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Abstract ─ A chiral body of revolution (BOR) 
which is partially covered by a thin conducting 
shield is analyzed using the Method of Moments 
(MOM). The axisymmetric system is excited by a 
plane wave. The internal fields and the far 
scattered fields are computed. The problem is 
solved using the surface equivalence principle. 
The scattered fields outside the structure are 
assumed to be produced by an equivalent magnetic 
surface current that exists on the unshielded part of 
BOR surface and an external equivalent electric 
surface current that exists over the entire BOR 
surface. These two currents are assumed to radiate 
in the unbounded external medium. Similarly, the 
internal fields are assumed to be produced by the 
negative of the above magnetic current and an 
internal electric surface current that exists over the 
entire BOR surface, but is an independent 
unknown only on the shielded part of the BOR 
surface. These two currents radiate in the 
unbounded internal medium. Enforcing the 
boundary conditions at the surface of the BOR 
results in a set of coupled integral equations for 
the three equivalent surface currents. These 
equations are solved numerically using the MOM. 
The computed results for the partially shielded 
spherical chiral body are in excellent agreement 
with other data. 
  
Index Terms ─ Aperture, body of revolution, 
chiral body, method of moments, equivalence 
principle.  
 

I. INTRODUCTION 
Figure 1 shows a chiral body of revolution that 

is partially covered by a perfectly conducting 
shield. The system is excited by a plane wave. We 
are interested in finding the field that penetrates 
into the chiral body through the apertures on its 
surface and the far field scattered by the structure. 
The problem of electromagnetic penetration into a 
regular dielectric body of revolution that is 
partially covered by a perfectly conducting shield 
is analyzed in [1] and [2]. The problem of 
electromagnetic transmission through an arbitrary 
aperture in an arbitrary 3-D conducting surface 
enclosing chiral material is analyzed in [3]. The 
electromagnetic analysis of general bodies of 
revolution is given in [4]. 

 
Fig. 1. A chiral body of revolution with two 
apertures. 
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Penetration of electromagnetic waves through 
apertures has been studied extensively. Two 
dimensional apertures in thin infinite planes are 
studied in [5] and [6]. Apertures in arbitrarily 
shaped three dimensional objects are studied in [3] 
and [7]. In [3] the internal medium considered was 
chiral and in [7] both internal and external media 
were regular dielectrics. The research problem 
dealt with in [8] relates to a rotationally symmetric 
aperture on a perfectly conducting BOR 
containing the same homogeneous dielectric in the 
interior as well as the exterior. A boundary 
integral equation is used in [9] for dielectric 
objects partially coated with a perfectly conductive 
layer. Diffraction of an electromagnetic plane 
wave by a rectangular plate and a rectangular hole 
in the conducting plate [10] is rigorously tackled 
using the method of the Kobayashi potential (KP 
method).  

In [11], there is a method applicable to 
arbitrarily-shaped apertures (in particular those not 
axially symmetric in bodies of revolution) 
employing the method of moments. The problem 
of the scattering of an electromagnetic plane wave 
with arbitrary polarization and angle of incidence 
from a perfectly conducting spherical shell with a 
circular aperture [12] is solved with a generalized 
dual series approach. In [13], the problem of 
scattering from a spherical shell with a circular 
aperture symmetrically illuminated by a plane 
electromagnetic wave is solved by expanding the 
fields inside and outside the cavity in terms of 
spherical vector wave functions. In [14], a hybrid 
FE−BI method that combines the finite element 
(FEM) and boundary integral (BI) methods is used 
to analyze electromagnetic scattering from 
structures consisting of an inhomogeneous 
dielectric body attached to perfectly conducting 
bodies. A new variational direct boundary integral 
equation approach is presented in [15] for solving 
the scattering and transmission problem for 
dielectric objects partially coated with a perfect 
electric conducting (PEC) layer. The absorption 
cross section of a dielectric sphere partially 
covered by a thin perfectly conducting spherical 
surface is calculated in [16]. Two-dimensional 
electromagnetic scattering by a dielectric cylinder 
partially covered by zero-thickness perfect 
conductors is treated in [17]. In [18], an 
axisymmetric chiral radome is analyzed via the 
method of moments. In [19], a method of moments 

solution is presented for electromagnetic scattering 
by a three-dimensional (3-D) inhomogeneous 
chiral scatterer illuminated by an arbitrary incident 
field.  

