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Abstract – The working principle of the motor can
cause unbalanced magnetic pull (UMP) between stator
and rotor unavoidably. Previous research about nonlin-
ear vibration excited by UMP was focused on the ro-
tor supported by traditional mechanical bearings or gas
bearings. However, the magnetic levitation rotor is par-
ticular due to the low rigidity provided by the active
magnetic bearing (AMB). UMP amplifies rotor vibration
in the resonant zone and further excites the nonlinear
electromagnetic force, thus producing different vibra-
tion phenomena. The paper calculates rotor orbit, spectra
analysis, and time-history plot with numerical methods
and studies the influence of the rotation speed, eccentric-
ity, key control parameters, and UMP on rotor dynamics
in detail. Results illustrate displacement response spectra
of the magnetic levitation rotor are quite different from
previous research results. The appearing frequency com-
ponents are inducted by universal formulas in this paper.
Furthermore, research shows a slight adjustment of the
control parameters affect significantly harmonic compo-
nents and vibration characteristics. The research results
have practical reference significance for fault diagnosis,
feature recognition, and controller optimization of the
AMB-rotor system.

Index Terms – frequency response, magnetic levitation
rotor, resonance, rotor orbit, unbalanced magnetic pull,
vibration.

I. INTRODUCTION
Active magnetic bearings (AMBs) have the advan-

tages of no wear, high rotation speed, and long life,
and they can adjust rotor dynamics by active control-

ling [1]. Thus, AMBs show incredibly high usage poten-
tial in rotating machinery [2, 3]. However, AMBs have
the supporting characteristics of ’negative stiffness’,
and their electromagnetic forces are nonlinear. Stabil-
ity and nonlinearity have been continuously researched
hotpots.

Magnetic levitation rotating machinery is generally
driven by a motor. The air gap between the motor’s sta-
tor and its rotor is unavoidably uniform and asymmet-
ric, resulting in the unbalanced magnetic pull (UMP) [4].
UMP leads to unwanted vibrations, causes stability prob-
lems, and even produces rubbing between the rotor and
the stator [5].

UMP has attracted widespread attention from re-
searchers. Establishing the linear relationship between
UMP and eccentricity is convenient for calculating rotor
dynamics [6, 7], but the relationship is reliable only when
the eccentricity is small enough. Belmans et al. proposed
the air gap permeability method to calculate the magnetic
flux density for UMP’s analytical formula [8]. Later on,
many researchers applied Belmans’s results to determine
the nonlinear UMP.

Guo Dan et al. [9] established the UMP’s analyti-
cal formula and summarized the vibration characteris-
tics of the ordinary rotor considering UMP. Xu Xueping
et al. investigated how the static eccentricity UMP and
gravity affect the rotor’s vibration excited by only dy-
namic eccentricity UMP [10, 11]. Results concluded that
the rotor system’s static load has the same influence on
rotor dynamics as the static eccentric UMP. Xu also
derived the UMP force of a tilting rotor and studied
the rotor’s motion behavior in the case [12]. Hui Lui
et al. [13] employed a multi-scale perturbation method
to obtain the natural frequency and frequency response
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characteristics of the rub-impact rotor-bearing system
considering UMP. Li Hao et al. [14] analyzed the UMP’s
influence on the rotor system supported by gas bearings.
In [15], the UMP’s nonlinear effects on a colliding rotor
for hydro-generator units were investigated by numeral
calculations.

Rotor dynamics excited by UMP have been exten-
sively investigated in the above literature, but most of
them focus on traditional mechanical bearings or gas
bearings. Relatively few studies pay attention to the cou-
pling interaction between the AMB force and UMP.
Du Tingshen et al. determined the UMP by the an-
alytical method, and they applied numerical calcula-
tion software to verify [16]. Ji Li et al. studied the ef-
fects of various eccentricities and different loads on the
UMP amplitude and phase [17]. Di Chong compared
the UMPs with different eccentricities and proposed the
structure optimization scheme of AMB to compensate
for UMP [18]. The studies mentioned above did in-
volve the UMP exerting on the magnetic levitation ro-
tor; however, they didn’t thoroughly discuss how UMP
affects the dynamic characteristics, especially the mo-
tion behavior when the rotor is passing through critical
speeds.

The stiffness of the AMB-rotor system is relatively
small. The rotor generally needs to cross rigid body
mode frequency before reaching the rated speed, which
is different from the rotor system supported by mechan-
ical bearings and gas bearings. The rotor vibrates in-
tensely when near critical speeds. On this occasion, it
tends to vibrate more wildly and more complicated if the
UMP is increasing to a certain extent, inevitably caus-
ing the AMB to work in a nonlinear region. Addition-
ally, unlike mechanical bearings and gas bearings, the
supporting properties of the AMBs depend more on the
control algorithms and control parameters rather than
their physical structure [19]. Regardless offault detec-
tion, state maintenance, or AMB controller design, in-
vestigating the rotor’s dynamic behavior under UMP is
essential.

Therefore, this paper established the rotor sys-
tem’s motion differential equation incorporating nonlin-
ear AMB force, nonlinear UMP, and unbalanced mass
excitation force. The rotor system’s dynamic behavior
with different speeds, mass eccentricity, control param-
eters, and UMP are discussed in detail with numerical
methods.

