane-wave illumination is derived. Four cases of
RNTL commonly observed in practical applications are
considered, including vibrating RNTL, as shown in Figs.
1 (@)—(b), and floating RNTL, as shown in Figs. 1 (c)—(d).
The radius of the four cases of RNTL is r, . The left and
right ends of RNTL are terminated with the impedances
Z, and Z,, respectively. The heights of the four cases
of RNTL are defined as follows:

h(z.e) = H,; +2-(8,-¢)-2/L :casea,

h(z,&) = (H,-Hy -6, -¢)-(2-2/ L) +H, +3, -& :caseb, .
h(z,6) = Hy +6, - +2-(H,-H,) -2/ L

h(z.e) = (H,-H,)-(2-2/ LY +H, +4, ¢ case d,
where z e[-L/2,L/2], L is the length of the RNTL in the
z direction. H, is the height of the RNTL at z=0, H,
isthe height of the RNTL at z=L/2, ¢ is the normalized
random variable, which is assumed to be uniformly
distributed in [-1,1]. J,, is the uncertainty coefficient.

In particular, for case ¢ and case d, the RNTL
becomes DNTL when ¢, =0 and H, #H,, and the
RNTL becomes RUTL when ¢, # 0 and H; =H, . Both
DNTL and RUTL are special cases of RNTL.

There are two main steps for the construction of the
proposed (N, P™-order PD-PCE method for RNTL. In
the first step, the perturbation solution for the RNTL
under plane-wave illumination is derived; therefore, the
RNTL equation is converted to an RUTL equation. In the
second step, the RUTL equation is converted to a DUTL
equation by applying the polynomial chaos theory.

. CaseC,

A. Plane wave parameters
As shown in Fig. 2, considering an incident plane-

wave electric field E™ with amplitude E, described by:

E™ =E,(eX+e,y+e,z)e", )
where 1 is the observation position vector, and the
scalar components e, , e , and e, inthe direction of unit

vectors X,y ,and Z, respectively, are defined as:

YANG, SUN, ZHAO, CHEN, WANG: ANALYSIS OF RANDOM NONUNIFORM TRANSMISSION LINE RESPONSE

e, =C0S Cos@cosp—sinasing,
e, = C0S COSOSin g +sina cos g, 3)
e, =—cosasing,
where « is the polarization angle, o is the elevation
angle, and ¢ is the azimuth angle. The wave vector k
with free space wave number Kk, is defined as:
k=k&+k,§+k,2 @
=Kk, sin@cos X +k, sin@sin ¢y + k, cos 62,
where k,, k, ,and k, are the components of the wave
vector along the unit vectors X, ¥ ,and 2, respectively.

N X
E \/:)‘
,,,,,, - H1 ==
J
-L/2 0 L2 z
(a)

Fig. 1. (a) Case a: Random vibrating nonuniform straight
transmission line. (b) Case b: Random vibrating
nonuniform bending transmission line. (c) Case c:
Random floating nonuniform straight transmission line.
(d) Case d: Random floating nonuniform bending
transmission line.
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Fig. 2. Plane-wave incident direction.

Considering the reflection effect of ground, total
electric field is the sum of the incident and reflection
fields, and the z component E*(z,¢) and x component

E (z,e) of the total electric field are given as follows:
E™(z,6) = -2 jE,e, sin (kxh(z,e))e'j(k”*kzz),

-i(kyy+k2) (5)
E(z.e) = 2Ese cos(kh(z,e))e ™" .

B. Perturbation decomposition of random nonuniform
transmission line equation
The Agrawal formula [11], which describes field-to-
line coupling for an RNTL, is given by:
S (1) + o (.01 (2.6) =V (2.0),
(6)

%I(z,g)+ joC (2,6)V* (2.£) =0,

where V°(z,¢) and 1(z,¢) define the random scattering
voltage and current of RNTL, respectively. L(z,¢) and
C(z,¢) are the per unit length (p.u.l.) random inductance
and capacitance of the RNTL, respectively. The distributed
voltage source V. (z,¢) is defined as:

