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Abstract – In this paper, we propose a reduced-
complexity finite difference time domain (FDTD) sim-
ulations of modulated metasurfaces with arbitrary unit
cells. The three dimensional (3D) physical structure of
the metasurface is substituted by a spatially varying sur-
face impedance boundary condition (IBC) in the simula-
tion; as the mesh size is not dictated by sub-wavelength
details, considerable advantage in space- and time-step is
achieved. The local parameters of the IBC are obtained
by numerical simulation of the individual unit cells of the
physical structure, in a periodic environment approxima-
tion, in the frequency domain. As the FDTD requires an
appropriate time domain impulse-response, the latter is
obtained by broad-band frequency simulations, and vec-
tor fitting to an analytic realizable time response. The
approach is tested on metasurface structures with com-
plex unit cells and extending over 10 ×10 wavelengths,
using a standard PC with 64GB RAM.

Index Terms – thin-layer model, metasurface, FDTD,
impedance boundary condition.

I. INTRODUCTION
Metasurfaces are thin-layer arrays composed of the

so called “electromagnetic meta-atoms,” which have
been proved to allow unprecedented electromagnetic
field manipulations [1, 2]. Due to their advantages of low
profile, low cost, easy fabrications, and diverse strategies
for realizations, many applications have been reported,
such as: radar cross section (RCS) reduction [3], low-
scattering antennas [4], planar antennas [5], lenses [6],
[7], imaging [8], etc.

The meta-atoms are sub-wavelength in size, and
likewise closely spaced; the resulting structure is thus
electrically thin, while typically extending over several
wavelengths in size; very often, the field manipulation
requires meta-atoms with complicated structures. As a
result, it is challenging to simulate such multiscale prob-
lems with dense discretization and large electrical size
by full-wave methods [2], [9], [10].

Most types of field manipulation require that the
metasurface be spatially varying over its surface; how-
ever, this variability is on the order of the wavelength, i.e.
slow with respect to the size of meta-atoms (hence the
term “modulated” often employed). Therefore, homog-
enization yields accurate results, and the effects of sub-
wavelength atoms is well described in terms of surface
impedance boundary conditions (IBCs) [2], [11–13], that
can take different forms [14–26]. This consideration
allows a significant reduction of computational load for
full-wave analysis; of course it requires that the prob-
lem formulation be consistent with the field boundary
conditions employed to homogenize the sub-wavelength
atoms collectively. In most applications, the underlying
lattice of the atoms remains regular, or weakly varying;
this allows to use the periodic-medium approximation in
relating the surface impedance to the features of the indi-
vidual meta-atoms.

In this short paper, we propose an FDTD method
with surface impedance boundary condition (IBC) for
the simulations of spatially varying (i.e. modulated)
metasurfaces. Specifically, we address the case of
meta-atoms with arbitrary shapes, for which no analyt-
ical expression can be found of the equivalent surface
impedance. We propose a method to insert numerical
characterization of the IBC into the scheme, including
the necessity to properly account for frequency disper-
sion in the time response. The IBC approach reduces
mesh density in the longitudinal direction by virtue of
homogenization into an IBC [24], by de facto remov-
ing the meta-atom thickness. However, we would like to
stress that in our approach we use the nature of modula-
tion to likewise reduce the necessary mesh density in the
transverse directions, as modulations are on the order of
the wavelength.

To the best of the authors’ knowledge, this use of
numerically-derived IBC to solve both thickness and
transverse meshing issues is novel in FDTD, and applied
for the first time to large metasurfaces.

The rest of this paper is organized as follows: in Sec-
tion II, the background of IBC and FDTD is summarized;
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in Section III, the numerical homogenization for wide-
band full-wave FDTD simulation of metasurface is pro-
posed; numerical results and discussions in Section
IV demonstrate the validity of the proposed method.
Finally, a brief conclusion is given in Section V.

