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Abstract — This paper presents a semi-analytical method
to calculate the bending effects on cable inductance at
low frequencies using the line current model (LCM).
To deal with the divergent items of the self-inductance
obtained by the LCM, some cautious treatments are
adopted to counteract the divergent terms between the
straightened LCM and bent LCM, leading to a semi-
analytical formula for the inductance deviation of the
parallel-pair cable. The LCM is then applied to the coax-
ial cable in collaboration with the decomposition of the
conductors, to take into account the mutual inductance
among the portions of each conductor. The results of
the proposed semi-analytical method are compared with
those obtained by the finite element method (FEM),
which validates the accuracy of the method. Further-
more, the dependence of the inductance deviation on
cable parameters is illuminated for reference of realistic
inductance determination.

Index Terms — Cable inductance, line current model,
partial inductance, semi-analytical method.

I. INTRODUCTION

The measurement method for coaxial cable induc-
tance at low frequencies has been defined in a stan-
dard [1], where a cable sample longer than 10 m is
required to be straightened for the accurate inductance
measurement result. However, there is generally no
adequate space to place a straightened cable with a
length over 10 m in a laboratory, impairing the practical
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applicability of the standard. Therefore, if the deviations
of cable inductance between the straight layout and
bending layouts are determined, the inductance in a
straight layout may be obtained through modification of
that measured in a bending case where modest space is
expected.

Despite closed-form formulas for the inductance in
some ideal cases [2—4], the calculation of inductance for
conductors characterized by complicated cross-sections
and arbitrary shapes relies on numerical methods [5, 6].
Moreover, specific methods with the simplification of
conductor shapes, such as the surface current model
(SCM) and line current model (LCM), can be used
to obtain analytical or analytical-numerical results for
some less complicated cases like coils. SCM is used to
handle the circular cross-section for an arbitrary-shaped
coil, to reduce the complexity of the subsequent finite
element method (FEM) for the calculation of the induc-
tance [7]. The mutual inductance of circular and elliptic
coils is analytically deduced in the LCM, resulting in
expressions involving Bessel and Struve functions [§].
There has been yet no research that exploits the LCM
for the calculation of the selfinductance, because the
corresponding integral does not converge.

In this paper, the LCM is adopted to deduce the
cable inductance, where both the self and mutual induc-
tances of the conductors are necessary. The divergent
self-inductance integral is specially treated such that the
deviation of the cable inductance between the straight-
ened and bent layouts can be calculated. The LCM is
directly applied to the parallel-pair cable, generating an
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accurate and efficient semi-analytical formula for the
inductance deviation, which is then utilized to acquire
the inductance deviation of the coaxial cable precisely
by decomposing into several parallel-pairs.

II. BASIC FORMULATION OF CABLE
INDUCTANCE

When the lumped inductance of a cable is measured
at low frequencies below 10 kHz, the cable is assumed
to be configured as Fig. 1, where one end of the cable is
connected to an LCR meter and the other end is shorted.
The lumped impedance of the cable can be depicted as
shown in Fig. 2, where R; and R, are the resistances
of the two conductors, L; and L, are the partial self-
inductances of the conductors, and M, is the mutual
inductance between the conductors. The impedance of
the shorting wire and the capacitance between the con-
ductors of the cable are neglected.

LCR meter [

} |shorted

]
—

Coaxial cable

Fig. 1. Configuration for inductance measurement of the
cable.

The (lumped) inductance L can be expressed as:
L=L+L,—-2M>. (1)

If each conductor has a uniform cross-section and
there is no ambient permeability magnetic material,
those partial inductances at low frequencies can be
calculated by the quasi-static formula as the following
integral [9]:

[
Ho / / / / I A dAwdldly, (2)
47[SmSn Im J1y m n Tmn

where both m and n belong to {1,2}; Ly, is the partial
inductance, and it is noted that L;; = L,Lyy = L, and
Lip = Ly = My2; U is the permeability of vacuum; S,
and §,, are the areas of the conductor cross-sections; [,
and /, are the one-dimensional integration regions along
the axes. A,, and A, are the two-dimensional integration
regions in the cross-sections; 7, and 7, are the unit
tangent vectors of [, and [,, respectively; ry,, is the
distance between the integration cells in the two regions.

