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Abstract─ Studies on whispering gallery mode
(WGM) laser in microrings have been limited to
circular geometry. Elliptical microring lasers,
despite their potential engineering use, have not
been analyzed to guide experiments. This paper
introduces a computationally efficient method for
determining the WGM laser resonance and the
laser field distribution in an elliptical microring.
An analytical method is applied to avoid
computing high order Mathieu functions. Both
WGM resonant frequencies and electromagnetic
(EM) field distributions are computed and
presented in this paper. Computed results clearly
show that the WGM laser field is concentrated on
the outer surface of the microring. Results also
show that the eccentricity of the ellipse affects the
distribution of resonant frequencies and the laser
field.
Index Terms─ Whispering gallery mode,
microring laser, elliptical microring, Mathieu
functions.

I. INTRODUCTION
The demonstration of lasers in luminescent
conducting polymer thin films [1, 2] has triggered
scientists to study lasers achieved with cylindrical
microcavities formed with this type of polymer [36]. It is reported that a cylindrical microlaser based
on whispering gallery mode (WGM) shows the

advantages of supporting low-power operation and
hence yields a high-Q value [3, 4]. The
phenomenon of the whispering gallery was first
observed and studied by Lord Rayleigh [7], and
the electromagnetic (EM) WGM in a dielectric
waveguide was comprehensively analyzed by
Wait [8]. Considering the advantage of the low
threshold lasing characteristics of microrings as
well as the flexibility of forming the conjugate
polymer into various geometry [2], there is a
potential engineering use of microring lasers as
integrated signal sources for communications.
Experimental measurements on the lasing
spectrum of polymer cylindrical microlasers have
been reported [4], and simplified studies for
resonant modes were presented by several
researchers [5, 6]. Baktur et. al. provided a more
comprehensive theoretical description for WGM
laser resonances in a circular microring [9].
While microring geometry has been confined to
a circular cross-section so far, it is equally
important to study the WGM laser in an elliptical
microring because such a structure provides a
controllable coupling when used as a pump source.
It is the objective of this work to develop a
computationally efficient method for determining
the resonance and fields of a WGM laser in a
microring with an elliptical cross-section. The
paper is organized as follows. Section II describes
the problem solving method and basic formula in
an elliptical geometry. Computation, results, and
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discussions of WGM resonance and fields are
presented in sections III and IV. Limiting factors
of the method are concluded in section V.

II. CONFIGURATION OF THE LASER
The configuration of the elliptical microring is
as follows. A microring made from an optically
active polymer is built on an aluminum or gold
core. Both core and ring are of elliptical crosssection (see Fig. 1). The choice of the core
material is consistent with the experimental studies
[3, 4]. Although waveguide modes exist and can
resonate in a microring, to be consistent with
experiments [3, 4], we only discuss modes that are
detached from the inner boundary of the
microring, i.e. WGMs. The microring is modeled
to have an infinite length (i.e. infinite in z. It
should be noted that Fig. 1 is on xy plane, and z is
vertical to the cross section in xy plane.) because
the optical length of the microring is in the order
of 100 wavelengths and allows us to model the
length as infinite for the simplicity of the analysis.
The microring can, of course, support propagation
in the z direction, bounded by reflections on the
annular faces. However, such a mode structure
involves radiative loss at these interfaces, and the
losses would quench lasing.
The cross-section view of the microring is
shown in Fig. 1. Major and minor axes of the inner
boundary of the microring are denoted as a, b. For
the outer boundary, the two axes are a' and b'. The
thickness of the microring is d, and it is obvious to
see that the following relations hold,

a' = a + d,

b' = b + d .

