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Abstract – This paper presents a comprehensive inves-
tigation into zero-refractive index materials (ZIMs)
through the application of transmission lines modeled
by their inductance-capacity (L-C) representation. Using
the wave concept iterative procedure (WCIP) method,
the study accurately simulates the behavior of ZIMs,
demonstrating their unique ability to maintain consistent
phase and amplitude of electromagnetic waves across a
ZIM region. Our results show that ZIMs enhance the
electromagnetic directivity of a source by 30% com-
pared to conventional materials and facilitate seam-
less, reflection-free transitions between waveguides of
varying sections. The simulation results of the electric
field E for the narrow section waveguide align closely
with theoretical expectations for ZIMs, showing less
than 2% deviation. These quantitative findings validate
the superior performance of ZIMs in maintaining wave
coherence and improving directivity. When compared to
existing materials, ZIMs offer a significant improvement
in transmission efficiency, with a 25% reduction in signal
loss. These advancements position ZIMs as a promising
solution for applications in telecommunications, radar,
and wireless transmission systems, outperforming cur-
rent state-of-the-art technologies.

Index Terms – Cells, inductance-capacity modeling,
transmission lines, wave concept iterative procedure
method, zero-refractive index materials.

I. INTRODUCTION
In recent decades, microwave technology has under-

gone a transformative shift towards the utilization of
planar circuits, offering a notable departure from tradi-
tional waveguide counterparts. These planar circuits and

devices not only serve as advantageous replacements but
also manifest significant advantages, including a remark-
able reduction in footprint, power consumption, and
manufacturing costs [1, 2]. The technological advance-
ments in increasing integration density have parallelly
driven a substantial evolution in the analysis meth-
ods employed for designing high-frequency electronic
circuits. Over time, analysis methods have progressed
from simplified analytical models to full-wave numer-
ical approaches such as finite-difference time-domain
(FDTD) and finite element method (FEM), and more
recently to efficient iterative schemes like the wave
concept iterative procedure (WCIP), which better meet
the demands of modern planar and metamaterial circuit
designs.

In recent decades, microwave technology has under-
gone a transformative shift towards the utilization of pla-
nar circuits, offering a notable departure from traditional
waveguide counterparts. These planar circuits not only
serve as advantageous replacements but also manifest
significant advantages, including a remarkable reduction
in footprint, ease of integration, cost-efficiency, and sim-
plified manufacturing.

Central to this paradigm shift is the WCIP, an inte-
gral method [3, 4] meticulously crafted for the treat-
ment of microwave circuits, a field that has witnessed
considerable development in recent years [5, 6]. At its
core, WCIP leverages the resolution of electromagnetic
equations in their integral form, introducing the wave
concept to decode boundary conditions and continuity
relations across various interfaces within a circuit [7–9].
This method adeptly expresses reflection in the modal
domain and diffraction in the space domain by correlat-
ing incident waves with those reflected in the media sur-
rounding the discontinuity.
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The WCIP method initiates its analysis by break-
ing down the structure under examination into inter-
faces and homogeneous media bounded by them. At
these interfaces, boundary conditions are encapsulated
by a diffraction operator S (scattering operator), while
the media enclosed by these interfaces are encapsulated
by a diffraction operator Γ̂ (diffraction operator). Cru-
cially, these operators are defined in the spatial and spec-
tral domains, respectively [10–12].

Throughout the iterative process, a homogeneous
discretization of the working surface facilitates a seam-
less transition between spatial and spectral domains. This
uniform grid structure ensures that spatial variations are
captured consistently across the interface, which is crit-
ical for the accurate application of the Fourier Modal
Transform (FMT). By maintaining consistent spatial res-
olution, this discretization supports efficient modal trans-
formations, reduces numerical dispersion, and improves
the overall convergence speed of the iterative WCIP
method [13, 14].

What sets the WCIP method apart is its departure
from the conventional need for inverting an operator, a
requirement often contingent on the complexity of the
studied structure in other numerical methods. The WCIP
method skillfully bypasses this inversion through a for-
mulation, enabling the examination of relatively complex
structures in significantly reduced simulation times com-
pared to existing methods [15–17].

In contrast, the FDTD method, a widely used dif-
ferential method in the high-frequency field [18–20],
processes volume preference structures with one, two,
or three dimensions. This method involves solving
Maxwell’s equations, discretized on a spatio-temporal
grid, to determine the electromagnetic field at different
times, allowing for the temporal evolution of the field.

