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Abstract - This paper deals with the parametric 
analysis of multi-beam parabolic reflector 
antennas employed for air and coastal surveillance 
radars. Novel designs are introduced to obtain 
electronically switchable cosecant-squared and 
pencil beam radiation patterns, without making 
any changes on the reflector geometry. The 
analytical regularization method (ARM) is used as 
a fast and accurate way to solve the problem of E-
polarized wave diffraction by parabolic shaped 
perfectly electrical conductive (PEC) cylindrical 
reflector with finite thickness. The numerical 
procedure is initially verified by the analytical and 
numerical methods, and the calculated radiation 
characteristics are presented for the proposed 
antenna configurations. 
 

Index Terms - Analytical regularization method, 
cosecant-squared radiation pattern, multi-source 
horn, parabolic reflector antenna.  

 
I. INTRODUCTION 

Parabolic reflectors are one of the most 
popular antenna types commonly used in 
microwave and millimeter wave radars, power 
transmission, satellite communication, and 
navigation systems [1-4]. They have generally 
large physical dimensions with respect to the 
wavelength. Thus, high frequency electromagnetic 
wave scattering techniques such as, geometrical 

optics (GO), physical optics (PO), aperture 
integration (AI), and geometric theory of 
diffraction (GTD) are mostly used for determining 
the far field antenna characteristics [5-6]. Besides, 
direct numerical techniques such as, method of 
moments (MoM), finite element method (FEM), 
and finite difference methods are considered more 
versatile and usable in practice for feeder and 
reflector designs [7-8]. Nevertheless, large size 
antenna analyses usually require long computation 
times [9-10]. Furthermore, MoM and FEM can 
cause unstable numerical processes in most cases 
due to reducing the boundary value problem 
(BVP) to the algebraic equation set of the first 
kind that usually has a singular kernel with a big 
condition number Thus, minimizing the 
computational error by increasing the truncation 
number of the matrix-vector algebraic equation set 
cannot be guaranteed [11-13]. Hence, the 
analytical regularization method (ARM) that 
transforms the ill-conditioned integral equation of 
the first kind into a well-conditioned one of the 
second kind is preferred to solve the matrix 
equation numerically by truncation method with 
fast convergence to reach fast and reliable 
solutions [14]. The ARM solutions of the 
parabolic reflector structure and the H-plane horn 
feeder have been demonstrated separately by Turk 
to characterize the antenna patterns in the next step 
[11,16-17]. 

In this study, radiation characteristics of the 
cylindrical parabolic reflector fed by the H-plane 
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horn are treated parametrically to obtain pencil 
beam, cosecant-squared, and inverse cosecant-
squared radiation patterns for air and coastal 
surveillance radars. For this purpose, the BVP is 
essentially formulated with respect to the z-
component of the electric field satisfying 
Helmholtz’s equation with Dirichlet boundary 
condition, and the ARM procedure is applied to 
obtain fast, accurate, and reliable results (see [15-
17] for verification). New design proposals on 
mechanical switching of different beam types 
(pencil, cosec2, inverse cosec2) are investigated 
only by rotating one flare arm of the feeder horn to 
provide asymmetric illumination.  

The final goal of the paper is achieving both 
pencil beam and cosecant-squared radiation 
patterns for one fixed reflector antenna geometry 
simply by electronic pin-switching of the dual-
source H-plane horn feeder. By this way, both 
cosecant-squared and pencil beam radiation 
patterns can be switched electronically for the 
same feeder horn and reflector structure. 

 
II. ARM FORMULATION 

The parabolic reflector antenna is primarily 
considered as a perfectly conducting, smooth, 
longitudinally homogeneous and infinitely long in 
z-direction cylindrical obstacle, which is 
illuminated by the horn feeder. The XOY cross 
section of the structure shown in Fig. 1 is denoted 
by the closed contour S. If we assume the case that 
scalar wave does not vary along z-axis, the 
diffraction problem of such a scatterer object 
corresponds to the 2D Dirichlet boundary 
condition for incidence of the E-polarized wave. 
Thus, the incident and scattered scalar wave 
functions (ui(p) and us(p)) should satisfy the 
Helmholtz equation and the Dirichlet boundary 
condition given in Eq. (1) and Eq. (2), also with 
the Sommerfeld radiation condition (see [14]). 

