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Abstract – A summation technique has been developed
based on the continuous fractional expansion to acceler-
ate the convergence of infinite series involving the prod-
uct of Riccati–Bessel functions, which are common to
electromagnetic applications. The series is transformed
into a new and faster convergent sequence with a con-
tinued fraction form, and then the continued fraction
approximation is used to accelerate the calculation. The
well-known addition theorem formula for spherical wave
function is used to verify the correctness of the algo-
rithm. Then, some fundamental aspects of the practi-
cal application of continuous fractional expansion for
Mie scattering theory and electromagnetic exploration
are considered. The results of different models show that
this new technique can be applied reliably, especially in
the electromagnetic field excited by the vertical electric
dipole (VED) source in the “earth-ionospheric” cavity.
The comparison among the new technology, the Watson-
transform, and the spherical harmonic series summation
algorithm shows that this new technology only needs less
than 120 series items which is already enough to obtain a
small relative error, which greatly improves the conver-
gence speed, and provides a new way to solve the prob-
lem.

Index Terms – infinite series; Riccati–Bessel function;
Mie scattering; electromagnetic prospecting.

I. INTRODUCTION
The study of electromagnetism can be applied in

many areas, such as electromagnetic scattering [1–5],
plasmonics [6–8], seismo-ionospheric disturbance [9–
11], radio communication [12–15], and earth science
[16–20] studies. Following the pioneering work of
Lorenz-Mie [21], the subject of electromagnetic wave
propagation under spherical boundary has become a hot

spot in the fields of electromagnetism [1–5, 14–16, 22].
Since the spherical Bessel function is often used as the
eigenfunction for the spherical coordinate system, the
numerical calculation including the integral or series of
the spherical Bessel function is extremely important in
the fields of scientific calculation and engineering appli-
cations [23, 24]. Theoretically, the analytical solution of
the Helmholtz equation in the spherical coordinate sys-
tem can be obtained by the method of separating vari-
ables. However, even if modern high-performance com-
puters are used to calculate the sum of the series directly
item by item, the spherical Bessel function of high-order
complex parameters can easily lead to a numerical over-
flow in the calculation process [25, 26]. As a result,
the series expression does not converge, and it is time-
consuming to directly calculate the infinite sum.

To overcome this computational burden, predeces-
sors proposed different solutions to specific series prob-
lems [27–29]. For the Mie scattering series, for example,
Wiscombe [30] proposed to truncate the series and give
the maximum summation term Nmax. The Wiscombe
criterion is by far the most widely used, but the criterion
is based on a priori estimation [31], and Nmax is posi-
tively correlated with the frequency and the radius of the
sphere. That is, the truncation terms will increase with
the increase in frequency and radius. In addition, the
truncation formula cannot be fully applied to the spher-
ical vector wave function. For earth-scale models, it is
time-consuming to directly calculate the infinite sum.
Fock [32] put forward the Watson-transform technique
to transform the infinite series summation into a contour
integral and obtained the expression that is convenient
for engineering calculations. But the realization of the
Watson-transform depends on the solution of the poles
of the summation function in the series, which is com-
plicated. Wang [22] developed the spherical harmonic
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series acceleration convergence algorithm proposed by
Barrick, but it needs to subtract an appropriate closed-
form expression from the original accurate series, and
then add the same closed-form expression to improve the
convergence.

The principle of the infinite series acceleration
method is to transform a slowly convergent sequence into
a new, faster converging sequence. Since there is not any
general algorithm that could work well for every type of
sequence, we should try different algorithms to obtain
the optimum result for the problem under investigation
[28]. Continued fraction expansion has wide applica-
tion in the numerical calculation of special analytic func-
tions. Hänggi [27] applied the method of the continued
fraction expansion for the slow convergent series which
occurs in quantum mechanics and statistical mechanics.
In this paper, the author tries to apply the continued frac-
tion expansion to improve the convergence of infinite
series containing the product of spherical Bessel func-
tions, aiming to find a simpler and more efficient method
to converge the series. The comparison with previous
results shows that this new technology can be reliably
applied, especially for the calculation of the field excited
by the electric dipole source in the “earth-ionospheric”
cavity, and provides a new way to solve the problems.

