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Abstract – A summation technique has been developed
based on the continuous fractional expansion to accelerate the convergence of infinite series involving the product of Riccati–Bessel functions, which are common to
electromagnetic applications. The series is transformed
into a new and faster convergent sequence with a continued fraction form, and then the continued fraction
approximation is used to accelerate the calculation. The
well-known addition theorem formula for spherical wave
function is used to verify the correctness of the algorithm. Then, some fundamental aspects of the practical application of continuous fractional expansion for
Mie scattering theory and electromagnetic exploration
are considered. The results of different models show that
this new technique can be applied reliably, especially in
the electromagnetic field excited by the vertical electric
dipole (VED) source in the “earth-ionospheric” cavity.
The comparison among the new technology, the Watsontransform, and the spherical harmonic series summation
algorithm shows that this new technology only needs less
than 120 series items which is already enough to obtain a
small relative error, which greatly improves the convergence speed, and provides a new way to solve the problem.
Index Terms – infinite series; Riccati–Bessel function;
Mie scattering; electromagnetic prospecting.

I. INTRODUCTION
The study of electromagnetism can be applied in
many areas, such as electromagnetic scattering [1–5],
plasmonics [6–8], seismo-ionospheric disturbance [9–
11], radio communication [12–15], and earth science
[16–20] studies. Following the pioneering work of
Lorenz-Mie [21], the subject of electromagnetic wave
propagation under spherical boundary has become a hot
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spot in the fields of electromagnetism [1–5, 14–16, 22].
Since the spherical Bessel function is often used as the
eigenfunction for the spherical coordinate system, the
numerical calculation including the integral or series of
the spherical Bessel function is extremely important in
the fields of scientific calculation and engineering applications [23, 24]. Theoretically, the analytical solution of
the Helmholtz equation in the spherical coordinate system can be obtained by the method of separating variables. However, even if modern high-performance computers are used to calculate the sum of the series directly
item by item, the spherical Bessel function of high-order
complex parameters can easily lead to a numerical overflow in the calculation process [25, 26]. As a result,
the series expression does not converge, and it is timeconsuming to directly calculate the infinite sum.
To overcome this computational burden, predecessors proposed different solutions to specific series problems [27–29]. For the Mie scattering series, for example,
Wiscombe [30] proposed to truncate the series and give
the maximum summation term Nmax. The Wiscombe
criterion is by far the most widely used, but the criterion
is based on a priori estimation [31], and Nmax is positively correlated with the frequency and the radius of the
sphere. That is, the truncation terms will increase with
the increase in frequency and radius. In addition, the
truncation formula cannot be fully applied to the spherical vector wave function. For earth-scale models, it is
time-consuming to directly calculate the infinite sum.
Fock [32] put forward the Watson-transform technique
to transform the infinite series summation into a contour
integral and obtained the expression that is convenient
for engineering calculations. But the realization of the
Watson-transform depends on the solution of the poles
of the summation function in the series, which is complicated. Wang [22] developed the spherical harmonic
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series acceleration convergence algorithm proposed by
Barrick, but it needs to subtract an appropriate closedform expression from the original accurate series, and
then add the same closed-form expression to improve the
convergence.
The principle of the infinite series acceleration
method is to transform a slowly convergent sequence into
a new, faster converging sequence. Since there is not any
general algorithm that could work well for every type of
sequence, we should try different algorithms to obtain
the optimum result for the problem under investigation
[28]. Continued fraction expansion has wide application in the numerical calculation of special analytic functions. Hänggi [27] applied the method of the continued
fraction expansion for the slow convergent series which
occurs in quantum mechanics and statistical mechanics.
In this paper, the author tries to apply the continued fraction expansion to improve the convergence of infinite
series containing the product of spherical Bessel functions, aiming to find a simpler and more efficient method
to converge the series. The comparison with previous
results shows that this new technology can be reliably
applied, especially for the calculation of the field excited
by the electric dipole source in the “earth-ionospheric”
cavity, and provides a new way to solve the problems.

II. BASIC PROPERTIES OF THE
CONTINUED FRACTIONS
A. Continued fraction expansion of the series
If the infinite series S∞ satisfies the form:
1 ∞ gn (x)
∑ y2n−1 .
y n=1

X(k) = X(k − 1) + dn−1 ∗ X(k − 2) (k = L, L − 2, . . . , 4)
X(2) = X(1) + dn−1
X(k) ↔ X(k + 1) (k = 1, 3, 5, . . . , L − 1)
L/2

Dn = gn + ∑ gn−i X(2i − 1)
i=1

dn = −Dn /Dn−1 ,
(3)

where k and i are loop variables, INT is a rounding function, and X(k) ↔ X(k + 1) means interchange X(k) and
X(k + 1).
B. Convergence algorithm for continued fractions
Starting from the right side of eqn (2), one can gradually approach the convergence value of the series S∞ ,
but each additional term in the calculation means recalculating the entire continued fraction. Therefore, Wallis [33] proposed a fast recursive algorithm, define the
array An and Bn with an initial value: A−1 = 1, B−1 = 0,
A0 = 1, B0 = 1. And the relationship between An , Bn and
dn is:
An = An−1 + dn An−2
(4)
Bn = Bn−1 + dn Bn−2
And we have:
An
.
(5)
Bn
From eqn (2), (4), and (5), the successive approximation to infinite continued fraction can be calculated
until the required accuracy is obtained. But the recursive
algorithm is easy to cause calculation overflow because
the values
 of An and Bn are
 too large or too small. Define
Cn = An An−1 , Dn = Bn Bn−1 , we have [34]:
fn = 1+Sn =

