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Abstract – The radiation characteristics of circular arc
antennas are studied by applying the method of moments
(MoM) to solve the electric field integral equation
(EFIE). Based on the triangular current distribution of
small circular arc antennas, the analytical expression of
radiation fields of circular arc antennas is derived. It is
found that the circular arc antenna is equivalent to a
superposition of an electric dipole and a magnetic dipole,
resulting in near isotropic radiation pattern. Finally, both
MoM and CST simulations show that the small arc
antenna can realize the near isotropic radiation pattern.

Index Terms – Circular arc antenna, electric field inte-
gral equation (EFIE), method of moments (MoM), quasi-
isotropic radiation.

I. INTRODUCTION
Isotropic antennas can radiate electromagnetic

energy equally in all directions [1]. However, isotropic
antennas are impossible in theory, because the transverse
electric field in the far field region cannot be uniform
over a sphere if the field is linearly polarized everywhere
[2], [3]. So quasi-isotropic antennas were proposed and
commonly used in applications such as radio frequency
identification, radio frequency energy harvesting, and
wireless access points [4].

Design approaches for quasi-isotropic antennas
include folded dipoles [5], magnetic dipoles [6], orthogo-
nal dipoles [2], combination of multiple dipoles [7], split
ring resonators [8], and so on. This paper will introduce
a new approach based on circular arc antennas.

An arc antenna is a usual deformation of a dipole
antenna, which is the simplest and most basic of vari-
ous antenna structures. Although the circular arc antenna
is simple, it still has characteristics that are worth study
for applications. For example, using a circular antenna
in a logging tool as a receiving antenna has great advan-
tages in ultra-deep boundary detection [9]. It is more
convenient to analyze the circular arc antenna by apply-

ing the method of moments (MoM) to solve the electric
field integral equation (EFIE) than the traditional ana-
lytical method [10]. In this paper, based on the conclu-
sion that the small circular arc antenna can be equivalent
to a superposition of an electric dipole and a magnetic
dipole in [11], it is proposed that the small circular arc
antenna can realize quasi-3D omnidirectional radiation.
As a result, the arc antenna can be used to overcome the
zero-reading problem of dipole antennas [12].

II. THEORY AND FORMULA DERIVATION
A. Derivation of circular arc antenna EFIE

The EFIE for the antennas or scatterers which are
perfect electric conductor (PEC) can be expressed as [10]

jωµ0t̂ •
∫∫
S

[
JS (r′)+ 1

k2 ∇′ •JS (r′)∇

]
g(r,r′)dS′

= t̂ •Ei (r) ,
(1)

where JS is the induced surface current, g is the Green’s
function, k and µ0 are the wave number and permeability
of the free space, and t̂ denotes any tangential unit vector
to the PEC surface.

The geometry for the circular arc antenna of radius b
and line radius a is depicted in Fig. 1. If b << λ , where
λ is the wavelength, the antenna can be regarded as a
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where JS is the induced surface current, g is the 

Green’s function, k and μ0 are the wave number and 

permeability of the free space, and t̂  denotes any 

tangential unit vector to the PEC surface. 
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Fig. 1. Circular arc antenna geometry. 
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small circular arc antenna. And if a << 2πb, the antenna
can be regarded as a thin wire antenna. Considering the
thin wire antenna approximations, the source point r′ and
field point r can be represented by source point ρρρ ′ and
field point ρρρ . In addition,

JS
(
r′
)
= I

(
ϕ
′)

ϕ̂ ′
/
(2πa), (2)

t̂ = ϕ̂, (3)

ϕ̂ • ϕ̂ ′ = cos
(
ϕ −ϕ

′) , (4)

g
(
ϕ,ϕ ′)= e−jkR

4πR
, (5)

where R is the distance from the source point ρρρ ′ to the
field point ρρρ , expressed as

R =
√

(a+b)2 +b2 −2(a+b)bcos(ϕ −ϕ ′)

=

√
a2 +4b(a+b)sin2 [(ϕ −ϕ ′)/2]. (6)

By substituting (2)-(6) into (1), the EFIE suitable for
the circular arc antenna is rewritten as∫

Φ/2

−Φ/2
I
(
ϕ
′)K

(
ϕ,ϕ ′)dϕ

′ =−j
kb
η

E i
ϕ , (7)

with

K
(
ϕ,ϕ ′)= [

(kb)2 cos
(
ϕ −ϕ

′)+ ∂ 2

∂ϕ2

]
g
(
ϕ,ϕ ′) . (8)

B. Radiation field and equivalent model of circular
arc antenna

The relationship between magnetic potential A and
current vector I(r′) of the circular arc antenna is