This research work is important because of its 
significance for numerous applications in radar 
techniques and for tracking and discriminating 
between space vehicles and objects.  
 

II. ANALYSIS 
Let Sc be the part of the surface of the chiral 

body (scatterer) covered by rotationally symmetric 
perfect conductors, let Sa be the part of the surface 
of the scatterer not covered by the rotationally 
symmetric conductors, and let S be the entire 
surface of the scatterer as shown in Fig. 1. Here, 
the subscript “c” stands for conductor and the 
subscript “a” stands for aperture. 

The surface equivalence principle is used to 
separate the problem of Fig. 1 into two simpler 
parts, namely, the region external to surface S and 
the region internal to S. The scattered fields in the 
external region are produced by an equivalent 
magnetic surface current M and an equivalent 
electric surface current Je radiating in the 
unbounded external medium. The current M exists 
on only Sa and the current Je exists on the whole 
surface S. The requirement that the tangential 
electric field of the external equivalence be zero 
just inside S is expressed as 

     Sinc

e
See

e

EMJE

1,1

  , (1) 

where eee    is the intrinsic impedance of 
the homogeneous achiral medium outside the 
scatterer in the original problem. Also, Ee(Je, M) 
is the electric field of the combination of Je and 
M, both radiating in all space filled with the 
homogeneous achiral medium that is outside the 
scatterer in the original problem. The subscript ܵି 
denotes evaluation on the side of S facing inside 
the scatterer of the tangential part of the enclosed 
vector. In (1), inc

S
 
 E  is the tangential part of the 

incident electric field on S. 
The requirement that the tangential magnetic 

field of the external equivalence be zero just inside 
S is expressed as 
  , ,inc

e e S S
      H J M H  (2) 
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where He(Je, M) is the magnetic field of the 
combination of Je and M, both radiating in all 
space filled with the homogeneous achiral medium 
that is outside the scatterer in the original problem. 

The field in the chiral medium is produced by 
the equivalent magnetic surface current –M, and 
an equivalent surface electric current –Ji radiating 
in the unbounded chiral medium. Ji exists on the 
whole surface S. The requirement that the 
tangential electric field of the internal equivalence 
be zero just outside S is expressed as 

  1 , 0,i ie S
e

   E J M  (3) 

where Ei(Jie, M) is the electric field of the 
combination of Jie and M, both radiating in all 
space filled with the homogeneous chiral medium 
that is inside the scatterer in the original problem. 
Here, Jie is the combination of Ji on Sc and Je on 
Sa. The subscript ܵା denotes evaluation on the 
side of S facing outside the scatterer of the 
tangential part of the enclosed vector. 

The requirement that the tangential magnetic 
field of the internal equivalence be zero just 
outside S is expressed as 
  , 0,i ie S   H J M  (4) 
where Hi(Jie, M) is the magnetic field of the 
combination of Jie and M, both radiating in all 
space filled with the homogeneous chiral medium 
that is inside the scatterer in the original problem.  

In view of (1) – (4), the equivalent currents Je 
and M of the external equivalence and the 
equivalent currents –Jie and –M of the internal 
equivalence assure that there is no electric field on 
both sides of Sc and that the tangential electric and 
magnetic fields are continuous across Sa. 

The product of an arbitrary constant α with (3) 
is added to (1) to obtain 

  1 ,e e S
e

   E J M   

   1, ,inc
i ie S Se e

E
 

      E J M  (5) 

and the product of an arbitrary constant β with (4) 
is added to (2) to obtain 
    , , inc

e e i ieS S S
 

           H J M H J M H . (6) 

The method of moments as applied to bodies 
of revolution is used to solve (5) and (6) 
numerically. Piecewise linear variation of the 
currents is assumed along the generating curve of 

the BOR. The variation of the currents along the 
circumferential direction is represented by Fourier 
series. An approximate Galerkin’s method is used 
for testing.  If αβ* is real and positive where * 
denotes the complex conjugate, then it can be 
shown that (5) and (6) imply (1)–(4)                  
[20, Section 2]. Equations (5) and (6) are two 
vector equations on S where the unknowns in (5) 
and (6) are Je on S and the composite unknown 
consisting of Ji on Sc and M on Sa.  

