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Abstract — Time domain Surface Impedance Boundary
Conditions (SIBCs) of high order of approximation
relating the electric field integral along the edge of the
computational cell and the magnetic flux through its
facet are derived and implemented into the Finite
Integration Technique (FIT). It enables such effects as
curvature of the conductor surface and variation of the
electromagnetic field along the interface to be
accurately described in the formulation. As a result,
accuracy of numerical results is improved and the
application area is expanded as compared with
formulations employing classical low order Leontovich
SIBCs. Numerical results obtained using low- and high-
order FIT-SIBC formulations are compared with
analytical results to demonstrate the advantages of the
proposed approach.
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I. INTRODUCTION

Although the surface impedance concept has the
reputation of a sophisticated numerical technique, it is
actually based on well-known assumption, namely: the
electromagnetic field distribution in the conductor’s
skin layer can be described as a damped plane wave
propagating in the bulk of the conductor normal to its
surface. In other words, the behavior of the
electromagnetic field in the conducting region may be
assumed to be known a priori. The electromagnetic
field is continuous across the real conductor’s surface,
so the intrinsic impedance of the wave remains the
same at the interface. Therefore, the ratio E./H,
(Surface  Impedance) at the xy-plane of a
dielectric/conductor interface is assumed to be equal to
the intrinsic impedance of the plane wave propagating
in the conductor, in the positive z-direction
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The surface relation in (1), taking into account
parameters of the conductor’s material and the source,
contains all necessary information about the field
distribution in the conductor’s volume. Thus it may be
used as a boundary condition to the governing
equations for the dielectric space that excludes the
conductor from the region of solution and reduces the
computational space to be discretized. It can be
represented in another form relating normal and
tangential magnetic fields at the interface.

The relation in (1) is usually referred to as
Leontovich’s SIBC. Although it has been widely used
in combination with most numerical methods, it does
not take into account curvature of the interface and
variation of the field along the surface. SIBCs of high
order of approximation allowing for both mentioned
effects have been developed in frequency domain [1-2]
and time domain [3] to improve accuracy and expand
the application area of the surface impedance concept.

In the present paper time domain SIBCs of high
order of approximation are derived in the state variables
of the Finite Integration Technique (FIT) [4]. It extends
results obtained in [5] where a low order SIBC has been
implemented into the FIT.

II. THE FINITE INTEGRATION TECHNIQUE

The FIT, first proposed in [4], is based on the
discretization of Maxwell equations in their integral
form on two different staggered grids, a primary and a
dual grid [6-7]. An example of the orthogonal dual
mesh used in FIT is shown in Fig. 1.
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LetZ;, S;, V; be the edges, facets, and volumes of the
primary grid G and Zi, §i, I7I the edges, facets, and

volumes of the dual grid G. Then, the state variables in
FIT are defined as

G=[Edl . b=[pdi, @)

@zkHdL d = D-dd, 3)

while the current flux and the electric charge are
defined as

Ji=fsd-di = fgear. )

The discretized Maxwell equations are written in
compact form in matrix notation as

d+j, (5)

Sh=0 , Sd=q, (6)

where C and C are the discrete equivalent of the

continuous curl operator and S and S are the discrete
equivalent of the continuous divergence operator.

Equations (5) and (6) constitute the so-called
Maxwell’s Grid Equations.

Fig. 1. One cell of the primary grid and one cell of the
dual grid.

To complete the discrete system (5-6), the following
three additional matrix operators (material matrices)
must be introduced

A

d=M,¢ , j=M,é ., h
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In a dual-orthogonal grid system, the primary edges
and dual facets (as well as the dual edges and primary
facets) intersect at 90°. In this case the material
matrices are diagonal with entries

Mg(i’i):geL,igi’ Mk(iai)ZGeL”E",
L
M . i,i)= i N
u '( ) Iueff’iSi

where &0, O, and gz, are the material

coefficients. These material relations are obtained
introducing virtual field component E'"" at the
intersection point of the dual facet and the primary edge
and B"" at the intersection point of primary facet and
dual edge, so that

