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Abstract – This paper proposes a fast optimization
method for synthesizing thinned planar antenna arrays.
A 0-1 integer linear programming (ILP) model was
proposed for the antenna array optimization. This
model mainly aims to minimize the peak sidelobe level
(PSLL) and consider the design requirements of nar-
row beamwidth and high directivity, finally obtaining the
optimal distribution of the turned “ON” element posi-
tions in the aperture. Several cases of planar array
designs with different aperture sizes and scan angles
were provided in the paper and compared with other
popular algorithms. Numerical results showed that the
new method can effectively optimize the thinned planar
arrays, including large-scale arrays, while significantly
reducing the computational cost and time.

Index Terms – Antenna arrays optimization, planar array
thinning, sidelobe level (SLL), 0-1 integer linear pro-
gramming (ILP).

I. INTRODUCTION
Thinned antenna arrays are of great application

value for many practical engineering fields such as
mobile communication systems, radar antennas, and
navigation systems. However, array thinning is a com-
plex nonlinear optimization problem, which is hard to
find the optimal solution in a short time.

In general, optimization methods can be divided into
two main categories: heuristic algorithms and determin-
istic algorithms. In recent years, swarm intelligence
algorithms have been favored by many researchers for
their flexibility and efficiency. Stochastic algorithms
such as genetic algorithm (GA) [1], particle swarm opti-
mization (PSO) algorithm [2], cuckoo search (CS) algo-
rithm [3], ant colony optimization (ACO) method [4],
improved chicken swarm optimization (ICSO) method
[5], etc., have been applied to synthesize thinned arrays.
These methods have obvious advantages in solving non-
linear optimization problems, owing to their global
search capabilities and the fact that they do not depend
on a good initial value. However, they are computation-

ally expensive and cannot be applied to the synthesis of
large-scale antenna arrays. Moreover, the scanning per-
formance of the thinned planar array is also an important
design consideration. The random searching methods
in [22] and [24] are able to obtain a low peak sidelobe
level (PSLL) for a given beam scanning direction; yet,
the optimization process is too time-consuming and the
PSLL is not optimal.

Some deterministic algorithms have also been used
to synthesize antenna arrays. In [6], Willey proposed
a space tapering method that yields predictable gain,
beamwidth, and sidelobe level (SLL). Skolnik et al. [7]
proposed a statistical approach to design density taper
arrays. Bucci et al. [8] proposed a simple determin-
istic method for thinning planar circular arrays. These
approaches are all non-iterative procedures and computa-
tionally efficient. However, they are not global optimiza-
tion methods. In [9] and [10], Keizer synthesized linear
and planar arrays using the iterative Fourier technique
(IFT), respectively. This algorithm has been applied
to the design of large-scale thinned arrays successfully.
However, it is prone to trap in local optima and needs
to perform several times to seek the global optimum
solution. Besides, analytic algorithms based on differ-
ence sets (DS) and almost difference sets (ADS) have
been proposed in [11–13]. However, since the num-
ber of control variables in the DS and ADS sequences
is limited, those methods apply only to a finite number
of array apertures. Recently, a new method for design-
ing thinned antenna arrays through the quantum Fourier
transform (QFT) is presented in [14]. Gu et al. [15] pro-
posed a novel algorithm called the probability learning
IFT (PLIFT), a method introducing an innovative adap-
tive learning mechanism with better global convergence
and robustness. Both of these methods can be applied for
large-scale array thinning.

In this paper, the 0-1 integer linear programming
(ILP) method is proposed for planar antenna array thin-
ning. In this method, the optimization model is built with
maximized directivity as the objective function and max-
imum acceptable SLL as the constraints. The intlinprog
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function in MATLAB was utilized to solve this lin-
ear model. The 0-1 ILP method is a global optimiza-
tion algorithm, which has been successfully applied to
solve many engineering problems, such as the design
of homogeneous magnets [16]. However, to the best of
the authors’ knowledge, the 0-1 ILP technique has not
been used to optimize thinned antenna arrays. Compared
with the stochastic methods, the new approach has a dis-
tinct advantage in computational efficiency, especially in
high-dimensional, large-scale problems.