 
A. Expansion functions and testing functions 

Let electric and magnetic currents Je, Jie, and 
M be expanded as 

 
 

1

tNN
t t

e nj nj nj nj
n N j

I I 

 
  J J J  (7) 

    
1

tNN
t t t

ie j nj j nj nj j nj j nj nj
n N j
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     J J J  (8) 

 
 

1
M

tNN
t t

e j nj nj nj nj
n N j

L V V 
 

   J J , (9) 

where t
njI , njI , t

njV , and njV  are complex 

constants to be determined and t
njJ  and nj

J  are 
expansion functions given by 

 
 

t̂ jt jn
nj

T t
e 


J  (10) 

 
 ˆ j jn

nj
T t

e 


J , (11) 

where t is the arc length along the generating 
curve C of the body of revolution (BOR), 

 t   is the distance from the z-axis of the 
BOR,   is the angle measured from the positive x-
axis toward the y-axis in the xy-plane, and  jT t  is 
the triangular function defined by 

  

2 1
2 1 2 1

2 3
2 1 2 3
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,  
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elsewhere


 


 




 


   





, (12) 

where 
 2 1 2j j jd      (13) 
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 1j j jt t   . (14) 
The generating curve C consists of the straight line 
segment from t=t1 to t=t2, that from t2 to t3,…, that 
from t2Nt+2 to t2Nt+3 where, as in (7), Nt is the 
number of triangles on C. In (8) and (9), 

 
 
 

1,   is in an aperture  

0,   is on a conductor
j

j
j

T t
L

T t

 


 (15) 

 
 
 

1,   is on a conductor

0,   is in an aperture. 
j

j
j

T t
L

T t

  


 (16) 

Testing functions t
miJ  and mi


J  are defined 

by 

 
 

t̂ it jm
mi

T t
e 




 J  (17) 

 
 ˆ i jm

mi
T t

e 



 J . (18) 

Henceforth, we assume that (7)–(9) have been 
substituted into (5) and (6). The symmetric 
product of two vector functions is the integration 
over S of their dot product. First taking the 
symmetric product of t

miJ  with (5), then taking 

the symmetric product of mi

J  with (5), next 

taking the symmetric product of t
miJ  with (6), 

and finally taking the symmetric product of mi

J  

with (6), one obtains, for (i=1,2,…, Nt) and for 
(m= –N, –N+1,…,N), the following matrix 
equation. 

 

tt t tt t t t
n n n n n n
t t

n n n n n n
tt t tt t t t
n n n n n n
t t

n n n n n n

Z Z C C I V

Z Z C C I V

D D Y Y V I

D D Y Y V I

 

     

 

     

     
     
     

     
     
     
     








 (19) 

For (n= –N, –N+1,…, N) where, for q=t or q= , 
q
nI  and q

nV  are column matrices whose jth 

elements are q
njI  and q

njV , respectively. The ijth 
elements of the members of the 4×4 array in (19) 
are, for p=t or p=  and q=t or q= ,  

        
 1 ,0pq p q

nij ni e njS
e S

Z dS
 


 

   
 

 J E J   

  ,0p q
j ni i njS

e S

L dS
 


 

   
 

 J E J  (20) 

 0,pq p q
nij j ni e njS S

C L dS


        J E J  

  0,p q
ni i njS S

dS


       J E J  

  ,0p q
j ni i njS

e S

L dS
 


 

   
 

 J E J  (21) 

 ,0pq p q
nij ni e njS S

D dS


   
  J H J   

  ,0p q
j ni i njS S

L dS


   
  J H J  (22) 

 0,pq p q
nij j ni e e njS S

Y L dS


        J H J  

  0,p q
ni e i njS S

dS


       J H J  

  ,0p q
j ni i njS S

L dS


   
  J H J . (23) 

For p=t or p= , the ith elements of p
nV


 and p
nI


 

are, respectively, p
niV


 and p
niI


 given by 

 
1p p inc

ni niS
e S

V dS

 

   
 

 J E


 (24) 

 p p inc
ni niS S

I dS      J H


. (25) 

The preceding discretization gives the 2N+1 
small matrix equations {(19) for n=–N,                 
–N+1,…, N} instead of one large matrix equation 
because, due to the rotational symmetry, an ݁థ 
dependent current source produces only an ݁థ 
dependent field. 

