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Abstract — Due to the rapid attenuation of the mil-
limeter wave, it is necessary to use very large-scale
antenna arrays in millimeter wave communications to
get ultra-high directivity which improves the transmis-
sion distance and the signal-to-noise ratio. Considering
the cost of large-scale RF links, analog beamforming
plays an important role in large-scale MIMO commu-
nications. This paper discusses the calculation method
of the antenna pattern that best matches the instanta-
neous MIMO channel in analog beamforming. By giv-
ing piecewise modeling on the antenna pattern, singular
value decomposition and the water-filling algorithm are
used to obtain the antenna pattern and the power distri-
bution among antennas. The optimal antenna pattern can
provide the target pattern for antenna synthesis to get the
maximum capacity. The simulation results show that the
method is effective.

Index Terms — maximum capacity, MIMO, optimal
antenna pattern, spatial cluster model.

L. INTRODUCTION

With commercial use of the 5th generation mobile
communication technology and the layout of 6th genera-
tion mobile communication technology, the communica-
tion system is developing toward ultra-large bandwidth
and ultra-low delay. Ultra-large-scale antenna technol-
ogy and millimeter wave communication have received
extensive attention [154]]. Due to the rapid attenuation of
the millimeter wave, beamforming technology of very
large-scale antenna arrays is proposed [3]]. Considering
the high cost of large-scale RF links, analog beamform-
ing plays an important role in large-scale MIMO com-
munications. Analog beamforming based on the statisti-
cal channel model has been used to guide antenna design
[658]]. There is also hybrid beamforming based on new
antenna structures [9]], including hybrid beamforming on
smart antennas [10], reconfigurable intelligent surface
antennas [[L1}[12], and holographic antennas [/13} [14]].

However, the above methods use models in which
the antenna parameters are included in the performance
measurement of the communication system. The antenna
design parameters are obtained first through optimization
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algorithms and then the antenna pattern is obtained indi-
rectly. All these methods require the designers to have
knowledge both in antenna and communication fields,
and different antenna structures need to be remodeled
and reanalyzed, and the algorithm complexity is high.

Due to the cluster sparsity of millimeter wave chan-
nels, the complexity of beamforming methods using
the deterministic and semi-deterministic spatial cluster
channel model is reduced. In this paper, for the instan-
taneous MIMO channel which is modeled by the spatial
cluster channel model, the antenna pattern best match-
ing the wireless propagation environment is directly
obtained. Without the antenna parameters involved, only
the piecewise modeling and power constraints of the
antenna pattern are carried out. The closed-form of the
optimal antenna pattern can be obtained by using singu-
lar value decomposition. The optimal pattern can be used
as the target pattern in antenna synthesis methods, such
as the genetic algorithm [15]], particle swarm optimiza-
tion algorithm [[16, [17], and other intelligence algorithms
[[18L[19], to further obtain the antenna parameters.

Antenna mutual coupling is a very important param-
eter that will greatly affect the performance of a tight
array. There is literature on how to reduce mutual cou-
pling in MIMO systems [20, 21]. In this paper, the
antenna spacing is set to half wavelength, when the effect
of mutual coupling is small. To focus on the optimal pat-
tern design, the mutual coupling is not considered in this
paper. It will be considered in further work.

II. OPTIMAL ANTENNA DESIGN OF
MIMO-SU

TR 38.901 [22] studies a channel model for frequen-
cies from 0.5 to 100 GHz in the fifth generation mobile
communication system. It is widely used in the research
in the communication field. According to the channel
description in 3GPP TR 38.901 [22], the antenna radi-
ation characteristic is an important factor of the wire-
less channel. The antenna radiation characteristic and the
wireless propagation environment jointly determine the
wireless channel [23]. If the wireless propagation envi-
ronment is full rank, such as a rich multi-path environ-
ment, the rank loss of the antenna radiation characteristic
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will lead to rank loss of the transmission channel, which
will result in the reduction of the multiplexing gain. On
the contrary, a suitable antenna radiation characteristic
not only ensures the full rank of the transmission chan-
nel but also has a good condition number in terms of
diversity gain and multiplexing gain [24]. Therefore, it
is valuable to find out the most suitable antenna pattern
for the wireless propagation environment.