A =
µ

4π

∫
C

I
(
r′
) e−jkR

R
dl′, (9)

where I(r′) = I (ϕ ′) ϕ̂ ′ and dl′ = bdϕ ′. Therefore, (9)
can be changed to

A =
bµ

4π

∫
Φ/2

−Φ/2
I
(
ϕ
′)

ϕ̂ ′ e
−jkR

R
dϕ

′. (10)

In the spherical coordinate system, A can be
expressed by the sum of the components in r, θ , and ϕ

directions, that is
A(r,θ ,ϕ) = Ar (r,θ ,ϕ) r̂+Aθ (r,θ ,ϕ) θ̂

+Aϕ (r,θ ,ϕ) ϕ̂.
(11)

The vector potential is expressed as [13]
Ar =

bµ0
4π

sinθ
∫ Φ/2
−Φ/2 I (ϕ ′)sin(ϕ −ϕ ′) e−jkR

R dϕ ′

Aθ = bµ0
4π

cosθ
∫ Φ/2
−Φ/2 I (ϕ ′)sin(ϕ −ϕ ′) e−jkR

R dϕ ′

Aϕ = bµ0
4π

∫ Φ/2
−Φ/2 I (ϕ ′)cos(ϕ −ϕ ′) e−jkR

R dϕ ′
. (12)

According to the far field approximation [14], R ≈
r− bsinθ cos(ϕ −ϕ ′), the magnetic potential A is then
transformed into

Ar = bµ0e−jkr

4πr sinθ
∫ Φ/2
−Φ/2 I (ϕ ′)sin(ϕ −ϕ ′)ejkbsinθ cos(ϕ−ϕ ′)dϕ ′

Aθ = bµ0e−jkr

4πr cosθ
∫ Φ/2
−Φ/2 I (ϕ ′)sin(ϕ −ϕ ′)ejkbsinθ cos(ϕ−ϕ ′)dϕ ′

Aϕ = bµ0e−jkr

4πr
∫ Φ/2
−Φ/2 I (ϕ ′)cos(ϕ −ϕ ′)ejkbsinθ cos(ϕ−ϕ ′)dϕ ′

.

(13)
For a small circular arc antenna, the current distribu-

tion obtained by the MoM is shown in Fig. 2. Obviously,

Fig. 2. Circular arc antenna current when kb = 2π×10−4.

the current distribution is close to the triangular current
and can be written as

I (ϕ ′) = IA
(
1−2 |ϕ ′|

/
Φ
)
−Φ

/
2 ≤ ϕ ′ ≤ Φ

/
2 , (14)

where IA is the peak value of current amplitude calcu-
lated with MoM.

With small arc approximation, ejkbsinθ cos(ϕ−ϕ ′) can
be expanded to 1 + jkbsinθ cos(ϕ −ϕ ′). Substituting
(14) into (13) as well as integrating them respectively
yields

Ar =
bµ0e−jkr sinθ IA

4πrΦ

[
8sinϕ sin2 (

Φ
/

4
)

+jkbsinθ sin(2ϕ)sin2 (
Φ
/

2
) ]

Aθ = bµ0e−jkrIA
8πrΦ

[
16cosθ sinϕ sin2 (

Φ
/

4
)

+jkbsin(2θ)sin(2ϕ)sin2 (
Φ
/

2
) ]

Aϕ = bµ0e−jkrIA
16πrΦ

{
32cosϕ sin2 (

Φ
/

4
)

+jkbsinθ
[
Φ2 +4cos(2ϕ)sin2 (

Φ
/

2
)] }

.

(15)
In the spherical coordinate system, the expression of

electric field ES in far field region is
ES =−jω

(
θ̂Aθ + ϕ̂Aϕ

)
(16)

with
Eθ = −jωbµ0e−jkrIA

8πrΦ

[
16cosθ sinϕ sin2 (

Φ
/

4
)

+jkbsin(2θ)sin(2ϕ)sin2 (
Φ
/

2
) ]

Eϕ = −jωbµ0e−jkrIA
16πrΦ

{
32cosϕ sin2 (

Φ
/

4
)
+ jkbsinθ[

Φ2 +4cos(2ϕ)sin2 (
Φ
/

2
)] } .

(17)
The small circular arc antenna can be characterized

by an electric dipole moment Iel and a magnetic dipole
moment Iml [15]. Next, we will discuss the radiation field
expressions of the electric dipole and magnetic dipole.