 
III. COMPUTED RESULTS 

Numerical results are given for the bodies 
shown in Fig. 2. 

Figs. 3 to 8 are for a chiral sphere contained in 
a perfectly conducting thin metallic spherical shell 
with a single aperture of α = 30° at its bottom 
that exposes the chiral material to the unit plane 
wave that illuminates the bottom of the sphere, as 
shown in Figure 2. The purpose of choosing this 
partially covered chiral sphere is to compare our 
results with those of early researchers, particularly 
with graphic results in [3]. The generating curve is 
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approximated by 1200 straight line segments for 
Figs. 3 and 5. 

 
Fig. 2. Sphere and cone with single aperture. 

 
We see marked resemblance between our 

graph of Fig. 3 and that of the insert from [3],   
Fig. 4. Both graphs indicate insignificant 
variations in the overall RCS values as relative 
chirality varies from ξr=0.2 to ξr=0.9 with 
parameters kea=1.5, εr=2, and μr=1. 

 
Fig. 3. σఏఏ/ߣଶ of the obstacle with 30° aperture at 
its bottom.  

 
Fig. 4. σఏఏ/ߣଶ of the obstacle with 30° aperture at 
its bottom. (Insert taken from [3]). 

 
Fig. 5. σఏఏ/ߣଶ of the obstacle with 30° aperture at 
its bottom.  

 
Fig. 6. σఏఏ/ߣଶ of the obstacle with 30° aperture at 
its bottom. (Insert taken from [3]). 
 

634QUTUBUDDIN , ET. AL.: MOM ANALYSIS OF APERTURES IN CHIRAL BODIES OF REVOLUTION



We see marked resemblance between our graph of 
Fig. 5 and that of the insert from [3], Fig. 6. 

Figures 7 and 8 show the internal electric 
fields along the z-axis of the body with varying 
chiralities. The generating curve is approximated 
by 3132 straight line segments and 102 points on 
the z-axis were used to obtain the graphs. 

 
Fig. 7. Magnitude of x-component of internal 
electric field along z-axis. 

 
Fig. 8. Magnitude of y-component of internal 
electric field along z-axis.  

 
Figs. 9 and 10 are for a conical-shaped chiral 

BOR contained in a perfectly conducting thin 
metallic shell with a single aperture at its bottom 
that exposes the chiral material to the plane wave 
that illuminates the BOR along the z-axis from the 
bottom of the conical shell, as shown in Figure 2. 
The radius of the aperture is 0.5m, the radius of 
the cone is 1m, and the length of the cone is 2m. 
The generating curve is approximated by 3132 
straight line segments. 

More results for these structures are available in 
[21]. 

 
Fig. 9. σఏఏ/ߣଶ of the obstacle with single aperture 
at its bottom.  

 
Fig. 10. Magnitude of x-component of internal 
electric field along z-axis.  
 

VI. CONCLUSION 
In this paper, plane wave incidence on a 

homogeneous chiral body partially covered by a 
thin perfectly conducting surface is investigated 
using the surface equivalence principle and MoM.  

The body is replaced by equivalent electric 
and magnetic surface currents, which produce the 
correct fields inside and out. The application of the 
boundary conditions on the tangential components 
of the electric and the magnetic fields results in a 
set of two equations to be solved. Triangular 
expansion functions are used for both t-directed 
and  -directed currents. The unknown 
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coefficients of these expansion functions are 
obtained using the method of moments. 

The inside fields and the scattering cross 
section are computed. The results are generated by 
a computer code, which produces agreement with 
available published results.  

The theoretical framework presented in this 
paper can be used to obtain results that are not 
available elsewhere. 
 

REFERENCES 
[1] H. K. Schuman and D. E. Warren, “Coupling 

Through Rotationally Symmetric Apertures in 
Cavities of Revolution,” Rome air Development 
Center, RADC-TR-77-214, Phase Report, June 
1977. 

[2] H. K. Schuman and D. E. Warren, “Aperture 
Coupling in Bodies of Revolution,” IEEE Trans. 
Antennas Propagat., vol. AP-26, no. 6, pp. 778-
783, November 1978. 