The six-fold integral in (2) is sophisticated but
extremely hard for analytical solution. Hence, it is
approximated that the integral kernel keeps constant in
the integration cross-sections, which in fact ignores the
cross-section shapes and converts the two conductors
into LCMs. Then, the simplified integral reads:

?m : 2;1
L, ~ M0 / / dl,dl,,. 3)
47[ lm ln rmn

mn

ACES JOURNAL, Vol. 40, No. 12, December 2025

The following section is to solve (3) for the parallel-
pair and coaxial cables at the straightened layout and
bent layouts, respectively. Consequently, the deviations
of the inductance between different layouts are obtained.

III. DEDUCTION OF INDUCTANCE
DEVIATION
A. Parallel-pair cable
It is assumed that, for the parallel-pair cable, the
conductors have circular cross-sections and both the
conductors and the insulation are composed of nonfer-
romagnetic material.

Ry L,
o_:_:/WY\_
7 » ‘lMlz
\A
o —3 Yy
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Fig. 2. Schematic diagram of the equivalent circuit for
the cable under test.

In regard to a straightened parallel-pair cable with
length [ and conductor distance d, the LCM in Fig. 3
can be used to calculate partial inductances:

L rl 1
Lyjs = Ly = @/ / ———dxpdxy, €]
4w Jo Jo \xz — X1 ‘

Lips = Lyis = dxodxy, (5)

o /‘l/'l 1
ar Jo Jo \/(xa —x1)2 +d?

where L, is the partial inductance for the straightened
parallel-pair cable.

The inner integral in (4) includes a divergent
improper integral that even does not have a finite Cauchy
principal value due to the absolute value operator. How-
ever, the integral interval can be separated to constitute
possible proper integrals:

=
0 |x2—xi]
"x1—68 dxp x1+6 dxy 1 dxp
L
0o x1—x2 Jy-s |xa—x1] Jytsx2—x1

. X1 x1+6 dxy [ —x
_111(§)+/X1_(s |x2—x1|+ln( S ) )

where 8 > 0 is the half length of the divergent interval
and independent with x; or x,.

The divergent second item in (6) is caused by
the LCM and would converge if the integration were
implemented in a two-dimensional or three-dimensional
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Fig. 3. LCM for the straightened parallel-pair cable.
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Fig. 4. LCM for the bent parallel-pair cable: (a) illustra-
tive diagram and (b) top view.

space. By denoting this item as Ip and implementing the
outer integration, L1 can be expressed as:

Hol

Llls:H

(Ip+21Inl—2In§ —2). )

The solution to (5) is trivial:

Liy = [llnl—i—\/lz—i—dz Yrd— VP +d— llnd}
(8)

Then, according to (1), the inductance of a straight-
ened parallel-pair cable is:

Ls =2L115—2L12s

Uol

B 2V +d?
- 2n

lo+2In(ld) + =

—2In(l+V12+d?) 21n6—¥—2 9)

To investigate the bending effect on the inductance
of a parallel-pair cable, an arc-shaped parallel-pair cable
in the LCM is constructed as illustrated in Fig. 4. The
cable in the same length / and conductor distance d is
bent along the track of an arc of radius R and angle 6, €
(0,2m), thus:

R=—. (10)
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The self and mutual inductances can be calculated
by the following integrals:

OR;, O 6m cos(
Litp = Loy = / / )d92d0],
Sln

(11)
Loy = Lo

“ORZ /Gm /9m cos (6, — 6;)d6,d6,
V/2R2 —2R%cos (6, — 6y) +d*
(12)

where L5 is the partial inductance for the bent parallel-
pair cable.