A. System model

3GPP TR 38.901 is the specification that studies on
channel model for frequencies from 0.5 to 100 GHz use,
in which the channel is modeled as some spatial clusters.
The channel coefficients without polarization in consid-
eration are given by (1) when the transmitting antenna
array and receiving antenna array are both linear arrays,
and both aligned with the x-axis, as shown in Fig.[I]

Fig. 1. Channel with 3 clusters.

N
Hyx =Y (hafr, (AoA,,ZoA,) % f1, (AoD,,ZoD,)

% ej(mfl)*Kd,*cos(AoA,,) cos(ZoAp)

*ej(kfl)*Kd,*cos(AoD,,) cos(ZoDy,) ) (1. a)
0, = Kd, x cos (AoA,) xcos(ZoA,), (1.b)
Bn = Kd, * cos (AoDy,) xcos (ZoDy,). (l.o)

The channel coefficients can be written in matrix
form (2), which is shown at the bottom of this page,
where K and M are the numbers of transmitting and
receiving antennas and N is the number of clusters. o,
is the phase difference caused by the nth cluster on
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two adjacent receiving antennas, f3, is the phase differ-
ence caused by the nth cluster on two adjacent transmit-
ting antennas. f; (6, ¢) is the kth Tx antenna pattern.
frn (8,0) is the mth Rx antenna pattern. Hy«y shows
the joint effect of the wireless propagation environment
and the receiving antenna on the channel. Fyxg shows
the effect of the directivity of the transmission antenna
on the channel.

Assuming that the receiving antenna is omnidirec-
tional, the numbers of transmitting and receiving anten-
nas are both 2, the antenna spacing is half a wavelength,
and the propagation environment has 3 clusters as shown
in Fig.[I] then the channel matrix H is given by (3), which
is shown on the next page.

B. Problem formulation
The capacity for MIMO channels is given by (4),
[25]).

P
Cilogzdet(IM+gHMxK*RSS*HMXKH)

P . ~
:logzdet(IMJFEHMXN*FNXK*Rss*FHKXN*H]\I-/IXM)7
(4. a)

pP1r ... 0

0 ... PK
where R, is the covariance matrix of the transmission
data streams, representing the transmission power distri-
bution. The normalized py, satisfies,

Y. =1, 5)
the optimal antenna pattern can be obtained by the fol-
lowing optimization problem,

maximize C , (6. a)
(F, Rss)
subject to
Tr(Rg)=1. (6.b)

To solve the above problem, the power constraint of
Ry is not enough, the constraint about the antenna pat-
tern matrix F is needed too. The antenna pattern matrix
F needs to be modeled first.

hlfrl (AOAl,ZOAl) h2fr1 (AoAz,ZOAz) thrl (AOAN7ZOAN)

Hyxx=

hifr, (A0A1,ZoAr) /™ haf,, (AoAz,ZoAs) e/® - hnfr, (AoAN,ZoAy) TN

R fryy (AOAL, Z0A1) /M1 s £ (A0As, ZoAy) e/M—D% ... pyf. (AoAy,ZoAy)e/M—1on

fi, (AoDy,ZoDy)  f,, (AoDy,ZoDy) e/
fis (AoDy,ZoDy)  f;, (AoDy,ZoDy) eiP2

fix (AoDy,ZoDy) e/K=1B
fix (AoDy,ZoD5) e/ K= 1B )
. =Hpyxn * Fnxk, (2)

fi, (AoDy,ZoDy) f,, (AoDy,ZoDy)ePv .- f, (AoDy,ZoDy) e/ K=1Px
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hy hy h3

hlej”*COS(AOAl) *cos(ZoA1) hzejﬂ:*cos(AaAz) *cos(ZoAy) h3ej7r*cos(AoA3) xcos(ZoAs) | *

Hyxo=

ft1 (AOD] ,ZOD]) flz (AOD] ,ZoD ) ejﬂ*cos(AoDl) xcos(ZoDy)
ft1 (AODz,Z()Dz) flz (A()DQ,ZODz) e./:n*cos(AoDz) xcos(ZoDy) . 3)
ft1 (AOD3,ZOD3) flz (AOD:;,ZOD},) el/n:*cos(A()Dg) xcos(ZoD3)