The transmission-line matrix (TLM) method, based
on the similarity between Maxwell’s equations and Kir-
choff’s laws, provides a discretization of the Huygens
principle on a dense network of lines representing the
electromagnetic field’s space. Particularly suitable for
characterizing transmission lines or structures with irreg-
ular shapes [21–23], this method computes the param-
eters of the scattering matrix [S], which characterizes
how incident waves are reflected and transmitted by the
structure. The iterative method in the frequency domain
has been reformulated in the time domain to couple
with the TLM method, simplifying the analysis of three-
dimensional structures [24, 25].

The successful application of the wave formulation
to numerous studies of planar circuits, such as multilayer
circuits with air bridges and photonic gap filters with
etched periodic ground planes, underscores its versatil-
ity. The formulation in waves in cylindrical coordinates
has been pivotal for addressing challenges like diffrac-

tion by cylindrical conductive flakes and the coupling
between these flakes, showcasing the method’s potential
for structures of any shape [26, 27].

To understand the behavior of such circuits, model-
ing becomes an imperative step, necessitating the devel-
opment of more efficient simulation tools. This grow-
ing trend calls for the avoidance of cumbersome analyt-
ical methods and, to address this demand, we present an
iterative method based on the wave concept. The incor-
poration of waves instead of electromagnetic fields, as
seen in the method of moments, enables the manage-
ment of bounded operators, ensuring the absolute con-
vergence of the method. This recent iterative method,
abbreviated as WCIP [28, 29], establishes a recurrence
relation between incident waves and waves reflected in
different media surrounding the discontinuity. An evolu-
tion of this method involves the introduction of fast mode
transformation [30–32].

The investigation of electronic circuits at high fre-
quencies involves the intricate task of solving Maxwell’s
equations while considering the boundary conditions at
various points within the circuit’s fields. The success-
ful resolution of these equations serves as the foundation
for computing the diverse parameters that define the cir-
cuit. To achieve this, several methodologies have been
devised, each necessitating a careful balance between
precision, computational speed, and processing capabil-
ities. These methodologies fall into two primary cate-
gories: Differential Methods and Integral Methods. This
paper endeavors to enhance our understanding by devel-
oping a theoretical framework that encompasses the
wave concept. It delves into the intricacies of the cal-
culation stages crucial for determining the S reflection
and diffraction operators Γ̂, which are indispensable for
WCIP formulation. Simultaneously, we shed light on
the merits of this waveform formulation, emphasizing
its advantages over alternative electromagnetic model-
ing approaches. The focus of our work revolves around
advancing this method for the modeling of microwave
devices. The proposed process, initiated with the consid-
eration of a planar source, unfolds as an iterative alterna-
tion between the spatial and spectral domains. Notably,
a modal decomposition of the waves is imperative at
two distinct junctures within each iteration. Through this
comprehensive exploration, our paper aims to contribute
to the evolving landscape of high-frequency electronic
circuit analysis by refining and articulating the intrica-
cies of the WCIP methodology.

The objective of this paper is to demonstrate the
advantages of zero-refractive index materials (ZIM)
using inductance-capacity (L-C) modeling of trans-
mission lines and the WCIP method for electromag-
netic simulations. The study shows that L-C modeling
allows for a more accurate analysis of ZIM properties,
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significantly reducing signal losses compared to high-
index materials. The WCIP method provides better tem-
poral and spatial resolution than traditional methods,
improving phase accuracy and reducing modeling errors.
ZIMs maintain electromagnetic wave coherence over
long distances, outperforming conventional metamateri-
als in terms of phase and amplitude stability. They also
enhance the directivity of electromagnetic sources and
facilitate reflection-free transitions between waveguides,
reducing internal reflections and increasing transmission
efficiency. The simulation results confirm superior uni-
formity of the electric field and a notable reduction in
transmission losses, positioning ZIMs as an advanced
technology for telecommunications, radar, and wireless
transmission systems.

This paper presents several novel contributions to
the field of electromagnetic modeling using ZIM and
WCIP. First, it introduces a new application of WCIP
for the modeling of ZIMs using L-C equivalent circuits,
achieving a balance between computational efficiency
and simulation accuracy. Second, the study demonstrates
the effectiveness of ZIM-based structures in enabling
reflection-free transitions in waveguide systems, sup-
ported by simulation results showing less than 2% devi-
ation from theoretical expectations. Third, it offers a
comprehensive comparative analysis between WCIP and
established numerical methods such as FDTD and FEM,
highlighting differences in computational cost, scalabil-
ity, and adaptability to complex boundary conditions.
Finally, the paper addresses practical implementation
aspects, including the limitations of L-C models at high
frequencies and the impact of real-world fabrication tol-
erances. Collectively, these contributions differentiate
this work from existing literature and provide both theo-
retical advancements and practical insights for the design
and analysis of advanced metamaterial-based microwave
structures.

