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Abstract — A physics based model using Wheelers
incremental inductance rule for calculating the
change in inductance due to variations in line
width and thickness for planar circular spiral
inductors is given. It is shown that the series
resistance of an MMIC inductor can be used as a
figure of merit for the robustness of the inductor
against etching variations in line width during
fabrication. Circular inductors are shown to have
less inductance variation than rectangular
inductors. This model can be evaluated quickly
using a circuit simulator without the need for
expensive EM analysis. In the electromagnetic
modeling of MMIC inductors, a fine grid and
several sheets are used to accurately model the
current distribution and determine the resistance.
Sonnet™ is used to accurately model the 3D
characteristics of thick conductors such as loss
and effects of physically thick metal. A procedure
based on the Richardson extrapolation method is
used to extract the resistance values without long
computation time. Applications include
calculating the change in inductance due to over-
or under-etching of metal lines during fabrication.
For 2 to 4 turn inductors with variations in line
width of +/-20% of the nominal width, the average
variation in modeled inductance is within 8% of
the EM simulated variation.

Index Terms - Microwave components, MMIC
technology, planar inductors.

I. INTRODUCTION

During fabrication of the MMIC inductors,
variations in line width or line thickness may
occur. This can be due to variations in the etch

rates during wafer processing. The effect of these
processing variations can result in the detuning of
the MMICs lowering circuit yield. As
development cycles for wireless products
accelerate, design techniques for planar spiral
inductors for robust performance in the presence
of these process variations in the fabrication of
MMICs become necessary.

In design and optimization of microwave
circuits using planar spiral inductors, extensive
use is made of equivalent circuit models like the
one shown in Fig. 1. The circuit parameters, L,
R(f), C, and C, , are specified for a given number
of turns, line width, and center-to-center line
spacing.

Electromagnetic (EM) simulation is necessary
in modeling planar inductors due to their complex
structure and effects such as skin and proximity
effects between the conductors and mutual
inductance between the turns. Full-wave EM
simulation of planar inductors can be expensive in
terms of computation time and memory, making
calculation of circuit response, and circuit yield
prohibitive.
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Fig. 1. Equivalent nominal circuit model for
spiral inductor used in MMICs.

1054-4887 © 2011 ACES



485

The Wheeler incremental inductance rule
shows that the total change in inductance due to
the variation of all conductor surfaces is
proportional to the resistance [1-5]. In our earlier
paper [6], the inductance change due to variation
in the width and thickness of the inductor line was
approximated for circular inductors. Here,
circular inductors are assumed to have a nearly
continuous current distribution while rectangular
inductors due to current crowding in the corners
have a mostly discontinuous distribution.

The incremental inductance rule allows for the
determination of the high frequency resistance of
an electrical conductor from its external
inductance. A typical application of the
incremental inductance rule is for calculating the
resistance and loss of a conductor based on
information about its inductance [2]. In this
paper, the incremental inductance rule is used in
reverse of the conventional approach to calculate
the change in inductance given its known nominal
resistance and assuming variation in one of the
physical parameters, namely its conductor width,
w, or thickness, .

The incremental inductance rule can be used
to quickly estimate the variation in inductance due
to variation in the conductor line width or
thickness given only its nominal resistance value.
The estimate for variation in inductance together
with the known nominal inductance can be used to
calculate the total inductance due to over- or
under-etching of the metal lines.

Sonnet em [7] is a method of moments based
analysis tool and is used to calculate the scattering
parameters for several inductors. The resulting
equivalent circuit model parameters are extracted
and the series resistance values are used to
estimate the change in inductance due to variation
in line width. Using this method, accurate
calculation of the resistance becomes necessary.
Multiple sheets and a fine discretization grid must
be used to get high accuracy. A convergence test
is used to verify the extracted model parameter
values. An alternative to the method of moments
is a stochastic solution for extraction of external
inductances [8]. The advantage of the stochastic
methodology is that it requires no descretization or
meshing.

This paper is organized as follows: Section II
describes the Wheeler incremental inductance rule
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and a simple model is derived for the normalized
change in inductance for microstrip lines; Section
III the model is verified; Section IV gives results
for the change in inductance for different
inductors; and finally, the paper is concluded.

