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Abstract — This paper presents an equivalent
circuit derived directly from Maxwell's
equations in a manner to show the
amalgamation of field models and the circuit
theory. A micro-T equivalent circuit is
obtained from the solution of Maxwell’s
equations for a cylindrical representation of a
squirrel cage induction motor. First, a general
form of the field solution is obtained using
transfer matrices. A variable transformation is
then applied, which makes it possible to
derive a circuit for each annular region in the
motor. By joining the equivalent circuits in
cascade, a complete equivalent circuit for the
motor is obtained. The voltages and currents
in the equivalent circuit relate directly to the
field quantities within the actual motor.
Accuracy of the method is verified with
comparisons against finite elements and a
commercial motor design program.

Index Terms— Eddy currents, electromagnetic

induction, equivalent circuits, induction
motors.

[.INTRODUCTION
Multiregion traveling wave problems in

electrical machines have been treated in detail by a
number of authors; see for example [1-11]. A
traveling wave is usually produced by a polyphase
winding, which acts upon a series of laminar
regions. A region is defined, for the purposes of
this paper, as an area in the motor in which the
material is uniform in nature, having boundaries of
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simple cylindrical shape. When any of the regions
is conducting, eddy currents are induced and
forces tangential to the plane of the region are
established. If the field quantities at the region
interfaces are known, these forces can be
calculated. Typical problems include linear
induction motors [1], rotating induction motors [2-
5], drag-cup servomotors [6], liquid metal
induction pumps and generators [7], and armature
reaction losses in solid poles [8-11].

The theory of induction motors is usually
presented in one of two ways: either the motor is
represented by a Steinmetz equivalent circuit [12],
or analytical expressions are derived from the
electromagnetic field theory [2-4], [13]. As of yet
there is no general method enabling one to derive
an equivalent circuit directly from a field solution.
Of course, it is always possible to set up an
analogue model of differential equations [14], but
the number of elements required for accurate
modeling can be very large.

As the number of regions is increased, the
algebraic complexity of the field solution becomes
prone to errors. Additionally, if the motor model is
altered by adding extra regions, it is necessary to
repeat the complete field analysis. The micro-T
equivalent circuits developed in this paper have
the form of cascaded transmission lines; therefore,
it is possible to consider any number of regions
without recurring to lengthy analyses. The micro-
T circuit offers a direct relationship between field
quantities in the motor voltages and currents in the
equivalent circuit (see Fig. 1).

The use of an equivalent circuit can give deep
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insight into the behavior of the motor. Engineers
are trained to interpret equivalent circuits, and
once the circuit elements have been obtained, the
amount of calculations required for a given set of
conditions is relatively small. The motor model
can be made more detailed when adding extra
regions by inserting extra terms in the equivalent
circuit at the appropriate points.

The combination of field and circuit theories has
been used in other areas; see for example [15 and
16]. In [15], a hybrid electromagnetic-circuit is
used for the simulation of microwave devices
together with nonlinear lumped circuits. A circuit-
oriented, finite-element solution is proposed in
[16] to analyze travelling wave coupled problems.
The micro-T circuit theory has been used in [17]
and [18] to analyze induction heating problems.

The contributions of this paper are: the
application of the micro-T theory to the solution of
the electromagnetic field distribution in squirrel
cage induction motors; the derivation of a terminal
equivalent circuit from the solution of Maxwell’s
equations in the motor.

The equivalent circuit of this paper gives
information not only on the terminal performance
of the motor, but allows looking at the behavior of
the electromagnetic field in the different layers.

Air gap

Stator core Air

Fig.1. (a) Cross-sectional sextant through a multi-layer squirrel cage induction motor. (b) Basic equivalent circuit for a five-
region squirrel cage induction motor.

The accuracy of the method has been verified with
finite elements simulations and with the equivalent
circuit on a real motor.

1. MATHEMATICAL MODEL

A general multiregion problem is analyzed.
Figure la shows a sextant of a motor comprising
of N (=5) concentric cylinders. The excitation is an
infinitesimally thin and axially infinite current
sheet at radius r, It is further assumed that
displacement currents and magnetic saturation are
negligible.