II. BASIC PROPERTIES OF THE
CONTINUED FRACTIONS

A. Continued fraction expansion of the series
If the infinite series S∞satisfies the form:

S∞ =
1
y

∞

∑
n=1

gn (x)
y2n−1 . (1)

Expand the series (1) into continued fraction form at y
=1, we have:

Sn =
d1

1+ d2

1+
. . .. . .
1+dn

, (2)

where dn is the nth continued fraction factor [27], n is
the total number of factors, and eqn (2) is named the limit
periodic continued fraction. Define a global array X with
an initial value of “0,” intermediate variables Dn and L,
then the relationship between the continued fraction fac-
tor dn and the series gn is [27]:
when n < 5,

n = 1, D1 = g1, d1 = D1
n = 2, D2 = g2, d2 =−D2/D1
n = 3 D3 = g3 +g2d2, d3 =−D3/D2
n = 4 D4 = g4 +g3 (d2 +d3) , d4 =−D4/D3
n≥ 5,
L = 2∗ INT [(n−1)/2]

X(k) = X(k−1)+dn−1 ∗X(k−2) (k = L,L−2, . . . ,4)
X(2) = X(1)+dn−1
X(k)↔ X(k+1) (k = 1,3,5, . . . ,L−1)

Dn = gn +
L/2
∑

i=1
gn−iX(2i−1)

dn =−Dn/Dn−1,
(3)

where k and i are loop variables, INT is a rounding func-
tion, and X(k)↔ X(k+ 1) means interchange X(k) and
X(k+1).

B. Convergence algorithm for continued fractions
Starting from the right side of eqn (2), one can grad-

ually approach the convergence value of the series S∞,
but each additional term in the calculation means recal-
culating the entire continued fraction. Therefore, Wal-
lis [33] proposed a fast recursive algorithm, define the
array An and Bn with an initial value: A−1 = 1, B−1 = 0,
A0 = 1, B0 = 1. And the relationship between An, Bn and
dn is:

An = An−1 +dnAn−2
Bn = Bn−1 +dnBn−2

(4)

And we have:

fn = 1+Sn =
An

Bn
. (5)

From eqn (2), (4), and (5), the successive approx-
imation to infinite continued fraction can be calculated
until the required accuracy is obtained. But the recursive
algorithm is easy to cause calculation overflow because
the values of An and Bn are too large or too small. Define
Cn = An

/
An−1, Dn = Bn

/
Bn−1, we have [34]:

Cn = 1+
dn

An−1
/

An−2
= 1+

dn

Cn−1
(6)

Dn = 1+
dn

Bn−1
/

Bn−2
= 1+

dn

Dn−1
(7)

Cn

Dn
=

An
/

An−1

Bn
/

Bn−1
=

An
/

Bn

An−1
/

Bn−1
. (8)

Define C1 = 1+d1, D1 = 1, f0 = 1, from eqn (5) and (8)
we have:

fn =
Cn

Dn
· fn−1. (9)

Eqn (9) describes the nth approximate value represented
by the continued fraction, where the value of n depends
on the oscillation of the Bessel function and the required
accuracy. Therefore, it is necessary to specify a small
positive number ε according to the required calculation
accuracy. When the relative error of the last two cal-
culation results is less than or equal to ε , that is, when
the eqn (10) is established, the series is considered to be
convergent, and S∞

∼= fn−1.
fn

fn−1
−1≤ ε. (10)



FANGHUA, QINGYUN, ZHE, YA: CONVERGENCE ACCELERATION OF INFINITE SERIES INVOLVING THE PRODUCT OF RICCATI–BESSEL FUNCTION 1520

III. EXAMPLES
To investigate the approximation effect of the con-

tinued fraction expansion of infinite series containing
Bessel function, we choose the addition theorem formula
[15] of the spherical wave function in free space to verify
the correctness of the algorithm:

e−ikR

R
=

∞

∑
n=0
−ik (2n+1) jn (kr)h(2)n (krs)Pn(cosθ),r < rs,

(11)
where jn and h(2)n are the spherical Bessel functions,
k = 2π f · √µε is the wavenumber of free space, r is
the radius of the earth, rs is the position of the field
source, R =

√
r2−2rrs cosθ + rs2 is the distance from

the observation point to the source.
Figure 1 shows the calculation results of direct

series summation and continued fraction expansion sum-
mation. The frequency f = 1 Hz(a), 300Hz(b), r =
6371km, rs = r + 10m. To further show the numerical
characteristics of the technique in this paper, in Figure 2,
we show the number of items in the continued fraction
expansion required at different frequencies and different
observation positions and the number of terms required
for the direct summation of the series.