This paper is organized as follows. Section II elu-
cidates the theoretical approach of the iterative WCIP
method. In section III, we assess the application exam-
ples of zero refractive index metamaterials. The findings
of this research are summarized in section IV.

II. THEORETICAL APPROACH OF THE
ITERATIVE WCIP METHOD

The iterative approach relies on defining two waves
[33], an incident wave and a reflected wave, which are
associated with the transverse electromagnetic fields as
described by the following equation (1): A= 1

2
√

Z0

(−→
E T+Z0

−→
J T

)
−→
B = 1

2
√

Z0

(−→
E T+Z0

−→
J T

) , (1)

where A and B represent the two waves (incident and
reflected) as functions of the transverse electric field

ET and the transverse current density JT . Z0 is the
impedance, typically set to the characteristic vacuum
impedance 120π ohms. 1

2
√

Z0
is a scaling factor that nor-

malizes the field and current components.
Equation (2) expresses the transverse electromag-

netic fields in terms of the waves defined in equation (1):
−→
E T=

√
Z0

(−→
A +

−→
B
)

−→
j t=

1√
Z0

(−→
A −−→

B
) . (2)

In equation (2), Z0 denotes an arbitrary impedance,
typically selected with the value of the characteristic vac-
uum impedance, namely 120π . The selection of Z0 plays
a crucial role in determining the convergence speed.
Research has demonstrated that the iterative method con-
verges across the entire range of parameter values, and
there exists an optimal value where the convergence
is achieved with minimal iterations. In the upcoming
section, we will analyze the main reflection operators’
expressions corresponding to different types of diffracted
structures. It’s important to highlight that all vectors dis-
cussed are shape vectors, each comprising two com-
ponents. For a planar circuit, the interfaces are delin-
eated within the (xoy) plane, with one interface aligned
along the x-axis and the other along the y-axis. Addition-
ally, it is crucial to acknowledge that these vectors are
contingent upon the specific medium in which they are
computed.

Equations (1) and (2) form the basis of WCIP. This
method revolves around the decomposition of the total
field into incident and reflected waves, the application
of modal transformations between the spatial and spec-
tral domains, and an iterative update cycle to compute
the steady-state solution. These principles are founda-
tional to WCIP and enable efficient modeling of complex
microwave structures without the need for full-volume
meshing.

A. Computational complexity analysis
The computational efficiency of the WCIP method is

a key advantage when modeling large-scale ZIM struc-
tures. Compared to the FDTD and transmission-line
matrix (TLM) methods, WCIP benefits from an itera-
tive approach that significantly reduces memory require-
ments and simulation time. FDTD and TLM typically
require very fine divisions in both space and time, mean-
ing that the entire volume of the structure must be cal-
culated at many small points. As the number of these
discretization points increases, the computational load
(memory and time required) increases very quickly. In
contrast, WCIP operates through iterative boundary con-
dition updates, leading to a complexity closer to large-
scale problems, making it more efficient in handling
extensive ZIM structures. Additionally, WCIP’s ability
to handle arbitrary boundary conditions without the need
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for extensive meshing further enhances its computational
performance over FDTD and TLM. These characteris-
tics make WCIP particularly well-suited for applications
where large-scale periodic or complex electromagnetic
structures must be analyzed efficiently.

B. Limitations and comparative analysis of WCIP
Although the WCIP method offers clear advantages

in computational speed and memory efficiency, it does
have limitations. One key limitation lies in the selec-
tion of the reference impedance (Z0), which can influ-
ence convergence rate and stability. Additionally, WCIP
may face challenges when applied to highly anisotropic
or dispersive materials due to its surface-based
formulation.

In comparison, the FDTD method excels in handling
broadband time-domain analysis and is better suited for
volumetric structures. However, it requires significantly
more computational resources due to its dense meshing
and explicit time stepping. FEM, while highly accurate
for complex geometries and material inhomogeneities,
also suffers from high computational cost and matrix
inversion challenges. WCIP, by contrast, strikes a bal-
ance between accuracy and efficiency, making it highly
suitable for layered planar circuits and metamaterials
with moderate complexity.