The inner integral in (11) can be treated similarly to
the straightened case:

O cos (6, — 0
/ c0s(02-61) 4o _ g 1 K, 1K (13)
0 ’sin 6,-6, ‘

2

where:

01— % cos (6, — 6y)
“ZL EENUE
. S 3

2] 2]
= 4cos?1 +2In (tan 41>

15} 15}
—4cosﬁ—21n (tan4R> , (14)

01+ cos (6, — 0
KZZ/ weos(02=61) 4o (15)
01— ’sm 62291

and:

Om COS (92 91 )
K= /‘; s 792 o, do,
I+ SIn

-0 6, — 06
= 4cos — 1+21n(tan m4 1)
) )
—4cosﬁ—2ln <tan4R> (16)

If 8 is small enough, cos(6, — 6;) =~ 1 and
sin@ R @ for 6, € [0, — 8/R, 6, + 8 /R], con-
verting (15) into:
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s
itz 2d6,
6,—-6;
2

~
~

5
61—% ‘sm

x1+6 2dx,
6,—6;

= 2ly, 17
x1—8 ’sm

where the changes of variables x; = RO, and x, = R6,
are applied.
After performing the outer integration and substi-

tuting (10), the self-inductance for the bent parallel-pair

cable in (11) gives:
[ Om
Lllb:& i i 67m+7/ In tane— de,
4r Gm
o
—2In tanz +1Ih—4], (18)

where the second item in the square brackets includes a
convergent improper integral that does not have a closed-
form expression but can be easily obtained by numerical
integration.

Through the changes of variables detailed in
Appendix 1, the mutual inductance in (12) can be altered
to the following integral:

.u()l2 O (em
270 Jo \/212_

where the consequent integral is relative to the elliptic
integral and has no closed-form expression but is also
available through one-dimensional numerical integra-
tion.

According to (1), the inductance of a bent parallel-
pair cable is given by:

— x) cosxdx
22cosx+d?62’

19)

Ly =

Ly =2L11p —2L12p

uol . O 2 /9m 6,
—sin— + — In(tan— ) d6
[emsszrem A n an4 1

—2In <tanj) +1Iy—4

/9"1 — x) cosxdx 20)
\/212 212 cosx+d?62

The inductance deviation between the bent parallel-
pair cable and the straightened one is:

LA(Gmalad)
=Ly —Ls
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Uol . On /9m 0,

= — | — J— l
o |:9m + n | tan Y do,
+2In(l+ V12 +d?)+

/9m (6 —x) cosxdx
V212 =22 cosx+d?62

+4m2

/]2 2
—2ll+d—21nd—21n9m—2], Q1)

and by denoting the divergent item of the selfinductance
inner integral as /y and introducing the divergent interval
divergent interval, the lumped inductance of the straight-
ened and bent parallel-pair cable can be calculated.
Subtraction between the two inductance expressions
counteracts the divergent items, of which the absence
allows for semi-analytical calculation of Ly with one-
dimensional numerical integration.

B. Coaxial cable

If directly depicting a coaxial cable with two-line
currents, no effective LCM generates because the axes
of the inner and outer conductors of the coaxial cable
superpose and the two opposite line currents counteract
exactly. In fact, each conductor of the coaxial cable can-
not be represented by a single line current for inductance
calculation due to the current distributions.

X X
Rol Rﬂz X L X
Ane
x ‘}RIC x
*..0
X f
“‘ ROC x
X / X
g
(a) (b)

Fig. 5. LCM for the coaxial cable: (a) cross-section of
the coaxial cable and (b) decomposed line currents for
the inner and outer conductors.

Therefore, the inner and outer conductors of the
coaxial cable are decomposed into several line cur-
rents to determine the inductance deviation between the
straightened case and bent cases, as shown in Fig. 5. The
coaxial cable, with inner conductor of radius R;, outer
conductor of inside radius Ry, and outside radius Ry, is
equivalent to n; line currents lying uniformly along the
circle of radius R;e and n, line currents lying uniformly
along the circle of radius R,.. The following formulas



are adopted to determine the equivalent radii:

R.
Rie = 517 (22)
R R
Roe = % (23)

During the calculation of the self-inductances for
the inner and outer conductors, the mutual inductances
among the decomposed line currents should be taken
into account, and hence the self-inductances are:

, 1 1 ni—l
Lyy=—Li+— Z M; i, (24)
i ig=1
, 1 1 "t
Lyy=—Lpn+— Z MO,kv (25)
Mo Mo ;=1

where L), and L), are the self-inductances of the inner
and outer conductors of the coaxial cable, L;; as well as
Ly (Lyy = Lp) is the self-inductance of a line current,
and M;; and M, ; are the mutual inductances between
the two-line currents decomposed by the inner and outer
conductor with the intervals of k/n; and k/n, circumfer-
ence, respectively.

