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Abstract – This paper presents a lossy coated thin wire
model based on the unconditionally stable (US) associ-
ated Hermite finite-difference time-domain (AH FDTD)
method. The normal electric field discontinuity between
lossy coated and surrounding media is corrected as the
time-domain boundary condition. The coefficient matrix
equation of lossy coated thin wires in AH domain is
deduced by the static field model of infinite thin wires
and the Faraday’s law contour-path formulation, finally
the thin wires with lossy coated is modeled. Three exam-
ples of dipole antenna, five-element Yagi antenna and
square antenna are used to verify the accuracy and high
efficiency of the lossy coated thin wire model. The
results show that the model can maintain the relative
error of less than −26 dB and reduce computation time
compared with the traditional FDTD method.

Index Terms – Associated Hermite (AH), Faraday’s law
contour-path formulation, finite-different time-domain
(FDTD), lossy coated thin wires, unconditionally sta-
ble (US).

I. INTRODUCTION
The lossy coated thin wires are widely used in com-

munication circuit, underground detection, antenna sys-
tem and other fields [1, 2]. The finite-difference time-
domain (FDTD) method is a common electromagnetic
calculation method. If this method is used to model
thin wires, there will be a problem of long calculation
time and large resource consumption [3, 4]. To avoid
this problem, Holland and Simpson presented thin wires
formalism based on I-Q the auxiliary differential equa-
tion [5].Railton et al. proposed two thin wire models
using a weighted residual approach and modifying mate-
rial parameters [6, 7]. Umashankar proposed thin wires
model based on Faraday’s law contour-path formulation
[8]. Ruddle et al. proposed and improved transmission
line matrix (TLM) thin wires model [9].

Some unconditionally stable (US) FDTD meth-
ods can significantly reduce the resource utilization
and improve the computational efficiency compared
with the traditional FDTD methods. And they are not
restricted by the Courant-Friedrichs-Lewy (CFL) con-
dition. Shibayama et al. proposed and reviewed locally
one-dimensional (LOD) FDTD [10]. Sun and Trueman
proposed and applied Crank-Nicolson (CN) FDTD [11].
Chung et al. presented Laguerre FDTD [12]. Li et al.
proposed Chebyshev (CS) FDTD [13]. Lee and Fornberg
proposed split-step (SS) FDTD [14]. Associated Hermite
(AH) FDTD is a US FDTD method proposed in 2014.
The algorithm uses the Hermite orthogonal basis func-
tion to expand and reconstruct the electromagnetic field
of the time domain in the Maxwell’s equation. It solves
the coefficient matrix equation of three-dimensional AH
FDTD in parallel according to different orders of Her-
mite orthogonal basis, and finally is applied to the elec-
tromagnetic calculation [15, 16].

In this paper, a lossy coated thin wire model based
on the US AH FDTD method is proposed. First, the
lossy coated thin wires algorithm in traditional FDTD is
deduced based on the lossy media approximate boundary
conditions, the static field model of infinite thin wires
and the Faraday’s law contour-path formulation. Then,
according to the modified electric field component, the
lossy coated thin wires algorithm with AH FDTD is
deduced. By using three examples of dipole antenna,
five-element Yagi antenna and square antenna, the accu-
racy and efficiency of the algorithm are compared with
the traditional FDTD method.

II. LOSSY COATED THIN WIRES MODEL
BASED ON TRADITIONAL FDTD

The lossy coated thin wires consists of the ideal con-
ductor with the inner radius of r0 and the lossy coated
with the outer radius of rc. When using the Faraday’s law
contour-path formulation to model the lossy coated thin
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wires in FDTD, the integral path and area in the equa-
tion include the lossy coated thin wires and the surround-
ing media, as shown in Fig. 1. Due to the discontinuity
of the vertical electric field at the interface between the
lossy coated and the surrounding media, it is necessary
to derive the relationship between the electric fields on
both sides first.

Fig. 1. Lossy coated thin wires model.

Assuming that the materials involved in this paper
are linear and isotropic. In the time domain, the electric
flux density of lossy media with the relative permittivity
εr and the conductivity σ is defined as [17]:

D(t) = εrε0E(t)+
∫ t

0
E(t − τ)χ(τ)dτ, (1)

where ε0 is the permittivity of free space and χ(τ) is the
electric susceptibility.

Equation (1) can be written as equation (2) by time
domain discretization (t = n∆t).