A

A pvirt 7~ virt g
G=EM L, d=e, ENS,

é[ = Bl_w'rt . S[ , hAj _ ﬂgfjlf,iBVirt ZZ ) )

Using a leap frog scheme, (5) are discretized in time
as

én+1/2 _ éﬂ*I/Z + A[[MEICTM/IIBn:| >
bn+l :f)n —AtCén+l/2 . (10)

I1I. SIBC OF HIGH ORDER OF
APPROXIMATION IN TERMS OF FIT
VARIABLES

In order to derive the SIBC of high order of
approximation in the context of FIT, let us recall here
that the approximate relation between the normal and
tangential components of the magnetic flux density in
the time domain can be written in the form [3]

2 —
B = zﬁ{rl x B} 4 4=, T,xB;

! i=1 0’7‘; : 2did3—i
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3d3—i SZiZdZZdi d3—i T3 x B;
i Y3
O’B.  O’B: O’B;
_,’_17"3 X _ 261 + 261 53,, ,
2 o, & Té&as, ) an



where the superscript “s” denotes quantities at the
conductor surface, “*” denotes a time convolution
product, d;, k=1,2, are the local radii of curvature, and

(&,¢,,n7) are the principal curvature coordinates (Fig.
2).

Fig. 2. Local orthogonal curvilinear coordinate systems
related to the surface.

The time functions 7,,, m=1,2,3 are defined as

Ii(t)= #o Iy o exp| — o ,
&€ \2&.8 2¢,8,
Tz(t):i{l—exp[— o H,
o £,8)

2t ot ot
A exp| — .
ox/ E.60ly \26.& 2¢,&

The first term in (11) gives the SIBC of
Leontovich’s order of approximation in which the
body’s surface is considered as a plane and the field is
assumed to be penetrating into the conductor only in the
direction normal to the body’s surface. The second and
third terms give corrections taking into account the
curvature of the conductor surface. The last term allows
for the electromagnetic field diffusion in directions
tangential to the conductor’s surface.

Let us analyze the expression in the last term of the
right hand side of (11)
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:%v B§1 +§;';2V B,; =V [(nxV Bv)xn]:

—ii-Vx(ixV2B), (12)

where the unit normal vector 7 is directed out of the
body. Here the Laplacian operator of a vector field

f(él,g‘z) is defined as follows

Vif=

form:

835 GBS
—Z—XT+ 1z —><T
= i (13)
oV? Bq
+Zw x T +— Z T,,
i=1 i=1
where
dy ;—d. 3d2.—d?-2d.d,_.
v, = 3—i i , Wy = 3-i i i%3-i ,i=12. (14)
2dd;_; 8d7d;_;

Performing integration on both sides of (13) over
the facet ABCD of the cell shown in Fig. 3, one
obtains:

b —”B ds—” 2 65 ><T+Zv

Sh 0 Sh 0

2 OB} 2 OV’B;
+Z:wl.—é‘><T3 +lz ST |ds. (15)
S e 2T o

Suppose the coordinates of points D and B in the

§& -plane are (&9,&y) and (§0+A8,6+AS),
respectively (here Aé =AB=CD and
A&, = DA = BC). Surface integrals appearing in (15)
can be discretized as follows
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Substituting (17) into Faraday’s law, we obtain the

B .
”ZV —ds—A§1A§22v 09‘, relation between & = JE'di and b :J B-sids ,

Lek S 3
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_ virt virt virt virt _
=B Lpys+viBy Lgc+v,By Lyg+v,By Lep =

. (l;k xT'+ vkl;k xT, + wkl;k ><T3'+%V2Z;k X T;j (18)