In elliptical coordinates, the two-dimensional
wave equation can be separated into two
Mathieu’s equations [11, 12], and solutions of
these two equations are combinations of Mathieu’s
functions [13]. Since WGMs are high order modes
[7, 8], it suggests that in order to study the WGM
in an elliptical microring, we need to deal with
modes involving Mathieu functions of large
orders. Although it is possible to study the WGM
resonance in an elliptical cavity by evaluating
Mathieu functions [14], the mode numbers that
can be correctly computed are rather limited.
Summations for Mathieu functions of large orders
are difficult due to their poor convergence.
Additionally, the process of deriving formula for
EM field components is very tedious and time
consuming. Therefore, we try to provide a much
simpler formulation with a smaller computational
complexity.
Before computing the WGM resonance and
electromagnetic fields, it is helpful to work out
relations between variables used in the elliptical
coordinate system. In Fig. 1, a point p on the outer
ellipse can be located by any one pair of variables
from (x, y), (l, φ) or (ξ2, η). The relations between
these three sets of variables are as follows:

x = l cos φ ,

y = l sin φ ,

x = a ' cos η ,
y = b ' sin η ,

(3)

l = x2 + y2 ,

(1)

and

a ' l 2 − b '2
cos φ = ±
,
l a '2 − b '2
l
cos η = cos φ ,
a'
l
sin η = sin φ ,
b'

t anh ξ2 =

Fig. 1. Cross-section view of the elliptical
microring.

(2)

b'
.
a'

(4)

(5)

(6)

The method proposed to study the WGM laser
in an elliptical microring is to deduce the WGM
field from the propagation in a local osculating
circle [15]. This method has been validated with
experiments for WGM in an elliptical microdisk
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[15]. At a point in the microring, the laser field is
approximated by the field in the circle of curvature
at that point.
To begin the discussion, the outer ellipse (axes:
a’, b’) is fit locally with circles of curvature as
illustrated in Fig. 2. For example, at the point P on
the ellipse (axes: a’, b’), the circle of curvature is
C1. C1 is an osculating circle at P, and it has the
same radius as the radius of curvature at the point
P. The radius of curvature at a point (ξ2, η),
represented by R(η), can be computed from the
following formula [16]:

R (η ) =

3
2

(a ' sin η + b ' cos η )
.
a 'b '
2

2

2

2

(7)

The WGM field at P1 in the ellipse is viewed as
having the same property as the WGM field at P1
in the circle C1. Therefore, computing the field at
P1 in C1 approximates the field in the ellipse at P1.
Similarly, fields at P2 and P3 can be obtained by
computing fields in the circle C2 and C3 at these
points. When circles of curvature are fit into the
ellipse at every point, the field at any point inside
the ellipse (i.g. P1 and P3 Fig. 2) and outside the
ellipse (i.g. P2 in Fig. 2) can be accordingly
computed.
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of modes are then treated individually. In the local
circle (i.e. the circle of curvature), the
circumferential propagation is contained in e-jνφ,
where ν is the angular wave number [9], and φ is
the angular distance on the local circle. It is
desirable to rewrite e-jνφ into e-jν(η)φ (η) to show local
propagation.
When a WGM propagates along
the ellipse, for a whole period, the increase in
phase along the path of the angular propagation
η =2π

is

∫

ν (η )φ(η )dη. In order to achieve a WGM

η =0

resonance the phase increase needs to be an
integer multiple of 2π when the EM wave finishes
an entire period along the ellipse. Accordingly we
have equation (8), where m is an integer and ν(η),
which is closely related to the radius of the
curvature [9], is the order of the Bessel functions
that describe the WGM in the local microring at η.
η = 2π

∫
η

ν (η )φ(η )dη = 2m π .

(8)

=0

In equation (8), φ (η) is the angular distance
along the local circle at η and the corresponding
length on the local circle is
l(η ) = R (η )φ(η ).
(9)
It should be noted that at the vicinity of (ξ, η),
l(η) can be approximated by the arc-length of the
ellipse along dη and it yields

l(η ) = a '2 sin 2 η + b '2 cos2 η dη .

Fig. 2. Ellipse with its osculating circles at three
points.