Vi (z,6)=E™(z,£)-cos(n(z,£))+E (z.£)-sin(n(z.€)), (7)
where 7(z,¢) is the position-dependent random

inclination angle of the RNTL. The total voltage of the
RNTL is defined as:

V(z,6)=V:(z,6)-V¥(z,¢), (8)
where the excitation voltage V*(z,¢) is defined as:
V¥(z,6)= J'(;](M) EX (z,6)dx. 9)

To deal with the nonuniform problem of the TL,
the perturbation decomposition technique [5] is applied
to the scattering voltage, current, capacitance, and
inductance as follows:

Ve (z,6) =V (2,6)+V (z,)+..+V (2,¢),
1(z.&)= lo(z, &)+ 1,(z,8)+...+ 1 (z,€),
C(2,6)=Cy(£)+C,(2,8), (10)

L(z.e)=Ly(2)+ L (z.2),
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where V¢ and 1, are the 0"-order perturbation random
scattering voltage and current, respectively. V° and I,
(n=1,2,...,N) are the n"-order perturbation random
scattering voltage and current, respectively. N is the
truncated order. C, (C,) and L, (L,) are the 0'-order

(1%-order) perturbation p.u.l. random capacitance and
inductance, respectively.

Substituting equation (10) into equation (6), the
RNTL equation can be decomposed to 0™-order and
n"-order (n=12,..,N) RUTL equations, as follows:

Dve (2,6)+ joly (6)1o (2.6) =V, (2.6),

& (11)
= ly(z,6)+ joCy (£)Vy (2,€) =0,
%v;(z,gp joL ()1, (2.6) = —job (2.6)1,, (2.¢),
(12)

%In(z,gﬁ J0Cy (6)V; (2.6) =~ jC, (2. V2, (2.6).

For the O™-order perturbation equation (11), the
excitation term directly originates from the incident
plane-wave. For the n"-order perturbation equation (12),
the excitation terms originate from the (n-1)"-order
perturbation scattering voltage and current.

C. Polynomial chaos expansion
To solve the RUTL equations (11) and (12), the PCE
method [14] was adopted to expand the random variable

in equations (11) and (12) as follows:
P

Vo (2.6)= 2 V5" (2) 4, (). Vo (2.6) = ;Vi"’ (2)-4, (¢).

p=0

1 (2 s)=§w(z) 6,(¢), 1,z s)=§u’(z) 4,(c)  (13a)
Vi(z,¢)= Z;VF"'(Z) ¢, (¢),
Cule)= 2G5 4, (6).Cu(2.6)= 25204, (¢),
. e (13b)

L ()= 21 4,(2) Ll(z,e>=g)tf<z>-¢p(e),

where Vi (V) and 1§ (1) represent the (O, p)-

order ((n™, pt)-order) PD-PCE coefficients for scattering
voltage and current, respectively. V,*" represents the p'"-
order PCE coefficients for the distributed voltage source.
Cp (CP) and L§ (L) represent the (0, p™)-order ((1%,
p™-order) PD-PCE coefficients for p.u.l. capacitance and
inductance, respectively. ¢, (s) is a pt-order polynomial.
The random variable is assumed to be uniformly
distributed; hence, the Legendre orthogonal polynomials
are appropriate for this case [14], as shown in Table 1.
For the random variables of number g and order m, the
total number of expansion items is (P+1)!=(p+q)!/(p'gY . In
this study, there is only one random variable; hence, gq=1.



Table 1: Legendre polynomial for one random variable

Order p | p"™-order polynomial ¢, <¢p,¢p>
0 1 1
1 & 1/3
2 (367 -1) /2 1/5
1 0 2 p

Substituting equation (13) into (11), the original 0"-
order perturbation RUTL equation is expanded as:

SV )4, () 10 LA G (4, ()=
SV (2)4,(6). (14)

d P ) Pr ) R s
5 210 (2)4, (e)+ j@2 Codh ()25 (2)4, (£) = 0,
p=0 t=0 p=0
where P,and P, are the expansion orders. Through a

stochastic Galerkin method, equation (14) was projected
to the Legendre orthogonal basis as follows:

LIV (2) () + IR DL ()6, ) (=)=
pi:‘ov:m (4,().4.(2). (15)
4.(2))+ 03 3OV (2)(d()6, (). () =0,