The position of the electric dipole along the y-
direction located at x = xe along x-axis is shown in
Fig. 3 (a). Then, the magnetic vector potential A is

A(r) = ŷ
µIel
4π

e−jkR

R
, (18)

where
R =

√
r2 −2xer sinθ cosϕ + x2

e . (19)
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Considering r >> xe, R can be written as

R = r
√

1−2 xe
r sinθ cosϕ +

( xe
r

)2

≈ r− xe sinθ cosϕ,
(20)

thus,
e−jkR

R
≈ e−jk(r−xe sinθ cosϕ)

r
. (21)

Therefore, (18) can be simplified as

A(r) = ŷ
µIel
4πr

e−jk(r−xe sinθ cosϕ), (22)

where ŷ = r̂ sinθ sinϕ + θ̂ cosθ sinϕ + ϕ̂ cosϕ .
The radiation field expressions of the electric dipole

along the y-direction located at x = xe are then{
Ee

θ
=−jη kIel cosθ sinϕ

4πr e−jk(r−xe sinθ cosϕ)

Ee
ϕ =−jη kIel cosϕ

4πr e−jk(r−xe sinθ cosϕ) . (23)

The position of the magnetic dipole along the z-
direction located at x = xm along the x-axis is shown
in Fig. 3 (b). Its radiation field expression that can be
derived in the same way is{

Em
θ
= 0

Em
ϕ =− jkIml sinθ

4πr e−jk(r−xm sinθ cosϕ) . (24)

  ˆ ˆjS A A     E  (16) 

with 

 
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0

2

2
j

0

2 2

16cos sin sin 4j

8 j sin 2 sin 2 sin 2
.

32cos sin 4 j sinj

16 4cos 2 sin 2

kr
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kr

A

b e I
E

r kb

kbb e I
E

r
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
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  

  

 





  
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     


     
  

        
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2

1 2 sin cos

sin cos ,

e e

e

x x
R r
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r x
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 
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 

 
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 j sin cosj

.
ek r xkRe e

R r

  

  (21) 
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4

ek r xeI l
y e

r
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
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A r  (22) 

where ˆ ˆˆ ˆsin sin cos sin cosy r          . 
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Fig. 3. Schematic diagrams of (a) an electric dipole and 

(b) a magnetic dipole. 
 

The position of the magnetic dipole along the z-
direction located at x = xm along the x-axis is shown in Fig. 
3 (b). Its radiation field expression that can be derived in 
the same way is 
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By comparing the radiation field expression (17) with 

(23) and (24), it is concluded that the small circular arc 

antenna can be equivalent to a superposition of an electric 

dipole along the y direction located at  2cos 4ex b   

and a magnetic dipole along z direction located at xm = xe 

as shown in Fig. 4. 
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For a very small arc antenna with Φ << 1, we have 
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Similarly, for a full loop with a gap, 
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For a full loop without a gap, we have the well-known 
results [16] 
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Fig. 4. Equivalent model of a circular arc antenna: (a)  

Circular arc antenna with angle , (b) electric dipole Iel, 

(c) magnetic dipole Iml. 
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Fig. 3. Schematic diagrams of (a) an electric dipole and 

(b) a magnetic dipole. 
 

The position of the magnetic dipole along the z-
direction located at x = xm along the x-axis is shown in Fig. 
3 (b). Its radiation field expression that can be derived in 
the same way is 
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and a magnetic dipole along z direction located at xm = xe 

as shown in Fig. 4. 

The electric dipole moment is expressed as 

  28 sin 4 ,e AI l bI    
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and the magnetic moment is given as 
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For a very small arc antenna with Φ << 1, we have 
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For one half circular arc antenna with Φ = π, 
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Similarly, for a full loop with a gap, 
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For a full loop without a gap, we have the well-known 
results [16] 
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Fig. 4. Equivalent model of a circular arc antenna: (a)  

Circular arc antenna with angle , (b) electric dipole Iel, 

(c) magnetic dipole Iml. 

 

C. Electric dipole and magnetic dipole 
The normalized pattern of an antenna is defined as 
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Fig. 3. Schematic diagrams of (a) an electric dipole and
(b) a magnetic dipole.

By comparing the radiation field expression (17)
with (23) and (24), it is concluded that the small cir-
cular arc antenna can be equivalent to a superposition
of an electric dipole along the y direction located at
xe = bcos2

(
Φ
/

4
)

and a magnetic dipole along z direc-
tion located at xm = xe as shown in Fig. 4.

