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Abstract − As an efficient artificial truncating boundary 
condition, conformal perfectly matched layer (CPML) is 
a multilayer anisotropic absorbing media domain. The 
conventional finite element analysis of CPML generates a 
large scale coefficient matrix that leads to prohibitive cost 
to solve. This paper proposes layer-based integration 
arithmetic, in which, the CPML multilayer integration is 
substituted by layer-wise summing of monolayer 
integration on the normal direction, with considering 
relative dielectric constant and permeability as constants 
in each very thin monolayer. The arithmetic needs to 
divide CPML into through-thickness elements of multiple 
layers, while the coefficient matrix of each element is 
evaluated by the layer-based integration. Numerical 
experiments show that the layer-based integration 
arithmetic is reliable and CPML under this arithmetic 
becomes a high-efficiency absorbing boundary condition. 
  
Keywords: conformal PML, layer-based integration 
arithmetic, and absorbing boundary condition. 
 

NOMENCLATURE 
 

rµ   relative permeability 

rε   relative dielectric constant 

0k   wave number 
λ   wave length 
E   electric field 
Λ   constitutive parameter of PML in tensor 
A   determinant of matrix A  

1−A   inverse matrix of matrix A  
time  time of iterations, unit is second 
 

I. INTRODUCTION 
 

The perfectly matched layer (PML) concept 
introduced by Berenger [l], is an efficient method for 
truncating the unbounded spatial domain in 
electromagnetic radiation and scattering problems. 
Although the PML approach was originally introduced in 
the context of the finite-difference time-domain (FDTD) 
method [l], it has been found useful [2] in mesh 
truncation in the finite element method (FEM) as well. It 

has recently been verified that artificial anisotropic 
media, with properly designed permittivity and 
permeability tensors, can absorb electromagnetic waves 
irrespective of their frequency and angle of incidence [3]. 
Kuzuoglu and Mittra [4] designed first conformal PML, 
which provides an efficient FEM mesh truncation, 
especially for problems involving electrically large 
antennas and complicated scatterers. Some versions of 
the conformal PML (CPML) suited to the FEM 
implementation were generalized in [5, 6]. 

For problems as demanding of computational 
resources as electromagnetic scattering, the conformal 
PML boundary is always desirable. Generally 6~10 
layers of conformal PML meet absorbing condition, but 
more layers are needed for large complicated scatterers. 
Unfortunately, the layer is so thin that CPML is divided 
into large quantity of elements in adequate fine size, and 
finite element analysis of CPML generates a large scale 
coefficient matrix that leads to prohibitive cost to solve. 
For reducing quantity of elements, some research works 
[7-10] are implemented, but not settle this problem 
completely. To overcome this difficulty, we develop 
layer-based integration arithmetic, in which, multilayer 
integration of CPML elements is substituted by layer-
wise summing of monolayer integration on the normal 
direction. 

The contents of this paper include the layer-based 
integration arithmetic of conformal PML, arithmetic 
implementation and numerical experiments, which 
demonstrate both the applicability and effectiveness of 
the arithmetic. 
 

II. CONFORMAL PML FORMULATION 
 

In this section, we start by reviewing the definition of 
the conformal PML [5]; only the equations relevant to our 
implementation are presented. 

For a general anisotropic PML, the constitutive 

parameters must be of the form Λ= rµµ  and Λ= rεε . 
In the case of a conformal PML, the tensor is expressed 
as, 
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Here, the conformal PML domain is a smooth 
convex shell, which encloses the scatterer a small 
distance away. Let S be the inner surface of this shell; at 
any given point P on S, the unit vectors u  and v  
coincide with the principal directions, and w  is the unit 
surface normal. Assume that there are local coordinates 
u , v  and w  running in the u , v , and w  directions, 
and w  takes the value zero on surface S; then the points 
of constant w  correspond to a parallel surface 'S  at a 
distance w  from S. If the principal radii at point P are 
given by ),(01 vur  and ),(02 vur , then for point 

),,(' wvuP  on 'S , they will be given by 
wvurwvur += ),(),,( 011  and wvurwvur += ),(),,( 022 . 

The tensor values in the parentheses give geometrical 
and physical information on the conformal PML as, 
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where s  is the complex stretching variable [5] in the w -
direction. 

Assume that u , v , w  are coordinate component in 
local coordinate system u , v , and w , so matrix of Λ  in 
local coordinate system is given by, 
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III. LAYER-BASED INTEGRATION ARITHMETIC 
 

For 3-D electromagnetic scattering solution under 
PML absorbing boundary, scattering field can be 
described as following vector wave equations, 
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where sE  is scattering electric field. 

Applying variational principle to equation (4), the 
resulting functional is written as, 
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The functional (5) is discretized by finite elements; 

formulation of element matrix is expressed as, 
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where iN  and jN  are vector basis functions. 
The conformal PML is multilayer anisotropic 

absorbing media that is shown as Fig. 1, so formulation 
of the kth layer element matrix is written as, 
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where k  is number of medium layer, n is total layer 
number, kh  is thickness of the kth layer, krrk Λ= µµ  and 

krrk Λ= εε  are relative dielectric constant and 

permeability of the kth layer conformal PML, kΛ  is 
determined by geometric parameters of the kth layer.  
 