The symbol (. ) represents the inner product over
the definition domain of the random variable. Solving
(15), the following OM"-order perturbation augmented
equation in matrix form can be obtained.

it AP R B
where Vg (z) and 1,(z) are the 0"-order perturbation
(P0 +1) x 1 scattering voltage and current vector, respectively.
Ve (2) is the OMorder (P +1)x1 distributed voltage
source vector. L, and C, are the 0"-order perturbation
(PO+1)><(PO+1) inductance and capacitance matrix,
respectively. The i"" row and j* column (i, j =1,2,..., P, +1)
of L, and C, are given as follows:

P() PO
L0|ij :ZLgapjilCO|ij :zcopapjiv (17)
p=0 p=0
where,

@ pji :<¢p¢j'¢l>/<¢|!¢|>- (18)

Similarly, substituting equation (13) into (12), the
original n"-order perturbation RUTL equation becomes:
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Pn

I (24 (2) T (X0 () (e)=
SO L A (S 12, ()4, ()

L3 s>+ngcm(s)zvs~p<z>¢p<e>= (19)
-J'a)gCl‘( ZV“’

where B, =R +R,; (n =12,.., N). Projecting equation
(19) to the Legendre orthogonal basis, the following
equations can be obtained:

d &
4 5.p
e ;V (2)(g,(

P,

>+JwZ;,ZL‘oln“ )(dh(£),(¢)dh(e)) =

-wazopz;u(z)In“,1<z><¢.<e)¢.](s>,¢k(s>>,
i (20)
218, (0)h(2)+ 103N (2)(dh(2)y (). () =

p=0 t=0 p=0

1

oX SV (2) ()6, () ()

t=0 p=0
Solving (20), the n™-order perturbation augmented
equation in matrix form can be obtained as follows:

S0 L ST EGD]

where the n'™-order distributed voltage source vector
V¢ (z) and the distributed current source vector If (z)

are:
VE@)] [ 0 jeL]vii(2)
LE'(Z)}{J@Q 0 :|{Inl(z):|’ (22)

where Ly and C; are the 1%-order perturbation

(P+1)x(P,,*1) inductance and capacitance matrix,

respectively. The i row and j" column (i, j =1,2,..., P, +1)
of Ly and C, are given as follows:
Py Py
Ll = D Loy Cufj = D Gl (23)
p=0 p=0

D. Modal decomposition
As L, and C, are full matrixes, the scattering

voltage and current vector in (16) are coupled. The
similarity transformation method [9] is used to decouple
equation (16). Through voltage (current) transformation

matrix T, (T,), the voltage vector Vg and current vector
I, were cast into modal voltage vector V,, and modal
current vector 1, as follows:

VOS(Z) [Ty o Vnﬁyo(z)
[m(z)Ho T.}{lm,()(z)}' =

Substituting equation (24) into equation (16), the
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following O™-order perturbation decoupled modal TL
equation can be obtained:

d |Vino(2) 0 olno | Vino(2)|_| Ve (2)

— ™ : =| "Fm 25
dz{lmyo(z)}{jaﬁm,o 0 | 1,0(2) o [
where L., and C,,, can be obtained by:

Lo :vall—oTl ) Cm,o :TlflCoTv' (26)
and the modal distributed voltage source
Ven(2)=T, Ve (2).

Similarly, the n-order perturbation equation (21)
can be decoupled as follows:

d [V, (2) 0 oLy [Via(2)] |[Vin(2)
dZ|:|myn(Z):|+|:ja)Cm,0 0 :|Lm,n(z):| |JEm( )‘| 0

where the n"-order modal scattering voltage V, ,(z) and
modal current 1, ,(z) can be obtained as follows:

A T, 0 |lVv?
m,ﬂ(z) :|: \ :| n (Z) : (28)
Inn(2) 0 T || 1.(2)

and the n™-order modal distributed voltage source

V£, (z) and current source 1%, (z) can be obtained as
follows:

Ve (z T 0 ||V (z
FI"T]( ) — \% . F'( ) ) (29)
1Fm(2) 0 T [ 1 (2)
E. Boundary condition
Proper boundary conditions should be imposed to
obtain the solution of equations (25) and (27). Using