It can be seen from Figure 1 and Figure 2 that the
result of the continued fraction expansion is completely
consistent with the analytical solution. As the frequency
increases, the oscillation of the spherical Bessel func-
tion increases. It is necessary to increase the calcula-
tion items to obtain higher accuracy. It is worth not-
ing that even at 300 Hz, the continued fraction expan-
sion method only needs no more than 100 items, the
effect and speed are much better than the direct summa-
tion method. At the same frequency, the farther away
from the field source, the faster the series converges, and
the closer to the field source, the slower the convergence

1
n

n n

n

C
f f

D
               (9) 

Eqn (9) describes the nth approximate value 

represented by the continued fraction, where the 

value of n depends on the oscillation of the Bessel 

function and the required accuracy. Therefore, it is 

necessary to specify a small positive number   

according to the required calculation accuracy. When 

the relative error of the last two calculation results is 

less than or equal to  , that is, when the eqn (10) is 

established, the series is considered to be convergent, 

and 1nS f   . 

1

1n

n

f

f




               (10) 
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where nj and 
 2

nh are the spherical Bessel functions, 

2k f   is the wavenumber of free space, r  
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sr  is the position of the 

field source, 
2 22 coss sR r rr r   is the distance 

from the observation point to the source. 
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paper, in Figure 2, we show the number of items in 

the continued fraction expansion required at different 
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It can be seen from Figure 1 and Figure 2 that 

the result of the continued fraction expansion is 

completely consistent with the analytical solution. As 

the frequency increases, the oscillation of the 

spherical Bessel function increases. It is necessary to 

increase the calculation items to obtain higher 

accuracy. It is worth noting that even at 300 Hz, the 

continued fraction expansion method only needs no 

more than 100 items, the effect and speed are much 

better than the direct summation method. At the same 

frequency, the farther away from the field source, the 

faster the series converges, and the closer to the field 

source, the slower the convergence speed. That is, we 

need to accurately calculate the high-order spherical 

Bessel function. 

           
(a)                                            (b) 

Fig. 1. Comparison of the free-space spherical wave function obtained by the continued fraction expansion method 

and the direct summation. N is the number of items, and the relative accuracy is 10-10. (a) f = 1 Hz, (b) f = 300 Hz. 

 
Fig. 1. Comparison of the free-space spherical wave function obtained by the continued fraction expansion method
and the direct summation. N is the number of items, and the relative accuracy is 10−10. (a) f = 1Hz, (b) f = 300Hz.

speed. That is, we need to accurately calculate the high-
order spherical Bessel function.

IV. APPLICATION OF CONTINUED
FRACTION EXPANSIONS FOR
ELECTROMAGNETIC FIELD

A. Expressions for Mie series
The Lorenz–Mie theory [21] is a complete theoret-

ical framework for studying the electromagnetic scatter-
ing of plane waves by a uniform isotropic media sphere.
Consider a uniform sphere of radius a and embedded
in a non-absorbing medium with a dielectric constant of
εM. For an incident monochromatic plane wave of wave-
length λ , the electromagnetic characteristics of the inci-
dent beam can be described by a set of dimensionless
scattering coefficients Qsca, extinction coefficients Qext,
absorption coefficients Qabs, and backscattering coeffi-
cients Qb [5]:

Qsca =
2
x2

∞

∑
n=1

(2n+1)
(
|an|2 + |bn|2

)
Qext =

2
x2

∞

∑
n=1

(2n+1)(Re(an)+Re(bn))

Qabs = Qsca−Qext

Qb =
1
x2

∣∣∣∣∣ ∞

∑
n=1

(2n+1)(−1)n (an−bn)