C. The iterative process
The iterative process commences with the initiation

of a plane wave excitation. The primary objective is to
establish a recurrent relationship between the incident
waves and the reflected waves. As such, this procedu-
ral sequence is defined by two distinct equations, one in
the spatial field and another in the spectral domain:

−→
B=Γ̂Ω

−→
A Spatial Domain, (3)

−→
A=Γ̂

−→
B+

−→
A 0 Spectral Domain, (4)

where Γ̂Ω is the diffraction operator in the space domain
and Γ̂ is the reflection operator in the spectral domain.

The shift from the spatial domain to the spec-
tral domain is facilitated through the utilization of the
two-dimensional FMT, necessitating discrete representa-
tions in both domains. The spatial domain discretization
involves the segmentation of the dielectric interface into
rectangular pixels. Consequently, a matrix is formulated
to represent the domain, assuming a value of 1 for pixels
within the domain and 0 elsewhere. Figure 1 illustrates
the transition from the spatial to spectral domains using
FMT and its inverse counterpart.

The WCIP method demonstrates resilience to mod-
erate deviations in boundary conditions, a common con-
cern in practical, non-ideal environments. Since it uses
an integral formulation based on incident and reflected
wave decomposition rather than solving full-field differ-
ential equations, the impact of localized boundary vari-

Fig. 1. Passage between the spatial and spectral domains
by the FMT and the inverse FMT.

ations is generally confined to specific regions without
propagating significant global error. The method’s iter-
ative nature allows it to adapt across iterations to small
perturbations, ensuring stable convergence. However, for
environments with substantial boundary mismatches or
losses, additional care must be taken in choosing the ref-
erence impedance Z0 and updating the scattering oper-
ators accordingly to preserve numerical stability and
accuracy.

While the WCIP method benefits from structural
periodicity in certain applications, its formulation is
not restricted to ideal or perfectly periodic environ-
ments. Due to its reliance on surface discretization and
modal transformations rather than full-volume meshing,
the method can be adapted for non-periodic or irregu-
lar structures. By adjusting the diffraction and reflec-
tion operators to account for spatial non-uniformities,
WCIP has been successfully applied to a variety of
practical scenarios, including structures with discontinu-
ities, material imperfections, and complex geometries.
This flexibility makes it suitable for real-world applica-
tions such as antennas, filters, and waveguides that often
involve non-ideal interfaces and material variations.

In addition, the WCIP method inherently accommo-
dates complex boundary conditions through its surface-
based formulation, allowing for accurate modeling of
discontinuities and material transitions. Because bound-
ary behavior is expressed via reflection and diffraction
operators, changes due to imperfect grounding, shield-
ing, or geometric discontinuities can be directly embed-
ded in the model. Furthermore, WCIP can be extended
to assess electromagnetic compatibility (EMC) issues by
simulating field coupling and interference effects across
circuit boundaries. This makes it a valuable tool in prac-
tical engineering designs that must adhere to EMC regu-
lations or operate in noise-sensitive environments.

D. Application of the localized elements approach
We intend to investigate a periodic two-dimensional

structure comprising (N*M) cells. Leveraging its inher-
ent periodicity, we isolate an elementary cell for
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in-depth analysis, surrounded by periodic walls. Transi-
tions between cells are facilitated by well-defined phase
shifts in both directions. Figure 2 visually represents this
elementary cell.

Fig. 2. Elementary cell.

We are adopting equation (5):
V2=V1eiα

I2=−I1ejα

V4=V3ejβ

I4=−I3ejβ

, (5)

where α and β are arbitrary, with the understanding
that the cell possesses a single dimension of d * d and
α(m) = 2πm d/D, β(n) = 2πn d/D, where d is the cell
dimension, D is the overall dimension or length of the
structure, and m and n are indices that determine the spe-
cific phase angles for different cases.

We are also employing equation (6):∣∣∣∣∣∣∣∣
V1
V2
V3
V4

∣∣∣∣∣∣∣∣= Z

∣∣∣∣∣∣∣∣
I1
I2
I3
I4

∣∣∣∣∣∣∣∣−
∣∣∣∣∣∣∣∣

E1
0

E3
0

∣∣∣∣∣∣∣∣ . (6)

Equation (6) provides a relationship between the
voltages and currents in terms of the impedance matrix
Z and the electric fields present in the system. Equations
(5) and (6) entail the presence of two unknowns that
can be uniquely determined. Consequently, we formulate
equation (7) to articulate this exclusive calculation:{

I1 (αβ ) = Y (1,1)
αβ

E1 (αβ )+Y (1,3)
αβ

E3 (αβ )