Thevenin equivalents of line terminations, the boundary
condition for equations (11) and (12) can be written as:

Vs(-L/Z g):VeX(-L/Z 8)-ZL|0(L/218),
Vi (L/2,6)=V¥ (Lj2,6)+ Z, 1, (L/2,e), G0
Ve (-L/2,6)=-Z,1,(-L/2,¢),
Vi (L/2,2) = Zgl, (L/2,2). (30b)

Substituting equation (13a) into equations (30a) and
(30b), and expanding the excitation voltage V*(z,¢)
with the same polynomials, the 0"-order and n™-order
perturbation random boundary condition in equations

(30a) and (30b) can be expanded into equations (31a)
and (31b), respectively'

sz P(-L/2)4, zv” (-L/2)¢,(¢)-Z Z| -L/2)4,
4 9 (31a)
zovs *(L/2)4, z (L/2)¢,(e)+2 Z 15 (L/2)4, (¢).
Zvnsyp (_ L/2)¢p (5) = -Z"i_n“ I (' L/2)¢p (5)’
(31b)

Z 10 (L/2) ¢, (¢).

p=0

DV (U2)6, ()
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Similarly, through a stochastic Galerkin method,
projecting equations (31a) and (31b) to the Legendre
orthogonal basis, the 0"-order and n™-order perturbation
boundary conditions can be obtained as follows:

Vos,m (_ L/Z):Vr:X (- L/Z)'ZLI(;T](_ L/Z)’ (323.)
Vi (L2)=VE (L) 42,12 (1/2),
Ve (-L/2) = -Z 1" (-L/2), (32b)

v (L/2) = Z 17 (L/2).
F. RNTL terminal solution

Given the boundary conditions, the general solution
of the O"-order and n™-order perturbation modal
equation can be easily solved, and thus, the final terminal
solution for the voltage (current) of RNTL can be obtained
by substituting these modal terms into equations (24),
(28), (13), (10), and (8). For brevity, the solution is
omitted here.

G. DNTL terminal solution
For DNTL, namely &, =0 and H, #H, in case ¢

and case d, the induced voltage can be obtained by only
taking the (N, 0t")-order PD-PCE solution.

H. RUTL terminal solution
For RUTL, namely &, =0 and H, =H, in case c,

the terminal solution can be obtained by only taking the
(o, P™)-order PD-PCE solution.

1Hl. NUMERICAL RESULTS AND
APPLICATIONS
In this section, numerical simulations were performed
to validate the proposed (N, P")-order PD-PCE method
for the RNTL above an ideal ground under plane-wave
illumination. For all cases, the length of the TLs is
L =1m,theradiusis r, =0.5 mm,and terminal resistances

are Z, =Z5 =50 Q. The amplitude of the electric field is
E, =100 V/ mand the frequency band ranges from 5 MHz

to 4 GHz. The frequency interval was set to 5 MHz.
Without loss of generality, the incident angle was set as
6=rl3, p=xl6,and a=x/6.

A. Deterministic response analysis

First, the deterministic response of a nonuniform TL
under plane-wave illumination was analyzed to validate
the proposed method. The parameters of the TLs are
shown in Table 2, where DUTL is chosen for comparison.
The UCS method [9], which divides the DNTL into 600
local uniform segments to ensure sufficient accuracy,
was chosen for comparison.



Table 2: Geometrical parameters of transmission lines

] i H]_ HZ sh
Anal
nalyzing Scenarios /mm /mm /mm
Al case ¢c: DNTL 12 14 0
Comparison case C:
DUTL 12 1 °
A2 case d: DNTL 10 12 0
Comparison case d:
DUTL 12 e °
06 — (1.0™) PD-PCE.DNTL.case ¢ | |
S [ UCS,DNTL,case ¢
_ DUTL
2
—~04
3
= 0.2 |
|
ol |
0 1 2 3 N
f[Hz] x10°
(@)
— (1*,0") PD-PCE,DNTL,case ¢
15 e UCS,DNTL,case ¢ il
DUTL
=
= 1r |
3
b
051
r Y
of - : : ’
0 1 2 3 N
f[Hz] X 1O9
(b)

Fig. 3. Magnitude of induced voltage for DNTL of case
c and the DUTL. (a) Induced voltage at the left end of
the TL, and (b) induced voltage at the right end of TL.