C. Piecewise modeling and constraints on antenna
patterns

To solve the above problem, the antenna pattern is
piecewise modeled. A sphere can be divided into equal
S parts, in each part, radiation characteristics, such as
the electric field, are equal. The description in two-
dimensional space is shown in Fig. 2| where the solid
line represents the actual pattern, and the dotted line rep-
resents the piecewise pattern. To ensure equal power, the
integration of the dotted line and solid line are equal.
The difference between them will be smaller with the
increase of S.
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Fig. 2. Piecewise model on antenna pattern.

With the piecewise model, the power constraint is
given by (7) ,

47? Y W=P, ©)
where W; is the power flow density. Therefore, the sum of
W, representing the antenna radiation power flow density
at the angle where the nth cluster is located is given by

®) »
. L W35S, 8)
more precisely,
P
Y W= 3554, ©)

where 7 is the ratio of the sum of the power in the angle
of the channel clusters to the total power, which depends

on the ability of the antenna to depress the beam at an
uninterest angle.

In (1), the distance attenuation factor ﬁ has been
included in A, as the path loss factor, and P has been
picked in the capacity expression of (4.a), so the power
constraint of F is given by (10),

Y | fin (AoDy,ZoD,)|*=Sxy<S, (10)
here, the beam convergence factor is defined as (11)
P=S+*7, (11)

which represents the ability of the antenna to converge
beams in the spatial clusters of interest, and is affected
by actual antenna parameters. In the subsequent calcu-
lation, the beam convergence factor is given as known.
The calculation results below show that the beam con-
vergence factor does not change the shape of the pattern,
but only affects the power distribution in Rss.

D. Problem solving
After the constraint shown in (10), (6) is rewritten
by (12),

P .
maximize log,det(ly+— Hyxn*Fyxk*Rss
(F, Rss) °

«FH g v HG ), (12.a)
subject to

Tr(Ry)=1, (12.b)
Y |fin (A0Dy,ZoD,)|*=Sxy, form=1,...,M, (12.c)

Under the constraint in F, Fyyxg*Rss*FH gyn is a
symmetric positive definite matrix. Therefore, the opti-
mal solution of F is the right singular matrix of Hysn
[25] and Ry can be obtained by the water-filling algo-
rithm [25]].

The singular value matrix is a unitary matrix, and
any two columns of it are orthogonal. Therefore, the pat-
terns of different transmitting antennas are orthogonal to
each other in the clusters’ direction. Meanwhile, in order
to ensure a higher signal-to-noise ratio at the receiver, the
beam convergence factor should be greater, that means
the smaller the gain in the angles except the spatial clus-
ters’ direction, the better.

III. OPTIMAL ANTENNA DESIGN OF
MIMO-MU
In the MIMO-MU channel, shown in Fig. E], the
wireless propagation environment matrix for user 1 and
user 2 are given by (13) and (14). F matrix for user 1 and
user 2 are given by (15) and (16).
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3 =

h2
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H2><3 -
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=| f, (AoD},zoD}) f,, (AoD},ZoD})e’ jrscos(40D3 ) eos 200}
| /iy (AoD},ZoD}) f,, (AoD},ZoD})e jrscon(00} ) seos(z00}

e
fiy (AoD},ZoD}) f,, (AoD},ZoD?) e’
= f, (AoD3,ZoD3) f,, (AoD3,ZoD3)e s

| /iy (AoD3,ZoD3) f,, (AoD2, ZoD2) ™

jmscos (A{)D%) *cm(ZoD%
AUD%) *cos(laD%)
AoD} %

) scos(zoD

userl
— 3x4
Foxa = Fg;irZ
3x

h}ejnf*cos(AoA}) cos(ZoAl) héejﬂ:*cos(AoA%) xcos(ZoAl) h;ejﬂ*cos(AoAg) *cos(ZoAL) |

h%ejn*cos(AoA%) *cos(ZoA}) h%ejﬂ:*cos(AoA%) *cos(ZoA%) h;ej”*COS(AOAg) *cos(ZoA%) ’