II. THEORETICAL DEVELOPMENT

The Wheeler incremental inductance rule
states that the high frequency loss resistance of a
conductor can be determined from the normal
derivative of its inductance. This rule applies to
all conductor shapes for which the current flow is
determined by the skin effect. This rule assumes
that the radius of curvature of each conductor is
large compared with the conductor skin depth
(preferably several skin depths) [2]. For a
rectangular microstrip line, the incremental
inductance rule becomes (see Fig. 2a and 2b):

Rm_R_sga_L_R_s(_za_L_za_L”a_L) "
po = 0nj pg\ ow "ot oh)

where R, =./7 f 1 /o is the surface resistance of

the conductor and »; is the normal pointing into
the /" conductor surface.
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Fig. 2a. Cross-section of microstrip lines showing
under-etch/over-etch of lines.
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Fig. 2b. Cross-section of microstrip line showing
normal vector to each conducting surface.

E




A widely used expression for microstrip line
inductance is from Wheeler [2]:

N2
L:'u_ol[ln(g—hj+i(lj +] , ()
2r w' 32 h

for w'/h<landw’is the equivalent conductor
width and / is the length of the microstrip line.

Microstrip transmission lines having width w
and nonzero thickness (¢ > 0) can be modeled as a
conductor having zero thickness (# = 0) and an
equivalent conductor width given by w'=w+ Aw.
Different widths (4w) must be used depending on
the transmission line parameter being considered
e.g. L C, Z or &y [3]. The inductance (L) is not
affected by the substrate dielectric constant. For
microstrip, an accurate model for the increment in
the conductor width is given by [9] and the
equivalent line width becomes:

w=w+Aw= w+—t[1+ln(47;WD. 3)

T

Using the above definition for L, the ratio of
the incremental inductance from one side of the
microstrip to the total incremental inductance is
approximated for 7 >> w as:

Chwt) = %z
2z
jonj
' (4a)
1+t/(zw)
2+2t/(7rw) +21n(47rw) + 2w
T t h

The ratio of the change in incremental
inductance from the top of the microstrip line to

the total incremental inductance can be
approximated as:
D (hw,t) = -oL/ot ~
oL
- 0
jonj
1 [4 T WJ . (4b)
—In
T t

2+2t/(7rw)+2ln(4nw) + 2w
T t h
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Substituting the partial change in inductance
in equations (4a) and (4b) into the definition for
loss resistance in equation (1), the change in
inductance verse change in line width for the
microstrip is:

dL 1o

—=C\hwt)—R 5
ay = C 0 - RUF), (52)
and the change in inductance verse change in line
thickness becomes:

ar_ 0 pir) . 5b
- D(h,w,t)RS R(f) (5b)

III. MODEL VERIFICATION

To corroborate the above, C(hw,t) and
D(h,w,t) are compared with the simulated change
in inductance for a microstrip line using Sonnet.
Sonnet is a full wave electromagnetic simulator
for planar microwave structures and is a tool of
choice due to high accuracy requirements.
Microstrip lines with length / = 150 pm and width
varying from 3 to 20 pm on Gallium Arsenide
(GaAs, ¢ = 12.9) with a substrate thickness of
h =100 pm and metal thickness of t = 2 um are
simulated. The microstrip conductor is Gold and
for simplicity the loss tangent for the GaAs
substrate is assumed to be zero. The thick metal
approximation in Sonnet is used to accurately
model the 3D characteristics of thick conductors
such as loss and electromagnetic effects of
physically thick metal such as coupling between
closely spaced conductors.

For accurate EM analysis, a calibration
procedure is first carried out to determine the
number of sheets and grid spacing necessary. The
microstrip line with w = 5 pum and 10 pum is
analyzed for increasing the number of sheets and
different grid spacing. The number of sheets is
increased until the extracted resistance and
inductance values of the microstrip line converge
[10]. The pointer robust optimization in
Microwave Office is used to extract the series
inductance, resistance, and shunt capacitance to
ground [11]. This optimization uses multiple
search methods to fit the simulated data from
Sonnet to the microstrip equivalent circuit model.
At 16 GHz, the =2 pm thick Gold microstrip line
is about 3 skin depths thick. The extracted
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inductance value is nearly independent of the
number of sheets. For w = 5 um, the extracted
resistance value converges for 15 sheets using a
0.5 wm grid. For w = 10 um, the extracted
resistance value converges to within 5% of the
final value for 20 sheets using a 1 um grid.