II. BACKGROUND
A. Impedance boundary condition (IBC)

When a surface impedance boundary condition is
appropriate, the total transverse electric and magnetic
fields on the concerned surface are linked as [11–13]

Et (ω) = ¯̄Zs (ω) · [ẑ×Ht (ω)] , (1)
where Et and Ht are the fields on the outer side of the
metasurface, and ¯̄Zs is the equivalent surface impedance,
in general of tensor nature. We have explicitly denoted
frequency dependence to recall that this is naturally a
frequency domain description, while in the following
we will address time-domain solution of Maxwell equa-
tions. The one-sided description of the homogenized
structure in (1) avoids meshing the dielectric (where
FDTD would have meshing problems), and is appropri-
ate for thin layers (where spatial dispersion is negligi-
ble). Structural symmetry in the meta-atoms generates
isotropy in the boundary conditions, and the effective
surface impedance is scalar, so that

Ex (ω) = Zxx
s (ω) ·Hy (ω) (2a)

Ey (ω) =−Zyy
s (ω) ·Hx (ω) . (2b)

Analytic expressions of the surface impedance can be
obtained only for a few simple unit cells [26]. In
this paper, we consider meta-atoms with arbitrary struc-
ture, and the surface impedances will be extracted from
numerical simulation of the meta-atom unit cells, as
described below in Secs. III and IV.

B. FDTD with frequency dispersion
In this paper, we follow the classical Yee cell FDTD

[27–30], and the usual leap-frog scheme. We will also
use FDTD with 2D- or 1D-periodic boundary conditions,
which implement the method in [36]. As FDTD is time-
domain, it is necessary to express the linear IBC (1) as a
time convolution:

Ex (t) =
∫

∞

0
Zxx

s (t) ·Hy (t− τ)dτ (3a)

Ey (t) =−
∫

∞

0
Zyy

s (t) ·Hx (t− τ)dτ, (3b)

where now Z(t) represents the impulse responses, i.e.
the Fourier (back) transforms of their frequency-domain
counterparts in eqn (1).

In the following we will resort to approximations
of the dispersion that allow for closed-form expressions
of the impulse responses in eqn (3). The piecewise
linear recursive convolution (PLRC) method [31] will
be employed to evaluate the convolutions in eqn (3).
The updating equations for computation domains not

involved in the IBC surface are same as the standard
FDTD [27–30].

III. NUMERICAL HOMOGENZATION
A. Surface impedance extraction from numerical
simulation of meta-atoms

As alluded in the Introduction, we will obtain
the local values of the (spatially variable) surface
impedance via numerical simulation of the local meta-
atoms. We will employ the periodicity approximation,
which accounts for inter-element coupling, and that has
been successfully used in the design of metasurface cells
as reported in several publications [1–8]. Here we will
call “unit cell” the meta-atom in the periodic lattice;
because of the periodic approximation, the simulation
is better performed in the frequency domain. The sim-
ulation of the unit cell can be carried out with sev-
eral approaches, most usually finite-elements (FEM) and
Method of Moments (MoM); here we will use FEM as
implemented in the commercial software HFSS.

In order to reduce the associated numerical cost, we
will resort to a method that allows wide-angle response
with a limited number (two) of simulations [2], [20].
While the method is general, for the sake of illustration
we will consider isotropic meta-atoms constituted by
close ring resonators (CRRs) [32] on a grounded dielec-
tric substrate, as in Figure 1.

The approach is based on separating the metal layer
(here, the ring) from the grounded slab; as the metal fea-
tures are sub-wavelength and non-resonant, both their
frequency and spatial dispersion (dependence on inci-
dence angle) are weak; as typically higher Floquet modes
are deeply evanescent, the equivalent modal circuit is
as depicted in Figure 2. As mentioned earlier, we con-
sider explicitly symmetric meta-atoms, which yield an
isotropic impedance, and no TE-TM coupling; more
general situations are readily accounted for by this cou-
pling and modal network slightly more complex than in
Figure 2.