∣∣∣∣∣
2

, (12)

where an and bn are the Mie coefficients that characterize
the optical response of the sphere:

an =
mĴn (mx) Ĵn

′
(x)− Ĵn (x) Ĵn

′
(mx)

mĴn (mx) Ĥ1
n
′
(x)− Ĥ1

n (x) Ĵn
′
(mx)

bn =
Ĵn (mx) Ĵn

′
(x)−mĴn (x) Ĵn

′
(mx)

Ĵn (mx) Ĥ1
n
′
(x)−mĤ1

n (x) Ĵn
′
(mx)

,
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Fig. 2. Comparison of the number of items required for the continued fraction expansion and the direct summation. 
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where an and bn are the Mie coefficients that 
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where 2x R   is the particle size parameter， 

m  is the relative refractive index， ˆ
nJ  and 1ˆ

nH  are 

the Riccati–Bessel functions. 

Figure 3 shows the calculation results of metal 

materials (m = 50+50i) in the range of particle size 

parameter x from 0 to 30 and compares them with 

the calculation results of Christian Mätzler [5]. It can 

be seen from Figure 3 that the two algorithms are in 

good agreement. The parameter with the maximum 

value and the maximum fluctuation is Qb. The curves 

of Qext and Qsca are closely connected near the value 

2 and increase rapidly. For x = 30, Nwis = 44, and Ncf 

= 58. For the Mie series, the convergence of the 

original series is good enough, so the application of 

the continued fraction method does not bring a 

significant improvement in convergence, but it 

proves the correctness and practicability of our 

method. Note that as the particle size parameter x 

increases, the number of truncation items required 

for the series will increase. In Mätzler [5], for large 

parameters, the high-order spherical Bessel function 

leads to the overflow. The accurate calculation of 

high-order spherical Bessel functions can be found in 
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/

λ is the particle size parameter, m is
the relative refractive index, Ĵn and Ĥ1

n are the Riccati–
Bessel functions.

Figure 3 shows the calculation results of metal mate-
rials (m = 50+50i) in the range of particle size parame-
ter x from 0 to 30 and compares them with the calcu-
lation results of Christian Mätzler [5]. It can be seen
from Figure 3 that the two algorithms are in good agree-
ment. The parameter with the maximum value and the
maximum fluctuation is Qb. The curves of Qext and
Qsca are closely connected near the value 2 and increase
rapidly. For x = 30, Nwis = 44, and Nc f = 58. For
the Mie series, the convergence of the original series is
good enough, so the application of the continued frac-
tion method does not bring a significant improvement
in convergence, but it proves the correctness and prac-
ticability of our method. Note that as the particle size
parameter x increases, the number of truncation items
required for the series will increase. In Mätzler [5], for
large parameters, the high-order spherical Bessel func-
tion leads to the overflow. The accurate calculation of
high-order spherical Bessel functions can be found in the
literature [25], [26].

B. Propagation of ELF/SLF electromagnetic waves
In recent years, the propagation of ELF/SLF elec-

tromagnetic waves in the “earth-ionospheric” cavity has
attracted much attention in the fields of submarine com-
munication, resource exploration, earthquake precursor

the literature [25, 26].  

 
Fig. 3. Mie Efficiencies for a metal-like material 

(m=50+50i) over the x range from 0 to 30. The solid 

lines are computed with the Wiscombe criterion, the 

dotted lines are calculated using the continued fraction 

expansion. 
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where bn and cn are coefficients related to the 

electrical characteristics of the ionosphere and the 

earth, and ˆ
nJ and 1ˆ

nH  are the Riccati–Bessel 

function. 

Different from the Mie scattering series, which 

only contains the product of the spherical Bessel 

function once, the ELF/SLF electromagnetic field 

excited by an electric dipole contains the product of 

the spherical Bessel function multiple times and the 

product of the Legendre function. Due to the scale of 

the earth, it is difficult to obtain accurate spherical 

Bessel function values of high-order complex 

parameter unless it is properly approximated [36]. 