D(t) = D(n∆t)

= Dn = εrε0En +
∫ n∆t

0
E(n∆t − τ)χ(τ)dτ. (2)

The complex permittivity in the frequency domain
has the following form:

ε(ω) = εrε0 +
σ

jω
, (3)

where σ is the conductivity of the media. It can be seen
that the electric susceptibility is χ(ω) = σ

jω in the fre-
quency domain.

By using the Fourier inverse transform and substi-
tuting the time domain result of χ(ω) into equation (2),
equation (4) can be obtained as [18]:

Dn = εrε0En +
σ∆t

2

n−1

∑
m=0

En−m

= (εrε0 +
σ∆t

2
)En +

σ∆t
2

n−1

∑
m=1

En−m. (4)

The boundary condition determines that the electric
flux density perpendicular to the boundary is continuous.
Using equation (4), the electric field relationship perpen-
dicular to the boundary ρis of the two lossy materials
(cable coating and surrounding media) is obtained as:

En
s
∼= KisEn

i +LisT n
ss, (5)

where

T n
ss =

n−1

∑
m=1

Mm−1
ss En−m

i , (6)

Kis =
εiε0 +σi∆t/2
εsε0 +σs∆t/2

, (7)

Lis =
(σi −σsKis)∆t/2

εsε0 +σs∆t/2
, (8)

Mss =
εsε0

εsε0 +σs∆t/2
. (9)

The subscripts i and s are the same as the areas
marked in Fig. 1, representing the cable coating and the
surrounding media respectively.

By approximating equation (5) and ignoring the
higher order term LisT n

ss, the following equation can be
obtained:

En
s
∼= KisEn

i =
εiε0 +σi∆t/2
εsε0 +σs∆t/2

En
i . (10)

Thus, a constant Kis is obtained to establish the elec-
tric field relationship between the lossy coated and the
surrounding media.

Faraday’s law given in integral form as equation (11)
can be applied on the enclosed surface shown in Fig. 1
to establish the relation between Hy(i, j,k) and the elec-
tric field components located on the boundaries of the
enclosed surface.∮

L
E⃗ · d⃗l =−(µ

∫
s

∂ H⃗
∂ t

· d⃗s+
∫

s
σmH⃗ · d⃗s). (11)

Finite radius thin wires can be modeled by near-field
physical models. The variation of the fields (the near-
scattered circumferential magnetic field component and
the near-scattered radial electric field component) around
the thin wires is assumed to be a function of 1/ρ , as in
equation (12). ρ represents the distance to the field posi-
tion from the thin-wire axis. The tangential electric field
component inside the ideal conductor is set to zero.

Eρ(ρ),Hφ (ρ) ∝
1
ρ
. (12)

When r0 ≤ rc ≤ ∆x
2 , the Ex(ρ) can be obtained:

Ex(ρ)
∣∣r0≤ρ≤rc, j,k =

1
Kis

Ex(i, j,k)∆x
2ρ

,

Ex(ρ)
∣∣rc≤ρ≤∆x, j,k =

Ex(i, j,k)∆x
2ρ

,

Ex(ρ)
∣∣r0≤ρ≤rc, j,k+1 =

1
Kis

Ex(i, j,k+1)∆x
2ρ

,

Ex(ρ)
∣∣rc≤ρ≤∆x, j,k+1 =

Ex(i, j,k+1)∆x
2ρ

. (13)

Applying the above results to equation (11) and then
simplifying, the lossy coated thin wires model for tradi-
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tional FDTD are derived as:

H
n+ 1

2
y (i, j,k) =H

n− 1
2

y (i, j,k)

+px
∆t

µ∆x
(En

z (i+1, j,k)−En
z (i, j,k))

+qx
∆t

µ∆z
(En

x (i, j,k+1)−En
x (i, j,k)), (14)

pξ =
2

ln(
∆ξ

a )
, qξ =

(
ln
(

rc
r0

)
Kis

+ ln
(

∆ξ

rc

))
ln
(

∆ξ

r0

) , (15)

where pξ and qξ are parameters that need to be modified.
The permeability of the lossy coated is equal to that of
surrounding media, that is µ . And the effect of magnetic
conductivity σm is not considered. ξ can be in the x, y or
z direction.

Similarly, the update equation of the magnetic field
component Hy(i − 1, j,k), Hx(i, j,k) and Hx(i, j − 1,k)
can be deduced.