 2 2( ) 0, \Ssk u p p R    ,             (1) 

( ) ( )( ) ( ) ( ),s s iu p u p u p p S     ,        (2) 

where, S is the smooth contour of the structure 
domain in 2D space 2R  that belongs to the 
smoothness class C2, [14]. ( ) ( )su p  and ( ) ( )su p  
are limiting values of ( )su p  in the inner and the 
outer sides of the S, respectively. The Eq. (3) is the 

BVP solution obtained by the Green’s formula and 
the boundary condition in Eq. (2). 
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n is the unit outward with respect to S normal of 
the point p . The unknown function ( )Z p  is 
constructed by solving Eq. (3), and using 
parameterization of the S  contour specified by the 
function ( ) ( ( ), ( ))x y     that smoothly 
parameterizes the contour S by the points of 

[ , ]    . Using the ( )   parameterization, the 
integral equation representation of the first kind in 
Eq. (3) can be equivalently rearranged as follows: 

1 ln 2sin ( , ) ( ) ( )
2 2 DK Z d g





      
 

  
  

 
 ,(4) 

by means of the following () transformations: 

 1/ 22 2( ) [ ( )] [ ( )] ( ( ))DZ x y Z       ,  -,  (5) 

 1/ 22 2| | [ ( ) ( )] [ ( ) ( )] ,  [ , ]  q p x x y y               (6) 

     ))(()(  iug  ,       -,.            (7) 

In Eq. (4), the unknown function is ZD(), the 
given function is g(), and K(,) function is the 
rather smooth section of the Green’s function in 
comparison with the logarithmic part that contains 
the main singularity of this equation (see [14,15] 
for details). The Fourier series expansions of the 
functions are defined in set of Eqs. (8)-(11). 
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Hence, one can obtain the infinite system of 
the linear algebraic equations of the second kind 
given in Eq. (12) that guarantees the convergence 
and stability of the numerical process [14]. 
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Finally, the scattered field ( )su q  for qR2 is 
calculated by the integral equation representation 
of the Eq. (3) with any required accuracy by using 
the truncation method (see [15,17] for details).  

 
III. PARAMETRIC DESIGN OF 

PARABOLIC REFLECTOR ANTENNA 
The ARM procedure described at Section II is 

derived for the investigated parabolic antenna 
types. The geometrical cross-section of the 
reflector is a modified parabolic arc, which is 
modeled by ARM as a closed contour L that goes 
from point A to point M and back to A 
corresponding to [ , ]    , as illustrated in Fig. 
1. The relation between l and θ is formulated in 
Eq. (14). 

( ) / 2
[0, ] ( , ) [ , ]

l L
l L

  
   

  
    

.           (14) 

 
Fig. 1. XOY-plane geometry of parabolic reflector 
with multi-source H-plane horn feeder. 

 

The reflector structure consists of totally 12 
contour parts, which are defined in Table 1 and 2.   
 

Table 1: Parametric definitions of reflector contour  
No Region Definition 
1 AB 2 ABL L       

2 BC 2 2AB BCL L L L         

3 CD 2 2BC CDL L L L         

4 DE 2 2CD DEL L L L         

5 EF 2 2DE EFL L L L         

6 FG 2 2EF FGL L L L         

7 GH 2 2FG GHL L L L         

8 HJ 2 2GH HJL L L L         

9 JK 2 2HJ JKL L L L         

10 KL 2 2JK KLL L L L         

11 LM 2 2KL LML L L L         

12 MA        2 LML L        
 

Table 2: Segment lengths of the contour regions  
No Region Segment Length 
1 AB 02 01tan(( ) / 2)ABL b     
2 BC 2BC ABL L c   
3 CD 02 01tan(( ) / 2)CD BCL L a      
4 DE 3DE CDL L c   
5 EF 30.75EF DEL L c   
6 FG 30.5FG EFL L c   
7 GH 30.25GH FGL L c   
8 HJ 1HJ GHL L c   
9 JK 30.25JK HJL L c   
10 KL 30.5KL JKL L c   
11 LM 30.75LM KLL L c   
12 MA 3LML L c   
*