) fi (AoD},ZoD}) e
fz3 (A()Dé i ZOD;) e/Zﬂ*cos(AaD%) *COS (ZnDé) fz4 (A()Dé,Z()D;) ej37t*cos<AoD%) *COS (7017%)

) fiy (AoDj},ZoD}) e

) fiy (AoD},ZoD?
fi; (AoD3,ZoD3) e
) i (AoD2,ZoD?) ejZﬂ*cns(AaD%) *cos(ZnD%) i (AoD2.ZoD?) ej37t*cns<AoD%) *cos(ZnD%)
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h} h} a3

3 " a4

) j27C*cos<AaD%) *cos(ZﬂD}) £ (AoD}ZoD}) e/37t*cos<AoD}> *cos(ZoD})

jZﬂ*cns(Aal)_l,) *cos(lnn%) fis (A0D} ZODl)eﬂmcos(Ang) *cos(an)%)
A 3,Z0D3

(15)

)efzn*cos<AaD%) *cos(ZoD}) fis (A0D? ZOD%)eﬂn*cos(AoD%) *cos(ZoD%)
" ;

) ﬂmcos(AaD%) *cos(Zr?D%) fiu AoD2, ZoD3) ej37t*cos<AoD%) *cos(ZnD%)

Jamxcos (AUD «cos(ZoD

£, (40D} ZoDY) f, (40D} ZoD!) " (oP1) < (#0})  p a0pt Z0Dt) e D =x(#01) 1 (40D} zob}) e (4P1) D)
fi (AoDLZaD%) £ (AoDLZaD%) e/n*cos<AoD£) *cos(ZaD;) fi (AoD, ZODé)eJZE*cos(AuDé) *cos(ZoDé) f (AoD}, ZoD}) ejsmcos(AuDD *cos(ZoD%)
e (AoD!, ZoD}) £ (AOD%’Z{)D%)e/n*cos(AoD%) *cos(ZoD%) fi (AoD}, ZOD;)ejzmcos(AuD{) *cos(ZUD%) f (AoD}, ZoD}) ej}n*cos(AuD:l‘) *cos(ZvDé)
i (AoD,,Zu ?) i (AUD?,ZGD%) e/n*cm(/\oD%) *cos(ZrzD%) i (AoD? 7ZOD%)e/27[*cos(AoD%) *cos(ZuD%) f (AoD?,ZoD}) ej3mcos(AaD%) *cos(zm?)
fi (AoD3, ZoD3) i (AoD3,ZoD3) e/n*cos(AoD%) *cos(ZoD%) i (AoDz,ZoD%)e’zmcos(A"D%) *cos(loD%) f (AoD%,ZoD%) ej37r*cos(A0D%) *cos(ZoD%)
£ (AoD%,Zng) £ (AOD%,ZDD%) e/ﬂ*cos(AoD%) #cos (zw%) i (AoD;,ZoD%) e/Zﬂ*cox(AoD%) #cos (z(;r)%) fi (AoD%,ZoD%) Ej37r*cos<AoD%) #cos (ZoD%)
17
agl Fuserl h{ h% h; 000 1
H2><6 = [H2><3 0] = h%ejn*cos(AaA}) *cos(ZoA{) h%ejlr*cos(AoAé) *cos(ZoA%) h%ejﬂ*cos(AuAé) *cos(ZuA;) 000 |’ ( 8)
. 000 " h3 B2
2 2 1
Hyve = [O Hél;e{ ] = |: 000 hzejn*ws(AoAz) *ws(ZoA ) hzejir*(.us(AoAz) *Los(ZnAz) hlejn*cos(AnAz) *(.os(ZoAz) ’ (19)
H Fuserl N
Hyxa = [HZ: * {FZ"E{’Z = Haxe * Foxa
h} hy 2 0 0 0
h}ejn*cos(AoA{) «cos(ZoAl) héejmcos(AoA%) #cos(ZoAl) h;ejlr*cos(AnAé) #cos(ZoAl) 0 0 0
0 0 0 n h3 n
0 0 0 hée/n*cos(AuAg) «cos(ZoA}) hzejmcos(AoAg) xcos(ZoA3) h%ejn*cos(AUA%) xcos(ZoA3)
_ B (40D}, ZoD)) n (AoD, ZUD{)g]ﬂ*«,os(AuD}) *cos(ZoD{) i (AoD}, Z()D{)eﬂn*cos(AvD}) *cos(ZuD}) £ (A0D17ZOD{)e/3n*cos(AoD}> *COS(ZUDI) .
£ (AoD},ZoD}) f f (AoD}, ZoD}) em*cos<AuD;) *cos(ZoD%) fi (AoD}, ZoD}) eﬂn*cos(AoD;) *cos(ZoD%) £ (AoD}, ZoD}) eﬂn*uos(AoD%) *cos(ZuDz)
i (AoD},ZoD}) f /i (AoD), Z()Dé)e/mcos@az){) *cos(ZoD{) fin (A0DY, ZoDY) e]Zn*cos(AaD%) *cos(ZoD%) £ (AoD}, ZoD}) eﬂn*cos(AnD%) *cos(ZoDé)
% ; k
g ( AoD?.ZoD?) f, ) ( £, (AoD? ZoD?) e/mcos(Aan) *cos(ZoD%) i AoD? ZoD?) e/2n*cos<AoD%> *cos(ZoD%) i AoD? ZoD?) ejzn*cos(AoD%) *cos(ZoD%)
fi (AoD% ZoD?) . (AoDz,ZoD )e/n*cos<AaD%) *cos(ZnD%) fi (AoD3.ZoD3) e/Zﬂ*cos(AoD%) *cas(ZoD%) £y (AoD3.ZoD3) ()/37[*005(A0D%> *cos(ZoD%)
I fll (AOD% ZODZ) ' (A()D;,Z()Dz) elmcos(AaD%) *cos(7nD§> fz3 (AOD% Dg) e/Zn*cos(AoD%) *cos(7nl7%) fr4 (A()D%,Z Dz) eﬂnxcos(AoD%) *cos(701)§)