The wide-angle response of the metal feature (ring,
here) is conveniently expressed using the generalized
sheet transition condition (GSTC) description of the
boundary condition [2], [20], i.e. in terms of polarization
susceptibility tensors. This yields an expression valid for
any incidence angle that however requires only compu-
tation of the response for two angles: normal incidence
θ=0◦, and one oblique incidence θ=θ0 encompassing
the incidence angle range of interest [2], [20].

The polarization susceptibilities are then expressed
in terms of the reflection (R) and transmission (T) coef-
ficients as:

χ
xx
es = χ

yy
es =

2 j (T0 +R0−1)
k0 (T0 +R0 +1)

(4)
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Fig. 1. Example of meta-atoms in a periodic environ-
ment: CRR meta-atoms.

Fig. 2. Equivalent modal transmission line circuit model
of the meta-atoms under periodic boundary conditions.

χ
zz
ms = − χ

yy
es

sin2 (θ0)
+

2 j cos(θ0)(T (θ0)+R(θ0)−1)
k0 sin2 (θ0)(T (θ0)+R(θ0)+1)

,

(5)
where k0 denotes the wave number in free space, T0 and
R0 the transmission and reflection coefficients at nor-
mal incidence, T (θ0) and R(θ0) are the transmission and
reflection coefficients for incidence angle θ0. The indi-
cation of TM or TE polarization has been assumed and
omitted in the susceptibilities to avoid notation clutter-
ing, and likewise in reflection (R) and transmission (T)
coefficients. One can then pass to the impedance format
of the IBC via the following relationships [25]:

ZTE
es =− jηeff

keff
(
χ

yy
es + k2

0χ
zz
ms sin2

θ/k2
eff

) (6a)

ZTM
es =− jηeff

keffχ
xx
es

(6b)

where ηeff = η0
/√

εeff, keff = k0
√

εeff, εeff = (1+ εr)
/

2,
ZTE

es and ZTM
es denote the surface impedances of TE and

TM polarized plane wave at an oblique incidence angle
θ , respectively; note that χ terms in the equations above
are also TE and TM although that is not explicitly indi-
cated.

The surface impedances required in eqn (3) are then
obtained via the equivalent modal transmission line cir-
cuit in Figure 2:

Zxx
s = Zyy

s =
ZinZxx

es

Zin +Zxx
es
, (7)

Fig. 3. Modulated metasurface with non-uniform
complicated meta-atoms and the corresponding surface
impedance.

where Zin = jZd tan(kdzh), Z0 and Zd are the character-
istic impedances of free space and the dielectric,

Z0 =

{
ω0µ0

/
k0z, TE

k0z
/

ω0ε0, TM (8)

Zd =

{
ω0µ

/
kdz, TE

kdz
/

ω0ε , TM (9)

k0z =
√

k02− kx2,kx = k0 sinθ ,kdz =
√

k02εr− kx2.

For metasurfaces with non-uniform meta-atoms and thus
space-varying surface impedance, the projection from
the physical structure to its surface impedance descrip-
tion is depicted in Figure 3, where the meta-atoms are
substituted by a cell of surface impedance, with values
computed as described above. As a result, the metasur-
face thickness is not meshed at all, and the transverse
FDTD mesh density is dictated only by the spatial vari-
ability of the meta-atoms (e.g. modulation), which is on
the scale of the wavelength; this drastically increases the
simulation efficiency of the modulated metasurface; in
FDTD, this is even more pronounced than in frequency-
domain methods, as time step is related to space dis-
cretization by stability, as well known (e.g. [33]).

B. Full-wave simulation with dispersive FDTD
For wideband full-wave simulations of the modu-

lated metasurface, the surface impedances derived in eqn
(6) and (7) have complicated relationship with frequency,
which cannot be inserted into FDTD directly. As a result,
we fit the frequency response with a model that allows
closed-form time-domain expressions. As we expect res-
onances across the bandwidth of interest because of the
nature of the meta-atom itself, we employ the following
model:

Zs ( jω) = d +
N

∑
n=1

rn

jω− pn
, (10)

where d is a constant real number, N is the order of
rational function, rn and pn are nth residue and pole,
respectively. The expression above is fit to the actual fre-
quency response (deriving from numerical simulations)
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via the vector fitting method [34], in which the nonlin-
ear approximation in eqn (10) can be evaluated with two
stages of linear problems.