 
Fig. 1.  n layers of conformal PML. 
 

Because monolayer of conformal PML is very thin, 
layer-face size of solid element should be enough fine to 
match the thin thickness of monolayer. Especially, when 
CPML possesses many layers, CPML domain is divided 
into large quantities of solid elements. The conventional 
finite element analysis of CPML generates a large scale 
coefficient matrix that leads to prohibitive cost to solve. 
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Fortunately, relative dielectric constant and permeability 
may be considered as constants in each thin layer, so 
CPML multilayer integration is substituted by layer-wise 
summing of monolayer integration on the normal 
direction. The arithmetic needs to divide CPML into 
through-thickness elements of multiple layers, while the 
coefficient matrix of each element is evaluated by the 
layer-based integration. Detail is described as following.  

Right hand of equation (6) is rewritten as two 
integrals, 
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In equation (8) layer-based integration along the 

normal direction is written as, 
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where J  is 3-D isoparametric Jacobi matrix [11], t  is 
total thickness of conformal PML. 
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where kh  is small enough, so we simplify integration 
function in equation (10) as, 
 

( )

( ) ]dudvhA

A

kkj

rki

n

k
ij

N

N

×∇⋅





⋅×∇= −

=−−
∑∫∫ 1

1

1

1

1

1

)(µ                (15) 

 
where kA  is integrating factor of J  on the surface 

0=kw , 
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Similarly, layer-based integration formula of 

equation (9) can be obtained, 
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Considering that electromagnetic field distribution is 

nonlinear in multilayer of conformal PML, second-order 
or higher order vector basis functions are essential to 
evaluation precision in the layer-based integration 
arithmetic. In this paper, we employ second-order vector 
basis functions [12]. 
 

IV. NUMERICAL EXPERIMENTS 
 

In this section, in order to verify the accuracy and 
efficiency of layer-based integration arithmetic, we 
implement the arithmetic in three classical experiments. 

 
1-  Metal sphere, its diameter is λ666.0 , incidence 

wave spreads along Z , frequency is 300 MHz, as 
following Fig. 2(a). 
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2-  Metal ellipsoid shell, its major axis is λ0.1 , its 
minor axis is λ5.0 , incidence wave spreads along 
Z , frequency is 3 GHz, as following Fig. 2(b). 

3-  Metal wing, its span length is λ0.5 , its chord length 
is λ46.2 , its maximum height is λ28.0 , incidence 
wave spreads along X , frequency is 300 MHz, as 
following Fig. 2(c). 
 

 

 
Fig. 2(a).  Metal sphere. 

 

 
Fig. 2(b).  Metal ellipsoid shell. 

 

 
Fig. 2(c).  Metal wing. 

 
In the experiments, we employ curve hexahedra 

vector element in [12] and ICCG method to solve system 
equations in [13]. Results are obtained with 512M-
memory computer. All programs are developed in 
FORTRAN90 compiled language. 

In Fig. 3, we compare evaluation precision of the 
layer-based integration arithmetic with 6 layers of CPML 
for solving bistatic RCS of experiments under different 
element sizes. θ  and ϕ  are spherical coordinates. The 
results show that CPML under the layer-based integration 

arithmetic is more accurate and reasonable under 50λ  
element size. The main cause is that the normal direction 
and principal radius of curvature of CPML are calculated 
more accurately under 50λ  element size than under 

20λ  element size, especially on small curvature radius 
domain. 

 

 
Fig. 3(a).  Bistatic RCS of metal sphere. 

 

 
Fig. 3(b).  Bistatic RCS of metal ellipsoid shell. 

 

 
Fig. 3(c).  Forward bistatic RCS of metal wing. 
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Fig. 3(d).  Side bistatic RCS of metal wing. 

 
In Table 1, we compare scale and speed of the layer-

based integration arithmetic with 6 layers of CPML under 
different element sizes. The results show that CPML 
under the layer-based integration arithmetic costs much 
less scale and time than 6 layers of CPML. 

 
Table 1.  Scale and time of solution 
 

Ex CPML Element 
size 

Element 
quantity Time(s) 

1 
6 layers 20λ  14880 16.97 

layer-based 
integration 50λ  8542 9.124 

2 
6 layers 20λ  83455 112.5 

layer-based 
integration 50λ  51668 70.36 

3 
6 layers 20λ  180112 264.3 

layer-based 
integration 50λ  117466 149.2 

 
 

V. CONCLUSION 
 

For reducing quantity of elements in multilayer 
CPML domain, we develop the layer-based integration 
arithmetic to evaluate integrations of multilayer elements. 
In view of its high efficiency on complicated objects, 
CPML under this arithmetic shows great promise as an 
ideal absorber for electromagnetic scattering analysis. 
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