To conserve simulation time, a 0.5 pm layout
grid is used for 5 um wide lines, and a 1 pm grid
is used for 10 um wide lines. Also, 20 sheets or
about five sheets per skin depth at 16 GHz are
used to model the thick conductor. Using the
extracted values for R(f) and L for the microstrip
line at /= 16 GHz, ZjaL/a n; is calculated

using (1), and OL/dwand OL/dr are
approximated by calculating AL/ Aw and AL/ At
for w=3 - 20 um. Figure 3 shows the ratio of the
change in inductance due to recession of the line
width and line thickness versus the total change in
inductance caused by recession of all conductor
surfaces using the models C(h,w,t) and D(h,w,?),

—0L/ow
and the extracted EM values for ————— and
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Fig. 3. Ratio of change in inductance due to
change in line width and thickness vs. change in
total inductance for =2 um line.

These models agree quite well with the
extracted values for /= 16 GHz and w >5 pm.
The modeled and extracted values for normalized
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changes in inductance for /= 10 GHz begin to
diverge for w < 5 um. At 10 GHz, the skin depth
for Gold is 0.8 pum.

Circular inductors on GaAs substrates plated
up to 9 pum metal thickness have been reported
[12]. In most cases, circular spiral inductors have
higher Q and lower resistance than rectangular
inductors [12]. The higher resistance in the
rectangular inductors is mainly due to the
resistance in the corners that are not present in
circular inductors. At high frequencies, currents
crowd inside of the inner bends and result in
higher resistance. The incremental inductance
rule implies that the lower resistance in circular
inductors results in circular inductors having less
variation in inductance than rectangular inductors
due to variations in cross section. Circular
inductors have no corners and result in more
uniform current distribution along the length of
the inductor. Figures 4a and 4b show the
magnitude of the computed current density using
Sonnet for rectangular and circular inductors at 16
GHz. EM simulations were carried out with
Sonnet, Release 12 [7] on a workstation using a
dual Intel Xeon 2.66 GHz CPU (8 cores) and 16
GByte of RAM. In the next section, simulation
results show that circular inductors have lower
resistance than the corresponding rectangular
inductors with nearly the same dimensions and
inductance values.
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Fig. 4b. Current distribution for three-turn circular
inductor with w =10 um and s =5 um at 16 GHz.

IV.RESULTS

A. Change in inductance

The total inductance including variation due to
change in line width Aw and thickness At are
modeled to first order as:

dL
L=L)+—Aw
0 dw , and (6a)
dL
L=L,+—At, 6b
0t (6b)

where L, is the nominal inductance (no over- or
under-etch) and dL/dwand dL/dt are computed
using (6a) and (6b).

Microstrip inductors with line width, w = 5
and 10 wm and spacing, s = 5 um on Gallium
Arsenide (GaAs, g = 12.9) with a substrate
thickness of # =100 pm and metal thickness of 7 =
2 pum are simulated. The microstrip conductor is
Gold and for simplicity the loss tangent for the
GaAs substrate is assumed to be zero. The thick
metal approximation in Sonnet is used to
accurately model the 3D characteristics of thick
conductors such as loss and electromagnetic
effects of physically thick metal such as coupling
between closely spaced conductors. For circular
inductors, a conformal type mesh is used. For
rectangular inductors, the staircase type fill is
used.

Circular spiral inductors with N = 2 to 4 turns
and nominal line widths of 5 pm and 10 pum are
considered. The nominal spacing is 5 um. The
center-to-center line spacing is held constant and
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the line thickness is fixed at =2 pm. For the first
case, all line widths except for the airbridge are
under etched and over etched 1 and 2 pum. For the
second case, the line width and spacing are fixed
at the nominal values and the line thickness is
under etched and over etched 0.5 um and 1 pm
from the nominal line thickness # =2 pm.

Using the procedure described earlier, the
simulated data for the circular inductors from
Sonnet are fit to the equivalent circuit model in
Fig. 1 at /=16 GHz. Figures 5a and 5b show the
modeled inductance using equation (6a) and
extracted inductance vs. amount of over- and
under-etching of line width, Aw. Figures 6a and
6b show the modeled inductance using equation
(6b) and extracted inductance vs. amount of over-
and under-etching of line thickness, 4¢. The
extracted inductances vary linearly with 4w and A¢
[13-14].