A.1. DNTL of case c

Figures 3 (a) and (b) show the induced voltage at the
left and right ends of the DNTL of case c, respectively.
The blue curves are the results of the (1%, 0'")-order PD-
PCE method. The dotted red curves are the results of
the UCS method. It can be observed that at lower
frequencies, the induced voltages derived from the PD-
PCE method were consistent with those of UCS method
at both ends of DNTL, whereas for frequencies above
approximately 2 GHz, the induced voltage at the left end
shows discrepancies for the two methods.

Figures 3 (a) and (b) also show the induced voltage
(dashed green curves) at the left and right ends of the
DUTL, respectively. For most frequencies, the induced
voltage of the DNTL is larger than that of the DUTL.
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06T — (1*4,0™) PD-PCE,DNTLcase d | |
o5+ T UCS,DNTL,case d
' DUTL
2,04 f -
o - \
S 03 l
~
S | ! 2 F 3 ’3:
=02¢F g
o1 ]
ol

f[Hz] % 10°
(@
15F ‘
— (1*4,0™") PD-PCE,DNTL case d
"""" UCS,DNTL,case d
= 1l DUTL |
Z
z ﬂ i
S M :‘ 14 i =
‘Soswy \ Nr ; ia 2\*««
| Y 1) Y |
4
/[Hz] %102
(b)

Fig. 4. Magnitude of induced voltage for the DNTL of
case d and the DUTL. (a) Induced voltage at the left end
of TL, and (b) induced voltage at the right end of TL.

A.2. DNTL of case d

Figures 4 (a) and (b) show the induced voltage at the
left and right ends of the DNTL of case d, respectively.
The blue curves are the results of the (1, 0")-order PD-
PCE method for the DNTL. The dotted red curves are the
results of the UCS method for the DNTL. Moreover, it
can be observed that the induced voltage at the left end
of the TL derived from the PD-PCE method is consistent
with that derived from the UCS method at lower
frequencies. However, for frequencies above
approximately 2 GHz, the induced voltage at the left end
shows discrepancies for the two methods. For the
induced voltage at the right end of DNTL, at most
frequency points, the results of the two methods are
consistent with each other, which confirms the validity
of the proposed method.

The induced voltage (dashed green curves) at the
left and right ends of the DUTL is also shown in Figs.
4 (a) and (b), respectively. For most frequencies, the
induced voltage of the DNTL is smaller than that of the
DUTL, especially at lower frequencies.

Table 3 shows the comparison of computation time
between the PD-PCE method and the UCS method. The
simulations were performed on a workstation with an
Intel Xeon CPU X5670 with clock frequency 2.93 GHz
and 16 GB RAM. The (1%, 0")-order PD-PCE method
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takes approximately 9.9 s for 800 frequency points,
whereas the UCS method takes approximately 890.2 s
for 800 frequency points. The proposed (1%, 0™")-order
PD-PCE method is approximately 89.9 times faster than
the UCS method while maintaining the same level of
accuracy.

Table 3: CPU time of the (1%, 0")-order PD-PCE method
and UCS method

Method Order Simulation Time /s
ucs - 890.2
PD-PCE (1%, o) 9.9
Table 4: Parameters of the transmission line
. . H H
Analyzing Scenarios ' 2 On
/mm | /mm | /mm
case a 10 -- 2
B.1 | Comparison case a:
DUTL 10 B 0
case b 8 10 1
B.2 | Comparison case b:
DUTL 10 10 0
case c 10 12 2
B.3 | Comparison case c:
RUTL 10 10 2
case d 8 10 2
B.4 | Comparison case d:
RUTL 10 10 2

B. Statistical response analysis of RNTL

In this section, the validity of the proposed PD-PCE
method was confirmed. The MC method was chosen for
comparison, which required 1000 simulations to provide
sufficient samplings. The four cases of RNTL shown in
Fig. 1 were analyzed. For case a and case b, DUTL was
chosen for comparison. For case ¢ and case d, RUTL was
chosen for comparison. The parameters of the lines are
shown in Table 4.