By regarding the inner and outer conductors as two
complete line currents, their mutual inductance M1, can
be calculated with the equivalent distance of Re.

To summarize, the inductance of the coaxial
cable is:

L=L\+L—2M,
1 nifl

1
=—Liu+— Y My+—Lyn
ni ni k=1 )

no—1

1
+— Y Moy—2Mp,

Mo ;=
l ni—l
= (L11+L22—2M12)—7 Y, (2L —2M)
M =1
1 nofl
o Y (2Ln—2M,y), (26)
0 =1

where every item in parentheses is the expression of the
inductance for a parallel-pair cable in LCM.

It is worth noting that (26) applies to both straight-
ened and bent coaxial cable layouts. In the straight-
ened case, (9) is leveraged to compute the inductances.
Moreover, in bent cases, (20) is utilized to estimate
the inductances, in which the mutual inductances of
the decomposed line currents are approximated by (19)
despite the deviation of the relative positions.

The difference between the inductance of the bent
coaxial cable and that of the straightened case yields the
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inductance deviation for the coaxial cable:

ni—l

1
Lpcoa = LA‘d=Roe - ﬂ Z LA|d=ri.k
1 k=1

1 l’lo—l

Lalaer ., 27
2710,;1 Ald=ry 27

where L, is the inductance deviation for the parallelpair
cable obtained by (21):

k
Fik = 2Riesin (”) , (28)
nj
k
Fos = 2Roesin (”) . (29)
, "

IV. NUMERICAL RESULTS AND
DISCUSSION
The inductance deviation between the straightened
layout and bent layouts for the parallel-pair cable and
coaxial cable has been presented by a semi-analytical
formula including non-closed-form expressions. In this
section, the inductance deviation formula is solved for
specific testing cases with numerical integration and
compared with the results of the FEM. Then, the depen-
dence of the inductance deviation on the parameters of
the cable is investigated and the effect of the inductance
deviation on realistic measurement of the lumped induc-
tance is discussed. Besides, the frequency limitation of
the semi-analytical formula and the measured induc-
tance of a cable are also demonstrated to offer reference
to realistic inductance measurement.

A. Comparison with FEM results

The inductance deviation between the straightened
layout and the bent layouts in the angle from 0 to
11m/6 of a parallel-pair consisting of two identical
cylindrical conductors, with the parameters shown in
Table 1, is calculated using (21), in which the non-
closed-form integrals are handled by numerical integra-
tion. The corresponding three-dimensional FEM models
are constituted in COMSOL Multiphysics software and
solved by its Magnetic Fields, Current Only interface
for the straightened layout and the bent layouts for the
angle range ©/2 : /6 : 117 /6, of which the geometry
and conductor terminal meshes are shown in Figs. 6 (a),
6 (c), and 7 (a), respectively. The inductance deviation
results of the semi-analytical method and FEM are
illustrated in Fig. 8.

The inductance deviation of a coaxial cable with
the parameters in Table 2 is also calculated by (27)
and (21) and COMSOL Multiphysics FEM software,
in which the outer conductor is represented by a solid
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Table 1: Parameters of the parallel-pair cable

Cable Conductor Conductor
Length | Axis Distance Radius
1m 20 mm 5 mm

Table 2: Parameters of the coaxial cable

Cable Inner Outer
Length Conductor Conductor

Radius Inner Radius
1m 5 mm 10 mm
Outer Conductor | Inner Conductor | Outer Conductor
Outer Radius LCMs (n;) LCMs (n,)
12 mm 5 5

tube. The geometry and conductor terminal meshes are
demonstrated in Figs. 6 (b), 6 (d), and 7 (a), respectively.
The results of the semi-analytical formula and FEM
method are shown in Fig. 9.

(b)

B

\

(©) ()

Fig. 6. Geometry for the cable FEM models in COM-
SOL Multiphysics: (a) parallel-pair cable in the straight-
ened layout, (b) coaxial cable in the straightened layout,
(c) parallel-pair cable in the bent layout with 6, = /2,
and (d) coaxial cable in the bent layout with 6,, = 7/2.

