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Abstract ─ Terahertz wave reflection and transmission 

of carbon nanotubes slab are investigated in this paper. 

The wave and current equations that describe characters 

of terahertz wave in dispersive carbon nanotubes (CNTs) 

are presented and discretized by using the auxiliary 

differential equation (ADE) in the finite-difference time-

domain method (FDTD), because the permittivity of 

CNTs are frequency-dependent. The ADE-FDTD method 

and program’s efficiency is proved by the reference's 

analytical method. Numerical results show that the 

transmission coefficient of single wall carbon nanotubes 

(SWCNTs) does not show distinct peaks and dips at 

Terahertz frequency. The multiple transmitted pulses of 

silicon dioxide bi-covered with SWCNTs are observed. 

The electromagnetic interference (EMI) shielding effect 

of SWCNTs, double wall carbon nanotubes (DWCNTs) 

and Hydrogen doped CNTs are compared. 

 

Index Terms ─ Auxiliary differential equation (ADE), 

carbon nanotubes, dispersive, finite-difference time-

domain (FDTD), permittivity. 
 

I. INTRODUCTION 
Nowadays, carbon nanotubes (CNTs) [1-8] and 

grapheme, which are advanced engineering materials 

with unique structures and electrical properties, have 

attracted much attention. CNTs can be classified as 

single wall (SW), double wall (DW) and multiwall 

(MW) carbon nanotubes and modified as hydrogen (H) 

doped CNTs [5] and so on. CNTs [9-12] have some 

potential microwave, Terahertz (THz) wave, and optical 

applications, such as hydrogen storage devices, antennas, 

interconnects, electrochemical capacitors, and lightweight 

electromagnetic shields etc.  

The electromagnetic interference shielding 

effectiveness [13-14] of carbon nanotubes structure at 

THz frequency regime has not yet been considerable 

studied. CNTs have the compound properties of metallic 

and semiconductor. The complex and frequency 

dispersive permittivity of CNTs at THz frequency 

regime are affected by the number of tube walls, 

thickness, aspect ratio, filling factor, and geometrical 

factor during the growth. Analytical and numerical 

methods [14-20] have been developed to investigate the 

electromagnetic characteristic of carbon nanotubes such 

as semi-classical approach [14], method of moments 

(MoM) [15], and finite-difference time-domain (FDTD) 

method [17-23] etc. FDTD method is a popular 

algorithm to predict the properties of materials in 

arbitrary shapes. Compared to other modeling approaches, 

FDTD method can study not only carbon nanotubes are 

made of hollow and long carbon cylindrical molecules, 

but also CNTs are equivalent to dispersive media. For 

simulating equivalent CNTs, the computational memory 

and cost requirement of auxiliary differential equation 

(ADE) FDTD method is relatively lower than shift 

operator [19], recursive convolution method and Z-

transform methods and is generally used to simulate 

dispersive media.  

In this paper, the electromagnetic interference 

shielding effectiveness of SWCNTs, DWCNTs and H-

doped CNTs at THz frequency are computed with the 

ADE-FDTD method. Firstly, the ADE-FDTD method 

for dispersive Drude-Lorentzian model of carbon 

nanotubes is deduced. Then the accuracy of ADE-FDTD 

method and program is verified by analytical method in 

the reference [24]. The interaction of terahertz wave with 

stratified media containing single wall carbon nanotubes 

is simulated. The reflection and transmission coefficients 

for medium covered by SWCNTs, DWCNTs and H-

doped CNTs are compared to discuss their application in 

EMI shielding. 
 

II. ADE-FDTD FORMULA 
As in Ref. [4], an extended Drude-Lorentzian model 

can be used to simulate the relative dispersive permittivity 
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of carbon nanotubes at THz frequency [25], i.e., 
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where εc is the dielectric constant at infinite frequency. 

ωp, ω1, and ωp1 represent the electron plasma, phonon 

and oscillator frequency, respectively. Γ and Γ1 are 

relaxation rate and spectral width, respectively. 

The frequency-dependent constitutive relation for 

CNTs can be characterized as: 
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where the polarization intensities P and P1 are: 
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By applying the transform relation (jω → ∂/∂t) 

between frequency domain and time domain, we obtain: 

 
2 2 2

0/ / ,pt t      P P E  (5) 

 
2 2 2 2

1 1 1 1 1 0 1/ / .pt t         P P P E  (6) 

By defining the induced electric currents J and J1, 

 / ,t  J P  (7) 

 1 1 / .t  J P  (8) 

The electromagnetic field and current equations 

discretized with the ADE-FDTD method for the CNTs 

are: 
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where Js is the free current source.  

The standard grid, leapfrog in time approach is used 

to discrtize the Eqs. (9)-(12). The electric field and 

electric current are sampled at the cell edge for integer 

and half integer time steps, respectively. The magnetic 

field is sampled at the cell center for half integer time 

steps. If ∂/∂x=0 and ∂/∂y=0, the iterative fields and 

currents for a one-dimensional (1D) CNTs slab are: 
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where 
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The power reflection, transmission, and absorption 

coefficients in decibel scale are: 
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III. NUMERICAL RESULTS 
In the following section, FDTD numerical results 

about Terahertz wave reflection and transmission of 

stratified media containing various carbon nanotubes are 

illustrated. The EMI shielding effectiveness, which is 

generally dependent upon various material parameters 

characterized by CNTs’ aspect ratio, filling factor, 

geometrical factor and working frequency etc. are 

discussed below. 