where Ay, is the gain of nth cluster for the uth user. AoAy,
ZoA;, AoDj, and ZoD), are the angles of the nth cluster
for the uth user. Rewrite F as (17), rewrite Hﬁ‘i‘g’ Las Hzlxé
shown as (18), rewrite Hﬁ‘i%’ 2 as 1:122><6 shown as (19). The
channel coefficients matrix between 4 receiving anten-

(20)

nas and 4 transmitting antennas for MIMO-MU is given
by (20).

Therefore, the capacity for MIMO-MU is given by
21,

P . 3
C zlogzdet(14+gH4x6*F6X4*RSS*Fﬁ6*HgIX 4. @D



Fig. 3. Channel with two users.

Using the same solution in subsection D, the optimal
patterns of F is the right singular matrix of Hy¢, and Ry
can be obtained by the water-filling algorithm.

Because Hj ¢ is block matrix, the optimal F is block
matrix too, which is given by (22),

_ V31><2 0
Foxa = |: 0 V32><2 5 (22.a)
154" = Uy 353,35V 3 (22.b)
197 = U3 3833 V3 (22.¢)

where V3, , and V7, are the two columns of V4 5 and
V32X3 , which is the right singular matrix of H4%% ! and
I:Ié‘i%r 2. There are only two singular values for FI;% land
745¢72, so the third column of V4. 5 and V7 5 are both
ZEero vector.

The results in (22) show that the four antennas at
the transmitter are divided into two groups. The first two
antennas transmit beams to the spatial clusters of user 1,
and the last two antennas transmit beams to the spatial
clusters of user 2. The spatial decoupling between the
two users is realized by the directivity of the transmission
antennas.

On the spatial clusters of user 2, the beam gain of
the first two transmit antennas should preferably be 0,
otherwise it will cause interference to user 2; Similarly,
on the spatial clusters of user 1, the beam gain of the last
two antennas should preferably be 0, otherwise it will
cause interference to user 1.

The above solution is only one of the most direct
results of the optimal pattern. F can also be the vector
space of the right singular vector of the wireless prop-
agation environment channel matrix H. But it needs to
cooperate with the digital baseband precoding to realize
the decoupling of the data flow to the two users.