(@ ‘ (b)

Fig. 7. Meshing of the conductor terminals in COMSOL:
(a) parallel-pair cable totally including 910324 mesh
units for the straightened layout and (b) coaxial cable
totally including 1178841 mesh units for the straight-
ened layout.

It can be seen that the inductance deviation obtained
by the proposed semi-analytical formula for both the
parallel-pair cable and coaxial cable manifests remark-
able consistency with the FEM results, proving the
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Fig. 8. Comparison between the results of the proposed
semi-analytical formula and the FEM for the parallel-
pair cable.
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Hm(rad)
Fig. 9. Comparison between the results of the proposed

semi-analytical formula and the FEM for the coaxial
cable.

accuracy of the proposed formula. Moreover, the aver-
age consuming time for a single calculation by the
proposed formula and the FEM method is demonstrated
in Table 3, where the two methods are executed by
MATLAB R2021b and COMSOL Multiphysics 6.0 on
a computer with two Intel Xeon Golden 5520R 2.2 GHz
CPUs and 120 GB RAM. It can be seen that the proposed
semi-analytical formula shows prominent efficiency in
comparison with the FEM method.

Table 3: Average consuming time for a single calculation

Cable Parallel-Pair | Coaxial
Type Cable Cable
Proposed formula 1.344 ms 11.24 ms
FEM method 186.2 s 168.5s

B. Dependence of the inductance deviation

The inductance deviations obtained in (21) and
(27) demonstrate explicit dependence on the parameters
of the parallel-pair and coaxial cables. The inductance
deviation for a parallel-pair cable with different 6,1,
and d is illustrated in Fig. 10. The absolute value of
the inductance deviation shows a positive correlation
with 6p; larger 6, means more severe bending and



consequently larger inductance deviation. The absolute
value of the inductance deviation manifests a nega-
tive correlation with [, because a longer cable leads
to larger distance and weaker magnetic field coupling
between cable segments, which exceeds the effect of
the additional length. Moreover, the absolute value of
the inductance deviation is positively correlated with d,
since larger d contributes to less counteracting effect of
the two opposite-current conductors and therefore less
coupling between segments.

d=0.01 m
-107145 \ 10712
AN d=0.02 m
_ o) Lo
5
0710 10710
-10'5‘ 107

s 0
Hm(rad) I(m) d=0.03 m

Fig. 10. Dependence of the inductance deviation on the
bending angle, length, and conductor distance for the
parallel-pair cable.

_10—11

_IO—IU

0
t’}m(rad) (m)

Fig. 11. Dependence of the inductance deviation on the
bending angle and length for the coaxial cable, with
Roe =0.011 m and R; = 0.005 m.

The inductance deviation for a coaxial cable with
different 6, and / is illustrated in Fig. 11. Like a parallel-
pair cable, the absolute value of the inductance deviation
for a coaxial cable increases with 6, and decreases with
[. Furthermore, as shown in Fig. 12, the absolute value
of the inductance deviation demonstrates negative and
positive correlations with R; and R, respectively, in
accordance with the relationship revealed by (27).

The number of decomposed line currents for the
coaxial cable influences the accuracy and efficiency of
the LCM. Figure 13 depicts the Lp ,,~ — Om relationship
with different n; and n, that are here taken as the
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Fig. 12. Dependence of the inductance deviation on the
radii of the efficient inner and outer conductors for the
coaxial cable, with O, = 11w/6 and [ = 1 m.

same value for convenience. It can be seen that both
the convergence and efficiency of the decomposition
method are satisfying when n; and n, are equal to 5,
while a greater decomposing number does not lead to
apparently higher accuracy.

W

0 | 2 3 4
Angle(rad)

Fig. 13. Dependence of the inductance deviation on the
number of decomposed line currents for the coaxial
cable, with R; = 0.005 m,Ry,e =0.011 m, and / = 1 m.