Therefore, even with a high-performance computer, 

it is hard to converge the series by calculating the 

sum of the sequence item by item. Wait [15] adopted 

the classical modal theory and applied the 

Watson-transform to solve the radial electric field 

excited by a VED. Barrick [36] derived the spherical 

harmonic series expression of ELF/SLF 

electromagnetic wave field under ideal boundary 

conditions. Wang [22] developed Barrick’s method 

and proposed a numerical convergence algorithm, 

but it needs to subtract a closed-form expression 

from the original exact series, and then add the same 

closed expression to modify the summation. 

To verify the correctness and practicability of 

the new sequence, Figure 4 compares the radial 

electric field strength at 5 and 50 Hz with the 

asymptotic solution of Wait [15] and the numerical 

sum of Barrick [36]. At 50 Hz, the approximate 

solution obtained by Wait [15] using the classic 

Watson transform works well far away from the 

source, but it fails to show the rapid attenuation trend 

of the field in the region closer to the source. That is, 

near the source point, the electromagnetic field has 

the largest value and then decays rapidly, and finally 

shows the well-known resonance phenomenon. At 5 

Hz, the difference of approximate solution increases 

significantly. Since both the paper and Barrick’s 

research adopt precise series solutions, the two 

curves are in good agreement, and the 

electromagnetic field near the source shows a clear 

downward trend. However, Barrick achieved 

sufficient accuracy and convergence by taking 650 

items in the sequence, while it only needs no more 

than 120 items to obtain a relative accuracy of 10-15 

by the algorithm in this paper, of which no more than 

50 items in the far-field. Therefore, the algorithm in 

this paper can greatly improve the convergence 

speed. Therefore, only a few items are already 

enough to obtain a small relative error, which greatly 

improves the convergence speed. 

Fig. 3. Mie Efficiencies for a metal-like material
(m=50+50i) over the x range from 0 to 30. The solid lines
are computed with the Wiscombe criterion, the dotted
lines are calculated using the continued fraction expan-
sion.

monitoring, and space weather disaster investigation
[14, 15, 19, 22, 35].

Considering the vertical electric dipole source
(VED) located near the spherical surface, the electro-
magnetic field on the earth’s surface can be represented
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as [14]:

Er =
−ηk2Idl

4πv2
s v
·

∞

∑
n=1

{
n(n+1) · (2n+1) ·Pn (cosθ) ·[
Ĵn (v) Ĥ1

n (vs)+bnĴn (v)+ cnĤ1
n (v)

] }

Eθ =
ηk2Idl
4πv2

s v
·

∞

∑
n=1

{
(2n+1) ·P′n (cosθ) ·[
Ĵ′n (v) Ĥ1

n (vs)+bnĴ′n (v)+ cnĤ1
n
′
(v)
] }

Hϕ =
ik2Idl
4πv2

s v
·

∞

∑
n=1

{
(2n+1) ·P′n (cosθ) ·[
Ĵn (v) Ĥ1

n (vs)+bnĴn (v)+ cnĤ1
n (v)

] } ,

(13)

where bn and cn are coefficients related to the electrical
characteristics of the ionosphere and the earth, and Ĵn and
Ĥ1

n are the Riccati–Bessel function.
Different from the Mie scattering series, which only

contains the product of the spherical Bessel function
once, the ELF/SLF electromagnetic field excited by
an electric dipole contains the product of the spheri-
cal Bessel function multiple times and the product of
the Legendre function. Due to the scale of the earth,
it is difficult to obtain accurate spherical Bessel func-
tion values of high-order complex parameter unless it
is properly approximated [36]. Therefore, even with a
high-performance computer, it is hard to converge the
series by calculating the sum of the sequence item by
item. Wait [15] adopted the classical modal theory and
applied the Watson-transform to solve the radial electric
field excited by a VED. Barrick [36] derived the spheri-
cal harmonic series expression of ELF/SLF electromag-
netic wave field under ideal boundary conditions. Wang
[22] developed Barrick’s method and proposed a numer-
ical convergence algorithm, but it needs to subtract a
closed-form expression from the original exact series,
and then add the same closed expression to modify the
summation.