III. WHISPERING GALLERY MODE
RESONANCE
A. Analysis
When computing the resonance, the EM fields
are separated into transverse electric (TE) and
transverse magnetic (TM) modes to z axis, which
is along the length of the microring. The two types

(10)

Using (7), (9) and (10), (8) can be re-written
into
2π
a 'b '
∫0 a '2 sin 2 η + b '2 cos2 η ν (η )dη = 2m π . (11)
When the ellipse takes the limit to a circle, (11)
gives ν=m. This result is the same as discussed in
[9] for a circular microring resonance. By using a
zero finding routine, ν(η) can be computed from
the characteristic equation of the local microring.
B. Computed Results
Resonant frequencies (wavelengths) for both
TM and TE WGM modes in elliptical microrings
are computed and the results are plotted in Fig. 3.
The elliptical microrings have the same perimeters
and have varied axial ratios. In computation, the
integration in equation (11) is divided into 80 subintervals, and the Gaussian quadrature with the
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order of 32 is used over sub-intervals. From Fig. 3,
it is seen that the axial ratio of the ellipse affects
the resonance by shifting the resonant
wavelengths. But the shifting is not significant
when the laser resonance (630 nm) is considered.
Also, the spacing between the wavelengths does
not change significantly according to the shape of
the ellipse as long as the perimeter of the ellipse
stays the same.

Since ν(η) is related to R(η) [8], ν(η) can be
rewritten as

ν (η ) =

2π

n r α (η )R (η ),

λ0

where α(η) is a coefficient. So L becomes
2π
ab
L = ∫ α (η ) 2
R (η )dη
2
a sin η + b2 cos2 η
0
2π

=

∫ α (η )

(13)

(14)

a sin η + b cos ηdη .
2

2

2

2

0

Therefore, from (12), we have
TM

625

630
635
640
Wavelength (nm)
a=20 µm, b=10 µm
(a)

645

TM

625

630
635
640
Wavelength (nm)
a=17 µm, b=13.754 µm
(b)

TE

TE

645

L (n r / λ0 ) = m .

(15)

Suppose that a new resonance occurs at λ0+ Δλ
and results in an integer m-1 for (15). L varies
slowly compared to Δλ, and one can assume that L
does not change with respect to the wavelength.
Therefore, we have

nr

λ0 + Δλ

L ≈ m − 1.

(16)

From (16), Δλ can be computed as the
following
λ02
Δλ ≈ 2π
. (17)
n r ∫ α (η ) a 2 sin 2 η + b2 cos2 ηdη
0

TM

625

630
635
640
Wavelength (nm)
a=b=15.42 µm
(c)

TE

645

Fig. 3. WGM resonance in an elliptical microring
with respect to the axial ratio.
C. Discussion
It is useful to have a simplified formula to
approximately determine the resonant wavelengths
to guide experiments. Suppose at λ0 there is a
WGM resonance, then equation (8) holds for λ0,
and it means the equation (12) shown below is
true. The refractive index of the microring is nr.
2π
2π n r
λ0
ab
ν (η )dη = 2π m .
2
2
∫
λ0 0 2π n r a sin η + b2 cos2 η
(12)
2π
λ
ab
If we let L =
∫0 2π n0 r a 2 sin 2 η + b2 cos2 η ν (η )dη ,

If we further assume α(η) ≈1, then Δλ can be
approximately computed from
λ02
Δλ ≈ 2 π
. (18)
n r ∫ a 2 sin 2 η + b2 cos2 ηdη
0

Equation (18) is easy to compute and it gives a
simple approximate check for experimental data,
but it is an approximation because α approaches 1
only when the structure is electrically large. For
example, it is found that α increased from 0.94 to
0.97 as the radius of curvature increased from 10.0
to 23.0 μm for the free space wavelength of 632.00
nm.

IV. COMPUTATION OF THE WGM
FIELD
A. Analysis
When an excitation is placed near P0 in the
osculating circle C0 (Fig. 4), the WGM field at P0
can be determined from the radius of C0 and ν0,
which is the order of the WGM. The EM field at
P1, which is located next to P0, is on the osculating
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circle C1. When P0 and P1 are in the vicinity of
each other, both of them can be approximately
viewed as in the circle C1, and accordingly satisfy
the following:
F (P1 ) = F (P0 )e jν1Δφ .
(19)
The exponent in (19) can be re-written to have

jν 1Δφ = j

ν1

R1

R 1 Δφ = j

ν1

R1

Δl .