Three field quantities which are acting at the
region boundaries will be considered in this
analysis. These are the electric field strength F
which is directed axially along the interface, the
magnetic field strength H which is directed
circumferentially along the interface, and the third
one is the flux density B normal to the interface in
the radial direction. The analysis using these field
components is performed to obtain field quantities
at the region boundaries. After these field
quantities are known, the equivalent circuit is then
derived and the power flow through the interfaces,
torque, output power, rotor losses, and rotational
force are obtained.

The intermediate stage between the field



solution and the final equivalent circuit is
represented in a transmission line form [17]. The E
and H values on either side of a region are linked
by a transfer matrix [19-20]. Therefore each
bounded region in the model shown in Fig. 1 can
be represented by a corresponding transfer matrix
equation.

The circuit model of this paper is derived from
the analytical solution of Maxwell’s equations.
The following geometrical simplifications have
been made: (1) the stator windings (including slots
and teeth) have been substituted by a current sheet;
(2) the squirrel cage has been substituted by a
conductive equivalent layer. The first assumption
prevents the accurate representation of the stator
winding resistance while the second assumption
produces a larger than normal magnetizing
current. Both limitations can be potentially
eliminated with the use of homogenous equivalent
media [20]. This, however, is beyond the scope of
this paper, but we intend to continue our research
in that direction.

[I1. THEORETICAL ANALYSIS

A. Field theory solution of a general region

It is assumed that the winding produces a
perfect sinusoidal traveling wave. The line current
density may be represented as

J. = Re{j efwf—pm} (1)

where J, @ and p are the amplitude of line current
density, angular frequency, and the number of pole
pairs. The field produced will link all cylindrical
regions from 1 to N. Maxwell's equations are
solved accordingly. As a first step in the analysis,
the field components of a general region are
derived, assuming that all fields vary as exp(awr—
p¢®), and omitting this factor from all field
expressions that follow (we work only with the
amplitudes of the travelling wave functions).
Then, Maxwell's equations for any region in the
model are:

VxH=J, ()
VxE=-joB, (3)

with
J=ck “4)

and

B=uH. ®)]
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The boundary conditions are

1) The radial component of the flux density is
continuous across a boundary.

2) The circumferential component of magnetic
field strength is continuous across a boundary,
but one must consider the effects of the current
sheet as shown in sub-section B.

Taking the r-component from both sides of (3)
yields

E, =%(rBr), (6)

and taking only the @-component from both sides
of (3) yields
OF; _
or
Using (2) and (4) and taking the z-component
from both sides gives
O'Ezzég(rH(/,ﬁ]%H,- (®)
Equation (8) can be written, after rearranging, in
the following form

JjouH,. (7

0’E OE
2 z z |22 2

The solution is given by

E, =Cl,(ar)+CGK,(ar),  (10)
where [, and K, are the modified Bessel functions
of order p and of general complex argument, C,;
and C, are constants to be evaluated from
boundary conditions, and «’ = jouc where 1 and

o represent the absolute permeability and
conductivity and w is replaced by s in the above
equation for a region moving with slip s.
From (3), (5), and (10) we have

H, =ﬁ[qz;, (ar)+C,K; (ar)|- (1)
For non-conducting regions or regions moving at
synchronous speed, the governing partial
differential equation is

O’E. OFE
2 2
r—=+r—=—-p°F =0, 12
or? or s (12)
and the solution is given by
E =Cr7+Cr”. (13)

Therefore,

H,=—— P (Cr 7 =Cyr?). (14)

Joru
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B. Field calculations at region boundaries
Figure 2a shows a general region n, where E,
and Hg, are the field components at the upper
boundary of region n, and E,,.; and Hy,.; are the
equivalent values at the lower boundary of the
same region. Considering a conducting region
whose slip is different from zero, from (10) and
(1
E.,=Cl,(an)+CK, (o), (15)
H,, :jgﬁ[ql;, (@ry )+ C,K), (anr,,)} . (16)
Equivalent expressions for £, ,,.; and Hy,,.; can
be found by replacing 7, in the above equations by
7,1 . Similar argument applies for a non-
conducting region using (13) and (14). Now for
regions 1< n < N we have:

