ACES JOURNAL, Vol. 35, No. 9, September 2020

An Analytical Model of a New T-cored Coil Used for Eddy Current
Nondestructive Evaluation

Siquan Zhang

Department of Electrical and Automation
Shanghai Maritime University, Shanghai, 201306, China
sqzhang@shmtu.edu.cn

Abstract — A model of an axisymmetric probe with a
new T-core coil that can be used in eddy current testing
is developed. The truncated region -eigenfunction
expansion (TREE) method is used to analyze the coil
impedance problem of the T-core coil located above
a multi-layer conductive material. First, the magnetic
vector potential expressions of each region are
formulated, then the coefficients of the magnetic vector
potential are derived by using the boundary conditions,
finally, the closed form expression of the coil impedance
is obtained. The normalized impedance changes of the
T-core coil caused by the presence or absence of the
multi-layer conductor are calculated using Mathematica.
The presented T-core coil is compared with I-core coil
and air-core coil. The effects of the T-core parameter
ay, relative permeability ur and the thickness of the top
section on the change in the coil impedance are discussed
respectively. The analytical calculation results are
compared with the results of finite element method, and
the two agree very well, which verifies the correctness of
the proposed T-core coil model.

Index Terms — Analytical model, coil impedance, eddy
current testing, non-destructive evaluation, T-core coil,
truncated region eigenfunction expansion.

I. INTRODUCTION

In eddy current testing (ECT), probes with ferrite
cores of different shapes have been widely used to
locate cracks, corrosion and other defects in multilayer
conductive structures. Compared with the air-core coils,
the ferrite-core coils have many advantages, such as
concentrating magnetic flux, reducing magnetic flux loss
and shielding external interference. Therefore, in eddy
current detection, the ferrite-core coil probe can obtain a
larger impedance change signal, so the defects in the
conductor are easier to find and evaluate. I-core coils
have already been investigated, and they can obtain
better results than air-core coil in ECT [1-5]. Here we
propose a new cored-coil as shown in Fig. 1, which is
very similar to the I-core coil, here we call it T-core coil.
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The T-core coil can be obtained easily by adding a flat
cylindrical core above the I-core, but the T-core has a
better flux concentration effect than the I-core. On the
other hand, if coils of the same size are used, the size of
the T-core probe can be smaller than the C-core probe
[6] and the E-core probe [7, 8]. No discussion related to
T-core probes has been found in the literature, so it is
necessary to investigate its application potential in ECT.

The problem of a T-core probe located above a
layered half-space of conducting material is solved using
the method of truncation region eigenfunction expansion
(TREE) [9-11]. Azimuthal component of magnetic vector
potential A, is expressed in the form of a series of
orthogonal appropriate eigenfunctions involving discrete
eigenvalues. Applying the Dirichlet boundary condition
in the truncation surface is equivalent to a vanishing
normal component of magnetic field. By truncating the
solution domain, the solution can be expressed as a series
form rather than as an integral. The most important
advantage of the method is that by a careful selection
of the discrete eigenvalues and the corresponding
eigenfunctions, the field continuity can be satisfied at
these different boundaries and interfaces simultaneously.
And the numerical implementation is more efficient and
the error control is easier. Firstly, a filamentary coil [12]
was used in the analysis, then the expressions that
describe the magnetic vector potentials of each region
were derived. The closed form expression for the
impedance of the T-core coil above the multi-layer
conductor was obtained. The analytical calculation
results obtained by the TREE method were compared
with the finite element method (FEM) [13,14], which
showed a very good agreement.

I1. SOLUTION
The problem to be analyzed first is shown in Fig. 2.
A filamentary coil excited by a harmonic current lei*t
is wound around a T-core with relative magnetic
permeability . . The probe is located above a two-layer
conducting half space with conductivity o6 and 7. The
plane z = 0 coincides with the bottom of the core.
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According to the problem geometry, seven regions are
formed. Using the Bessel functions J, and Y,, discrete
eigenvalues were computed.