The time domain expressions read:

Zxx
s (t) = Zyy

s (t) =

(
d +

N

∑
n=1

rne−pnt)

)
u(t) . (11)

Since Zs (t) has an exponential form, the convolution
integrals can be easily solved by the recursive convo-
lution method [35]. Take Ex for example, the surface
impedance boundary condition at the mth cell is dis-
cretized with FDTD as

En
x (i+

1
2
, j,k) = dmHn

y (i+
1
2
, j,k)+ψ

n
y,m(i+

1
2
, j,k),

(12a)
where

ψ
n
y,m (i+

1
2
, j,k) =

N

∑
n=1

pm,n

rm,n

[
1+

(e−rm,n∆t −1)
rm,n∆t

]
H

n− 1
2

y (i+
1
2
, j,k+

1
2
)

+
N

∑
n=1

pm,n

rm,n

[
1

rm,n∆t
− e−rm,n∆t(1+

1
rm,n∆t

)

]
H

n− 3
2

y (i+
1
2
, j,k+

1
2
)

+
N

∑
n=1

e−rm,n∆t
ψ

n−1
y,m (i+

1
2
, j,k)

(12b)

IV. NUMERICAL RESULTS AND
DISCUSSION

In this section, numerical examples are presented
to validate the accuracy and efficiency of the proposed
scheme. In all examples, the incidence angle θ0 in eqn
(4) and (5) is chosen to45◦, which has shown to provide
good results in all cases: it is chosen as a tradeoff with
respect to the impact of sin2

θ in the denominator of eqn
(5) [2], [20]. The proposed algorithm was implemented
single thread with Intel Fortran 64-bit compiler, all the
computations were carried out on the same computer
with an Intel (R) Core (TM) i7-8700 CPU @3.7GHz
and 64 GB RAM. The logic here is progressive: (1) first
we validate the method against a fully periodic structure
(2D periodicity, infinitely extended); (2) we validate on a
1D periodic case, i.e. with periodic boundary conditions
along one direction; and (3) we finally show application
to a fully 2D variation of the impedance.

A. Uniform infinite metasurface sheet (Meta-atom
under periodic boundary conditions)

As a first test, we compare the FDTD-IBC against
a standard FDTD and HFSS in a periodic environment.
The results are shown in Figure 4, which reports the
reflection coefficient phase and amplitude of the CRR
meta-atom of Figure 1 from 5 GHz to 10 GHz (note
inclusion of nominal substrate losses). The excellent
agreement proves the accuracy of the proposed method.
Table I lists the necessary grids size, and the related com-
putational requirements, showing significant savings of
both the computation time (218 s to 2 s) and memory

Fig. 4. Accuracy validation: wideband reflection phase
and amplitude with (2D) periodic boundary conditions,
for the CRR meta-atom shown in Figure 1, with P =
6mm, a = 4.8mm, h = 2mm, w = 0.5mm, and εr =
3.5− j0.00245(note that substrate losses are included).

Table 1: Computation performance comparison of
FDTD and FDTD-IBC for the wideband simulation of
CRR meta-atom

Grid size Time Memory
(s) (MB)

FDTD 0.1mm×0.1mm×0.1mm 218 128.5
FDTD-IBC 1mm×1mm×1mm 2 4.7

Fig. 5. Gradient metasurface for reflection fields manip-
ulations, the reflection angle θr for a given incidence
angleθi is determined by the phase gradient along x̂.

(128.5 MB to 4.7 MB), which demonstrate the validity
of the proposed FDTD-IBC.