EZ’”HT,,]

@.n H

@,n—1
where [7,] is the transfer matrix [19], [22] for
region n and is given by

— an b}’l

[Tn]—{c dj- (18)

The expressions for a,, b,, c¢,, and d, are given
in the Appendix. Knowing the values of £, and Hy
at the inner boundary of a region, the values of E,
and H at the outer boundary can be obtained from
this simple transfer matrix relation. At the
boundaries where no excitation current sheet
exists, £, and Hy are continuous; thus for example,
if two contiguous regions have no current sheet at
the common boundary, knowing E. and Hgy at the
inner boundary of the external region, £, and H, at
the outer boundary of the inner region can be
calculated by successive use of the underlying two
transfer matrices. Consider that the excitation

current sheet is located at radius r,, then

Hq’mzHW, , n;tg’ (19)

H,,=H,,+J", n:g’ (20)

where Hy, is the circumferential magnetic field
strength in close inner proximity to the boundary
and Hq,_n' is the circumferential magnetic field
strength in close outer proximity to the boundary.

Ez,n—l :| , (1 7)
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Region (n+1)

Region (n)

Region (n-1)
Ez.nvl'

He.n-1
(a)
Region (N)
Region (N-1)
Ezn1 \‘
Hg.n1

(b)
Fig. 2. Mathematical model. (a) General region »;
(b) end region V.

Bearing in mind the boundary conditions, it is
apparent that for the model considered, we can
write

E —

H(p”n_ll _[ Iz—l][ n_z} [Tgﬁ].{H(Z,g J’]’ 21)
E, E

{ng =[Tg].[Tg_l]..[T2] H(,;,ll . 22)

If regions 1 and N are now considered then the
field should vanish for =0 and »=o0, hence

EZ,1 = Czl’lp s (23)

Hf/’,l = d G, (24)
JOHn

Ez,Nfl = Clr]\jfl > (25)

H,y =——L—cm,. (6

Joury

The field components at the boundaries of
regions 1 and N still contain unknown constants.
The ratios, however, of E. and Hg at these
boundaries contain no constants and it is only these
ratios that are needed for a complete solution.



C. Surface impedance calculation
The surface impedance looking outward at a
boundary of radius 7, is defined as
EZ n
2= @7)
and the surface impedance looking inwards is
defined as

2L (28)
@Q,n
With the values of £, y.;, Hpn.s, E.;, Hp;and a,,
b,, c,, and d, as derived in the previous section we
have at the current sheet (for n=g):
, :%, (29)
" Ze+Z,,
where Z;, is the input surface impedance at the
current sheet and Z,,, and Z, are the surface
impedances looking outwards and inwards at the
current sheet. Substituting for Z,.; and Z, using
(27) and (28) and rearranging gives
E E
7, = tee _ Fe o 0)
" Hyg—Hp, J!
thus, the input surface impedance at the current
sheet has been determined. This means that all
field components can be found by making use of
this and (28), (21), (22).

D. Themicro-T terminal equivalent circuit
The transmission-line form of (21) and (22)
suggests that, by analogy, some form of equivalent
circuit is possible [22, 23]. No loss of generality
occurs if only one region is considered. The
electric and magnetic field quantities are linked as
shown in (17). In order to represent the
relationship between E,, H, and E,; H,, by a
corresponding T-circuit, a change of variable is
required. A practical variable transformation refers
to the variable H, which is changed to rH. A T-
circuit can now be used to link the variables £ and
rH on either side of a region as shown in Fig. 3.
The current »,H, in a T-circuit is driven by a

voltage E,. For the general region n, the
impedances are given by the following relations
-1 31
ZB,n a rﬂ Cﬂ ' ( )
= T 1] (32)

Zey=Zp,(an-1)- (33)
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In-1 Hn-1 ZA” ZC‘” n Hn
oI :|_>—T
En—T ZB-” En
l l

Fig. 3. Basic T-circuit for region .

When the T-circuits are joined in cascade, the
full equivalent circuit is obtained as shown in Fig.
1b where, by the use of (28) and (27), the
following expressions are obtained [23].