The eigenvalues qg; for regions 1, 5, 6, and 7 of Fig.
2 are the positive real roots of the equation:

Jl(qib) =0, @)
where Ji(x) is the Bessel function of the first kind.
Because regions 2, 3, 4 comprise two sub-regions, the
magnetic core and the air, so according to their radial
dependences, the expressions of the magnetic vector
potential for these two sub-regions can be analyzed as
below.

For region 2:
Ascore :AE‘]I(mir)1 0<r<a,, (2)
Aiair = AEBIFJl(mir) + AEC1FY1(mir)v 8 =<r< b, (3)
where m; are the corresponding discrete eigenvalues.
Equations can be obtained from the continuity of B,
and H; on the interface r = a,, which yield the following
expressions for Big and Cir:
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Fig. 1. Rectangular cross section T-core coil located
above a layered conductive half-space.

Fig. 2. Filamentary T-core coil located above a layered
conductive half-space.
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Since at the truncation boundary r = b, A,(b, z) =0
must be satisfied, the following equation is obtained:
Ll(mib) =0 ) (6)
where
Ll(mir) = BlFJl(mir) +C1FY1(mir) . (7)
The eigenvalues m; are the positive real roots of (6).
Using the same method to region 3 and 4 in Fig. 2,
since the boundary condition must also be met, the
following equation is formed:

R,(pb) =0, 8)
where

R(pir) =B, J.(pir) +CorY,(pir), )

Byr = P2, (pa) Yo (piay) - PR, )

Cor =2 P (RA) D, ()

The eigenvalues p; are the real positive roots of (8).
The magnetic vector potential of each region was
written as follows using matrix notation:

A(r,2)=3,(q'r)g e "Cy, (12)
(M) . 0<r<a,
AZ(r'Z)_Ll(mTr)m (e77°C,—e""B,) azsrgb’(ls)
Jl(pTr) 1/.-p 0<r<g
7)= "C,-e”B
Ag(r,z) Rl(pTr p(e™Cy—eMB;) alﬁrsb,(14)
‘]l(pTr) -1 —p. Sl’Sal
7)= "C,—¢"B
Aulrz) R(Tr p(eCy—e"By) a srsb’(15)
A(r,2)=J,(q'r)g (e *C, —e*B,), (16)
A(r,2)=J,(qru’(e"C, -€e"B,), 17)
Al(r: Z) = _Jl(qTr)Vilevz B7, (18)
where
u= \/qz + ja)ﬂeﬂoae ’ (19)
V:\/qz + jop, o7 (20)

where J; and Y; are Bessel functions of i order. J,(q'r),

J(m™r) , L(M'r) , R(p'r) and J,(p'r) are line

vectors, g5, m™*,p,u™, v and exponentials %,

e*™ e ™ ¢'* are diagonal matrices. C; and B; are

column vectors of unknown coefficients.

Applying the interface conditions (continuity of
B, and H,) between the seven regions of Fig. 2, the
equations for calculation of the unknown vector
coefficients can be obtained.

For the coil of rectangular cross-section shown in
Fig. 1, the coil has width rz-r1, height z,-z; and N wire
turns, the magnetic vector potential A, in the various

regions can be calculated using superposition in an
integration form:



A(r,z):”A(r,z,ro,zo)drodzo_ (21)
Nz
Once the magnetic vector potentials of the regions 3, 4
and 3-4 in Fig. 2 are determined, the impedance of the
coil in Fig. 1 can be calculated by integrating rAs.4 over
the cross section of the coil:
j27ai, ?
_J = 0 ”rAs_A(r,z)drdz, (22)

hz

z

where

L NI
o (rz - rl)(zz - Zl) . (23)

The final expression of a T-core coil impedance can be
obtained:

z= %z(m, pr,)p
[2(z, — 2,)p+ "5 %) —gPl®) (24)

+ W, W, "W, Jp~ D™ z(pr,, pr,),

where
206, %,) = [ xR (x)dx, (25)
W, =(e™ —e™)C,, —(e™ —e™)B,,, (26)
W, = (4F 'G + L,F ‘G )e ™C,,