B.1. Random nonuniform transmission line of case a

Figs. 5 (a) and (b) show the probability density
function (pdf) of the magnitude of the induced voltage at
the right end of the RNTL for case a at f = 800 MHz and
f = 3.5 GHz, respectively. The red curves are the results
of the (1%, 5™)-order PD-PCE method, and the blue cross
curves are the results of the MC method. It can be
observed that the results of the two methods are
consistent with each other at f = 800 MHz. However,
there are minor discrepancies between the two methods
at f = 3.5 GHz. This may be because the electromagnetic
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response of the TL is more sensitive to the variance of
geometrical parameters at high frequencies.

Figures 6 (a) and (b) show the mean value and
variance of the induced voltage (blue curves) at the right
end of the RNTL of case a derived using the (1%, 51)-
order PD-PCE method, respectively. For comparison,
Fig. 6 (a) shows the induced voltage at the right end of
the DUTL (green dotted curves). It can be observed that
the mean value of induced voltage of the RNTL equals
the voltage of the DUTL, whereas the variance of RNTL
exhibits periodical fluctuation.

0.025 [ ]
- —(1%,5"") PD-PCE, RNTL, case a
= + MC, RNTL, case a
S 0.02
=
59
>
£ 0.015
5
[a]
2z 001
g
3
S 0.005
(-9

0 I =l il L L L L L
047 048 049 05 051 052 053 0.54
[V(L2)[V]

@

th

— (1',5") PD-PCE, RNTL, case a
0.02 | + MC, RNTL, case a 1

Probability Density Function

0.2 0.25 0.3 0.35
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Fig. 5. Probability density function of induced voltage at
the right end of the RNTL of case a: (a) f = 800 MHz, (b)
f=3.5GHz.
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Fig. 6. (a) Induced voltage at the right end of the DUTL
and mean value of induced voltage at the right end of the
RNTL of case a. (b) Variance of the induced voltage at
the right end of the RNTL of case a.

B.2. Random nonuniform transmission line of case b

Figures 7 (a) and (b) show the pdf of the magnitude
of the induced voltage at the right end of the RNTL of
case b at f =800 MHz and f = 3.5 GHz, respectively. The
red curves are the results of the (1%, 51")-order PD-PCE
method, and the blue cross curves are the results of the
MC method. It can be observed that the results of the two
methods are consistent with each other.
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Fig. 7. Probability density function of induced voltage at
the right end of the RNTL of case b: (a) f = 800 MHz, (b)
f=3.5 GHz.
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Figures 8 (a) and (b) show the mean value and
variance of induced voltage at the right end of the RNTL
of case b obtained from the (1%, 5")-order PD-PCE
method. Figure 8 (a) also shows the induced voltage at
the right end of the DUTL. It can be observed that the
mean value of voltage of the RNTL deviates from the
voltage of the DUTL at lower frequencies, whereas the
variance of the RNTL shows strong periodical fluctuation.
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Fig. 8. (a) Induced voltage at the right end of the DUTL
and the mean value of induced voltage at the right end of
the RNTL of case b. (b) Variance of the induced voltage
at the right end of the RNTL of case b.

B.3. Random nonuniform transmission line of case ¢

Figures 9 (a) and (b) show the pdf of induced
voltage at the right end of the RNTL and RUTL of case
catf=800 MHz and f = 3.5 GHz, respectively. It can be
observed that, at f=800 MHz, the results of the two
methods for both cases are consistent with each other,
whereas at f = 3.5 GHz, there is a slight deviation
between the results of the proposed PD-PCE method and
the MC method. It can also be observed that the pdf of
induced voltage of the RNTL is similar to that of the
RUTL except with a different mean value.

Figures 10 (a) and (b) show the mean value and
variance of induced voltage at the right end of the RNTL
and RUTL of case ¢ derived from the (1%, 5™")-order PD-
PCE method, respectively. It can be observed that the
mean value of voltage of the RNTL was larger than that
of the RUTL at some frequency points, whereas the
variance was almost the same.