That is, the optimal F matrix should meet the fol-
lowing conditions:

1. Full rank
2. All singular values are equal

The above conditions can ensure that the loss of the
condition number and the rank loss of the channel matrix
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H will not occur due to the rank loss of F or the bad
condition number of F.

IV. SIMULATION
A. Simulation for MIMO-SU
In the QurdiGa  channel model, the

BERLIN_Uma_NLOS scenario is used to generate
a wireless channel with 15 clusters, as shown in Fig. E[
The number of Tx antennas and Rx antennas are both
2. The total power is set to 10 W. The noise power
is set to 107 '2mW which is close to the noise power
of the phone 117dBm. According to the calculation
in subsection D, the optimal pattern F is shown in
Fig. ] Corresponding to different beam convergence
factors, the power distribution and capacity are shown in
Table [Tl

-0.05

-0.15

-0.2
0

Fig. 4. Clusters for MIMO-SU channel.

0.5. 0.5

03 ‘ 0.3

05 05 e o
[ e 03 0 0

05 s 05 e s
¥ x ¥ x
Fig. 5. Optimal patterns for Tx1 (left) and Tx2
(right).

Simulation results show that the patterns of different
transmitting antennas are orthogonal to each other in the
clusters’ direction; The increase of beam convergence
factor will increase the gain of the transmitting antenna
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Table 1: Power distribution and capacity

Beam Power
Convergence | Distribution | Capacity (bits/s/Hz)
Factor (W)
p=1 6.3411, 3.6589 6.7926
p=2 5.6720, 4.3280 8.4427
p=3 5.4468, 4.5532 9.4877
p= 100 5.0134, 4.9866 19.3404

0.1 0.1

Fig. 6. Clusters for MIMO-MU channel.

pattern in the direction of each transmitting cluster in
equal proportion, but will not change the shape of the
pattern; At the same time, the increase of beam conver-
gence factor will make the transmission power distribu-
tion of each transmitting antenna closer. When the beam
convergence factor is large, the capacity will be greatly
improved, and the power distribution between antennas
is close to average.

B. Simulation for MIMO-MU

In the MIMO-MU simulation, there is one sender
with 8 antennas and three users with 2 antennas
each.

The MIMO-MU channel with 3 users is shown in
Fig. [6] There are 15 clusters for each user. The right,
middle and left parts of lines represent the propagation
clusters pointing to user 1, user 2, and user 3. The lines’
direction in the figure represents the angle of the cluster,
the length represents the cluster’s gain.

The optimal patterns for the first 6 Tx antennas are
shown in Fig. [/| The power distribution is shown in
Table 21

The simulation results show that the first six anten-
nas are exactly divided into three groups, each serving
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Fig. 7. Optimal patterns for 6 Tx antennas.

Table 2: Power distribution and capacity in MIMO-MU
Beam
Convergence
Factor

Power
Distribution
(W)
1.9584, 1.8851,
1.8406, 1.7178,
1.6374, 0.9608,
0.0000, 0.0000.
1.8127,1.7761,
1.7538, 1.6924,
1.6522, 1.3128,
0.0000, 0.0000.
1.7642, 1.7398,
1.7250, 1.6837,
1.6568, 1.4306,
0.0000, 0.0000.
1.6734, 1.6729,
1.6709, 1.6690,
1.6641, 1.6498,
0.0000, 0.0000.

Capacity(bits/s/Hz)

p=1 18.0202

23.2046

26.4202

p= 100 50.2034

one user, and the last two antennas are not used, which is
consistent with the analysis in Section III.
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V. CONCLUSION

For the instantaneous MIMO channel based on the

spatial cluster model, the product form of the chan-
nel coefficient matrix from the environment cluster
matrix and transmit antenna pattern matrix has been
given. Through piecewise modeling for the transmitting
antenna pattern and power constraints, the optimization
problem of maximizing the capacity has been solved by
using singular value decomposition and the water-filling
algorithm. The closed-form of the optimal antenna pat-
tern has been achieved. The simulation results show the
solution in this paper is effective.
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