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Abstract – In a radio telescope, the sub-reflector is illu-
minated by a complex feed system, consisting of a feed
horn and a pair of optics focusing elements which are
usually a pair of mirrors. Although rigorous analysis of
this system can be performed using Method of Moments
(MoM) or physical optics (POs), design optimization
using these methods may not be viable, since it requires
lengthy computational time. In this paper, we describe
an efficient optimization technique for the optics design
which applies the quadratic on a pedestal distribution
to compute the taper and aperture efficiencies. In our
method, multimode Gaussian optics is employed to cal-
culate the electromagnetic waves which scatter through
the optical system. The edge taper associated with the
optimum aperture efficiency is first identified. By set-
ting the parameters of this edge taper and also the dis-
tance between mirror 2 and the antenna focus as the iter-
ation targets, a root-searching routine is then applied to
determine the distances of the optical paths between the
mirrors and the feed. When an optimized feed design
is established, the antenna performance indicators, such
as the beam efficiency, co- and cross-polarization lev-
els, and aperture efficiencies, are calculated using PO.
In this way, we combine the accuracy of the quadratic
function in determining the antenna efficiencies and the
computational efficiency of Gaussian optics to optimize
the design of the system with the rigor of PO to validate
the final parameters of the antenna. The design procedure
for the Atacama Large Millimeter/Submillimeter Array
(ALMA) interferometric radio telescope’s feed optics
system is used as an illustrative example. The results
show that the co-polar beam efficiencies achieved with
the proposed method are higher than those of the orig-
inal method used for the ALMA feed optics system,
while the cross-polar beam efficiencies are lower. This
suggests a substantial improvement offered by the new
approach.

I. INTRODUCTION
The latest generation of ground-based radio tele-

scopes are designed to accommodate multiple frequency
bands [1]. The receivers for each band are therefore
positioned off-axis relative to the parabolic antenna.
A typical optics arrangement for an offset radio tele-
scope is shown in Fig. 1. As can be observed from the
figure, a pair of mirrors are usually employed to scat-
ter the optical beam from the reflectors to the offset
feeds.

Designing these ground-based antennas presents
exceptional computational challenge. This is due to the
need for precise electromagnetic field calculations in
high-performance antenna design. Since the dimensions
of the optical elements are many times their operating
wavelengths, full wave analysis of the antenna turns out
to be laborious [2, 3]. The inclusion of additional focus-
ing elements, such as mirrors, adds more design vari-
ables, further complicating the process of optimizing the
design.

In [4], we presented a method based on Gaussian
beam to determine the optimal variables for designing
near frequency-independent receiver optics. The design
parameters obtained from this method were adopted in
constructing the receiver optics for the Atacama Large
Millimeter/Submillimeter Array (ALMA) interferome-
ter [5, 6]. Constituting 66 Cassegrain reflector antennas,
ALMA is presently the state-of-the-art millimeter/sub-
millimeter interferometer [7]. The telescope focal plane
receivers cover 10 frequency bands that extend from 31
GHz to 950 GHz. Measurements carried out by the teams
assigned to work on the different bands have validated
the performance of the receiver optics and have found
that the results were in good satisfaction [8–12]. Since its
inception, significant discoveries have been made using
ALMA. Recent research highlights include star forma-
tions [13–15], galaxies [16, 17], gas disks [18], cosmic
rays [19], and supernova remnants [20].
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(a)

(b)

Fig. 1. The antenna in a typical radio telescope compris-
ing (a) receiver optics and a main and a sub-reflector. A
detailed view of the receiver optics is provided in (b).

It is to be noted that, the method in [4] adopts Gaus-
sian distribution to compute the antenna efficiencies. In
reality, however, the wave patterns scattered from an
optimized feed horn resemble closer to that derived from
the quadratic on a pedestal distribution, rather than the
Gaussian shape [21]. To further improve the method used
in the design of the ALMA receiver optics, we incor-
porate the quadratic function to calculate the taper and
aperture efficiencies into the existing procedure. We shall
demonstrate in this paper that, by doing so, the antenna
exhibits better performance. For completeness, we also
provide an outline of the optimization procedure from
[4] for convenience.