E
=_1 34
Z, o (34)
E
Z :—71\/_1 . 35
N Py oy G

Thus, an equivalent circuit has been derived by
rearrangement of the field solution, where the
voltages and currents are directly related to the
field quantities. Furthermore, the normal flux
density at any interface can be obtained in the
form

zn (36)

It is convenient to write the equations in terms
of phase voltages and currents. The input
quantities to the basic equivalent circuit are the
current 7, J and the voltage E, The relation
between J and the rms phase current / can be
written as

_ 3\/§Neﬁ\1 ,

rpJ 37

g

where N, is the effective number of series turns

per phase, therefore
1=(1;,,)0r, (38a)

where:

I, =—% ., (38b)
fac
32N,
and for a motor of length 1 m, the rms phase
voltage V'is related to £, by

V=\2N,E,l, 39)

therefore,
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V= (V fac)Eg , (40a)

where

Ve =N2N L - (40b)

Let us now consider the effect of multiplying
the quantities £, and r,H, terms in the basic
equivalent circuit by the factors Vj. and I,
respectively; then, the impedances in the basic
circuit have to be multiplied by an impedance
factor given by

2
z, =l Nl gy
fac 1 fac 7[

and the terminal impedance of the machine is
given by

2,2, %n. (42)
Jac .

g

The result is a completely new equivalent
circuit in which the input quantities are the rms
phase voltage and rms phase current using (40)
and (38). Thus, the various voltages and currents
at the input to each T-circuit are now related
directly to the field quantities at the corresponding
interfaces in the machine. The terminal equivalent
circuit has all the advantages of the basic circuit
but, in addition, the impedances are real
impedances. The voltages and currents appearing
in the circuit can be used in (40) and (37) in order
to obtain the field quantities £,, B,, and B, at any
desired region boundary.

Using the terminal impedance, the rotor
resistance, rotor leakage reactance, and
magnetizing reactance can be obtained.

The rotor resistance is obtained from the
terminal impedance at standstill as »=Re{Z;} and
the leakage reactance is obtained from the terminal
impedance at standstill as x,=Im{Z,}.

The magnetizing impedance is obtained from
the terminal impedance at synchronous speed. It
should be noted that the real part of the terminal
impedance is zero at this speed. The stator
winding resistance can be simply joined in series
at the input terminals. From above an equivalent
circuit analogous to classical theory can be derived
as will be shown in the next section.

The time-average input power density Py,
[W/m®] passing through a surface can be
calculated through the concept of the Poynting
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theorem in the field solution as:

P, :%Re{Exﬁ*}, (43)

and the total power P,, [W] is given by
P=YE PRI (a4
v 5‘ g ‘ c Z; : (44)

Using the terminal equivalent circuit, the total
power is calculated as
2
14

PW=3Re{V1*}=3Re Zels @9)

t

and the torque 7 [N-m] is given by
P
7= 46
- (46)
The force in the circumferential direction F, is
calculated as

F=L, @7)

r

where 7, is the outer rotor radius.

IV.NUMERICAL RESULTS

The equivalent circuit method that has been
described in the previous section is validated using
a commercial finite element program (Comsol
Multiphysics [25]) along with a real motor whose
data is given in Table L.

Figure 4 shows the finite element discretization
of the model. It should be noted that the air gap
layer is not visible in this to scale drawing. Figures
5a and 5b show the radial and circumferential flux
density components respectively using both the
micro-T circuit model and the finite element
method (FEM), for standstill and rated speed
conditions. The magnitude of flux density is
greater at the rated speed since most of the flux is
magnetizing while its leakage flux is under
standstill conditions.

Figures 6 and 7 show the flux contours at
standstill and rated speed, respectively. At the
rated speed, the skin depth in the rotor conductor
is appreciable, allowing flux to penetrate the rotor
core while at a standstill, the skin depth is much
lower, hence forcing the flux to concentrate
around the air gap.



Table I: Machine data

Rated power, (W) 746
Number of poles 2
Line stator voltage, (V) 220
Number of turns per phase | 86

Frequency, (Hz) 60
Rated speed, (rpm) 3358
Efficiency, (%) 89
Rated slip 0.067
Rotor core radius, (mm) 32.6

Outer rotor radius, (mm) 46.5
Inner stator radius, (mm) | 46.8
Outer stator radius, (mm) | 63
Relative permeability of | 4000
iron

Rotor conductivity, (S/m)

1.56x10’

Fig. 4. Finite element discretization of model.