-(4F'G - A4LF'G")e™B,,, @)
W, = (LF'G - 4,F'G")(eP™ ™ — P 2)) 8)

_(AlF—lG +/12F—1G*)(ep(zz‘hl) _ep(zl_hl))’

i — (T_ U)em(rh—hz) + (T+ U)em(hz—rh) , (29)
B * *_
. ~2(N FHECs, + S (N +H™)EBg;, (30)
47
B
5 - Lgra (g Fau e Ce;
Ce; 21 (31)
_|_§eiqd1 (Iuél + qu—l)e—ud1867 ’
Ber 1 sud Hg ~1y,—vd
——p "2 (L8 4 2
c., 2 e (u7 Tuv)e "2, (32)
and
B
Bn7 = B_: [l (33)
C
Cn7 = B_: ’ (34)

where T, U, G, G*, H and N" are full matrices; E, F, and
D are diagonal matrices, and they are defined as in [3],
[4] and [6].

I11. RESULTS AND DISCUSSIONS
The parameters in Table 1 were used in calculating
the impedance of the T-core coil shown in Fig. 1. The
proposed T-core coil is a new type of ECT probe, the
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parameters shown in Table 1 are set according to
the parameters of the air-core coil and I-core coil in
the references. The calculation was implemented in
Mathematica using (24). In the calculations, the solution
domain was truncated according to the parameter b = 60
mm, and the number of summation terms Ns = 60. The
analytical calculation results were compared with the
results of the finite element method. The Maxwell
package was used, the meshes of triangles were 10866
and they can be refined using manual method.

In order to determine the discrete eigenvalues m; and
pi, the FindRoot[] function was applied. The integral (25)
was calculated using the expansion of the Struve and
Bessel functions [2,10,15] by the aid of the BesselJ[],
BesselY[] and StruveH[]. The matrices D, F, H, and N*
were inverted using function Inverse[].

First, the impedances of the probes located above
the layered conductor were calculated as Z = R + jX, then
the conductor is removed (os = 67 = 0), the impedances
of the probes were calculated as Zo = Rg + jXo. The
changes in resistance and reactance were calculated as
AR =R - Rg and AX = X - X respectively.

In order to verify the effectiveness of the proposed
T-core coil in eddy current testing, the impedance
changes of the I-core coil and the air-core coil were also
calculated. In Fig. 1 and Fig. 2, when a; = ay, the T-core
becomes the I-core, so the I-core has the same inner
core radius ai, the same height h, and the same relative
permeability . = 500 with the T-core. If s = 1, the ferrite-
core coil becomes an air-core coil.

Table 1: Coil, core and conductor parameters used in
calculation

Inner core radius ax 2 mm
Outer core radius a 6 mm
Inner core height hy 6 mm
Outer core height h 8 mm
Relative permeability i 500
Inner coil radius r 2.2 mm
Outer coil radius r 6 mm
Offset 2] 0 mm
Parameter 2 5mm
Number of turns N 600
Liftoff dx 1mm
Parameter d, 3 mm
Relative permeability U, 17 1
Conductivity 06, 07 10 MS/m
Radius of the domain b 60 mm

The calculations were performed for 31 different
frequencies ranging from 100 Hz to 100 kHz. Figure 3
and Fig. 4 show the changes in resistance and reactance
normalized in relation to reactance Xo obtained from the
analytical calculation and FEM for an air-core coil, an
I-core coil and a T-core coil. As can be seen from the



1102

figures, the calculated results of the TREE method agree
with the FEM results very well. At the same excitation
frequency, whether it is resistance or reactance, the
impedance changes of the T-core coil are the largest
among the three coils.

The inductances Lo of the air-core coil, the I-core
coil and the T-core coil are calculated as 1.769 mH,
4.219 mH, and 6.098 mH respectively. At the same
excitation frequency, the T-core coil is more sensitive
than the I-core coil and the air-core coil.

Figure 5 shows an impedance plane diagram for
the frequency f varying from 100 Hz to 100 kHz. The
calculation results of TREE method and FEM method
can be matched accurately.

frequency [kHz]

Fig. 3. Real part of the normalized impedance change as
a function of frequency for an air-core coil (us = 1), an I-
core coil and a T-core coil (us = 500).