III. LOSSY COATED THIN WIRES MODEL
BASED ON AH FDTD

The coefficient matrix equation for lossy coated thin
wires in AH domain will be derived below. The AH
FDTD equations for Maxwell’s equations in lossy mate-
rials are as follows [19]:

α
e
x(i, j,k)Ex|i, j,k = α

−1
Sey(i, j,k)

(Hz|i, j,k −Hz|i, j−1,k)

∆ȳ j

−α
−1
Sez(i, j,k)

(Hy|i, j,k −Hy|i, j,k−1)

∆z̄k
− Jx|i, j,k, (16)

α
e
y(i, j,k)Ey|i, j,k = α

−1
Sez(i, j,k)

(Hx|i, j,k −Hx|i, j,k−1)

∆z̄k

−α
−1
Sex(i, j,k)

(Hz|i, j,k −Hz|i−1, j,k)

∆x̄i
− Jy|i, j,k, (17)

α
e
z(i, j,k)Ez|i, j,k = α

−1
Sex(i, j,k)

(Hy|i, j,k −Hy|i−1, j,k)

∆x̄i

−α
−1
Sey(i, j,k)

(Hx|i, j,k −Hx|i, j−1,k)

∆ȳ j
− Jz|i, j,k, (18)

α
m
x(i, j,k)Hx|i, j,k = α

−1
Smz(i, j,k)

(Ey|i, j,k+1 −Ey|i, j,k)
∆zk

−α
−1
Smy(i, j,k)

(Ez|i, j+1,k −Ez|i, j,k)
∆y j

−Mx|i, j,k, (19)

α
m
y(i, j,k)Hy|i, j,k = α

−1
Smx(i, j,k)

(Ez|i+1, j,k −Ez|i, j,k)
∆xi

−α
−1
Smz(i, j,k)

(Ex|i, j,k+1 −Ex|i, j,k)
∆zk

−My|i, j,k, (20)

α
m
z(i, j,k)Hz|i, j,k = α

−1
Smy(i, j,k)

(Ex|i, j+1,k −Ex|i, j,k)
∆y j

−α
−1
Smx(i, j,k)

(Ey|i+1, j,k −Ey|i, j,k)
∆xi

−Mz|i, j,k. (21)

The intermediate variables of AH equation are
given:
αSeξ (i, j,k) = κeξ |i, j,kI +σpeξ |i, j,k(ηeξ |i, j,kI +αε0)

−1,

αSmξ (i, j,k) = κmξ |i, j,kI +σpmξ |i, j,k(ηmξ |i, j,kI +αµ0)
−1,

α
e
ξ (i, j,k) = εξ |i, j,kα +(σ e

ξ
|i, j,k)I,

α
m
ξ (i, j,k) = µξ |i, j,kα +(σm

ξ
|i, j,k)I, (22)

where α is the AH differential transfer matrix. εξ and µξ

are dielectric constants and permeability respectively.
Considering the lossy coated thin wires along the

z-axis shown in Fig. 1, equation (14) is migrated into
the AH domain to obtain the correction equation (23) for
magnetic field Hy|i, j,k.

α
m
y(i, j,k)Hy|i, j,k = pxα

−1
Smx(i, j,k)

(Ez|i+1, j,k −Ez|i, j,k)
∆xi

−qxα
−1
Smz(i, j,k)

(Ex|i, j,k+1 −Ex|i, j,k)
∆zk

−My|i, j,k. (23)
Similarly, the modified equation of magnetic field

Hy|i−1, j,k, Hx|i, j,k and Hx|i, j−1,k can be obtained. In the
three-dimensional AH domain, the electric field compo-
nent needs to be modified for the lossy coated thin wires
model. In Fig. 2, taking the positive side of the x-axis of
lossy coated thin wires as an example, the following four
kinds of electric field components need to be modified:

1. There are lossy coated thin wires above and below
the electric field component, like Ex|i, j,k. Equa-
tion (16) shows that Ex|i, j,k is affected by Hy|i, j,k,
Hy|i, j,k−1, Hz|i, j,k and Hz|i, j−1,k. Because of the exis-
tence of the lossy coated thin wires model, Hy|i, j,k
and Hy|i, j,k−1 need to be modified. So the modified
Ex|i, j,k update equation is equation (24).

2. There are lossy coated thin wires below the
electric field component, like Ex|i, j,k+1. Equation
(16) shows that Ex|i, j,k+1 is affected by Hy|i, j,k+1,
Hy|i, j,k, Hz|i, j,k+1 and Hz|i, j−1,k+1. Similarly, Hy|i, j,k
needs to be modified.