The electric dipole moment is expressed as
Iel =

[
8bIA sin2 (

Φ
/

4
)]/

Φ, (25)
and the magnetic moment is given as

Iml =
jωµIAb2Φ
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]
. (26)

For a very small arc antenna with Φ << 1, we have

xe = xm = b, Iel =
IAb
2

Φ, Iml =
jωµIAb2

12
Φ

3 → 0. (27)

For one half circular arc antenna with Φ = π ,

xe = xm =
b
2
, Iel =

4IAb
π

, Iml =
jωµIAπb2

4
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)
.

(28)
Similarly, for a full loop with a gap,

xe = xm = 0, Iel =
4IAb

π
, Iml =

jωµIAπb2

2
. (29)

For a full loop without a gap, we have the well-
known results [16]

xe = xm = 0, Iel = 0, Iml = jωµIAπb2. (30)
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The small circular arc antenna can be characterized by 

an electric dipole moment Iel and a magnetic dipole 

moment Iml [15]. Next, we will discuss the radiation field 

expressions of the electric dipole and magnetic dipole. 

The position of the electric dipole along the y-

direction located at x = xe along x-axis is shown in Fig. 3 

(a). Then, the magnetic vector potential A is 
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thus, 

 
 j sin cosj

.
ek r xkRe e

R r

  

  (21) 

Therefore, (18) can be simplified as 
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where ˆ ˆˆ ˆsin sin cos sin cosy r          . 

The radiation field expressions of the electric dipole 
along the y-direction located at x = xe are then 
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Fig. 3. Schematic diagrams of (a) an electric dipole and 

(b) a magnetic dipole. 
 

The position of the magnetic dipole along the z-
direction located at x = xm along the x-axis is shown in Fig. 
3 (b). Its radiation field expression that can be derived in 
the same way is 
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By comparing the radiation field expression (17) with 

(23) and (24), it is concluded that the small circular arc 

antenna can be equivalent to a superposition of an electric 

dipole along the y direction located at  2cos 4ex b   

and a magnetic dipole along z direction located at xm = xe 

as shown in Fig. 4. 

The electric dipole moment is expressed as 
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For a very small arc antenna with Φ << 1, we have 
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For one half circular arc antenna with Φ = π, 
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Similarly, for a full loop with a gap, 
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For a full loop without a gap, we have the well-known 
results [16] 
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Fig. 4. Equivalent model of a circular arc antenna: (a)  

Circular arc antenna with angle , (b) electric dipole Iel, 

(c) magnetic dipole Iml. 

 

C. Electric dipole and magnetic dipole 
The normalized pattern of an antenna is defined as 
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Fig. 4. Equivalent model of a circular arc antenna: (a)
Circular arc antenna with angle Φ, (b) electric dipole Iel,
and (c) magnetic dipole Iml.

C. Electric dipole and magnetic dipole
The normalized pattern of an antenna is defined as

F (θ ,ϕ) =
|E (θ ,ϕ)|

Emax
. (31)

According to the radiation field expressions (23) and
(24), the normalized pattern of an electric dipole and a
magnetic dipole are{

Fe
θ
= cosθ sinϕ

Fe
ϕ = cosϕ

, (32)

and {
Fm

θ
= sinθ

Fm
ϕ = 0 , (33)

respectively, while their radiation patterns are shown in
Fig. 5.

From the patterns of the electric dipole and magnetic
dipole, their radiation intensity near the central axis is
very low or even zero, but these axes are not the same.
If the electric dipole and magnetic dipole are superim-
posed, the combined patterns can be complementary and
will have no direction where the normalized pattern is
zero.

Where the ratio of the electric dipole to magnetic
dipole Iel

/
Iml = ne

/
η (0 < ne < ∞) and where ne is the

normalized ratio, the electric field obtained by superpo-
sition of the electric dipole and magnetic dipole is{

Eθ = neEe
θ
+Em

θ

Eϕ = neEe
ϕ +Em

ϕ

. (34)

According to equation (31), the normalized pattern
of the superposition of an electric dipole and a magnetic
dipole can be obtained, and the minimum can be found.
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respectively, while their radiation patterns are shown in 

Fig. 5. 

From the patterns of the electric dipole and magnetic 

dipole, their radiation intensity near the central axis is 

very low or even zero, but these axes are not the same. If 

the electric dipole and magnetic dipole are 

superimposed, the combined patterns can be 

complementary and will have no direction where the 

normalized pattern is zero. 
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Fig. 5. Radiation patterns of (a) an electric dipole along 

the y direction and (b) a magnetic dipole along the z 

direction; (c) the color map. 
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According to equation (31), the normalized pattern 

of the superposition of an electric dipole and a magnetic 

dipole can be obtained, and the minimum can be found. 
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electric dipole and a magnetic dipole. In Section II B, it 

is shown that the superposition of an electric dipole and 

magnetic dipole can realize quasi-isotropic radiation. 