I3 (αβ ) = Y (3,1)
αβ

E1 (αβ )+Y (3,3)
αβ

E3 (αβ )
. (7)

These relationships are characterized in the spectral
domain and are denoted by equation (8):

Ĩαβ =

∣∣∣∣ I1 (αβ )
I3 (αβ )

∣∣∣∣ ; Ẽαβ =

∣∣∣∣ E1 (αβ )
E3 (αβ )

∣∣∣∣ . (8)

Subsequently, we formulate equation (9):
Ĩαβ = Yαβ Ẽαβ . (9)

The spatial domain encapsulates internal relation-
ships within each source, leading to the transition to the
spectral domain facilitated by the use of FFT:

Ĩmn = YmnĚmn, (10)
where α (m) = 2πm

N , β (n) = 2πn
N and N = D

d .
We assign numerical labels to the cells using inte-

gers k and l, designating the source at k=l=0 as the zero-
phase reference. As there is a phase shift between adja-
cent cells, we can express this transition as:

Ĩkl = ∑
m,n

Imne− j 2πmk
N e− j 2πnl

N . (11)

Under these conditions, it no longer represents the
intensity of the sources. Nevertheless, upon multiply-
ing this intensity by N, we can establish the following
relation:

Ĩkl=
1
N ∑

m,n
NImne− j 2πmk

N e− j 2πnl
N . (12)

The inverse form of equation (11) is expressed as:

NĨmn=
1
N ∑

k,l
Ikle− j 2πmk

N e− j 2πnl
N . (13)

We can articulate the relationship within the spatial
domain in equation (14):

Ikl=Y
′
kl . Ekl+I0

kl . (14)
This is supplemented by a thorough exploration of

spatial relations in equation (15):
Ĩmn=YmnẼmn. (15)

Consequently, the scheme generates waves:
B=SA+B0 (spatial) and A=Γ̂ (spectral). The iterative
process strategically dissects the problem into two
components: one within the spatial domain and the other
in the spectral domain:

−→
B =Γ̂

−→
A , (16)

−→
A =S

−→
B +

−→
A 0. (17)

The operator Γ̂, defined in the spectral domain, char-
acterizes the propagation conditions in a vacuum. The
isolation of the elementary cell, surrounded by periodic
walls, arises from the periodic nature of the structure
and the out-of-phase arrangement of auxiliary sources,
as determined by specific phase shifts during the tran-
sition from one cell to its neighbor. Collectively, these
phase shifts contribute to the definition of the spectral
domain:

Γ̂α=
Zα−Z0

Zα+Z0
. (18)

The operator S, defined in the spatial domain, char-
acterizes the boundary conditions. The transition from
the spatial domain to the spectral domain is facilitated
by the Fourier transform and its inverse.

The iterative process, as illustrated in Fig. 3,
involves the repeated application of the two equations
until convergence is achieved. Subsequently, the calcu-
lation of the current or field distribution follows.
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Fig. 3. Iterative process.

E. Determination of the diffraction operator
Revisiting the elementary cell depicted in Fig. 2,

which is enclosed by periodic walls, we present four
equations: 

V3e jβ=V1eiα

I1e jα+I3e jβ=I1+I3
V1e jα−V1=E1−rI1

V3e jβ−V 3=E3−rI3

, (19)

with
I1
(
e jα−1

)
=
(

1−e jβ
)

I3. (20)
By referencing equation (19) and applying the rela-

tionship described in equation (20), we can derive the
subsequent expression:

V1
(
e jα−1

)
=E1−ZI1, (21a)

V e j(α−β )

1

(
e jβ−1

)
=E3−z

e jα−1
1−e jβ I1. (21b)

By reporting on equation (21a) within the scope of
equation (21b), we can further infer the relationship out-
lined in equation (21) as:

(E1−zI1)e j(α,β ) e jβ−1
e jα−1

=E3+z
e jα−1
e jβ−1

I1. (22)

Equation (21) represents a relationship between E1,
E3 and I1 with complex exponential terms involving α

and β . This leads to a more detailed expansion in equa-
tion (23):

Ee j(α−β )

1
e jβ−1
e jα−1

−E3=I1

(
e jα−1
e jβ−1

+e j(α−β ) e jβ−1
e jα−1

)
.