II. MODEL
A. Nonlinear AMB force

Figure 1 is the schematic diagram of the AMB-rotor
system. The radial AMB has eight magnetic poles in all.
The AMB force generated by the two pairs of magnets

in one single degree of freedom (DOF) can be expressed
as follows [1]:

fa = µ0N2Acosα

[
(i0 + i(t))2

(s0− s(t))2 −
(i0− i(t))2

(s0 + s(t))2

]
, (1)

where vacuum permeability µ0 =4π∗10−7 N/A2 denotes
the number of coil turns, A denotes the area of magnetic
poles, α denotes the angle between two adjacent mag-
netic poles, t denotes the time variable, s0 denotes the
static equilibrium position, s denotes the displacement of
the offset equilibrium position, i0 denotes the bias cur-
rent, i denotes the control current controlling the rotor
back to the equilibrium position (i0 + i(t)), and (i0 – i(t))
represent the total current of the two pairs of magnetic
poles with the same DOF.

Fig. 1. Schematic diagram of AMB system.

Equation (1) is generally linearized to facilitate
mathematical processing and controller design. How-
ever, this paper considers the nonlinear effects of AMB
by computing the first three terms of the Taylor series.
The AMB force expression in the x-direction could be
obtained as follows:

Fax = µ0N2Acosα
4i0

2 i(t)︸ ︷︷ ︸
Ki

+µ0N2Acosα
4i02

s03 x(t)︸ ︷︷ ︸
Ks

+µ0N2Acosα
8i02

s05 x3(t), (2)

where ki and ks are the current stiffness and displace-
ment stiffness of AMB. As shown in Fig. 1, in addition
to the mechanical structure, the AMB system includes
an electronic control system. The controller collects the
rotor displacement signal from the displacement sensor
and outputs the control current calculated by control al-
gorithms. The control current is converted by the power
amplifier to excite each stator winding, thereby generat-
ing the AMB attraction.

This research applies a general PID control algo-
rithm. The sensor and power amplifier are modeled with
gain Gs and Ga respectively. Thus, the mathematical
model of the electronic control system can be expressed
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as follows:

Gc(s) = KM

{
GsGa

(
Kp +

Ki

Tis+1
+

Kds
Tds+1

)}
,

where s is the complex variable, K p is the propor-
tional coefficient, Ki is the integral coefficient, Kd is the
differential coefficient, T i is the integral time constant,
and Td is the differential time constant. To avoid satu-
ration of the power amplifier, a dead zone is pre-set by
assigning KM− suitable parameters.

The most critical parameters of the PID controller
are the proportional gain and differential gain, which de-
termine the stable levitation and vibration attenuation ca-
pabilities. We can build a relationship between these two
parameters and displacement stiffness and current stiff-
ness [18]. Thus, the range of proportional gain and dif-
ferential gain could be determined preliminarily by esti-
mating the system’s stiffness and damping. The assigned
proportional gain and differential gain ensure that the
system stiffness is equal to 2-3 times the ’nature stiff-
ness’, i.e., the absolute value of ks. They also ensure the
system damping ratio lies in the range of 20%-70%. In
this way, the system can remain stable unless the power
amplifier is saturated.

B. The nonlinear UMP
The sources of air gap eccentricity leading to UMP

include dynamic eccentricity and static eccentricity. Dy-
namic eccentricity is caused by the rotor deviating
from the equilibrium position during rotation. Incontrast,
static eccentricity is caused by the not coinciding be-
tween the rotor’s static equilibrium position and the mo-
tor stator’s center. The mixed air gap eccentricity dia-
gram is shown in Fig. 2. The outer circle is the motor
stator’s inner surface, with the center labeled C, while
the internal circle is the outer of the motor rotor, the cen-
ter marked O. O’ is the transient position of the rotor.
The offset r between O’ and C can be written as:

r(t) =CO′ =
√
(r0 cosγ0 + x)2 +(r0 sinγ0 + y)2, (3)

where r0 is the initial eccentricity, and γ0 is the initial
phase angle.

The mixed eccentricity phase angle γ is expressed as
follows:

tanγ(t) =
r0 sinγ0 + y
r0 cosγ0 + x

. (4)

When considering static and dynamic eccentric-
ity simultaneously, the approximate expression of the
air gap length at any spatial angle β is derived as
follows [9]:

δ (β , t)≈ δ0− r(t)cos[β − γ(t)], (5)
where δ 0 is the average air gap length without the eccen-
tricity. According to the principle of the motor [20], for
the three-phase synchronous motor with only one pole
pair, the MMF in the air gap is derived as follows:

Fp(α, t) = Fj cos(Ωt−β ), (6)

Fig. 2. Schematic diagram of motor’s air gap with mixed
eccentricity.

where F j denotes the amplitude of MMF and Ω is the
power supply frequency. Therefore, the flux density dis-
tribution in the air gap can be estimated as follows:

B(α, t) =
µ0Fp(β , t)

δ (β , t)
. (7)

According to [9], the above air gap permeability can
be expanded using a Fourier series. Ignoring the tan-
gential component of the magnetic density, assuming
that the iron core permeability is infinite, and integrat-
ing Maxwell stress on the rotor surface, the UMP can be
derived as follows:{

Fpx = f1 cosγ + f2 cos(2Ωt− γ)+ f3 cos(2Ωt−3γ)
Fpy = f1 sinγ + f2 sin(2Ωt− γ)− f3 cos(2Ωt−3γ).