1 01 2 02 3( ) /(1 cos( )), ( ) /(1 cos( )), 4c b a c b a c          
 
The parameterization of the contour line is 
implemented separately from point A to M, and 
back to A by means of the variable [0, ]l L  as 
follows: 

01 01

01 01

2 cos 2 sin, , [ ),
1 cos 1 coss

b bx X y l AB 
 


   

 
     (15) 
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2 02

2 02
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2 02
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( ) coscos( )
1 cos

, [ ),
( )sinsin( )

1 cos
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a bl Lx c Xs
c

l BC
a bl Ly c

c

 

 



              
 

   (16) 
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02 02
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 
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 
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 

      
  
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 


 
 


 
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
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where, Xs = 5.243λ and, 

01 01 02 01[( ) / ]ABl L      ,                        (27) 

02 02 02 01[( )( ) /( )]BC CD BCl L L L        .      (28) 

The horn feeder model illustrated in Fig. 1 is 
assumed to be located at the focus of the PEC 
reflector antenna. On this scope, the near field 
distribution of the feed horn, which corresponds to 
the incident wave, is calculated firstly by using the 
ARM to determine the illumination pattern on the 
reflector surface [16]. 
 

IV. ANTENNA DESIGNS AND 
NUMERICAL RESULTS 

A.  Verification of ARM performance 
The parametric analyses of the various types 

of reflector antennas are focused on obtaining both 
pencil-beam and cosecant-squared radiation 
patterns. The main idea of this paper is to improve 
the air scanning performance of air survelliance 
microwave radars to detect aircrafts approaching 
with the right angles towards to radar system. 
Before demonstrating the numerical results, it is 
important to explain the reliability of the generic 
ARM algorithm, which has already been verified 
with analytical results by achieving very good 
coherency for the cases of plane wave scattering 
from a circular cylinder, radiation from open 
ended waveguide, and two horn types [see 11, 16, 
17, respectively]. The ARM solution of 10λ 
diameter (30cm at 10GHz) parabolic reflector 
antenna was also compared with 3D MoM 
simulator, and the good agreement was observed 
in Fig. 2. 

The convergence behavior of the numerical 
process is highly important for the algorithm 
performance, as it is strictly related to the stability 
and processing time of the solution. The average 
relative computation error on the gain pattern 
plotted in Fig. 3 implies that ARM is a useful and 
reliable numerical technique due to fast 
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convergence and short calculation times (see also 
Table 3), especially for large size design and wide 
band analysis of the parabolic antennas. 

 

 
Fig. 2. Comparison of radiation patterns calculated 
by 2D ARM and 3D MoM simulator. 

 

 
Fig. 3. Average of relative errors in numerical 
calculations vs. number of segments. 
 
Table 3: Computation times of ARM and 3D 
MoM simulator (2.8 GHz, 4 GB RAM) 

Truncation 

Number 

(N) 

Computation Time 

2D ARM 3D MoM 

25 5 sec. 

20 h. 

50 34 sec. 

75 1.5 min. 

100 4 min. 

150 14 min. 

200 25 min. 

300 1.5 h. 

600 11 h. 

 

B. Analysis of cut-bended reflector model 
At the first conventional design structure, the 

bottom side of classic reflector geometry is cut 
partially and bended by 5°, 10°, 15°, and 20°, 
respectively, in order to obtain cosecant-squared 
radiation pattern. The effects of these parameters 
on the far field antenna characteristics are 
analyzed by ARM, and the radiation patterns are 
demonstrated in Fig. 4. It can be clearly seen that a 
more bending angle is needed to reach more 
expanded beam on the radiation pattern. 
Nevertheless, it is also observed that if we bend 
the bottom part of the reflector over 20° the 
radiation pattern tends to bifurcate. 