Tables la and 1b show the variation in
inductance between the models in equations (6a)
and (6b) and the extracted values from EM
simulation. For N = 3 turns and w = 5 um, the
variation in extracted inductance due to variation
in line width is 13 %. For N =3 turns and w = 10
pum, the variation in extracted inductance is 10.8
%. These values compare well with the modeled
inductance variations of 14 % and 10 %. For N =
3 turns and w = 5 pm, the variation in extracted
inductance due to variation in line thickness is 6.6
%. For N =3 turns and w = 10 pm, the variation
in extracted inductance is 6.2 %. These values
compare well with the modeled inductance
variations of 6.8 % and 6.2 %.

B. Circular vs. rectangular inductors

The equivalent circuit model parameters are
now computed for circular and rectangular planar
inductors. The resistance for circular and
rectangular inductors having nearly the same
inductance will be extracted and the relationship
between the resistance and change in inductance
will be shown [14]. The microstrip inductors with
N = 3 and 4 turns are analyzed for increasing
number of sheets and finer grid spacing. For
accurate EM analysis, the procedure used in the
previous section is modified to minimize
computation time by extrapolating the resistance
value.
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Using the earlier work by Richardson
[15-17], a more accurate solution is achieved
without a very fine discretization. A convergence
ratio gives a measure of the goodness of the
extrapolation. For true monotonic convergence,
the convergence ratio is unity. Tables 2a-b and 3a-
b show the extracted resistance, inductance, and
parallel capacitance values of two circular
inductors having w =10 pm and N = 3 and 4 turns.
The extrapolated values wusing the 3-point
Richardson's extrapolation technique are included.
As shown in these Tables, the inductance and
parallel capacitance values converge very quickly.
The resistance values, however, converge more
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slowly. The extracted resistance and inductance
values converge to within 1 % of their final value
for 15 sheets using a 0.5 um grid. To conserve
simulation time, a 0.5-pm minimum layout grid
size is used for 10 um wide lines. Also, 15 sheets
or about five sheets per skin depth at 16 GHz are
used to model the thick conductor.
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Using the procedure described above, the
simulated data for four circular and rectangular
inductors from Sonnet are used to extract the
equivalent inductance and resistance values versus
variation in line width, 4w at f'= 16 GHz. The
inductors have N = 3 and 4 turns, with w = 5 and
10 um and s =5 um. The rectangular and circular



inductors also have nearly the same nominal
inductance value, e.g. 0.81 nH for N =3 turns, w =
5 um and 1.45 nH for N = 4 turns, w = 5 um.
Figures 7a and 7b show the extracted resistance
and inductance values vs. over- and under-etch of
the line width, Aw for N = 3 turns, w = 5 and 10
pm.  Figures 7c and 7d show the extracted
resistance and inductance values vs. amount of
over- and under-etch of the line width, Aw for N =
4 turns, w =5 and 10 um. In each case, the center
line to line spacing, w + s, is held constant and the
extracted inductance values vary linearly with Aw.
The nominal resistance vs. the total change in
inductance for the circular and rectangular
inductors is shown in Table 4. For N = 3 turns
and w = 10 pm, the variation in extracted
inductance due to variation in line width is +/-
10.7 % for the rectangular inductor and +/-5.5 %
for the circular inductor. For N =4 turns and w =
10 pum, the variation in extracted inductance due to
variation in line width is +/-9.5 % for the
rectangular inductor and only +/-5 % for the
circular inductor.

Table 1la: Variation in inductance for Aw =
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Table 2a: Convergence ratio (CR) for circular
inductor resistance (w = 10 um, N = 4 turns)

Grid/ | 1Tum | 0.714 um | 0.5 um | Extrap
# (10) (14) (20) -olated | CR
sheets Value
10 5.020Q 537Q 564Q | 596 Q | 0.98
15 5.03Q | 5450 5.75Q | 6.01 Q | 0.99
20 5.03Q 5.5Q 578Q | 6.08Q | 0.99

Table 2b: Extracted inductance and parallel
capacitance values for circular inductor (w = 10
um, N = 4 turns)