3. There are lossy coated thin wires above the elec-
tric field component, like Ex|i, j,k−1. Equation (16)
shows that Ex|i, j,k−1 is affected by Hy|i, j,k−1,
Hy|i, j,k−2, Hz|i, j,k−1 and Hz|i, j−1,k−1. Similarly,
Hy|i, j,k−1 needs to be modified.

4. The electric field component is one grid away
from the center of the lossy coated thin wires
and the direction is along the thin wires, like
Ez|i+1, j,k, Ez|i+1, j,k−1. Equation (18) shows that
Ez|i+1, j,k is affected by Hy|i+1, j,k, Hy|i, j,k, Hx|i+1, j,k
and Hx|i+1, j−1,k. Similarly, Hy|i, j,k need to be mod-
ified. Ez|i+1, j,k−1 is modified in the same way as
Ez|i+1, j,k.
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α
−1
Sey(i, j,k)α

m−1
z(i, j,k)α

−1
Smy(i, j,k)

Ex|i, j+1,k − Ex|i, j,k
∆y j∆ȳ j

+α
−1
Sey(i, j,k)α

m−1
z(i, j−1,k)α

−1
Smy(i, j−1,k)

Ex|i, j−1,k − Ex|i, j,k
∆y j−1∆ȳ j

+qxα
−1
Sez(i, j,k)α

m−1
y(i, j,k)α

−1
Smz(i, j,k)

Ex|i, j,k+1 − Ex|i, j,k
∆zk∆z̄k

+qxα
−1
Sez(i, j,k)α

m−1
y(i, j,k−1)α

−1
Smz(i, j,k−1)

Ex|i, j,k−1 − Ex|i, j,k
∆zk−1∆z̄k

− α
e
x(i, j,k)Ex

∣∣∣
i, j,k

+α
−1
Sey(i, j,k)α

m−1
z(i, j,k)α

−1
Smx(i, j,k)

Ey
∣∣
i, j,k − Ey

∣∣
i+1, j,k

∆xi∆ȳ j
+α

−1
Sey(i, j,k)α

m−1
z(i, j−1,k)α

−1
Smx(i, j−1,k)

Ey
∣∣
i+1, j−1,k − Ey

∣∣
i, j−1,k

∆xi∆ȳi

+ pxα
−1
Sez(i, j,k)α

m−1
y(i, j,k)α

−1
Smx(i, j,k)

Ez|i, j,k − Ez|i+1, j,k

∆xi∆z̄k
+ pxα

−1
Sez(i, j,k)α

m−1
y(i, j,k−1)α

−1
Smx(i, j,k−1)

Ez|i+1, j,k−1 − Ez|i, j,k−1

∆xi∆z̄k

= Jx|i, j,k −α
−1
Sez(i, j,k)α

m−1
y(i, j,k)

My
∣∣
i, j,k

∆z̄k
+α

−1
Sez(i, j,k)α

m−1
y(i, j,k−1)

My
∣∣
i, j,k−1

∆z̄k

+α
−1
Sey(i, j,k)α

m−1
z(i, j,k)

Mz|i, j,k
∆ȳ j

−α
−1
Sey(i, j,k)α

m−1
z(i, j−1,k)

Mz|i, j−1,k

∆ȳ j
. (24)

Similarly, all electric field component modified
equations can be obtained when the lossy coated thin
wires follows any direction (x, y or z), and the modifi-
cation is reflected in pξ and qξ . So, the lossy coated thin
wires model based on the three-dimensional AH FDTD
method has been completed.

Fig. 2. Modified electric field components.

IV. NUMERICAL ANALYSIS
A. Dipole antenna

A dipole antenna model is constructed using lossy
coated thin wires. The uniform mesh size ∆ = 0.25 ×
10−3 m, the total length of dipole antenna is 80∆, the
voltage source length of 2∆, and the excitation wave-
form is exp(−((t −2.81×10−11)/(6.25×10−12))2),
the resistance of source is 50 Ω. The radii of the thin
wires are r0 = ∆/10 and rc = ∆/5 respectively. The lossy
coated and surrounding media are constructed from two
common groups of materials: Teflon (εi = 2.1 and σi =
5 µS/m) and 5% wet soil (εs = 5.0 and σs = 17 mS/m),
Alumina (εi = 8.8 and σi = 1.5 mS/m) and Air (εs = 1

and σs = 0). Figure 3 shows the sampling current at the
center of the dipole antenna by the AH FDTD and the
traditional FDTD.