(20)

The arc-length can be computed from
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the ellipse e, and denote the projection as (ξ0, η).
The distance from Pηr to the ellipse is dr. Then, on
the ellipse with two axes (a+dr, b+dr), we locate a
point P0r that can also be defined by the osculating
circle C0 and the distance dr. For example, in Fig.
4, P0r is at (R0+d, π/2), R0 is the radius of C0. The
electromagnetic field at P0r can be computed from
WGM field in a circular resonator as described in
[17], and the EM field at Pηr can be determined
from
η

F (Pη ) = F (P ) exp[ j ∫ Γ (η )dη ].
r

Δl = a 2 sin 2 η1 + b2 cos2 η1 Δη ,

(21)

where Δη is the angular variation from P0 to P1
along the ellipse e, η1 is the angular coordinate of
P1 on the ellipse e and the relation between η and φ
is given by equation (5) .
By using (21), (20) becomes
abν 1
jν 1Δφ = j 2
Δη . (22)
2
a sin η1 + b2 cos2 η1
Let Γ 1 = 2 2 abν 1 2
, and the equation
a sin η1 + b cos2 η1
(19) becomes
F (P1 ) = F (P0 )e j Γ 1Δη .
(23)

r
0

η

(29)

0

It is important to make sure the correct η is
used. In (29), η is associated with the outer ellipses
e, and it can be determined from (3) or (5).

Similarly, fields at P2 and P3 can be computed
from

F (P2 ) = F (P1 )e
= F (P0 )e

j Γ 2 Δη

= F (P0 )e

j ( Γ 1 + Γ 2 ) Δη

j Γ 1 Δη j Γ 2 Δη

e

,
(24)

and

F (P3 ) = F (P0 )e j ( Γ 1 + Γ 2 + Γ 3 ) Δη .

(25)

Iterating this process gives the field at PN to be
N

F (η ) = F (P0 ) exp( j ∑ Γ i Δη ).

(26)

i =1

When N approaches infinity, (26) becomes
η

F (η ) = F (P0 ) exp[j ∫ Γ (η )dη ].
η

(27)

0

In order to have (27) valid for every η, a
definition for Γ at η0 is added to have
⎧0
, η = η0
⎪
Γ (η ) = ⎨
abν (η )
⎪ a 2 sin 2 η + b2 cos2 η , otherwise .
⎩

(28)

So, to compute a WGM field component at a
general point Pηr, we find the projection of Pηr on

Fig. 4. Illustration of the elliptical microring with
osculating circles.
B. Computational Considerations
The EM WGM field is studied by computing
six field components ( E z , Eρ , Eφ and Hz , Hρ , Hφ ).
The z components are along length of the
microring, and the other two components are along
the radial and azimuthal axes of the elliptical cross
section. To use the relation in (29) to compute EM
field at the point Pηr, the distance from this point
to the outer ellipse and η is needed. It is simpler if
the problem is discussed in the rectangular
coordinate system. Suppose Pηr is at (x, y), and we
need to find its projection (ξ0, η), which can be
also located by (xp, yp). The distance between Pηr
and (ξ0, η) satisfies
(30)
dr (x p , y p )2 = (x p − x )2 + (y p − y )2 .

104

ACES JOURNAL, VOL. 25, NO. 2, FEBRUARY 2010

The projection of Pηr is on the outer ellipse, so
it satisfies

x p2 / a 2 + y p2 / b2 = 1.