Grid / 1 pum 0.714 pm 0.5 pum
# sheets (10) (14) (20)
10 1.512nH | 1.511 nH 1.515nH
0.014 pF | 0.0141 pF | 0.0141 pF
15 1.512nH | 1.511 nH 1.515 nH
0.0141 pF | 0.0141 pF | 0.0142 pF
20 1.512nH | 1.513nH 1.516 nH
0.0141 pF | 0.0141 pF | 0.0142 pF

Table 3a: Convergence ratio (CR) for circular
inductor resistance (w = 10 um, N = 3 turns)

+/-2pum Grid/ | 1Tum | 0.714 um | 0.5 um | Extrap
Inductor EM Simulation Model using # (10) (14) (20) | -olated | CR
(6a) sheets Value
N=2w=35 um 13.5 % 15.3 % 10 [296Q | 3.17Q |333Q]351Q | 099
N =2, 10.2 % 10.6 %
w =10 1m 15 3.0Q 3230 | 341Q | 361Q | 099
N=3 w=35 um 13 % 14 % 20 | 3.03Q | 3240 [3430Q|3.65Q | 098
N =3, 10.8 % 10 %
=10 .
N :W 7w :ﬂ}: 1.8 % 126 % Table 3b: Extracted inductance and parallel
])V: 7 = 9 7 % 9’% capacitance values for circular inductor (w = 10
w:1(),,um ' um, N = 3 turns)
Grid / 1 um 0.714 pm 0.5 pm
Table 1b: Variation in inductance for A¢ = +/-1um shjets (10) (14 (20)
Inductor EM Simulation Model using
(6b)
1 .82 H .8223 nH .8249 nH
N=2w=5 um T2 7509 0 0.8237n 0.8223 n 0.8249n
N =2 w=10 um 6.4 % 6.6 % 0.0113 pF 0.0113 pF 0.0113 pF
N =3 w=5 um 66 % 639 15 | 0.8244nH | 0.8227nH | 0.8246 nH
N =3 w =10 um 62 % 62 % 0.0116 pF | 0.0113pF | 0.0114 pF
N=4 w=5um 63 % 61 % 20 0.8246nH | 0.8233nH | 0.8253 nH
N =4, 6.1 % 5.6 % 0.0114 pF 0.0113 pF 0.0113 pF
w =10 um
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Table 4: Resistance vs. change in inductance

R R AL AL [ A
Circular | Rectang- | Circular | Rectang- i / ]
ular ular 1.8 | n /;5’ ] 8.5
N=3, 350 4.8 Q +/-6.4% | +/-13% H\E’LJ/E/
w=Spum 1.7 ¢ > 7.5
N=4, 58Q 7.8 Q +/-53% | +-7% £ L E
noomm : 1.6 . A 658
N=3, 3.6Q 44Q | +/-55% | +/-10.7% | 8 { \ 3
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wires having currents flowing in the same
direction. This is similar to the case for planar
inductors. Each wire has radius a, and the center-
to-center spacing is 2b.
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[ EEr-el N |
| o=N
[ [——N

nimnn
oW r

1.5 |

Increase in Resistance {Normalized)

a/b
Fig. 8. Proximity effect in parallel conductors.

For small a/b, the increase in proximity
resistance is negligible. As the diameter of the
wires increases and approaches the spacing, the
proximity resistance increases [18]. For more
than two wires (N > 2) the increase in resistance
becomes even greater (Fig. 8).

VI. CONCLUSION

The variation in inductance for circular planar
spiral inductors due to variation in line width and
thickness using the Wheeler incremental
inductance rule has been investigated. = The
extracted inductance and capacitance values for
planar microstrip inductors using electromagnetic
analysis are shown to converge quickly requiring
only a 1 pm grid and a few sheets. The extracted
resistance values are shown to converge more
slowly. At least a 0.5 um grid and up to five
sheets per skin depth are required to accurately
capture the cross sectional current distribution of
the conductor. An extrapolation procedure is used
to accurately extract the resistance values to
minimize computation time. The agreement
between the modeled and EM simulated variation
in inductance is good. This technique can be
implemented quickly using a circuit simulator
without the need for expensive EM analysis.
Results show that circular inductors are more
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tolerant than rectangular inductors to variations in
line width as anticipated by the Wheeler
incremental inductance rule. Circular inductors
show about one half of the variation in the
inductance value due to over- or under-etching
than corresponding rectangular inductors having
the same inductance value. The results show that
an optimum line width can be found for minimum
resistance in planar spiral inductors.
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