II. OPTIMIZATION METHOD
The field emanated from a distant cosmic source

propagates in the form of a plane wave. It is important
to ensure that this field is coupled to the feed with max-
imum efficiency after it undergoes scattering and distor-
tion by the off-axis mirrors. The coupling efficiency is
determined by the amount of energy intercepted by the
sub-reflector.

The size of the sub-reflector is designed for min-
imum blockage. Extreme care must be taken when

designing the sub-reflector. Although a smaller diame-
ter gives higher truncation of the field and therefore pro-
duces higher taper efficiency (i.e. more uniform illumi-
nation), it increases spillover at the same time. Because
of this reason, a sub-reflector with a small diameter may
not necessarily guarantee a good design for the antenna.
A balance is to be taken between both taper and spillover
efficiencies so as to obtain optimum aperture efficiency.
This is to say that the aperture efficiency εa can be repre-
sented as a product of the taper efficiency ε t and spillover
efficiency εs:

εa = ε t×εs. (1)
The taper efficiency ε t derived from the quadratic on

a pedestal distribution can be expressed as [21]:

εt =
3
(

1+10Te/20
)

4
(

1+10Te/20 +10Te/10
) , (2)

where Te is the edge taper. The spillover efficiency εs is
given as [22]:

εs = 1− e−0.23Te. (3)
Substituting (2) and (3) into (1), we obtain the fol-

lowing equation for the aperture efficiency:

εa =
0.75

(
1− e−0.23Te

)(
1+100.05Te)(

1+100.05Te +100.1Te) . (4)

For the ALMA antenna, the radii of the main reflec-
tor ra and sub-reflector rs are 6000 mm and 375 mm,
respectively. Substituting these values into (2) to (4), we
obtain the relationship of the antenna efficiency against
edge taper Te, as depicted in Fig. 2. It can be observed
from the figure that the improvement in spillover effi-
ciency εs is obtained at the expense of the taper effi-
ciency ε t , i.e. as εs increases, ε t decreases correspond-
ingly. The optimum aperture efficiency εa can be found
at the point where both εs and ε t intersect each other –
which is 83.77 % at T e

′ = 12.74 dB. It could also be seen
that the aperture efficiency at the vicinity, i.e. within ±1
dB, of the crest is relatively unaffected by changes in the

Fig. 2. The spillover (dashed line), taper (dotted line),
and aperture (solid line) efficiencies for an unblocked
aperture.
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edge taper. The aperture efficiency εa falls to 83.66% at
Te = 13.74 dB and 83.64% at Te = 11.74 dB. The fall
is more gradual when the edge taper exceeds the opti-
mum value than it is below. An optimization method
that achieves this level of tolerance can be regarded as
effective.

The optics system in Fig. 1 is considered for opti-
mization. The distances imperative for achieving opti-
mal performance are from the aperture of the horn to the
center of mirror 1 (d1), between mirrors 1 and 2 (d2),
and from mirror 2 to the beam waist (d3) of its corre-
sponding incident wave. To establish continuity in the
propagation, the beam waist of this incident beam is to
be located at the same position as the Cassegrain focus.
Hence, the distance d3 is to be matched with the distance
from mirror 2 to the Cassegrain focus d3

′. The values
of d3

′ and the optimum edge taper T e
′ are therefore two

fixed parameters for the optical system.
The aim is to find the combination of d1, d2 and

the corresponding mirror focal lengths f 1 and f 2 that
together will collectively produce the desired values of
d3

′ and the edge taper T e
′.

III. COMPUTATIONAL IMPLEMENTATION
In a quasi-optical configuration, the beam parame-

ters – radius of curvature (β ), beam radius (ρ), and phase
slippage (ψ) – fully describe the wave at every point
along its travel path. Multimode Gaussian wave is propa-
gated from the feed towards mirror 1 and is subsequently
scattered from mirrors 1 and 2 to the sub-reflector. The
beam parameters at the mirrors, beam waist after mirror
2, and the sub-reflector can be determined by solving the
ray transfer matrix of the ABCD law [23]. According to
[22], the complex beam parameter q for the input and
output waves is defined as:

qin =

[
1

qin(r)
− j

1
qin(i)

]−1

, (5)

qout =

[
1

qout(r)
− j

1
qout(i)

]−1

. (6)

Here, the subscripted terms in and out denote the
input and output of the optical system, respectively,
while (r) and (i) represent the real and imaginary compo-
nents of q. By applying the ray transfer matrix, qout can
be expressed in terms of qin as [22]:

qout =
Aqin +B
Cqin +D

. (7)