(8)
Among them,

f1 =
RLπ

4µ0
F2

j (2Λ0Λ1 +Λ1Λ2 +Λ2Λ3) ,

f2 =
RLπ

4µ0
F2

j

(
Λ0Λ1 +

1
2

Λ1Λ2 +
1
2

Λ2Λ3

)
,

f3 =
RLπ

8µ0
F2

j

(
Λ0Λ1 +

1
2

Λ1Λ2

)
,

where R denotes the rotor radius, L denotes the air gap’s
axial length, and Λn denotes the air gap permeability:

Λn =


µ0
δ0

1√
1−(r/δ0)

2 (n = 0)

2µ0
δ0

1√
1−(r/δ0)

2

(
1−
√

1−(r/δ0)
2

r/δ0

)n

(n > 0).

Equation (8) shows that the UMP amplitude is
mainly determined by the MMF and rotor’s position for
the structure-determined motor system.
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C. The rotor model
The rotor adopts the Jeffcott model. The unbalanced

mass force (UMF) can be expressed as follows:{
Fux = meω2 cos(2πωt +ϕ0)
Fuy = meω2 sin(2πωt +ϕ0) ,

(9)

where m is the equivalent concentrated mass of the rotor
at the disc, e is the mass eccentricity, and ω is the ro-
tor’s rotation frequency. ϕ0 is the initial phase angle of
unbalanced mass.

Combining Equations (2), (8), and (9), the differen-
tial equation for the lateral vibration can be obtained as
follows: {

m̈x = Fax +Fpx +Fux
m̈y = Fay +Fpy +Fuy.

(10)

Based on MATLAB/Simulink, we use the fourth-
order Runge-Kutta method to calculate Equation (10).
The parameters used in the simulation are listed in
Table 1, related to AMB, and Table 2, related to UMP
and UMF. The parameters used in this paper are consis-
tent with the data in the two tables unless they are explic-
itly discussed.

D. Model verification
It can be seen from Equation (9) that the mass unbal-

ance force of the rotor is small at low speed. Under the
same UMP force, the smaller the mass unbalance force
is, the smaller the distance r between the rotor center ‘O’
and the stator center ‘C’. Additionally, according to the
definition in Section 2.2, as the rotor approaches the sta-
tor center, the UMP force generated by the dynamic ec-
centricity gradually decreases. Therefore, the rotor is rel-
atively less disturbed by the unbalanced mass force and
UMP force at low speed, and thus the vibration displace-

Table 1: Parameters of the AMB System
Name Value
Air gap of the AMB, s0(m) 3.5e-4
Air gap of the auxiliary bearing, (m) 3e-4
Coil turns, N 94
Bias current, i0(A) 1.5
Magnetic pole area, A(m2) 2.21e-4
Current stiffness, ki(N/A) 108
Displacement stiffness, ks(N/m) 4.76e-5
Sensor gain, Gs(V/m) 20000
Power amplifier gain, GA(A/V) 5
Saturation limit of amplifier, KM(A) (-1.5, 2.5)
Proportional gain, K p 0.1
Integral gain, Ki 0.6
Differential gain, Kd 5.5e-5
Integration time constant, T i 3/2π
Differential time constant, Td 1/1600π

Table 2: Parameters of UMP and unbalance mass
Name Value
Motor rotor radius, R(m) 60e-3
Motor stator length, L(m) 52e-3
Air gap, δ 0(m) 5e-3
Amplitude of the resultant MMF, F j
(A)

2000

Initial phase of motor eccentricity,
γ (◦)

225

Rotor equivalent concentrated mass,
m(kg)

4.85

Mass eccentricity, e(m) 1e-10
Initial phase angle of mass eccen-
tricity, ϕ0 (◦)

45

ment is small. This can also be confirmed by the subse-
quent simulation results.

Thus, the relationship between the AMB’s support
force and rotor displacement is nearly linear, and the
AMB can be regarded as a conventional bearing [21].
Hence, it is feasible to verify the accuracy of the model
and calculation method proposed in this paper by com-
paring the rotor orbit at low speed with that in the com-
monly accepted literature [10, 12].

When the rotation frequency is 5, 10, 15, and 20 Hz,
the rotor orbits are shown in Fig. 3. Their displacements
lie in the range of 0.3 µm to 30 µm, not exceeding 2% of
the AMB air gap. For the ordinary bearing rotor system
considering UMP and UMF, the rotor orbits at the cor-
responding frequency are presented in [10] (Figs. 2 (a),
(c), and (e)), as well as [12] (Fig. 6 (c)). These document
results and our results are in good agreement. Thus the
correctness of the program is verified.

(a) ω =5 Hz (b) ω =10 Hz

(c) ω =15 Hz (d) ω =20 Hz

Fig. 3. Rotor orbit for different rotation speeds.
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The following calculation includes two parts: (1) the
time domain and frequency domain response character-
istics with or without UMP are analyzed and compared,
and (2) the effects of different factors on the vibration
spectra, rotor orbits and control signals near the reso-
nance zone are investigated.