2 L, L, L, L, .,
= vlbl + v1b3 + v2b2 + v2b4 (16) *
Sbl by b, b4
where
where 12
Ly =DA, L =AB, Ly =BC, L, =CD, @) = [ﬂoereo] )
Sp1 = Sappa>Sp2 = Sappa»Se3 = Specn s +—Z A o -1, o exp| — o ,
2&,8 2¢&,8 2&,8 2&,8
Spa =Scopict-
, 1
Performing the integration of the other terms in (15) L= H0EE exp[— cz j ’
in the same way, one obtains: 020 0
; s t ot ot
by = ”Bﬂds INOE I, —1,
S0 HoE,&, \/ £.6, M,y 2¢.€, 2¢.¢,
4L (x 2 A 1 .7
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The third derivatives cannot be approximated within
where v =vy, v, =V, W =wy,and w, =w,. one computational cell shown in Fig. 3, so quantities
defined in the surrounding cells of the computational
grid must be used. Let p and ¢g be ordinal numbers of
the current cell in & and &, directions, respectively. In

the case of cartesian grid Lg1 = Le3 and Lg2 :Le4 S0

Vb7 can be approximated as follows:

2

2:17,(1_ :p+1,q_ :p,q :p—l,q
v, —(bl 2679 + by )/(L) (19)

~ ~ A ~ 2
V2ppa = (1321”“1 —2bp +192P=‘1‘1j / (Lez ) ., (19b)

Fig. 3. Cartesian computational cell used in the FIT. a A - . 2
v2ppa :(bpﬂ,q 2bhP4 +bp—1,q)/(L )
€
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V2hpd = [zi{’“f“ —2b/ 4 b j / (Lez ) . (19d)

Substitution of (19a-d) into (18) finally yields the

relations between é/*? and b/ for the current cell

X ' [ Psq ' X '
b X T+ v b x T + w bl x T,

e'=| L 2 2 A 2 .
‘ +S—e"%(bf“"q—2bf’q+b,fl‘qj/(Lek) xT'
by
(20)

The SIBC of low order of approximation derived in
[5] is given only by the first term of the right hand side
of (20)

L =z
el =—LprxT". @21
by

IV. NUMERICAL EXAMPLE AND
VALIDATION

A canonical 2D example is considered, for which
the analytical solution is known [8]: a line current /(?)
placed at point (0, ys) radiating over a half-space (Fig.
4).

Although the high order SIBC accurately models the
curvature of the surface, the test case has been chosen
with planar surface in order not to introduce the typical
error of FIT with cartesian grid known as the “staircase
effect”. As a matter of fact, the modeling of curved
surfaces by means of high order SIBC and FIT would
require a conformal scheme. In the proposed example
the improvement in accuracy given by the SIBC of high
order of approximation is only due to the modeling of
the variation of the electromagnetic field along the
surface, which is not accounted for by the low order
SIBC of the Leontovich type. Hence, since the surface
is planar, coefficients v; and w; in (18) are zero.

The computational domain (the dielectric half-
space) is discretized into a 100 x 100 Cartesian grid
made of one layer of 3D Yee cubic cells with side
length A=0.015 m. Mur’s first order absorbing
boundary conditions are used at the other boundaries.
Time convolutions in (18) are computed recoursively
applying the Prony’s method, as proposed in [9].

The following current pulse is considered

I(t)zt_TTOe_[t_:O) : 22)
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with 7 =40A¢, 7, =12A¢, where the time step A¢ was
At = Ax/2¢;. The electric field at point
(xO,O) is computed using the low order SIBC, the high

order SIBC and the analytical solution (Fig. 5-6). As
can be noted, at low values of conductivity (o = 0.1
S/m) and when the filamentary source is near to the
surface, the SIBC of low order does not give accurate
results, while a better accuracy is reached by means of
the present formulation. In the cases of higher values of
conductivity (o =1 S/m, o =10 S/m), as shown in [4],
the low order SIBC is accurate enough.
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Fig. 4. Geometry of the test problem.
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Fig. 5. Electric field at the observation point for
y=10A; x;=20A; 0=0.1 S/m.
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Fig. 6. Electric field at the observation point for
y~=10A; x;=30A; o= 0.1 S/m.

V. CONCLUSIONS

The 2D numerical example has shown the
improvement in accuracy of the proposed formulation
compared to the corresponding formulation published
in [5] employing low order SIBC. Even if FIT with
Cartesian grid is computationally equivalent to FDTD,
in the paper high order SIBCs have been expressed
directly in FIT state variables and in future work they
can be generalized to non cartesian grids and
implemented in conformal schemes.
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