Parameters A, B, C, and D for the wave propagation
in free space and through a thin lens are given by (8a)
and (8b) below [22]:[

A B
C D

]
=

[
1 L
0 1

]
, (8a)

[
A B
C D

]
=

[
1 0
− 1

f 1

]
, (8b)

where L is the propagation distance of the wave and f
the focal length of the lens. The beam parameters β and
ρ are related to q as follows [22]:

q =

[
1
β
− j

λ

πρ2

]−1

, (9)

where λ is the wavelength. By substituting (8) into (5) to
(7) and extracting the real and imaginary components of
q, β and ρ can therefore be determined.

The phase slippage is given as [4]:

∆ψout = tan−1
(

πρout
2

λβout

)
− tan−1

(
πρin

2

λβin

)
. (10)

The beam continues its propagation from the beam
waist at d3 to the sub-reflector. The value of the radius
of curvature β is used to locate the position of the sub-
reflector. In this case, the search is for this position along
the propagation path. For the ALMA antenna, the sub-
reflector has radius of curvature β = 6000 mm. The value
of the Gaussian beam radius ρ at this position gives the
edge taper Te(dB).

To calculate the edge taper Te(dB), we employ a
general solution of the paraxial wave equation which
includes higher order modes. The normalized electric
field distribution may be expanded in terms of Gauss-
Laguerre polynomials as [22]:

Epm =

√[
2p!

p(p+m)!

]
1

w(z)

[√
2r

w(z)

]m

Lpm

(
2r2

w2 (z)

)
× exp

[
−r2

w2(z)
− jkz− jpr2

λR(z)
− j (2p+m+1)ψ0(z)

]
exp( jmφ) , (11)

where Lpm is the generalized Laguerre polynomials, p
and m are the radial and angular indices, respectively,
ψ0 the phase delay, and φ is the polar angle. The
modal expansion method is a powerful tool in designing
and analyzing the millimeter and submillimeter systems
since it propagates the solution from one component to
another (both in the near and far fields) using analyti-
cal expressions. It is also much more accurate than the
fundamental Gaussian beam, both in predicting the main
beam and the sidelobe levels of diffracted beams. Con-
sequently, we shall use the modal expansion to predict
the edge taper and other parameters of the system. Being
a solution of the paraxial wave equation, the multimode
Gaussian does not predict precisely the beam distortion
and cross-polar scattering caused by the off-axis mirrors.
However, the curves computed in Fig. 2 illustrate that
this method is sufficiently accurate to be employed in
conjunction with the optimization technique.

The optimization process is implemented by cast-
ing the optical system as a non-linear function. Within
the constrained range, d1 and d2 are varied in regular
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increment steps, starting from the lowest allowable
value. The stepping is run at a two-level loop – for each
value of d1, d2 runs through the range. For each set of
d1 and d2, the focal lengths f 1 and f 2 are used as the
two input variables in a root-searching algorithm. We
have implemented the Powell hybrid method to search
for the roots. The algorithm has been proven effec-
tive when applied in cases such as this. The Powell
hybrid algorithm is highly effective for solving systems
of nonlinear equations. It combines the Newton-Raphson
method and the Davidon-Fletcher-Powell (DFP) update,
enabling fast convergence when the initial guesses are
sufficiently close to the solution (a characteristic of the
Newton-Raphson method) while also progressing toward
the roots in non-linear regions (an advantage of the DFP
updates). Initial guess values for f 1 and f 2 are entered to
start the search. The calculation returns the values of d3
and Te(dB). The deviations of these values from the target
values are the residues of the optimization function. The
deviation of d3 from the target value d3

′ and Te(dB) from
T e(dB)

′, are given respectively as:

∆d3 = d3 −d3
′, (12)

∆Te(dB) = Te(dB)−Te(dB)
′. (13)

The values of f 1 and f 2 that achieve convergence in
d3 and Te(dB) for each pair of d1 and d2 are calculated
first for the mid-band frequency. The corresponding sets
of f 1

l , f 2
l and f 1

h, f 2
h are also calculated for the low-

and high-band edge frequencies, respectively. The devi-
ations of the focal lengths from the mid-band values can
be expressed as:

∆ f l
r = fl

r − fm
r, (14)

∆ f h
r = fh

r − fm
r, (15)

where the subscripts l, h, and m represent the focal
lengths at the low and high band edges and the mid-band,
respectively, while the superscript r = 1 or 2 refers to the
mirrors. Only the combinations at the mid-band where
the deviations are (or very close to) zero would be con-
sidered as the final design parameters.