II. MATHEMATICAL FORMULATION
AND METHOD

It is assumed that the size of the array is M × N; dx
and dy are the row spacing and column spacing between
elements, respectively. They are both equal to 0.5λ . The
coordinates of the element in row m, column n can be
expressed as (mdx, ndy), 1≤ m≤M, 1≤ n≤ N.

The far-field radiated by this planar antenna array is
given as

E(Imn,θ ,ϕ) = EF(θ ,ϕ) ·AF(Imn,θ ,ϕ), (1)

AF(Imn,θ ,ϕ) =
M

∑
m=1

N

∑
n=1

Imn · e jk·[(m−1)dxu+(n−1)dyv] (2)

where:
u = sin(θ)cos(ϕ)− sin(θ0)cos(ϕ0)
v = sin(θ)sin(ϕ)− sin(θ0)sin(ϕ0)

(3)

where EF (θ , ϕ) is the radiation pattern of individual ele-
ments, AF (Imn, θ , ϕ) is the array factor, k = (2π/λ ) is
the wavenumber, and λ is the wavelength of electromag-
netic wave. θ ∈ [0, π/2) andϕ ∈ [0, 2π) are the eleva-
tion angle and the azimuth angle, respectively. (θ 0, φ 0)
is the scanning direction of the main beam. Imn ∈ {0, 1}
is the amplitude excitation of the element in row m, col-
umn n, where “0” and “1” represent the states of a turned
“OFF” element and a turned “ON” element, respectively.
Suppose that Non is the number of turned “ON” elements

Fig. 1. The geometry of a rectangular planar antenna.

and Ntot is the total number of element positions in the
aperture. The fill factor of the array ξ can be denoted as

ξ =
Non

Ntot
. (4)

The directivity and normalized PSLL can be calcu-
lated by eqn (5) and (6), respectively

FDir(Imn)=10lg

 4π · |AFmax|2∫ 2π

ϕ=0
∫ π

2
θ=0 |AF(Imn,θ ,ϕ)|2 sinθdθdϕ

,
(5)

FPSLL (Imn,θ ,ϕ) = max
(θ ,ϕ)∈SR

{
20log10

∣∣∣∣AF(Imn,θ ,ϕ)

AFmax

∣∣∣∣}
(6)

where AFmax is the maximum antenna array factor, and
SR denotes the sidelobe region. This paper aims to min-
imize the PSLL while maintaining high directivity. For
this purpose, taking the maximum antenna directivity as
the objective function and the acceptable maximum SLL
as constraints, the mathematical optimization model can
be established as
Maximize : [FDir(Imn)] , (7a)

Subject to :



FPSLL (Imn,θ ,0)≤ ε (if |θ | ≥ ∆θ0)

FPSLL (Imn,θ ,π/2)≤ ε (if |θ | ≥ ∆θ90)

M
∑

m=1

N
∑

n=1
Imn = round [(M×N) ·ξ ]

I1,1 = 1, I1,N = 1, IM,1 = 1, IM,N = 1
(7b)

where ε represents a given maximum SLL, ∆θ 0 and
∆θ 90 denote one-half of the main beamwidth in ϕ =
0◦ and ϕ = 90◦ directions, respectively, and round(.)
means rounding objects toward the nearest integer. To
improve the speed of program execution, here, we only
constrained the SLL in ϕ = 0◦ and ϕ = 90◦ planes.
Moreover, since the main beamwidth of the array mainly
depends on the aperture size, the four corners of the rect-
angle aperture contain turned “ON” elements to ensure
that the beamwidth remains nearly unchanged. Eqn (7a)
can be equivalently converted to the following form:

Minimize :

[∫ 2π

ϕ=0

∫ π

2

θ=0

∣∣∣∣AF(Imn,θ ,ϕ)

AFmax

∣∣∣∣2 sinθdθdϕ

]
.