 

 
(a) 

 
 

 
(b) 

Fig. 4. (a) XOY-plane cross section of cut-bended 
reflector; (b) normalized radiation patterns of the 
structure for different bending angles (f= 10GHz). 
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C. Analysis of convex reflector model 
In the second structure, the upper side of the 

reflector antenna is designed as convex to obtain 
cosecant-squared radiation pattern, and it is 
bended outwards by 5°, 10°, and 15°, respectively. 
It is seen at Fig. 5 that the expanding angle of the 
radiation pattern increases as the bending angle is 
increasing. However similarly, it starts to bifurcate 
if the convex part is bended over 15°. 

 
(a) 

 

 
(b) 

Fig. 5. (a) XOY-plane cross section of convex 
reflector; (b) normalized radiation patterns of the 
structure for different bending angles (f= 10GHz). 
  
D. Design proposal by using asymmetric feed 
horn 

For the aim of obtaining both pencil beam and 
cosecant-squared radiation patterns for the same 
reflector geometry, an additional cascade part with 
different lengths is added to the botttom of the 
classic reflector structure (see Fig. 1), and the 
antenna is illuminated by using symmetric (solid) 
and asymmetric (dashed) flare H-plane horn 

feeders as illustrated in Fig. 6a. Typical pencil 
beam and cosecant-squared radiation patterns can 
be switched just by arranging the lower flare angle 
of the feed horn as 11.18° (solid) and 70° 
(dashed), respectively. In this way, the amplitude 
of illumination on the cascade part, which reflects 
the incident signal upwards instead of into parallel, 
increases so that a cosecant-squared radiation 
pattern can appear, as shown in Fig. 6b. 

 
(a) 

 
(b) 

Fig. 6. (a) XOY-plane cross section of the reflector 
fed by symmetric and asymmetric feed horn;      
(b) normalized radiation patterns at f= 10GHz. 
 
E. Design proposal by using switch-mode feed 
horn 

This is the final design proposal with double-
source feed horn located at the focus of the PEC 
reflector (see Fig. 1). The analysis procedure is 
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concentrated on obtaining both pencil beam and 
cosecant-squared radiation patterns without 
changing the geometry of feed horn and reflector 
antennas. In this context, if the first monopole pin 
of the horn located at the origin is switched on, the 
feed horn illuminates the reflector aperture to yield 
a typical pencil beam radiation pattern. In the case 
of switching on the second monopole pin of the 
horn located at coordinates x= 1.1λ, y= -0.3λ, a 
typical cosecant-squared radiation pattern is 
observed. Figure 7 exhibits the effects of pin 
switching between two sources of the H-plane 
feed horn antenna to achieve both pencil beam and 
cosecant-squared radiation patterns with the same 
feed horn and reflector geometries. 

 
Fig. 7. Normalized radiation patterns of the 
switch-mode reflector antenna design at f= 10GHz 
(Solid line: pin 1 is ON, Dashed line: pin 2 is ON). 
 

V. CONCLUSION 
In this paper, radiation characteristics of the 

cylindrical parabolic reflector fed by H-plane horn 
are investigated parametrically to obtain pencil 
beam and cosecant-squared radiation patterns for 
air and coastal surveillance radars. Novel antenna 
designs are proposed to achieve switchable pencil 
beam and cosecant-squared radiation patterns 
without making any changes on the antenna 
geometries. Furthermore, some common cosecant-
squared reflector geometries such as, cut-bended 
and convex shapes, are also analyzed by using the 
analytical regularization method, which is fast and 
reliable numerical-analytical technique. After 
verification, the analysis results of the designed 
reflector structures are demonstrated on the 
radiation patterns.  

The main goal of this work in practice is to 
improve the air scanning performance of air and 
coastal surveillance radars to enable them to detect 
aircrafts drifting towards to radar at right angles. 
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