It should be noted that since the initial phase angle of
mass eccentricity and initial phase angle of motor eccen-
tricity (see Table 2) are 45 and 225 degrees, respectively,
the waveforms of the unbalanced force, the UMP force,
and the current overtime in the x-direction and the y-
direction are theoretically the same, with a fixed phase
difference. Unless explicitly discussed, the unbalanced
force, UMP force, and properties mentioned below refer
to the x-direction.

III. DYNAMIC PROPERTIES WITH OR
WITHOUT UMP

A. Time-domain properties during the run-up
While gradually increasing the rotation speed, we

calculated the transient response of displacement and
current every 0.5 Hz, and recorded the maximum and
minimum values when in a stable state.

The displacement and total current response results
from 0 to 100 Hz are shown in Fig. 4. The maximum
and minimum envelopes of rotor displacement are sym-
metrical, so only the maximum is plotted in Fig. 4 (a)
while Fig. 4 (b) presents not only the maximum value
of the coil current but also the envelope of the minimum
value. The envelope of the maximum value and the min-
imum value of the coil current is not symmetrical. This
is because the minimum value of the coil current is the-
oretically negative when the vibration is severe, while
in practice it appears to be zero due to saturation lim-
itations. We use continuous and dashed lines to repre-
sent the cases with and without UMP, respectively. Fur-
thermore, we also divided the run-up process into a low-
speed zone, a resonance zone, and a high-speed zone to
describe clearly. The figures indicate the vibration not
only in the low-speed zone but also in the high-speed
zone is relatively slight, and the required control signal
is small whether the system is excited by UMP or not.

In contrast, UMP has a larger effect in the resonant
zone. The figure presents that the system without UMP
has only one resonant peak at 56 Hz. The vibration peak
is about 104 µm. The total current fluctuates in the range
of 0.44 A to 2.56 A. UMP’s existence changes the vi-
bration curve’s shape and strengthens vibration intensity
significantly in the resonance zone. UMP splits the reso-
nant peak from one into two at 46 Hz and 54 Hz. These
two peaks have symmetry about the power supply fre-
quency of 50 Hz. The displacement in the resonant zone
reaches 185 µm, exceeding half of the air gap. The cur-
rent fluctuates from 0 to 3.28 A, coming to its lowest
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Fig. 5. Rotor orbit and displacement spectrum at 56 Hz
without UMP.

For the case with UMP, we calculate and display the
rotor orbit and displacement response spectrum at the
specific frequencies (35 Hz, 43 Hz, 49 Hz, 50 Hz, 55 Hz,
57 Hz, and 77 Hz) in the resonant zone and high-speed
zone, as shown in Fig. 6.

The rotor’s rotation motions and vibration charac-
teristics are enriched by UMP, compared with Fig. 5. It
shows that every displacement spectrum has two notice-
able main harmonic components at ω0 and ω0 + 2(50-
ω0), consistent with the two main resonant frequencies
in Fig. 4. Moreover, the peak at ω0 is always more promi-
nent than that at ω0 + 2(50-ω0). It can be attributed to
the fact that UMP amplitude depends highly on the dy-
namic eccentricity caused by the UMF. When the rota-
tion speed approaches the two main resonance speeds
from the lower or higher speed, the harmonic amplitude
at ω0 + 2(50-ω0) excited by UMP’s introduction is grad-
ually close to that at ω0, which is reflected in the more
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Furthermore, the frequency waterfall chart of 
dynamic response for different rotation speeds is 
displayed in Fig. 7.  

Frequency components radiate to the outer 
periphery with 50 Hz, 150 Hz, and 250 Hz as the 
symmetric center point, on the whole. These frequencies 
can be uniformly described as ω0 ± 2n1 (50 - ω0) + 
2n2*50, (n1 and n2 are natural numbers), and their 
amplitudes gradually decrease as n1 and n2 increase.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
(a) 35 Hz 

 
(b) 43 Hz 

 
(c) 49 Hz 

 
(d) 50 Hz 

 
(e) 55 Hz 

 
(f) 57 Hz 

 
(g) 77 Hz 

 
Fig. 6. Rotor orbit and displacement spectra with 
UMP for different rotation speeds. 
Fig. 6. Rotor orbit and displacement spectra with UMP
for different rotation speeds.

significant fluctuation of rotor orbit ultimately. When the
rotation speed is 50 Hz, UMP and UMF collectively fo-
cus on the same spectrum, and thus the rotor orbit is a
circle.

The other sub-harmonics in Fig. 6 all occur at
the frequency – the linear combination of rotation fre-
quency and power supply frequency. Only Fig. 6 (c)
is an exception, whose behavior is close to chaos due
to excessive vibration. These sub-harmonic frequency
components occupy an increasingly important posi-
tion with the rotation speed close to two main reso-
nant speeds, reflecting the nonlinearity in the resonant
zone.

Furthermore, the frequency waterfall chart of dy-
namic response for different rotation speeds is displayed
in Fig. 7.

Frequency components radiate to the outer periph-
ery with 50 Hz, 150 Hz, and 250 Hz as the symmetric
center point, on the whole. These frequencies can be uni-
formly described as ω0 ± 2n1 (50 - ω0) + 2n2∗50, (n1
and n2 are natural numbers), and their amplitudes gradu-
ally decrease as n1 and n2 increase.