[3] F. Altunkilic, “Transmission Through an Arbitrary 
Aperture in an Arbitrary 3-D Conducting Surface 
Enclosing Chiral material,” Ph.D. dissertation, 
Syracuse University, September 2007. 

[4] J. R. Mautz and R. F. Harrington, “Radiation and 
Scattering from Bodies of Revolution,” Appl. Sci. 
Res., vol. 20, no. 6, pp. 405-435, June 1969. 

[5] C. M. Butler and K. R. Umashankar, 
“Electromagnetic Penetration Through an 
Aperture in an Infinite, Planar Screen Separating 
Two Half Spaces of Different Electromagnetic 
Properties,” Radio Sci.,    vol. 11, no. 7, pp. 611-
619, July 1976. 

[6] S. T. Imeci, F. Altunkilic, J. R. Mautz, and E. 
Arvas, “Transmission Through an Arbitrarily 
Shaped Aperture in a Conducting Plane 
Separating Air and a Chiral Medium,” Applied 
Computational Electromagnetics Society (ACES) 
Journal, vol. 25, no. 7, pp. 587-599, July 2010. 

[7] T. Wang, R. F. Harrington, and J. R. Mautz, 
“Electromagnetic Scattering from and 
Transmission Through Arbitrary Apertures in 
Conducting Bodies,” IEEE Trans. Antennas 
Propagat., vol. 38, no. 11, pp. 1805-1814, Nov. 
1990. 

[8] H. K. Schuman and B. J. Strait, “Aperture 
Coupling in Bodies of Revolution,” IEEE Int. 
Antenna Propagat. Symp. Dig., vol. 14, pp. 507-
510, Oct. 1976. 

[9] B. Cranganu-Cretu and R. Hiptmair, “Scattering 
from Apertures: A General Boundary Integral 
Equations Based Approach,” Rev. Roum. Sci. 
Techn. - Electrotechn. et Energ., vol. 49, no. 4, pp. 
1-20, 2004. 

[10] K. Hongo and H. Serizawa, “Diffraction of 
Electromagnetic Plane Wave by a Rectangular 
Plate and a Rectangular Hole in the Conducting 
Plate,” IEEE Trans. Antennas Propagat., vol. 47, 
no. 6, pp. 1029-1041, June 1999. 

[11] H. K. Schuman and B. J. Strait, “Coupling 
Through Apertures of Arbitrary Shape in Bodies 
of Revolution,” IEEE Int. Antennas Propagat. 
Symp. Dig., vol. 13, pp. 85-88, June 1975. 

[12] R. W. Ziolkowski and W. A. Johnson, 
“Electromagnetic Scattering of an Arbitrary Plane 
Wave from a Spherical Shell with a Circular 
Aperture,” J. Math. Phys., vol. 28, no. 6, pp. 1293-
1314, June 1987. 

[13] T. B. A. Senior and G. A. Desjardins, 
“Electromagnetic Field Penetration into a 
Spherical Cavity,” IEEE Trans. Electromagn. 
Compat., vol. EMC-16, no. 4, pp. 205-208, Nov. 
1974. 

[14] Y. Hua, Q. Z. Liu, Y. L. Zou, and L. Sun, “A 
Hybrid FE-BI Method for Electromagnetic 
Scattering from Dielectric Bodies Partially 
Covered by Conductors,” J. of Electromagn. 
Waves and Appl., vol. 22, pp. 423-430, 2008. 

[15] B. Cranganu-Cretu and R. Hiptmair, “Direct 
Boundary Integral Equation Method for 
Electromagnetic Scattering by Partly Coated 
Dielectric Objects,” Comput. Visual. Sci.,   vol. 8, 
nos. 3-4, pp. 145-158, 2005. 

[16] S. S. Vinogradov and A. V. Sulima, “Calculation 
of the Absorption Cross Section of a Partially 
Shielded Dielectric Sphere,” Radio Physics and 
Quantum Electronics,    vol. 26, no. 10, pp. 927-
931, 1984. Translated from Izvestiya Vysshikh 
Uchebnykh Zavedenii, Radiofizika, vol. 26, no. 10, 
pp. 1276-1281, Oct. 1983. 