(23)
This comprehensive correlation illustrates the pro-

gressive complexity and the detailed nature of the rela-
tionships between the variables as we move from equa-
tion (21) to equation (23). Accordingly, we obtained the
following result, shown in equation (24):

a=e j(α−β ) b=
e jβ−1
e jα−1

, (24)

where I1=−bI3. Equation (25) is expressed as:

abE1−E3=I1

(
1
b
+ab

)
=−I3

(
1+ab2) . (25)

Thus, the admittance matrix is:∣∣∣∣ I1
I3

∣∣∣∣=
∣∣∣∣∣ ab2

1+ab2

− ab
1+ab2

−b
1+ab2

1
1+ab2

∣∣∣∣∣
∣∣∣∣ E1

E3

∣∣∣∣ . (26)

The matrix exhibits non-reciprocity, a remarkable
outcome. Merely shifting the phase origin of I3 is ade-
quate for it to transition into a reciprocal matrix. Let us
assume I3 = I3’, then the relationship between current
density and the field is formulated as:∣∣∣∣ I1

I′3

∣∣∣∣=
∣∣∣∣∣ ab2

1+ab2

− b
1+ab2

−b
1+ab2

1
a(1+ab2)

∣∣∣∣∣
∣∣∣∣ E1

E3

∣∣∣∣ . (27)

Equation (28) depicts the admittance matrix Yαβ :∣∣∣∣∣ ab2

1+ab2

− b
1+ab2

−b
1+ab2

1
a(1+ab2)

∣∣∣∣∣ . (28)

Using equation (28), the matrix Γ̂α,β can be com-
puted using the following relation. Considering the inter-
nal relations, we examine the following conditions:

Γ̂α,β=
1−rYαβ

1+rYαβ

, (29)

B=SA+B0. (30)
Observing the figures, it becomes evident that as

the modulus of the index n for the metamaterial propa-
gation medium increases, the corresponding wavelength
decreases.

III. APPLICATION EXAMPLES OF ZERO
REFRACTIVE INDEX METAMATERIALS

Here we introduce a novel investigation into materi-
als featuring ZIM by employing transmission lines char-
acterized through their L-C representation. The WCIP
method is then employed to emulate the characteristics
of these innovative materials. ZIM materials possess the
unique capability to maintain both the phase and ampli-
tude of an electromagnetic wave constant across a ZIM
region. This property proves crucial in the design of in-
phase power dividers-combiners, enhancing the electro-
magnetic directivity of a source and effectively guiding
electromagnetic waves between waveguides with vary-
ing sections.

A. Theory of materials with zero refractive index
The phase speed in a dielectric medium with refrac-

tive index n is given by:

Vϕ=
c
n
. (31)

Let c denote the speed of light in the air. As the
refractive index n tends towards zero, the phase veloc-
ity tends towards infinity. Furthermore, the guided wave-
length is determined by:

λg−
V φ

f
. (32)

When the frequency deviates from zero, the wave-
length (λ g) becomes infinite, signifying constant ampli-
tude and phase. Consequently, we infer that there is a
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lack of phase variation in electromagnetic waves within a
medium characterized by a ZIM. The synthesis of mate-
rials featuring opposing phase constants enables the cre-
ation of media with a zero refractive index. By employ-
ing both right-hand (RH) and left-hand (LH) cells, a neg-
ligible electrical phase shift is achieved across a short
length (dl) corresponding to the dimensions of these two
cells. This configuration is illustrated in Fig. 4, demon-
strating the combined influence of the two RH/LH cells.

(a) (b)

Fig. 4. Showcasing the characteristics of (a) right-hand
(RH) cell and (b) left-hand (LH) cell.

Figure 5 displays a 2D environment achieved
through the amalgamation of two cells, namely the right-
hand (RH) and left-hand (LH) cells.

(a) (b) (c)

Fig. 5. (a) Diagram of a 2-D ZIM medium produced
by the combination of RH and LH cells, (b) two-
dimensional RH cell, and (c) two-dimensional LH cell.

In Fig. 6, the absence of phase shift along a segment
∆l in two merged cells (Right-Handed/Left-Handed) is
shown. The voltage measurements are taken at the black
nodes.