Fig. 7. Frequency waterfall chart of displacement re-
sponse with the UMP.

The displacement spectra exhibit much difference
from that in [9–12]. It can be concluded that their linear
combinations between the rotation frequency and supply
frequencies are different, i.e., there exist differences in
the coupling effects of the magnetic field and the struc-
ture field between the AMB-rotor system and the ordi-
nary bearing-rotor system. If the figure is investigated
further, it is noticed that the upper half of the symmetry
axis with a rotation frequency of 50 Hz in Fig. 7 is simi-
lar to that of the ordinary bearing-rotor system, although
the direction where frequency components are enhanced
is opposite.

IV. EFFECTS OF DIFFERENT FACTORS
A. Effects of mass eccentricity

The UMF is the fundamental reason that causes
the rotating rotor to deviate from its static equilibrium
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position, resulting in the dynamic eccentric UMP. It is of
great significance to investigate the vibration characteris-
tics under different e. Figure 8 is the rotor’s displacement
response in the run-up process when e is 0.1e-4, 0.4e-4,
0.8e-4, and 1.2e-4.

Fig. 8. Displacement response during the run-up for dif-
ferent e.

It can be seen that e amplifies displacement vibra-
tion of the whole run-up process and enlarges the ef-
fect of UMP as a result. The two resonant peaks split by
UMP are away from each other, and the peaks become
more and more outstanding with e increasing. Overall,
the figure demonstrates that e plays a crucial role in the
vibration behavior, which means with small UMF, the ro-
tor can keep slight vibration even if UMP is quite large.

 

 
Fig. 7. Frequency waterfall chart of displacement 
response with the UMP. 
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Fig. 8. Displacement response during the run-up for 
different e. 
 

It can be seen that e amplifies displacement 
vibration of the whole run-up process and enlarges the 
effect of UMP as a result. The two resonant peaks split 

by UMP are away from each other, and the peaks 
become more and more outstanding with e increasing. 
Overall, the figure demonstrates that e plays a crucial 
role in the vibration behavior, which means with small 
UMF, the rotor can keep slight vibration even if UMP is 
quite large. 

 

(a) e =0.1e-4 (b) e =0.4e-4

(c) e =0.8e-4 (d) e =1.2e-4 

 
Fig. 9. Rotor orbit at 80 Hz for different e. 

 
Specifically, an example of dynamic characteristics 

at a particular frequency for different e is described 
below. Figures 9-11 are the rotor orbit, displacement 
spectrum, and control current's time history at 80 Hz, 
respectively. 

 

 
 
Fig. 10. Displacement response spectra at 80 Hz for 
different e. 
 

Figure 9 show that increasing e has a negligible 
effect on the periodic numbers and the orbit shape, 
although it expands both the interior boundary and 
external boundary of rotor orbit. It is also can be 
observed that the frequency components of displacement 
response become more and more evident with e 
increasing as shown in Fig. 10. 

Fig. 9. Rotor orbit at 80 Hz for different e.

Specifically, an example of dynamic characteristics
at a particular frequency for different e is described

below. Figures 9-11 are the rotor orbit, displacement
spectrum, and control current’s time history at 80 Hz,
respectively.

Fig. 10. Displacement response spectra at 80 Hz for dif-
ferent e.

Figure 9 show that increasing e has a negligible ef-
fect on the periodic numbers and the orbit shape, al-
though it expands both the interior boundary and exter-
nal boundary of rotor orbit. It is also can be observed that
the frequency components of displacement response be-
come more and more evident with e increasing as shown
in Fig. 10.

Figure 11 depicts the fluctuation range of the con-
trol current being enlarged by e. As e increases, the
control current waveform changed gradually from the
single-period sine waveform similar to UMF to that with
multiple periods, approaching the UMP. The reason for
the phenomenon is that UMP increases rapidly with the
displacement vibration increasing and progressively ac-
counts for a higher proportion of the exciting force ex-
erted on the rotor.

Fig. 11. Time history of the control current at 80 Hz for
different e.

B. Effects of main control parameters
Unlike traditional mechanical bearings, the support

characteristics of the AMBs are not fixed but are af-
fected by the control parameters even when the mechani-
cal structure and working conditions are determined. The
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influence of the main control parameters is investigated
as follows.

(1) Proportional gain

Figure 12 is the displacement response in the run-up
process when the proportional gain is at 0.08, 0.1, 0.12,
and 0.14. It should be noted that to increase the applica-
ble range of K p, the mass eccentricity and the differential
gain are reduced and increased to e = 0.8e-4 and Kd = 6,
respectively. The other parameters remain the same as
those in Tables 1 and 2.

Fig. 12. Displacement response during the run-up for dif-
ferent K p.

Results show that the increase of K p moves progres-
sively the entire resonance zone to the right in the co-
ordinate system, which can be attributed to the fact that
K p has a positive correlation with the system stiffness.
With a small K p, two resonant peaks stand outstandingly
on both sides of 50 Hz, far apart. In this case, the res-
onance zone has the characteristics of a wide span and
low amplitude. When K p is increasing, the two promi-
nent resonant peaks are approaching each other, and
the amplitude is gradually rising. Then, the two peaks
merge into one, with the peak value dropping as K p
increases.