Figure 8 compares the torque-speed
characteristic for the following four cases:

(1) The true behavior of a real motor designed
with RMxprt, a commercially available
computer software [24], which works based on
the magnetic circuit approach to predict the
performance parameters. This curve is
obtained from the equivalent circuit given by
RMxprt and corresponds to the base case.

(2) The equivalent circuit with the stator
resistance neglected. This is done to gauge the
effect of the first assumption in the derivation
of the analytical model.

(3) The base case, but with the stator windings
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represented by a current sheet and the squirrel
cage bars represented by a conductive layer
(as in Fig. 4). This case is obtained with finite
element simulations using Comsol Muti-
physics.

(4) The plot corresponding to the analytical model
of this paper.

One can appreciate that the performance of this

paper’s model is identical to the numerical

solution for the same geometry and not too far

from the true motor.
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Fig. 5. (a) Comparison of radial flux density computed
from FEM and micro-T circuit model. (b) Comparison
of circumferential flux density computed from FEM
and micro-T circuit model.

V.CONCLUSIONS
The micro-T circuit has been used for the
analysis of squirrel-cage induction motors. It can
be used for any number of regions, and in
addition, with any number of stator poles so that
our proposed method of analysis becomes quite
general.
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Given just the voltages at the terminal
equivalent circuit, all field quantities at any region
boundary can be easily derived, as well as air gap
power, losses, output power and torque.

Using such circuits may provide a better
technical insight into the system than is possible
from studying the full-wave solutions from a
computational electromagnetics analysis.

The obtained results agree well with the data
from the corresponding finite element method
analysis as well as with the equivalent circuit of a
real motor (with no stator). Therefore, the micro-T
circuit can reproduce the behavior of the terminal
equivalent circuit and gives physical meaning to
the elements of the circuit.

Fig. 6. Flux contour plot at rated speed.

Fig. 7. Flux contour plot at standstill.
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Torque [N-m]

= Equivalent circuit
—— Equivalent circuil (without stator)
Micro-T model
+ Finite Element model

1 EI.I!I l]TS l].l'}' l!.lﬂ ll]l;S l]f! l]TZ l].l2 l].‘l
slip

Fig. 8. Comparison of torque-speed characteristics for
the following cases: (1) True behavior of the motor
computed by RMxpert (reluctance network). (2)
Neglecting stator resistance. (3) Stator windings
represented as a current sheet and squirrel cage
represented by a conductive layer computed with
Comsol (FEM). (4) Analytical model of this paper.

VI. APPENDIX —CALCULATION OF
THE ELEMENTSOF THE TRANSFER
MATRIX

Equations (15) and (16) are solved for the
constants C; and C, at the inner boundary of a non-
conducting region n. Then the values of these
constants are used for the same region at the outer
boundary. The two equations thus obtained relate
field quantities at the outer and inner boundary of
region n with no constants. The same method is
applied for a conducting region whose slip is
different from zero using (15) and (16). The result
is as follows:

1. Transfer matrix elements for regions in
which s,.0,# 0.
a, =—a,r,_, [Ip (anrn) ' K[’J (anrnfl)

-K, (anrn )'11,7 (a”rn—l )]
b, =—jou,r, [, (anrn_l ) K, (a,n)

) (43)

, (49
-1,(a,n)K, (O‘nV;H)]
Cy :_Sno-nrtl_l[l;y(an’:n)'K;’J(anrn_l), (50)
_Kp(anrn)'lp(anrn_l)]
dn = _anrn—] [‘[p (anrn—l) : K’p (anrn) , (51)

_Kp(anrn_l)'llrj(anrn)]



where o, and s, are the conductivity and slip of
region n, respectively.

2. Transfer matrix elements for regions in which
Sy.0, = 0.

a,=5E+E), (3
1 p_gp
bn = ]ECU/JHV,,,I (%J 5 (53)
1 p

n

A G A

S S

where
rn
E= P . (56)
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