Fig. 3. The sampling current at the center point.

The results show that the relative error of sampling
current between conventional FDTD and AH FDTD can
be about −30 dB when calculating the dipole antenna of
different materials (εi, σi, εs, σs).

For additional verification, a cosine-modulated
Gaussian excitation source was employed with an
extended time step. The FDTD and AH-FDTD results,
as shown in Fig. 4, exhibit excellent agreement under the
same conditions, consistent with theoretical predictions.

B. Yagi antenna
A five-element Yagi antenna is constructed with

lossy coated thin wires. The uniform grid size ∆ = 0.01
m, reflector length Lr = 22∆, dipole length L = 20∆,
three directors length Ld = 18∆, reflector-dipole spacing
Sr = 8∆, and director-dipole spacing Sd = 10∆. Three
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Fig. 4. A cosine-modulated Gaussian excitation source
was employed with an extended time step.

lossy coated thin wires with the same material (Alu-
mina) but different structural parameters are simulated:
r0 = ∆/10, rc = ∆/5, r0 = ∆/50, rc = ∆/25, r0 = ∆/50,
rc = ∆/10. The excitation voltage source waveform is
100× exp(−((t −3.60×10−9)/(8.01×10−10))2), with
a maximum frequence of 625 MHz. Figure 5 shows the
far field radiation patterns (xy plane) of the Yagi antenna
calculated by AH FDTD and traditional FDTD respec-
tively, with the frequence of 625 MHz.

It can be seen that the results are well matched
with traditional FDTD method, when calculating the far-
field radiation pattern of the five-element Yagi antenna
composed of wires with different structural parameters
(radius of wires and coatings).

Fig. 5. Radiation pattern in the xy plane cut.

C. Square antenna
A square antenna model is constructed using lossy

coated thin wires. The uniform grid size ∆ = 0.25 m
and antenna edge length is 8∆. The thin wires structural

parameters are r0 =∆/10 and rc =∆/5. The lossy coated
and the surrounding medium are constructed with Teflon
and 5% wet soil respectively. The voltage source length
is 2∆, an internal resistance of 50 Ω. The maximum fre-
quencies of the Gaussian pulse are 60 MHz, 40 MHz and
24 MHz. Figure 6 shows the sampled electric field Ez
at the center point of the square antenna calculated by
AH FDTD and traditional FDTD respectively. Figure 7
shows the radiation pattern at a valid frequency.

Fig. 6. Ez at the center point of the square antenna.

Fig. 7. The radiation pattern at a valid frequency.

It can be seen that AH FDTD can maintain the
relative error below −26 dB compared with traditional
FDTD when calculating the electric field Ez at the center
point of the square antenna.

The calculation efficiency of the lossy coated thin
wires model is presented below. The maximum frequen-
cies of the excitation sources were set at 24 MHz, 12
MHz, 6 MHz, 4 MHz, 3 MHz and 2.4 MHz, and the
time steps are 1000, 2000, 4000, 6000, 8000 and 10000
respectively. The AH FDTD method overcomes the con-
ventional CFL time step constraint, leading to funda-
mentally different time step selection criteria compared
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Table 1: Comparison of acceleration factors and relative
errors between AH FDTD and FDTD
Frequency

(MHz)
tFDT D

(s)
tAH
(s)

Acceleration Factors
(tFDT D/tAH )

Relative
Error(dB)

24 12 7 1.7 -35
12 18 7 2.6 -41
6 34 7 4.8 -44
4 41 7 5.9 -45
3 50 7 7.1 -46

2.4 60 7 8.6 -47

to traditional explicit FDTD schemes. Table 1 shows
the acceleration factors (tFDT D/tAH ) and relative errors
under different excitation sources. Since the lossy coated
thin wires model can be parallel calculated according
to different orders of Hermite orthogonal basis in AH
domain, the simulation time can be greatly accelerated
(1.7 to 8.6 times) while keeping the relative error below
−35 dB.

V. CONCLUSION
This paper presents a lossy coated thin-wire model

based on the unconditionally stable associated Hermite
finite-difference time-domain (AH-FDTD) method. Val-
idation tests on dipole antennas, five-element Yagi anten-
nas, and square antennas confirm the model’s advan-
tages. Compared to conventional FDTD methods, it
achieves a relative error of less than -26 dB. The combi-
nation of the coated thin-wire model with the AH-FDTD
method enhances the accuracy and computational effi-
ciency of antenna simulations.
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