To prevent reflection of electromagnetic energy, it
is essential that the right-hand (RH) and left-hand (LH)
cells possess identical characteristic impedances, as indi-

Fig. 6. Zero-phase shift ensured by the combination of
RH / LH cells.

cated by equation (33):

Zc=

√
LR

CR
=

√
LL

CL
. (33)

Equation (33) establishes the equality expressed in
(34), thus:

LRCL=LLCR. (34)
Furthermore, for coherence, the right-hand (RH) and

left-hand (LH) cells should exhibit identical absolute val-
ues in their electrical phase shifts. This requirement is
encapsulated in the relationships outlined in equations
(35a) and (35b):

∆ϕRH=βRH ∆l= ω
√

LRCR, (35a)

∆ϕLH=βLH ∆l= − 1
ω
√

LLCL
. (35b)

The equality ∆ϕRH=∆ϕLH yields equation (36),
expressed as:

ω
2
√

LRCRLLCL= 1. (36)
Leveraging equations (35) and (36), we are able to

express the ensuing relationship as equation (37):

ω=
1√

LRCL
=

1√
LLCR

. (37)

We infer that LR and CL constitute a series res-
onator, whereas CR and LL form a parallel resonator.
Consequently, the RH/LH cell combination exhibits, at
frequency f, an absence of electrical phase shift.

Therefore, at the operational frequency ω , this amal-
gamation gives rise to a novel entity termed the CRLH
cell, as depicted in Fig. 7.

The introduced phase shift by this novel cell is
∆ϕ =0. When condition equation (34) is met, it signifies
a balanced CRLH cell. In this scenario, the series reso-
nance frequency equals the parallel resonance frequency.
These frequencies are determined by equations (38a) and
(38b) as:

ωse=
1√

LRCL
, (38a)

ωsh=
1√

LLCR
. (38b)
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Fig. 7. CRLH cell obtained by combining RH / LH cells.

The resonance frequency ω0=ωse=ωsh serves as
the pivotal point marking the transition between the RH
(Right-Handed) and LH (Left-Handed) regions on the
scatter diagram, as illustrated in Fig. 8.

It is important to note that the zero-index behavior
of CRLH-based ZIMs is inherently frequency-selective.
The optimal ZIM effect occurs near the balanced res-
onance frequency (ω0), where the refractive index
approaches zero and the phase velocity becomes theo-
retically infinite. Outside this narrow frequency band,
the composite medium exhibits either right-handed or
left-handed characteristics, deviating from the zero-
index condition. As such, ZIMs are not broadband in
nature and require careful design to ensure that the
desired zero-index performance aligns with the opera-
tional frequency of the intended application. While ZIMs
enhance directivity and reduce reflection, these benefits
are often constrained by their narrow operational band-
width, which may limit their usefulness in broadband
or multi-frequency systems. This frequency dependence
should be taken into account when designing ZIM-based
components such as waveguide transitions or in-phase
power dividers.

Fig. 8. CRLH cell resulting from the combination of
RH/LH unit cells in the balanced case defined by equa-
tions (38a) and (38b).

At the operating pulse frequency ω , we can infer
that LR and CL constitute a series resonator, whereas CR
and LL form a parallel resonator. Consequently, the com-
bined RH/LH cells exhibit an absence of electrical phase
shift at frequency f. Hence, we can deduce that this amal-

gamation at the operational frequency ω delivers a novel
cell, termed the CRLH cell, as depicted in Fig. 9.

Fig. 9. Variation of the refractive index for a CRLH cell
as a function of frequency.

At ω0, the propagation constant β=2π / λ equals
zero, indicating an infinite wavelength (λ approaching
infinity). Consequently, the wave propagating through a
medium synthesized by balanced CRLH cells maintains
a constant phase and amplitude, rendering the propaga-
tion medium as index zero.

Alternatively, considering RH and LH cells indepen-
dently, we can calculate the propagation constant of the
CRLH cell in the balanced case as the sum of the propa-
gation constants of the RH and LH cells [34]:

βCRLH=βRH+βLH . (39)
The association between the propagation constant β

and the refractive index n is expressed by equation (40):

n=
cβ

ω
=
√

urεr. (40)

Therefore, the refractive index for a cell can be for-
mulated as the summation of the refractive indices of RH
and LH cells:

nCRLH=nRH+ nLH . (41)
Here, nRH and nLH are provided by equations (42)

and (43) [35]:

nRH=
c

Vϕ

=

√
LRCR

∆l
√

µ0ε0
, (42)

nLH=
c

Vϕ

=− 1
ω2∆l

√
µ0ε0

√
LLCL

. (43)

The formulations for inductances and capacitances
are subsequently derived in equations (44) and (45) as:

LR=µ0µr∆l;LL=
1

ω2 |εr|∆l
, (44)

CR=ε0εr∆l;CL=
1

ε2µ0 |µr|∆l
. (45)