(1)

Cn = 1 +

Expand the series (1) into continued fraction form at y
=1, we have:

Dn = 1 +

S∞ =

Sn =

d1
1+

d2

,

(2)

... . .
1+ .
1+dn

where dn is the nth continued fraction factor [27], n is
the total number of factors, and eqn (2) is named the limit
periodic continued fraction. Define a global array X with
an initial value of “0,” intermediate variables Dn and L,
then the relationship between the continued fraction factor dn and the series gn is [27]:
when n < 5,
n = 1, D1 = g1 , d1 = D1
n = 2, D2 = g2 , d2 = −D2 /D1
n = 3 D3 = g3 + g2 d2 , d3 = −D3 /D2
n = 4 D4 = g4 + g3 (d2 + d3 ) , d4 = −D4 /D3
n ≥ 5,
L = 2 ∗ INT [(n − 1)/2]

dn
dn

= 1+
Cn−1
An−1 An−2

dn
dn

= 1+
Dn−1
Bn−1 Bn−2


An Bn
An An−1
Cn


=
.
=
Dn
Bn Bn−1
An−1 Bn−1

(6)
(7)
(8)

Define C1 = 1 + d1 , D1 = 1, f0 = 1, from eqn (5) and (8)
we have:
Cn
fn =
· fn−1 .
(9)
Dn
Eqn (9) describes the nth approximate value represented
by the continued fraction, where the value of n depends
on the oscillation of the Bessel function and the required
accuracy. Therefore, it is necessary to specify a small
positive number ε according to the required calculation
accuracy. When the relative error of the last two calculation results is less than or equal to ε, that is, when
the eqn (10) is established, the series is considered to be
convergent, and S∞ ∼
= fn − 1.
fn
− 1 ≤ ε.
(10)
fn−1

FANGHUA, QINGYUN, ZHE, YA: CONVERGENCE ACCELERATION OF INFINITE SERIES INVOLVING THE PRODUCT OF RICCATI–BESSEL FUNCTION 1520

III. EXAMPLES
speed. That is, we need to accurately calculate the highorder spherical Bessel function.
To investigate the approximation effect of the continued fraction expansion of infinite series containing
Bessel function, we choose the addition theorem formula
IV. APPLICATION OF CONTINUED
[15] of the spherical wave function in free space to verify
FRACTION EXPANSIONS FOR
the correctness of the algorithm:
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Fig. 2. Comparison of the number of items required for the continued fraction expansion and the direct summation.
Fig. 2. Comparison of the number of items required forthe continued fraction expansion and the direct summation.
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n



)

n

0
(2n

 + 1) ·1Pn (cos θ ) ·
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a

,
(13)

where bn and cn are coefficients related to the electrical
characteristics of the ionosphere and the earth, and Jˆn and
Ĥn1 are the Riccati–Bessel function.
Different from the Mie scattering series, which only
contains the product of the spherical Bessel function
once, the ELF/SLF electromagnetic field excited by
an electric dipole contains the product of the spherical Bessel function multiple times and the product of
the Legendre function. Due to the scale of the earth,
it is difficult to obtain accurate spherical Bessel function values of high-order complex parameter unless it
is properly approximated [36]. Therefore, even with a
high-performance computer, it is hard to converge the
series by calculating the sum of the sequence item by
item. Wait [15] adopted the classical modal theory and
applied the Watson-transform to solve the radial electric
field excited by a VED. Barrick [36] derived the spherical harmonic series expression of ELF/SLF electromagnetic wave field under ideal boundary conditions. Wang
[22] developed Barrick’s method and proposed a numerical convergence algorithm, but it needs to subtract a
closed-form expression from the original exact series,
and then add the same closed expression to modify the
summation.
To verify the correctness and practicability of the
new sequence, Figure 4 compares the radial electric field
strength at 5 and 50 Hz with the asymptotic solution of
Wait [15] and the numerical sum of Barrick [36]. At 50
Hz, the approximate solution obtained by Wait [15] using
the classic Watson transform works well far away from
the source, but it fails to show the rapid attenuation trend
of the field in the region closer to the source. That is, near
the source point, the electromagnetic field has the largest
value and then decays rapidly, and finally shows the wellknown resonance phenomenon. At 5 Hz, the difference
of approximate solution increases significantly. Since
both the paper and Barrick’s research adopt precise series
solutions, the two curves are in good agreement, and
the electromagnetic field near the source shows a clear
downward trend. However, Barrick achieved sufficient
accuracy and convergence by taking 650 items in the
sequence, while it only needs no more than 120 items
to obtain a relative accuracy of 10−15 by the algorithm
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