[17] X. Yuan, R. F. Harrington, and S. S. Lee, 
“Electromagnetic Scattering by a Dielectric 
Cylinder Partially Covered by Conductors,” J. 
Electromag. Waves Appl., vol. 2, no. 1, pp. 21-44, 
1988. 

[18] H. Mustacoglu, J. R. Mautz, and E. Arvas, 
“Method of Moments Analysis of an 
Axisymmetric Chiral Radome,” General Assembly 
and Scientific Symposium, 2011 XXXth URSI, Oct. 
2011. 

[19] M. Hasanovic, C. Mei, J. R. Mautz, and E. Arvas, 
“Scattering from 3-D Inhomogeneous Chiral 
Bodies of Arbitrary Shape by the Method of 
Moments,” IEEE Trans. Antennas Propagat., vol. 
55, no. 6, June 2007. 

[20] J. R. Mautz and R. F. Harrington, 
"Electromagnetic Scattering from a Homogeneous 
Material Body of Revolution," AEÜ, vol. 33, no. 
2, pp. 71-80, 1979. 

636QUTUBUDDIN , ET. AL.: MOM ANALYSIS OF APERTURES IN CHIRAL BODIES OF REVOLUTION



[21] K. Qutubuddin, "MoM Analysis of Apertures in 
Chiral Bodies of Revolution," Ph.D. Dissertation, 
Syracuse University, January 2012. 
 

Khaja Qutubuddin received 
his M.S. degree in Engineering 
Science from Florida State 
University in 1968 and 
Computer Engineer degree from 
Syracuse University, in 2002. 
He worked from 1968 until 

2006 as Associate Professor and later as Professor 
in the Technology Department of Onondaga 
Community College, Syracuse, NY. His primary 
fields of interest are electromagnetic waves and 
fields and microwave engineering. 
 

Halid Mustacoglu was born in 
Kocaeli, Turkey, in 1980. He 
received the B.S. degree in 
electronics and communication 
engineering from Yildiz 
Technical University, Istanbul, 
Turkey, in 2002 and the M.S. 

and Ph.D. degrees in electrical engineering from 
Syracuse University, Syracuse, NY, in 2005 and 
2011, respectively. 

From 2002 to 2003, he was a Research 
Assistant at Syracuse University and between 
2003 and 2004 he was an intern at Herley 
Microwave, working on microwave filter designs. 
From 2004 to 2011, he was a co-op at Anaren 
Microwave, Inc., where he worked on passive 
component designs. Since 2011, he has been an 
RF/Microwave Engineer at Anaren Microwave, 
Inc., where he designs RF/Microwave 
components. His research interests include 
RF/Microwave design, scattering problems, and 
computational electromagnetics. 

 
 
 
 
 
 
 
 
 
 
 

 

Joseph R. Mautz was born in 
Syracuse, NY, in 1939. He 
received the B.S., M.S., and 
Ph.D. degrees in electrical 
engineering from Syracuse 
University in 1961, 1965, and 
1969, respectively. 

Until July 1993, he was a Research Associate with 
the Electrical Engineering and Computer Science 
Department, Syracuse University, where he 
worked on radiation and scattering problems. 
Currently, he is affiliated with the Electrical 
Engineering and Computer Science Department at 
the same university. His primary fields of interest 
are electromagnetic theory and applied 
mathematics. 
 

Ercument Arvas received the 
B.S. and M.S. degrees from the 
Middle East Technical 
University, Ankara, Turkey, in 
1976 and 1979, respectively, 
and the Ph.D. degree from 
Syracuse University, Syracuse, 

NY, in 1983, all in electrical engineering. 
From 1984 to 1987, he was with the Electrical 

Engineering Department, Rochester Institute of 
Technology, Rochester, NY. In 1987, he joined 
the Electrical Engineering and Computer Science 
Department, Syracuse University, where he is 
currently a Professor in the Electrical Engineering 
and Computer Science Department. His research 
and teaching interests are in electromagnetic 
scattering and microwave devices.  

Prof. Arvas is a Member of the Applied 
Computational Electromagnetics Society (ACES). 
 

637 ACES JOURNAL, VOL. 27, NO. 8, AUGUST 2012