B. Wideband reflection field manipulations with gra-
dient metasurface (1D periodicity)

Next, we examine a practical example of metasur-
face device, yielding the so-called non-Snell reflection
via a gradient-phase metasurface, adopting the struc-
ture in [1]. For a plane wave with incidence angle
θi, the reflection angle θr from the designed gradi-
ent metasurface will follow the generalized law of
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(a) (b)

Fig. 6. Validation: reflection fields manipulations by the
gradient metasurface at 7.5 GHz under (a) normal inci-
dence, (b) oblique incidence θ = 15◦, both of the simu-
lated reflection angles agree well with the analytical val-
ues by generalized reflection law [1].

Table 2: Parameters of the 3 bit CRR meta-atoms for
reflection fields manipulations at 7.5 GHz
Meta-
atoms
θ = 0◦

1 2 3 4 5 6 7 8

a
(mm)

3.01 4.82 5.13 5.32 5.44 5.54 5.72 5.92

Meta-
atoms
θ =
15◦

1 2 3 4 5 6 7 8

a
(mm)

3.65 5.80 6.25 6.53 6.72 6.92 7.22 7.90

reflection [1]

sinθr− sinθi =
1

n0k0

dϕ

dx
, (13)

where n0 = 1, dϕ
/

dx is the designed phase gradient
along x̂. Here we consider periodicity along the y direc-
tion. Table II lists the relevant geometric parameters for
the reported test cases.

At first, we simulate the reflection fields from the
gradient metasurface under normal incidence. Figure
6 (a) shows the simulated reflection fields at 7.5 GHz,
the period of the meta-atom is 6 mm. The meta-atoms

Table 3: Computation performance comparison of
FDTD and FDTD-IBC for wideband simulation of gra-
dient metasurface.

Number of grids Time Memory
FDTD 1920×60×2900 50.1 h 27.7 GB
FDTD-IBC 192×6×290 314 s 639.2 MB

(a) (b)

Fig. 7. Vector fitting (VF) for the surface impedances
from 5 GHz to 10 GHz for the CRR with a = 4.8 mm,
(a) real part, (b) imaginary part.

of number 1 to 8 in Table II are placed along x̂ with
a constant phase difference of π

/
8; the length of the

metasurface is 192mm, corresponding to 4.8λ0, and the
y-period is 6 mm. The reflection angle simulated by
FDTD-IBC is56◦, which agrees well with the analytical
value of 56.4◦ evaluated by eqn (13). Then, we simu-
late the reflection fields under oblique incidence angle of
15◦ as in Figure 6 (b), the period of the meta-atom is 8
mm, the same number of meta-atoms listed in Table II
is employed. The reflection angle simulated by FDTD-
IBC is62◦, which agrees well with the analytical value of
62.1◦ evaluated by eqn (13).

For wideband simulations, the surface impedance
should be fitted as explained in Sec. III-B. Figure 7
shows the wideband surface impedances of the CRR
meta-atom when a = 4.8 mm of exact data and vector
fitting method [34]. It can be concluded that when N = 6
and N = 8, the fitted surface impedance converges to the
exact data. We choose N = 6 in the following simula-
tions, as they employ the same meta-atoms.

Figure 8 shows the reflection angle θr from 7.1
GHz to 8.5 GHz for the gradient metasurface in Fig-
ure 6 (a) evaluated by generalized reflection law [1] and
the proposed FDTD-IBC, very good agreements between
them can be found. Table III lists the computation time
and memory requirements for the wideband simulation
of gradient metasurface. The discretization sizes for
FDTD and FDTD-IBC are 0.1 mm and 1mm, respec-
tively, showing the potential for larger surfaces; in this
case computation time is reduced from 50.1 hours to 314
seconds, and the memory is reduced from 27.7 GB to
639.2 MB.

C. Reflection fields focusing with 2D metasurface
(Metareflector)

As a final application example, we consider a meta-
surface with two-dimensional variation, designed for
reflection field focusing for normal plane-wave inci-
dence. We will call “metareflector” this structure, in



HU, ZHOU, FANG, LI: FDTD SIMULATIONS OF MODULATED METASURFACES WITH ARBITRARILY SHAPED META-ATOMS 1514

Fig. 8. Wideband simulated reflection angle θr of the
gradient metasurface with eqn (13) and FDTD-IBC from
7.1 GHz to 8.5 GHz.