Therefore, it is predictable that the small arc antenna can 

realize quasi-isotropic radiation. 

In order to obtain the gain deviation, namely, the 

difference between the maximum gain and the minimum 

gain, and the radius of the arc when the pattern of the arc 

antenna with different angles Φ is the closest to 3D omni-

directional, the MoM and the electromagnetic simulation 

software CST [17] are used to build the simulation 

model. The line radius of the arc is λ/1000 in both 

methods. 

The gain deviation, radius, and arc length calculated 

by the two methods are compared and verified. Figure 8 

shows the relationship between gain deviation and arc 

 

 
Fig. 6. Minimum value of normalized pattern of 

superposition of an electric dipole and a magnetic dipole. 

 

Fig. 5. Radiation patterns of (a) an electric dipole along
the y direction and (b) a magnetic dipole along the z
direction; (c) the color map.

III. NUMERICAL RESULTS AND ANALYSIS
The minimum value of the normalized pattern as

a function of ne is shown in Fig. 6. When ne = 1, that
is, Iel

/
Iml = 1

/
η , the minimum is

√
2
/

2, which is the
largest, and the pattern is the closest to 3D omnidirec-
tional, as shown in Fig. 7.

In Section II A, it is concluded that the small arc
antenna can be equivalent to the superposition of an elec-
tric dipole and a magnetic dipole. In Section II B, it is
shown that the superposition of an electric dipole and
magnetic dipole can realize quasi-isotropic radiation.
Therefore, it is predictable that the small arc antenna can
realize quasi-isotropic radiation.

In order to obtain the gain deviation, namely, the dif-
ference between the maximum gain and the minimum

Fig. 6. Minimum value of normalized pattern of super-
position of an electric dipole and a magnetic dipole.

Fig. 7. When Iel
/

Iml = 1
/

η , the radiation pattern of the
superposition of an electric dipole and a magnetic dipole.
The color map is the same as that in Fig. 5 (c).

gain, and the radius of the arc when the pattern of the
arc antenna with different angles Φ is the closest to 3D
omni-directional, the MoM and the electromagnetic sim-
ulation software CST [17] are used to build the simula-
tion model. The line radius of the arc is λ /1000 in both
methods.

The gain deviation, radius, and arc length calcu-
lated by the two methods are compared and verified.
Figure 8 shows the relationship between gain deviation
and arc antenna angle. The difference in results between
MoM and CST may be due to inconsistent meshing. In

Fig. 8. Gain deviation of circular arc antenna with dif-
ferent angles when the arc antenna is the closest to 3D
omnidirectional radiation.
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Fig. 9. The radiation pattern of 266-degree arc antenna
which is the closest to isotropic radiation. The radius is
0.1542 λ . The color map is the same as that in Fig. 5 (c).

the results calculated by the MoM, the 266-degree arc
antenna is the closest to 3D omnidirectional radiation,
and the gain deviation is only 0.33 dB. The radiation pat-
tern of the 266-degree arc antenna is shown in Fig. 9.

Figures 10 and 11 show the relationship between
arc radius and arc antenna angle, and the relationship
between arc length and arc antenna angle when the arc
antenna is the closest to 3D omnidirectional radiation. It
can be found that the arc radius and arc length decrease
monotonically with the increase of the arc antenna angle.

Fig. 10. Radius of circular arc antenna with different
angles when the arc antenna is the closest to 3D omni-
directional radiation.

Fig. 11. Length of circular arc antenna with differ-
ent angles when the arc antenna is the closest to near
isotropic radiation.

That is to say, under this condition, when the arc is closer
to a complete circle, the size is smaller. Although there
are some differences in the simulation results of the two
methods, the overall trend of change is consistent.

IV. SUMMARY
In this paper, the MoM is used to analyze the cir-

cular arc antenna. Firstly, the EFIE of the circular arc
antenna is derived and verified by the known results
of loop antennas. Secondly, the analytical approximate
expression of the radiation field of the small circular arc
antenna is derived by using the triangular current distri-
bution. And by comparing the radiation field of circu-
lar arc antenna with that of electric dipole and magnetic
dipole, it is concluded that the small circular arc antenna
can be equivalent to a superposition of an electric dipole
and a magnetic dipole. Thirdly, it is found that the super-
position of an electric dipole and a magnetic dipole can
realize quasi-3D omnidirectional radiation. Finally, by
using MoM and CST software, it is shown that the small
arc antenna can realize near isotropic radiation.
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