C. Valid frequency range of the semi-analytical
method

The semi-analytical method is proposed to deal
with the effects of bending on cable inductance at low
frequencies. In the deduction of the method, the lumped
inductance of the cable is calculated to indicate the
inductive part of the input impedance. Therefore, the
proposed method is valid if the lumped model can rep-
resent the cable impedance, i.e., the cable is electrically
short. The valid frequency of the method satisfies:

f< ﬁ, (30)

where v is the propagation speed of electromagnetic
wave along the cable, which is related to the structure
and material of the cable. At higher frequencies, the
input impedance of the cable cannot be represented
by the lumped inductance such that the circuit model
in Fig. 2 becomes invalid. Moreover, the quasi-static
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formulas for the partial inductance (2) and (3) are inac-
curate at higher frequencies since the time delay shall
be taken into account and the quasi-static approximation
does not hold.

D. Inductance deviation in measurement

It is noted that the magnitude of the inductance
deviation for a coaxial cable is quite small. For instance,
in regard to a coaxial cable with / = 1 m,R; = 0.005 m,
Roe = 0.011 m, and 6, = 117/6,Lp 0 is equal to
—1.016 x 1071 H, of which the absolute value is
smaller than the precision of most inductance measure-
ment instrument.

According to Fig. 11, the absolute value of the
inductance deviation for a longer cable is smaller than
a shorter one. Regarding a coaxial with the same cross-
section and bending angle as above but / = 10 m, the
inductance deviation reduces to —6.874 x 10712 H, of
which the absolute value is smaller than 1/10 of the
result with / = 1 m. Moreover, the lumped inductance
of a longer cable is larger than a shorter one, such
that the inductance deviation between the straightened
layout and bent layouts makes much less difference to
the measurement results of the inductance. In brief, if a
10m coaxial cable is bent to a non-closed-arc for realistic
lumped inductance measurement, the effect of bending
on coaxial cable inductance is negligible.

The lumped inductance of three coaxial cable sam-
ples, with [ = 1.0,3.0, and 10.0 m, respectively, and the
same cross-section that R; = 1.43 mm and R, = 5.35
mm, is measured using a HIOKI 3530-50 LCM meter at
50 Hz with different bending angles. The measurement
results shown in Table 4 manifest no obvious relation-
ship with the bending angles due to the stochastic noise
of the LCM meter and the surrounding electromagnetic
interference applied to the cable, where the effect of
bending is drowned and immeasurable.

Table 4: Measured inductance at different bending
angles for the coaxial cable with different length

Bending Angle 1m 33m 10 m

0 0.232 uH | 0.844 uH | 2.95 uH
/2 0.326 uH | 0.660 uH | 3.31 uH
T 0287 uH | 1.12uH | 293 uH
3n/2 0.184 uH | 0.565 uH | 3.41 uH

V. CONCLUSION

A semi-analytical formula using the LCM is pro-
posed in this paper for the bending effects on the induc-
tance of the parallel-pair cable and then applied to the
coaxial cable combined with the decomposition scheme
of the conductors. The results demonstrate satisfying
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consistency with the inductance deviation extracted by
the FEM method for both parallel-pair and coaxial
cables.

The numerical results also show that the inductance
of a parallel-pair or coaxial cable slightly decreases after
bending and the deviation extends if the bending angle
increases. The magnitude of the inductance deviation for
a longer coaxial cable is small enough for instrument,
indicating that the effect of non-closed-arc bending can
be ignored in realistic measurement of the lumped coax-
ial cable inductance at low frequencies.
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APPENDIX 1

Liy, can be simplified by applying the change of
variables 6, — 0 =xand 6, + 6; = y:

. ,LL()RZ /Bm /-Gm cos 62—61)d62d91
12b = \/2R2 —2R%cos(6, — 0)) +d>

COSX /~x+29m

_ ok { /
87 |J-6m V2RZ —2R%cosx+d? .
CosX /‘”29'“

6Om
+/0 V2R?2 —2R?cosx+d?
B &RZ [/0 (x+ 6m) cosxdx
A | J -6y \/2R2 —2R?cosx+d?
+/9m x) cosxdx ]
\/ZR2 2R2 cosx+d?
_ WoR? (B — x) cos xdx
2 Jo  /2R* —2R2cosx+d>

(Bm — x) cosxdx
V212 =212 cosx+d2632

dydx

—X

dydx}

—X

B ”012 Om
_27t9m 0
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