At 51 Hz, rotor orbit, displacement spectrum, and
control current time history plot are analyzed in Figs. 13-
15, respectively.

Figure 13 shows that as K p varies, the circular or-
bit’s inner boundary does not change as much as the ex-
ternal edge. It can also be concluded that the vibration at
51 Hz in the resonant zone shows a trend of first increas-
ing and decreasing as K p increases. The control current
increases at the same pace as the displacement, as illus-
trated in Fig. 15. This is because the rise in K p moves the
left resonant peak in the coordinate system from the left
of 51 Hz to the right side, which finally results in severe
vibration at 51 Hz when K p is assigned an intermedi-
ate value of 12000. Figures 13 (c) and 14 demonstrate
that the motion state at K p = 12000 is close to chaos. On

Figure 11 depicts the fluctuation range of the control 
current being enlarged by e. As e increases, the control 
current waveform changed gradually from the single-
period sine waveform similar to UMF to that with 
multiple periods, approaching the UMP. The reason for 
the phenomenon is that UMP increases rapidly with the 
displacement vibration increasing and progressively 
accounts for a higher proportion of the exciting force 
exerted on the rotor. 

 

 
 
Fig. 11. Time history of the control current at 80 Hz 
for different e. 

 
B. Effects of main control parameters 

Unlike traditional mechanical bearings, the support 
characteristics of the AMBs are not fixed but are affected 
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the same as those in Tables 1 and 2. 

 

 
 
Fig. 12. Displacement response during the run-up for 
different Kp. 
 

Results show that the increase of Kp moves 
progressively the entire resonance zone to the right in the 
coordinate system, which can be attributed to the fact 
that Kp has a positive correlation with the system 
stiffness. With a small Kp, two resonant peaks stand 
outstandingly on both sides of 50Hz, far apart. In this 
case, the resonance zone has the characteristics of a wide 
span and low amplitude. When Kp is increasing, the two 
prominent resonant peaks are approaching each other, 
and the amplitude is gradually rising. Then, the two 
peaks merge into one, with the peak value dropping as 
Kp increases. 

At 51 Hz, rotor orbit, displacement spectrum, and 
control current time history plot are analyzed in Figs. 13-
15, respectively. 

 

(a) Kp =0.08 (b) Kp =0.1 

(c) Kp =0.12 (d) Kp =0.14 

 
Fig. 13. Rotor orbit at 51 Hz for different Kp. 
 

 
 
Fig. 14. Displacement response spectra at 51 Hz for 
different Kp. 
 

Figure. 13 shows that as Kp varies, the circular 
orbit's inner boundary does not change as much as the 
external edge. It can also be concluded that the vibration 

Fig. 13. Rotor orbit at 51 Hz for different K p.

Fig. 14. Displacement response spectra at 51 Hz for dif-
ferent K p.

Fig. 15. Time history of the control current at 51 Hz for
different K p.

this occasion, the control current has been saturated, as
shown in Fig. 15.
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In summary, a critical conclusion we got is that a
slightly larger K p is more appropriate when controlling
a rotor with a larger UMP. The rotor with a small K p has
a long span for the resonant zone. Simultaneously, the
medium value of K p concentrates the resonant peaks and
enlarges the vibration, and too large K p also has certain
disadvantages, such as a smaller relative damping and
larger control current.

(2) Differential gain

When the differential coefficient Kd is 5e-5, 6e-
5, 9e-5, and 1.6e-4, while the other parameters are the
same as those in Table 1 and Table 2, the displacement
response during run-up is shown in Fig. 16. It can be
found Kd has little effect on the resonance frequency
but dramatically affects the resonance zone’s amplitude,
which is attributed to the fact that Kd mainly determines
the system damping. Therefore, it is a very effective
means to suppress the rotor vibration by improving the
differential gain.

Figures 17 and 18 show the rotor orbit and displace-
ment response spectra at 46 Hz for different Kd . When
Kd is the smallest value of 5, continuous and abundant
frequency components come into view in the displace-
ment spectra of Fig. 18. From Fig. 17 (a), it also can be
observed that the rotor is rotating irregularly, accompa-
nied by large fluctuations. With the increase of Kd , the
rotor orbit boundary’s outer diameter is dropping much
while the inner edges are reduced in a relatively gentle
way. For further explanation in Fig. 18, the two promi-
nent frequency components are reduced, and the others
are suppressed and even eliminated. The time history
of the control current in Fig. 19 shows that the current
gradually changes from multi-period vibration to single-
period vibration with differential gain increasing.

C. Effects of the UMP
The UMP exerted on the rotor in a static levitation

state is called the static eccentricity UMP. The UMP

Fig. 16. Displacement response during the run-up for dif-
ferent Kd .

at 51 Hz in the resonant zone shows a trend of first 
increasing and decreasing as Kp increases. The control 
current increases at the same pace as the displacement, 
as illustrated in Fig. 15. This is because the rise in Kp 
moves the left resonant peak in the coordinate system 
from the left of 51 Hz to the right side, which finally 
results in severe vibration at 51 Hz when Kp is assigned 
an intermediate value of 12000. Figures 13 (c) and 14 
demonstrate that the motion state at Kp = 12000 is close 
to chaos. On this occasion, the control current has been 
saturated, as shown in Fig. 15. 