120
100

(31)

By making use of equation (31), dr2 can be
converted to a function of only xp or yp. In order
for (xp, yp) to be the projection of Pηr, dr2 has to be
the minimum value. So by searching for the zero
around (x, y) of the d(dr2)/dxp or d(dr2)/dyp, xp and
yp can be located and η can then be found from
either cos η = x p / a or sin η = y p / b .

real(Ez_z)
imag(Ez_z)

80
60

(v/m)
40
20
0
-20
14

15

16

17

18

19

20

21

22

23

ρ (μm)
(a)

C. Computed Results
A WGM field excited by an infinite electric line
source along the length of a microring is
computed. The perimeter of the microring is fixed
at 36π μm, and the axial ratio is varied from 1 to
2:1. The thickness of the microring is 4 μm. The
source is located inside the microring on η=π/2,
and it is 4.0 μm away from the outer boundary of
the microring. The operation wavelength is chosen
to be at λ=630.0 nm in free space. Magnitudes of
the Ez component (i.e. Ez = Re( Ez )2 + Im( Ez )2 ) in a
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(b)

microring with an axial ratio 1:1.5 is plotted in
Fig. 5.
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40
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(c)
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real(Ez_z)
imag(Ez_z)

80

Fig. 5. Magnitude of Ez (v/m) when a:b=1.5.

60

It is clearly seen that the electromagnetic field
concentrates at the outer boundary of the
microring. From the figure the field decayed to 0
within less than 2.0 μm from the outer boundary,
and the thickness of the ring is 4 μm. In order to
see details of the WGM field, the real and
imaginary parts of Ez are plotted along different φ
as shown in Fig. 6- Fig. 8. Note that when φ=π/2,
it is the same φ plane where the source lies.

(v/m)
40
20
0
-20
13

14

15

16

17

18

19

20

21

22

ρ (μm)
(d)

Fig. 6. Real and imaginary parts of Ez for a:b=1.1,
φ=0, π/6, π/3 and π/2 respectively in (a) to (d).
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Fig. 7. Real and imaginary parts of Ez for a:b=1.5,
φ=0, π/6, π/3 and π/2 respectively in (a) to (d).
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Fig. 8. Real and imaginary parts of Ez for a:b=2,
φ=0, π/6, π/3 and π/2 respectively in (a) to (d).
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D. Discussion
From section III, it is seen that the eccentricity
of the ellipse affects the resonance by shifting the
resonant frequency. Therefore when the axial ratio
of the microring is changed, the excitation
frequency needs to be shifted simultaneously to
achieve a resonance. Otherwise, if the frequency is
fixed to resonate for the circular microring, then as
the microring becomes more eccentric, the
excitation frequency is further away from the
resonance, and it results in the decreased intensity
of the EM field.
From Fig. 6 to Fig. 8, especially (c) and (d) of
these figures, the phase of Ez changes along the
constant φ line. This change can be understood
with the illustration shown in Fig. 9, where the
field at point P1 has same phase as fields at points
on l. Ps is the source point. Fields at these points
are computed from WGM in the osculating circle
of the outer ellipse at P2’. The data are plotted
along a constant φ while P1 and P2 are not both on
the line l, and they are not computed from the
same osculating circle. Therefore, P1 and P2 do not
have the same phase unless when φ=kπ or
φ=kπ+π/2, where k is an integer.

It is found that a change in the axial ratio of the
elliptical microring results in a shift in the WGM
resonant frequencies. Because the eccentricity
shifts the resonance, when using the same
excitation where a circular microring reaches its
resonance, and then deforming the circular ring
into an elliptical ring, it gives decreased magnitude
of the laser field.
The method applied is valid for electrically
large structures and therefore for the case of a
highly eccentric ellipse. At the ends of the major
axis, the circle of curvature may have a small
radius, which may not support a WGM, and the
method discussed will no longer be valid for such
geometry.
One needs to pay attention to the thickness of
the microring. As discussed in [9], the thickness of
the ring to support the WGM is associated with the
dimension of the structure. The bigger the radius
of the microring, the thicker the microring must
be. This means that for an elliptical microring, it
has to be thick enough to support WGM at two
ends of the minor axis (For example, P0 in Fig. 4)
because the osculating circle has the largest radius
at this point. On the other hand, when a relatively
thick circular microring is deformed into an
elliptical microring, there may be a sharp edge at
the major axis at the inner boundary and it may
affect the computation and validity of the method
presented.
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