——TREE
O FEM |

-0.35-

frequency [kHz]

Fig. 4. Imaginary part of the normalized impedance
change as a function of frequency for an air-core coil
(us = 1), an I-core coil and a T-core coil (us = 500).

Table 2 shows the real parts of impedance change in
a T-core coil obtained using FEM and TREE methods
for several frequencies. The parameters used in the
TREE method and the FEM method are the same as
Table 1. In all cases, the relative errors between
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analytical results and FEM results are less than 0.5%,
which shows they agree very well. If the truncated radius
and the number of summation terms of the TREE method
are increased, the accuracy of the calculation can also
be improved. It took about 2 seconds to complete an
impedance calculation using TREE method, which is
less than the 4 seconds taken by the FEM on a computer
with 3.70 GHz Pentium processor and 16 GB RAM. In
the case of a large number of impedance calculations, the
TREE method will show more advantage in computation
speed than FEM.

Fig. 5. Impedance plane diagram for an air-core coil
(ur = 1), an I-core coil and a T-core coil (ur = 500)
(frequency varying from 100 Hz to 100 kHz).

Table 2: Real part of impedance changes of a T-core coil

obtained using FEM and TREE methods
f (kHz) FEM () | TREE (@) | Error (%)
0.5 1.04256 1.0378 -0.45
1 2.7598 2.7478 -0.43
5 16.8613 16.8048 -0.33
10 30.3275 30.2416 -0.28
100 135.5627 135.2262 -0.25

Figure 6 and Fig. 7 show the relationship between
the impedance change in the T-core coil and the length
of a;. The change in the impedance of the T-core coil
increases as the length of a, increases. When a, is
approximately 4.4 mm, the T-core coil shows the
maximum sensitivity, and then as a, increases, the
sensitivity decreases gradually.

The influence of the relative permeability u; of the
T-core on the change in coil resistance is shown in Fig.
8, where f = 4 kHz and a, = 6 mm. When the relative
permeability u of the T-core is less than 1000, the AR
value increases significantly with the increase of us,
when the relative permeability us of the T-core is greater
than 1000, the AR value increases slowly with the
increase of relative permeability.

The relationship between the thicknesses of the top



section of the T-core and the change in coil resistance is
shown in Fig. 9, where f =4 kHz, a,=6 mm and x = 500.
Although the AR will increase as the thickness of the
top section of T-core increases, the size of the probe
will increase accordingly. Therefore, a more appropriate
choice is to make the thickness of the top section of the
T-core consistent with the size of the other parts of the
core.

AR[Q]

2 4 6 8 10 12 14 16 18
a, [mm]

Fig. 6. Real part of the impedance change as a function
of a, for a T-core coil (us = 500).
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Fig. 7. Imaginary part of the impedance change as a
function of a, for a T-core coil (us = 500).
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Fig. 8. Real part of the impedance change as a function
of us for a T-core coil.

ZHANG: A MODEL OF A NEW T-CORED COIL FOR EDDY CURRENT EVALUATION

15

— TREE
O FEM
145r D
141
S
24
<
135
131
125 - - - ;
0 1 2 3 4 5

hz-h1 [mm]

Fig. 9. Real part of the impedance change as a function
of hy-h; for a T-core coil.

IV. CONCLUSION

This paper presents an analytical model of a T-core
coil placed over a multi-layer conductor. The final
expression of the coil impedance obtained by the TREE
method is in a closed form and can be fast implemented
in softwares such as Mathematica or Matlab. The
analytical model is verified by the finite element method.
Compared with the I-core coil with the same inner
core radius, the same height and the same relative
permeability, the proposed T-core coil has higher
magnetic flux concentration and shielding effect. The
T-core can be used in the same probe together with the
I-core to achieve better test results. The analytical T-core
probe model can be used in computer simulation, or
it can be directly applied in the detection of defects
in multi-layer conductors. The solution also can be
extended to more complex conductive structures with
defects.
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