To validate the auxiliary differential equation finite-

difference time-domain method introduced above, Fig. 1 

illustrates the reflection and transmission coefficients for 

one-layer single wall carbon nanotubes slab. The spatial 

discretization size is δ=0.1 μm and the time step size is 

Δt=δ/2c. The incident differential Gaussian pulse in the 

time domain is Ei(t)= {(t-t0)∙exp[-4π(t-t0)2/τ2]}/τ2. The 

pulse peak occurs at t0=120Δt. The pulse width of the 

pulse is influenced by the constant τ=150Δt.  

If no special instructions in this paper, the material 

parameters in Eq. (1) for SWCNTs [4] are εc=8.41, 

ωp=2π×23 THz, ωp1=2π×38.9 THz, ω1=2π×5.9 THz, 

Γ=2π×24.5 THz, Γ1=2π×29.6 THz. The CNTs’ thickness 

is 10 μm. The reflection and transmission coefficients 

computed with analytical propagation matrix method in 

Ref. [4] and the ADE-FDTD method reach a good 

agreement in Fig. 1. Though the peak value of the 

reflection coefficient occur at 0.916 THz, the transmission 

coefficient for a 10-μm-thick SWCNTs slab does not 

show obvious peaks and troughs at 0.3-2.5 THz in Fig. 1. 

The variation trend is consistent with the experimental 

results in Ref. [9]. 

Figure 2 gives the ADE-FDTD method simulated 

the terahertz wave transmission coefficient and the time 

domain waveform of 1mm depth silicon dioxide (SiO2) 

and silicon dioxide bi-covered by 15 μm depth SWCNTs 

respectively. The permittivity for SiO2 is presumed 

constant εr=4 [26].  

As shown in Fig. 2 (a), the SWCNTs can make the 

transmission coefficient greatly decrease. The single 
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wall carbon nanotubes demonstrate high efficiency 

shielding at terahertz frequency range. The sampling 

points of the transmission time-domain waveform Ey in 

Fig. 2 (b) are 5δ away from the media boundary between 

SWCNTs and vacuum. Several transmitted pulses 

produced by the multi-reflection phenomena in the 

stratified media can be seen in Fig. 2 (b). 
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Fig. 1. Reflection and transmission coefficients for  

one-layer SWCNTs. (a) Reflection coefficient and (b) 

transmission coefficient. 
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Fig. 2. FDTD predicted THz wave transmission of silicon 

dioxide bi-covered with SWCNTs. (a) Transmission 

coefficient and (b) normalized time domain waveform. 

 

Figure 3 compares the ADE-FDTD method 

calculated electromagnetic scattering of 100 μm depth 

silicon dioxide (SiO2) [26] whose εr=4 bi-covered with 

SWCNTs, DWCNTs, and H-doped CNTs. The thickness 

of each CNTs layer is 10 μm. The material parameters 

for DWCNTs [4] are εc=5.76, ωp=2π×10.5 THz, 

ωp1=2π×32.2 THz, ω1=2π×5.5 THz, Γ=2π×24.3 THz, 

Γ1=2π×23.3 THz and for H-doped CNTs [5] are εc=6.25, 

ωp=2π×7.42 THz, Γ=2π×34.29, ωp1=2π×4.69 THz, 

ω1=2π×1.53 THz, Γ1=2π×3.27 THz.  

Because the permittivity and conductivity [2] of 

SWCNTs are larger than those of DWCNTs and H-

doped CNTs discussed in this paper, the reflection 

coefficient of silicon dioxide bi-covered with SWCNTs 

is larger than those with DWCNTs and H-doped CNTs. 

Compared to the transmission coefficient of one layer 

SWCNTs in Fig. 1 (b), the transmission coefficient of 

SiO2 bi-covered with SWCNTs in Fig. 3 (b) shows 

several peaks and dips originating from the silicon 

dioxide substrate in the Terahertz region. 
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Fig. 3. FDTD predicted Terahertz wave reflection and 

transmission coefficients of silicon dioxide bi-covered 

with SWCNTs, DWCNTs, and H-doped CNTs. (a) 

reflection coefficient and (b) transmission coefficient. 

 

IV. CONCLUSION 
In this paper, terahertz wave reflection and 

transmission of carbon nanotubes slab is investigated 

with auxiliary differential equation in Finite-Difference 

Time-Domain method. The extended Drude-Lorentzian 

model in the frequency domain is used to simulate 

dispersive carbon nanotubes. The wave and current 

equations for CNTs are got with the transform relation 

between frequency domain and time domain and 

discretized using Yee’s scheme. After the validity of 

method and program, ADE-FDTD method predicted 

Terahertz wave reflection and transmission of silicon 

dioxide bi-covered with SWCNTs, DWCNTs and H-

doped CNTs are compared. The local resonances of the 

transmission coefficient associated with the material 

parameters of silicon dioxide substrate result in some 

oscillations. The computed results show that impedance 

mismatch and loss characteristic of SWCNTs make the 

transmission coefficient of silicon dioxide decrease.  

The SWCNTs demonstrates good electromagnetic 

interference shielding effectiveness. 
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