To verify the correctness and practicability of the
new sequence, Figure 4 compares the radial electric field
strength at 5 and 50 Hz with the asymptotic solution of
Wait [15] and the numerical sum of Barrick [36]. At 50
Hz, the approximate solution obtained by Wait [15] using
the classic Watson transform works well far away from
the source, but it fails to show the rapid attenuation trend
of the field in the region closer to the source. That is, near
the source point, the electromagnetic field has the largest
value and then decays rapidly, and finally shows the well-
known resonance phenomenon. At 5 Hz, the difference
of approximate solution increases significantly. Since
both the paper and Barrick’s research adopt precise series
solutions, the two curves are in good agreement, and
the electromagnetic field near the source shows a clear
downward trend. However, Barrick achieved sufficient
accuracy and convergence by taking 650 items in the
sequence, while it only needs no more than 120 items
to obtain a relative accuracy of 10−15 by the algorithm

 
Fig. 4. Compare the radial electric field strength at 5 

and 50 Hz with the asymptotic solution of Wait [15] 

and the numerical sum of Barrick [36]. 

 

C. Application in electromagnetic prospecting 
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define the ratio of the orthogonal electric field to the 
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0e eZ    

[35]. Although it is not possible to define an  

idealized plane wave source on the spherical earth 

model, fortunately, Di [19] pointed out that when the 

transmission distance is greater than six skin depths, 

the ELF/SLF electromagnetic wave field can be 

regarded as a plane wave source. And the apparent 

resistivity and phase in the spherical coordinate are: 

21
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e

Z

Z
       (14) 

To verify the feasibility of WEM in the 

spherical earth and analyze its response 

characteristics, Figure 5 shows the apparent 

resistivity and phase of the WEM in the 

homogeneous earth model with earth resistivity of

10 m , 100 m  and 1000 m . 

Figure 5 (a) shows that in the ELF/SLF range, 

the apparent resistivity curve of WEM at different 

frequencies is completely coincident with the 

resistivity of the earth. Because in eqn (14), it can be 

seen that the ratio of the electric field and the 

magnetic field is closely related to the emission 

frequency and the resistivity of the underground 

medium. Therefore, when the emission frequency is 

known, the resistivity of the underground medium 

can be obtained, which reveals that WEM can detect 

the electrical parameters of underground targets. In 

addition, following the definition of skin depth

2  , it can be known that in the earth media, 

the attenuation rate of electromagnetic waves is 

proportional to the square root of its working 

frequency. Therefore, WEM has obvious advantages 

in deep resource exploration due to its lower 

operating frequency. Figure 5 (b) shows that for a 

homogeneous earth model, the phase is π/4, which is 

independent of the frequency and the electrical 

parameters of the underground media. This is 

consistent with the conclusion that the phase of the 

magnetic field in a homogeneous medium lags the 

phase of the electric field by π/4, and further proves 

the correctness of WEM.

 

Fig. 4. Compare the radial electric field strength at 5 and
50 Hz with the asymptotic solution of Wait [15] and the
numerical sum of Barrick [36].

in this paper, of which no more than 50 items in the far-
field. Therefore, the algorithm in this paper can greatly
improve the convergence speed. Therefore, only a few
items are already enough to obtain a small relative error,
which greatly improves the convergence speed.

C. Application in electromagnetic prospecting
As one of the important methods of resource and

energy exploration, electromagnetic exploration is based
on the difference in resistivity and polarizability between
the ore body and the surrounding rock. Different from
signal transmission in the communication field, geophys-
ical prospecting needs to construct the electrical param-
eters of underground media from the information carried
by electromagnetic waves.

As a new electromagnetic exploration method, the
wireless electromagnetic method (WEM) has the advan-
tages of high signal strength, good consistency, wide
application range, large exploration depth, etc., and has a
broad application prospect in deep resource exploration
[19]. By measuring the spatial distribution of electro-
magnetic fields caused by different rocks and ores, the
electrical parameters of underground media can be con-
structed, thus to detect underground targets. Following
the expression (13), define the ratio of the orthogonal
electric field to the magnetic field on the earth’s surface
as the spherical wave impedance [15]:|Ze| =

∣∣Eθ

/
Hϕ

∣∣,
in the extremely low-frequency range: |Ze| ≈

√
ωµ0

/
σe

[35]. Although it is not possible to define an idealized
plane wave source on the spherical earth model, fortu-
nately, Di [19] pointed out that when the transmission
distance is greater than six skin depths, the ELF/SLF
electromagnetic wave field can be regarded as a plane
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(a)                                     (b) 

Fig. 5. WEM apparent resistivity (a) and phase (b) calculated for the homogeneous models. The transmit frequency 

is 2n Hz, n = -0.5:0.5:8.5, and the interval is 0.5, and the observation azimuth is 10 degrees. 