(a) (b)

(c) (d)

Fig. 9. Phase distributions of the metareflector for
reflection fields focusing at 7.5 GHz with the 30× 30
CRRs, (a) GO target phase [1], (b) phase compensa-
tion with 3 bit meta-atoms, (c) log(|real(Zs

xx)|), (d)
log(|imag(Zs

xx)|).

analogy to the cognate reflectarrays. The phase distri-
bution is based on the Geometrical Optics (GO) approx-
imation, yielding

ϕ(x,y) = k0( fc−
√

x2 + y2 + f 2
c ), (14)

for a focal length fc; the surface impedance is again
designed so as to yield the desired phase. Figure 9

(a) (b)

Fig. 10. Normalized focusing fields of the metareflector
A i.e. D = 4.5λ at 7.5 GHz, (a) xoz plane, (b) yoz plane.

(a) (b)

Fig. 11. Normalized focusing fields of xoz plane by
the metareflectors B and C at 7.5 GHz, i.e. (a) D =
300mm=7.5λ , with 50× 50 meta-atoms and (b) D =
420mm=10.5λ , with 70×70 meta-atoms.

shows the resulting structure for fc =180 mm at 7.5
GHz; Figure 9 (a) plots the ideal (continuous) GO phase
compensation at the location of (x,y), and Figure 9 (b)
the realized phase distributions with 3 bit CRR meta-
atoms. The effective surface impedances distributions
of the metareflector are obtained from the precomputed
meta-atoms listed in Table II as in Figure 9 (c) and (d).
The physical structures of the metareflector are substi-
tuted by homogeneous surface impedances as indicated
earlier.

We consider three diameters: (A) D = 180mm,
i.e. 4.5 wavelengths at the operating frequency, and
fc
/

D = 1; (B) D = 300mm, i.e. 7.5 wavelengths,
and fc

/
D = 0.6; (C) D = 420mm, i.e. 10.5 wave-

lengths, and fc
/

D = 0.43. Figure 10 and Figure 11
show the normalized reflection field manipulations by
the designed metasurface reflector at the xoz and yoz
plane. For the relatively small structure A in Figure 10,
there is a significant discrepancy between the planned
focal length (180 mm) and the observed one, 109 mm;
this is to be expected from a GO-based design. Indeed,
the situation changes with larger sizes, of 7.5 and 10.5
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Table 4: Computation time and memory performance
of the FDTD-IBC for metareflectors of different dimen-
sions
Type Number of Dimensions Number Time Memory

meta-atoms [λ ×λ ] of grids [h] [GB]
A 30×30 4.5×4.5 400×400×80 0.39 12.5
B 50×50 7.5×7.5 640×640×80 1.75 32.6
C 70×70 10.5×10.5 880×880×80 3.34 54.7

wavelengths, as seen in Figure 11 yielding 161 and 175
mm focal lengths, respectively, thus actually nearing the
GO prediction [37]. Table IV lists the computation time
and memory requirements for the full wave simulations
of the proposed method, where the discretization size
is 0.5 mm.

V. CONCLUSION
In this short paper, we have presented and vali-

dated an effective surface impedance boundary condition
(IBC) for FDTD for wideband simulations of modulated
metasurface with complicated meta-atoms. The local
surface impedance is obtained via frequency domain
(FEM) simulation of the meta-atoms in the periodic
approximation, and vector fitting method for the fre-
quency dependence not get closed-form time domain
impulse responses. With the proposed method, the
thickness of the metasurface is not discretized in the
FDTD, and the transverse variation only requires space
discretization to match the modulation, which is slow.
Hence, the multiscale metasurface can be substituted
by homogenous surface impedance, and the number of
unknowns is reduced significantly. Examples of meta-
surfaces for reflected field manipulations are shown to
demonstrate the validity of the proposed method.
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