 

 
 
Fig. 15. Time history of the control current at 51 Hz 
for different Kp. 
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displacement spectra of Fig. 18. From Fig. 17(a), it also 
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others are suppressed and even eliminated. The time 
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current gradually changes from multi-period vibration to 
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Fig. 16. Displacement response during the run-up for 
different Kd.. 
 

(a) Kd =5e-5 (b) Kd =6e-5 

(c) Kd =9e-5 (d) Kd =1.6e-4 

 
Fig. 17. Rotor orbit at 46 Hz for different Kd.. 
 

 
 

Fig. 18. Displacement response spectra at 46 Hz for 
different Kd.

 

Fig. 17. Rotor orbit at 46 Hz for different Kd .

Fig. 18. Displacement response spectra at 46 Hz for dif-
ferent Kd .

Fig. 19. Time history of the control current at 46 Hz for
different Kd .

generated by leaving the stationary equilibrium posi-
tion due to rotational movement is called the dynamic
eccentricity UMP. We use the MMF F j and the static
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eccentricity r0 to measure the dynamic and static eccen-
tric UMP, respectively.

(1) MMF

When F j is smaller, though the vibration amplitude in
Fig. 20 is more extensive, its vibration trend is similar
to that without the UMP, as shown in Fig. 4. It is ob-
served that the growth of UMP moves the resonance
zone slightly to the left, expands its span, and increases
the resonant peaks. Larger F j splits the single resonant
peak into two symmetrical peaks and drives the two away
from each other. However, F j plays a minor role in low-
speed and high-speed regions.

Assigning F j values of 500, 1100, 1700, and 2300,
the rotor displacement response during the run-up is de-
picted in Fig. 20.

Figure 21 shows the rotor orbits with different F j
at 80 Hz of the high-speed range. It can be noticed that
the interior boundary of the orbit zone gradually moves
closer to the center as F j increases, while the external
edge seems like remaining constant. Consequently, F j
changes the orbit’s shape by affecting the interior bound-
ary’s size instead of the number of periods.

The displacement response spectra are depicted in
Fig. 22. It indicates that increasing F j slightly attenuates
the frequency components at rotation speed but strength-
ens and enriches the other spectra greatly. The time his-
tory of the control current is illustrated in Fig. 23. It re-
veals that the waveform of the control current changes
from an apparent single-cycle motion to a multi-cycle
motion composed of 80 Hz and 20 Hz. However, the
current peak remains unchanged, about 0.5 A with F j
increasing.

(2) Static eccentricity

All of the above orbit plots are centrosymmetric, which
is due to such a small value of the static eccentricity (r0

Fig. 20. Displacement response during the run-up for dif-
ferent F j.

 
 

Fig. 19. Time history of the control current at 46 Hz 
for different Kd. 
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Fig. 20. Displacement response during the run-up for 
different Fj. 
 

Figure 21 shows the rotor orbits with different Fj at 
80 Hz of the high-speed range. It can be noticed that the 
interior boundary of the orbit zone gradually moves 
closer to the center as Fj increases, while the external 

edge seems like remaining constant. Consequently, Fj 
changes the orbit's shape by affecting the interior 
boundary's size instead of the number of periods. 

 

(a) Fj=500 (b) Fj=1100 

(c) Fj=1700 (d) Fj=2300 

Fig. 21. Rotor orbit at 80 Hz for different Fj. 
 

 
 

Fig. 22. Displacement response spectra for 
different Fj. 
 

 

 
 

Fig. 23. Time history of the control current at 80 Hz 
for different Fj. 
 

The displacement response spectra are depicted in 
Fig. 22. It indicates that increasing Fj slightly attenuates 

Fig. 21. Rotor orbit at 80 Hz for different F j.
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Fig. 22. Displacement response spectra for different F j.
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Fig. 23. Time history of the control current at 80 Hz for
different F j.

=1e-10) adopted that it can be ignored. The aim is to re-
move the influence of r0 and focus on the effects of other
factors. However, r0 is inevitable in reality and affects
the rotor dynamic characteristics significantly.
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Figures 24 and 25 are the displacement response and
the mixed eccentric phase angle γ (see Fig. 2) response
with different r0 during the run-up. Figure 24 shows that
increasing r0 narrows the resonance zone and moves it
to the right in the coordinate’s right. It also can be found
that as r0 reaches a certain threshold, the resonant peak
decreases sharply. Similarly, according to Fig. 25, the ro-
tor makes small rotations in the specific direction of the
coordinate origin O (see Fig. 2) rather than making a rev-
olution motion about O, as r0 reaches the threshold. It is
because in this case, the centrifugal effects generated by
UMF are challenging to break free from the shackles of
static eccentric UMP.

Figure 26 is the response of the maximum and min-
imum current during the run-up. It indicates that chang-
ing r0 shifts the symmetry axis of the control current up
and down. The control current’s balanced position is up-
ward with increasing according to the time history plot
in Fig. 27.

Figure 28 shows the rotor orbit at 46 Hz. It demon-
strates that the orbit shape affected by r0 is axisymmetric
rather than central symmetry. The displacement response

Fig. 24. Displacement response during run-up for differ-
ent r0.