 

 

V. CONCLUSION 
In this paper, a summation technique based on 

Continued fraction is developed to accelerate the 

convergence of infinite series containing the product of 

Riccati–Bessel functions, which are common in 

electromagnetic problems. And the recursive algorithm 

needed for effective calculation of Continued fraction 

coefficients is presented, so that the series is 

transformed into a new and faster convergent sequence 

in the form of continued fractions, then the Continued 

fraction approximation is used to accelerate the 

calculation. In addition, some main aspects of the 

practical application of continuous fractional expansion 

in Mie scattering theory and electromagnetic 

exploration are considered. The results show that in the 

Mie scattering model, since the convergence of the 

original series is good enough, the application of the 

Continued fraction expansion does not bring significant 

improvement. However, the new technology has 

powerful advantages for the calculation of extremely 

low-frequency electromagnetic fields. It only needs no 

more than 120 series items to obtain a relative accuracy 

of 10-15, of which no more than 50 items in the far-field. 

Therefore, only a few operations can be performed to 

obtain a small relative error, which greatly improves the 

convergence speed. 
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Fig. 5. WEM apparent resistivity (a) and phase (b) calculated for the homogeneous models. The transmit frequency
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wave source. And the apparent resistivity and phase in
the spherical coordinate are:

ρa =
1

ωµ
|Ze|2 ,φ = tan−1

∣∣∣∣ Im(Ze)

Re(Ze)

∣∣∣∣ . (14)

To verify the feasibility of WEM in the spherical
earth and analyze its response characteristics, Figure 5
shows the apparent resistivity and phase of the WEM in
the homogeneous earth model with earth resistivity of
10Ω ·m, 100Ω ·m and 1000Ω ·m.

Figure 5(a) shows that in the ELF/SLF range, the
apparent resistivity curve of WEM at different frequen-
cies is completely coincident with the resistivity of the
earth. Because in eqn (14), it can be seen that the ratio
of the electric field and the magnetic field is closely
related to the emission frequency and the resistivity of
the underground medium. Therefore, when the emission
frequency is known, the resistivity of the underground
medium can be obtained, which reveals that WEM can
detect the electrical parameters of underground targets.
In addition, following the definition of skin depth δ =√

2
/

ωµσ , it can be known that in the earth media, the
attenuation rate of electromagnetic waves is proportional
to the square root of its working frequency. Therefore,
WEM has obvious advantages in deep resource explo-
ration due to its lower operating frequency. Figure 5 (b)
shows that for a homogeneous earth model, the phase
is π/4, which is independent of the frequency and the
electrical parameters of the underground media. This is
consistent with the conclusion that the phase of the mag-
netic field in a homogeneous medium lags the phase of
the electric field by π/4, and further proves the correct-
ness of WEM.

V. CONCLUSION
In this paper, a summation technique based on

Continued fraction is developed to accelerate the con-
vergence of infinite series containing the product of

Riccati–Bessel functions, which are common in electro-
magnetic problems. And the recursive algorithm needed
for effective calculation of Continued fraction coeffi-
cients is presented, so that the series is transformed into
a new and faster convergent sequence in the form of con-
tinued fractions, then the Continued fraction approxima-
tion is used to accelerate the calculation. In addition,
some main aspects of the practical application of contin-
uous fractional expansion in Mie scattering theory and
electromagnetic exploration are considered. The results
show that in the Mie scattering model, since the conver-
gence of the original series is good enough, the applica-
tion of the Continued fraction expansion does not bring
significant improvement. However, the new technology
has powerful advantages for the calculation of extremely
low-frequency electromagnetic fields. It only needs no
more than 120 series items to obtain a relative accuracy
of 10−15, of which no more than 50 items in the far-field.
Therefore, only a few operations can be performed to
obtain a small relative error, which greatly improves the
convergence speed.
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