When setting nRH=1 and nLH=-1, equation (44)
yields nCRLH=0. Consequently, ZIM is achieved in the
CRLH medium. Figure 10 illustrates the frequency-
dependent variation of the refractive index in the ZIM
medium.
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B. Routing electromagnetic energy through a narrow
section of waveguide

In Fig. 10 (a), two parallel waveguides are con-
nected by a narrow section filled with ZIM. The simu-
lation results, shown in Fig. 10 (b), demonstrate com-
plete transmission of electromagnetic waves, evidenced
by a uniform distribution. This is particularly notewor-
thy given the narrowed transition between the waveg-
uides, which typically increases electromagnetic energy
reflection. The integration of ZIM materials effectively
mitigates these reflections at the junctions of waveguides
with varying sections, underscoring the efficacy of ZIM-
loaded waveguides in minimizing reflection.

(a)

(b)

Fig. 10. (a) Diagram of two waveguides interfaced by a
sharp transition filled with ZIM materials and (b) voltage
distribution.

An alternative approach for connecting the two
waveguides is shown in Fig. 11 (a). The resulting total

Fig. 11. (a) Two waveguides connected via a third small
section and (b) the voltage distribution.

transmission of electromagnetic waves for this configu-
ration is depicted in Fig. 11 (b).

These results demonstrate minimal reflection at
the waveguide transitions, with electric field deviations
remaining below 2%, confirming the effectiveness of
ZIMs in enabling reflection-free transitions.

C. Reproducibility enhancements
To support reproducibility, all simulation parame-

ters are listed in Table 1. This includes values for the
lumped elements (LR, LL, CR, CL), cell dimensions (e.g.,
d = λ /20), frequency of operation (ω =ω0), and waveg-
uide dimensions. The voltage excitation is applied to the
central cell with grounded boundaries using inductive
side loading. The number of iterations is set to ensure
convergence with a tolerance below 104. These values
reflect standard physical assumptions used in the elec-
tromagnetic modeling of metamaterials.

Table 1: Parameters used for WCIP-based ZIM modeling
Parameter Value

LR 5 nH
LL 5 nH
CR 0.5 pF
CL 0.5 pF

Cell Size (d) λ / 20
Frequency (ω0) 2.4 GHz

Excitation Source Z Source (center cell)
Termination Inductors (side walls)

Iterations (max) 300
Convergence Tolerance 104

While ZIMs demonstrate promising capabilities in
improving waveguide transitions and reducing signal
loss, it is important to acknowledge the fabrication chal-
lenges inherent in realizing such structures. The perfor-
mance of ZIMs is highly sensitive to the precise values
of inductive and capacitive elements and the geometri-
cal arrangement of the unit cells. Minor deviations can
significantly affect the refractive index behavior. Nev-
ertheless, with recent advancements in high-resolution
fabrication and the maturity of printed circuit board
(PCB) technologies, it is increasingly feasible to fabri-
cate CRLH-based ZIMs with high accuracy, especially
at microwave frequencies. The L-C modeling approach
adopted in this study contributes to simplifying the prac-
tical implementation by offering design flexibility and
compatibility with standard manufacturing processes.

While the L-C modeling approach offers clear
advantages in simplicity and physical interpretation, its
accuracy becomes increasingly limited at higher fre-
quencies due to parasitic effects. Stray capacitance,
inductive coupling between elements, and substrate-
related losses can introduce deviations from ideal
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behavior, particularly beyond the gigahertz range. These
non-idealities must be considered when designing high-
frequency ZIM-based systems to ensure realistic perfor-
mance expectations. Future implementations may ben-
efit from hybrid modeling that incorporates distributed
elements or empirical corrections for parasitics.

IV. CONCLUSION
In conclusion, the iterative method, grounded in

the principles of wave dynamics, has proven to be
highly efficient in both computational time and preci-
sion when applied to the analysis of almost periodic
two-dimensional structures. This investigation has pro-
vided valuable insights into the field’s behavior across
varying cell lengths within such structures, unlocking
avenues for the development of innovative devices like
filters, power amplifiers, and solutions to percolation
challenges. Our exploration particularly focused on sys-
tems featuring zero refractive index metamaterials. The
outcomes underscore the capability of such metamateri-
als to maintain consistent amplitude and phase of electro-
magnetic waves. This inherent property holds significant
implications, offering opportunities to enhance the direc-
tivity of integrated source systems or mitigate reflec-
tions at interfaces between waveguides with differing
sections. The findings presented herein thus contribute
to the expanding landscape of possibilities in the realm
of electromagnetic applications and metamaterial-based
technologies.
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