Fig. 25. Mixed eccentric phase angle response for differ-
ent r0.

Fig. 26. Control current response for different r0.

r
r
r
r

Fig. 27. Time history of the control current at 46 Hz for
different r0.

(a) =1e-10 (b) =1e-4 

(c) =5e-4 (d) =1e-3 

 
Fig. 28. Rotor orbit at 46 Hz for different r0. 
 

 
 
Fig. 29. Displacement response spectra at 46 Hz for 
different r0. 

 

 
Fig. 30. Waterfall diagram of rotor displacement 
vibration with the static displacement r0 =1e-4. 
 

V. CONCLUSION 
The rotor model suffering nonlinear UMP and 

nonlinear UMP AMB force is established. The effect of 
control parameters and UMP on the dynamic 
characteristics when the rotor crosses critical speeds is 

investigated in detail. The typical conclusions are 
summarized as follows: 

(1) Displacement spectrum of the magnetic 
levitation rotor system with UMP is quite different from 
the previous research results with ordinary bearings. 
UMP splits the original single resonant peak into two 
symmetrical resonant peaks about the power supply 
frequency. UMP widens the frequency span of the 
resonant zone and amplifies the vibration during 
resonance. With the combined action of the UMP and 
AMB, the displacement spectrum appears abundant 
frequency components. Without considering the static 
eccentricity, these spectral frequencies can be described 
by ω0 ± 2n1 (50 - ω0) + 2n2*50 (n1 and n2 are natural 
numbers). 

(2) The effect of static eccentric UMP is similar to 
the force with constant direction and amplitude. To 
offset the static eccentric UMP, the controller actively 
generates the bias current as part of the control current. 
The static eccentric UMP excites the rotor’s nonlinear 
dynamic characteristics, resulting in appearing new 
frequency components in the displacement response 
spectrum, coexisting with the previous frequency 
components. These new spectra can be summarized with 
the formula of 2k1 *50 ± 2k2(50 - ω0) (k1 and k2 are 
natural numbers). 

(3) Though the AMB-rotor system without UMP 
works in a linear working state, UMP's existence may 
saturate the control current and thus strengthen the 
nonlinear characteristics of AMB force, which can easily 
produce control failure and rotor drop. 

(4) A slight increment in control parameters causes 
a significant effect on the dynamic responses. In 
particular, Kp affects the amplitude and span of the 
resonance zone. Kd has an important impact on the 
vibration peak. Applying slightly larger Kp and Kd is 
recommended to narrow the resonance zone and 
suppress the resonant vibration of the AMB-rotor system 
with large UMP.  
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Fig. 29. Displacement response spectra at 46 Hz for dif-
ferent r0.

Fig. 30. Waterfall diagram of rotor displacement vibra-
tion with the static displacement r0 =1e−4.

spectra at 46 Hz in Fig. 29 shows that static eccentric-
ity greatly enriches response frequencies compared with
Fig. 7 at the same rotation frequency. It enhances the ro-
tor nonlinear motion characteristics by causing new fre-
quency components at 100 Hz and 200 Hz. These new
spectra can be described with the uniform expression of
2k1 *50 ± 2k2(50 - ω0) (k1 and k2 are natural numbers)
and their amplitude has a negative relationship with k1
and k2, as shown in Fig. 30.

V. CONCLUSION
The rotor model suffering nonlinear UMP and non-

linear UMP AMB force is established. The effect of
control parameters and UMP on the dynamic character-
istics when the rotor crosses critical speeds is investi-
gated in detail. The typical conclusions are summarized
as follows:

(1) Displacement spectrum of the magnetic levitation
rotor system with UMP is quite different from the
previous research results with ordinary bearings.
UMP splits the original single resonant peak into
two symmetrical resonant peaks about the power
supply frequency. UMP widens the frequency span
of the resonant zone and amplifies the vibration
during resonance. With the combined action of the
UMP and AMB, the displacement spectrum appears

abundant frequency components. Without consider-
ing the static eccentricity, these spectral frequencies
can be described by ω0 ± 2n1 (50 - ω0) + 2n2∗50
(n1 and n2 are natural numbers).

(2) The effect of static eccentric UMP is similar to
the force with constant direction and amplitude. To
offset the static eccentric UMP, the controller ac-
tively generates the bias current as part of the con-
trol current. The static eccentric UMP excites the
rotor’s nonlinear dynamic characteristics, resulting
in appearing new frequency components in the dis-
placement response spectrum, coexisting with the
previous frequency components. These new spectra
can be summarized with the formula of 2k1∗50 ±
2k2(50 - ω0) (k1 and k2 are natural numbers).

(3) Though the AMB-rotor system without UMP works
in a linear working state, UMP’s existence may sat-
urate the control current and thus strengthen the
nonlinear characteristics of AMB force, which can
easily produce control failure and rotor drop.

(4) A slight increment in control parameters causes a
significant effect on the dynamic responses. In par-
ticular, K p affects the amplitude and span of the res-
onance zone. Kd has an important impact on the vi-
bration peak. Applying slightly larger K p and Kd
is recommended to narrow the resonance zone and
suppress the resonant vibration of the AMB-rotor
system with large UMP.
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