IV. RESULTS AND DISCUSSION
The specifications for band 6 of the ALMA feed

optics are utilized to illustrate the optimization process.
The arrangement of the optics is as shown in Fig. 1. This
band has its mid-band frequency at 243 GHz, its low
band edge frequency at 211 GHz, and high band edge
frequency at 275 GHz. The Cassegrain focus distance
from the center of mirror 2 is d3

′ = 230 mm. As dis-
cussed in the preceding section, the optimum edge taper
is 12.74 dB at the sub-reflector. The feed horn aperture
features a radius of 3.54 mm and semi angle 4.35o.

Figure 3 shows the plots for the deviations of the
mirror focal lengths ∆f s against a range of values for d2
at d1 = 46 mm. For each value of d1 and with increasing

d2, ∆fis from the mid-band values increase or decrease
monotonically. Across the bandwidth, the spread of the
deviation is bounded between the low- and high-edge
frequency lines. The objective is to identify a common
value for d2 where all four ∆f s is close to 0. Since it is
almost impossible for all ∆f s to intersect simultaneously
at 0, any point of d2 which gives deviations less than
0.1 mm is deemed acceptable. This results in more than
one set of d1, d2, f 1, and f 2 combination which satisfy
the condition. The optimized combination of the design
parameters that we have selected for the optical system
is d1 = 46 mm, d2 = 137.45 mm, f 1 = 27.459 mm, and
f 2 = 68.578 mm. In this case, the deviations in the focal
lengths are all within 0.065 mm of the mid-band value.
To validate our result, we design the antenna based on the
set of parameters we obtain and calculate the radiation
patterns using physical optics (PO). Figures 4 to 6 show

Fig. 3. Variations of the focal lengths f 1 and f 2 from the
mid-band values, represented by ∆fl1 (solid line), ∆fh1

(dashed-dotted line), ∆fl2 (dashed line), and ∆fh2 (dotted
line) for d1 = 46 mm.

Fig. 4. Radiation pattern at 211 GHz.
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Fig. 5. Radiation pattern at 243 GHz.

Fig. 6. Radiation pattern at 275 GHz.

the far field radiation patterns of the parabolic antenna
measured using a feed horn operating with the HE11
mode.

The beam efficiencies, computed within the area
specified by the field contour level below the peak, is
given in Tables 1 and 2. The low cross-polarization mag-
nitudes indicate the high efficacy of the paired mirrors
positioned opposite each other in suppressing the unde-

Table 1: Co-polar beam efficiency
Level Below
Peak (dB) 211 GHz 243 GHz 275 GHz

15 87.40% 86.62% 85.77%
18 88.49% 87.45% 87.39%
21 90.82% 91.27% 91.68%
24 92.75% 92.17% 92.44%
27 93.05% 92.44% 92.71%
30 93.18% 92.83% 93.33%

Table 2: Cross-polar beam efficiency
Level Below
Peak (dB) 211 GHz 243 GHz 275 GHz

15 0.04% 0.03% 0.02%
18 0.04% 0.03% 0.03%
21 0.04% 0.04% 0.03%
24 0.05% 0.04% 0.03%
27 0.05% 0.04% 0.03%
30 0.05% 0.04% 0.03%

sired radiation. Overall, the co-polarization beam effi-
ciencies obtained from this method is relatively higher
than those in [4].

V. CONCLUSION
A simple, fast and sufficiently accurate optimization

procedure for a receiver optics with multiple focusing
elements is presented. The proposed method is devel-
oped further from that in [4]. It employs the quadratic on
a pedestal distribution to compute the optimum antenna
efficiency and its corresponding edge taper and imple-
ments the propagation of multimode Gaussian optics to
numerically solve for the crucial design parameters. The
final parameters of the receiver optics are validated using
physical optics. The findings indicate that the proposed
procedure is effective in achieving the optimal arrange-
ment of design specifications within an acceptable level
of tolerance.
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