71



£ 003 —— (1%,5"™) PD-PCE, RNTL, case ¢| |
2 = = (0™ 1%") PD-PCE, RUTL, case ¢
= + MC, RNTL, case ¢
2002t * MC, RUTL, case ¢
z o
[a)]
=
Z 001
=3
[=}
&
0 " o " " 1 ... "t
0.4 0.45 0.5 0.55 0.6 0.65
[V(L2)|[V]
(@)
. (151 th
£ 003} (1%,5™") PD-PCE, RNTL, case c| |
S = = (0™,1%") PD-PCE, RUTL, case ¢
2 + MC, RNTL, case ¢
2002t % MC, RUTL, case ¢
zo0
[a]
=z
Z 001}
£
[=]
&
0 L :
0.2 0.25 0.3 0.35
[V(LI2)[[V]
(b)

Fig. 9. Probability density function of induced voltage at
the right end of RNTL and RUTL of case c: (a) f = 800
MHz, (b) f=3.5 GHz.
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Fig. 10. (a) Mean value of induced voltage at the right
end of the RNTL and RUTL of case c. (b) Variance of
induced voltage at the right end of the RNTL and RUTL
of case c.
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B.4 Random nonuniform transmission line of case d
Figures 11 (a) and (b) show the pdf of induced
voltage at the right end of the RNTL and RUTL of case
dat f =800 MHz and f = 3.5 GHz, respectively. The results
derived from the proposed PD-PCE method and the MC
method were consistent with each other at f = 800 MHz,
whereas the results of the two methods show a slight
deviation at f = 3.5 GHz. It can also be observed that the
pdfs of the RNTL and RUTL were almost the same.

£ 0.03 —— (1°!,5™) PD-PCE, RNTL, case d ||
5 = = (0™ 1% PD-PCE, RUTL, case d
B + MC, RNTL, case d
2 % MC, RUTL, case d
Z 0.02
5
(=)
z
Z 001}
=}
2
(-9
0 g L v L 25 n b
04 045 05 055 06 065 07
[V(L2)|[V]
(@
- = (1,5 PD_PCE, RNTL, case d
=} 4
£ 003 = = (0™,1%) PD-PCE, RUTL, case d
E + MC, RNTL, case d
= %  MC, RUTL, case d
2 0.02f
j°3
a
B
E 001
=3
2
~
0 S : : : =
02 022 024 026 028 03 032 0.34
[V(L/2)[V]
(b)

Fig. 11. Probability density function of induced voltage
at the right end of the RNTL and RUTL.: (a) f =800 MHz,
and (b) f=3.5 GHz.

Figures 12 (a) and (b) show the mean value and
variance of induced voltage at the right end of the RNTL
and RUTL of case d, respectively. It can be observed that
the mean value of voltage of the RNTL was slightly
larger than that of the RUTL, whereas the variance was
almost the same.
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Fig. 12. (a) Mean value of induced voltage at the right
end of the RNTL and RUTL of case d. (b) Variance of
induced voltage at the right end of the RNTL and RUTL
of case d.

Table 5 presents the computation time of the
proposed (1%, 5M)-order PD-PCE method and MC method.
The (1%, 5M)-order PD-PCE method takes approximately
9.8+6.8=16.6 s for 800 frequency points, whereas the
MC method takes approximately 2.1*1000=2100 s for
800 frequency points. The proposed (1%, 5M-order PD-
PCE method is approximately 126.5 times faster than the
MC method without losing accuracy.

Table 5: CPU time of (1%, 5M)-order PD-PCE method and
MC method

PCE Total Repeat
Method Projection/s Time/s Time
MC 0 2.1*1000 1000
PD-PCE 9.8 6.8 2+6

1V. CONCLUSION

In this paper, an (N, Pt")-order PD-PCE method for
the analysis of random nonuniform transmission line
response under plane-wave illumination is presented.
Simulation results show that the PD-PCE method is
accurate and computationally efficient compared with
the UCS and MC methods. Under the assumption of
weak level of nonuniformity, small number of random
variables, and lower frequency band, this method is
effective and can provide quantitative guidance for
evaluating the effects of the nonuniformity and
uncertainty of transmission lines on the reliability of
electrical systems.
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