(8)
However, it is hard to solve the model directly

because its objective function and constraints are non-
linear. For this reason, an approximate linearization
technique is adopted to change the nonlinear program-
ming into linear programming. The above model can be
rewritten as

Minimize :

[
2ξ ·

M

∑
m=1

N

∑
n=1

µmn · Imn−
M

∑
m=1

N

∑
n=1

ηmn · Imn

]
,

(9a)
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Subject to :



real [FPSLL (Imn,θ ,0)]≤ ε ′ (if |θ | ≥ ∆θ0)

imag [FPSLL (Imn,θ ,0)]≤ ε ′ (if |θ | ≥ ∆θ0)

real
[
FPSLL(Imn,θ ,

π

2 )
]
≤ ε ′ (if |θ | ≥ ∆θ90)

imag
[
FPSLL(Imn,θ ,

π

2 )
]
≤ ε ′ (if |θ | ≥ ∆θ90)

M
∑

m=1

N
∑

n=1
Imn = round [(M×N) ·ξ ]

I1,1 = 1, I1,N = 1, IM,1 = 1, IM,N = 1
(9b)

where real(.) represents the real part of the complex
number, imag(.) denotes the imaginary part of the com-
plex number, and the expressions of µmn and ηmn are
given in eqn (10) and (11), respectively

µmn =

∫ 2π

ϕ=0
∫ π

2
θ=0

αmn(θ ,ϕ) ·
M

∑
m=1

N

∑
n=1

αmn(θ ,ϕ)

sinθdθdϕ

|AFmax|2
, (10)

ηmn =

∫ 2π

ϕ=0
∫ π

2
θ=0

[
|αmn(θ ,ϕ)|2

]
· sinθdθdϕ

|AFmax|2
(11)

where
αmn(θ ,ϕ) = e jk·[(m−1)dxu(θ ,ϕ)+(n−1)dyv(θ ,ϕ)]. (12)
The mathematical model above is a canonical lin-

ear programming model, which is much easier to solve
than the nonlinear model. It can be solved effectively
by using the MATLAB (R) INTLINPROG optimization
toolbox. In the above linear programming model, the
main beamwidth in the ϕ = 0◦ and ϕ = 90◦ planes are set
to ∆θ 0and ∆θ 90, and the PSLL is constrained by ε’.

III. RESULTS AND NUMERICAL ANALYSIS
In this section, several representative simulation

examples are proposed to demonstrate the effectiveness
of the 0-1 ILP method in thinning planar arrays. Here,
we assumed that the element factor satisfies isotropic.
The results obtained by the 0-1 ILP algorithm present
in this section are the best ones among 30 independent
trials. All simulation results below were obtained with a
PC equipped with an AMD R74800H (3.2 GHz) proces-
sor and 16–GB RAM. In order to compare the runtime,
the population size and iteration number of all the fol-
lowing algorithms are the same as those set in the origi-
nal literature.

A. Square array design
In the first case, the 0-1 ILP method was applied to

optimize the 12 × 12 elements planar square arrays with
different fill factors. In order to compare the obtained
results with that of other algorithms, we considered only
the symmetrical antenna array with no populated turned
“ON” elements at the four corners of the aperture. The

Table 1: Comparison of the PSLL and the total runtime
of 12 × 12-element symmetric planar array synthesized
using different algorithms

Method filling
Factor

PSLL (dB)
(ϕ = 0◦)

PSLL (dB)
(ϕ = 90◦)

Total run
time (s)

MPT [17] 34.1% −17.60 −17.60 −
0-1 ILP 34.1% −19.54 −19.54 8.0

MBc-GA
[18]

47.9% −19.40 −19.40 −

0-1 ILP 47.9% −23.20 −23.20 8.3
MBC-GA

[19]
52.8% −23.07 −23.07 453.8

0-1 ILP 52.8% −24.26 −24.56 8.1
BPSO [20] 61.1% −18.65 −16.83 101.7

0-1 ILP 61.1% −23.77 −23.77 7.8

fill factors for the arrays are consistent with those in the
existing literature and present in the second column of
Table 1. It also lists the maximum value of SLL in the
two principal planes and the total runtime for each algo-
rithm. The PSLL attained with the proposed method is
lower than that of the other algorithms. The computa-
tional time is about 0.2–0.3 s for a single trial using the
0-1 ILP approach, and the total time of 30 runs ranges
from 7.8 to 8.4s, which is far less than several hun-
dred seconds for other algorithms. Actually, only a few
runs are required for small arrays to obtain the optimal
solution. The above results validated the effectiveness
of the proposed algorithm in synthesizing small-sized
arrays.

In yet another example, a 16 × 16-element asym-
metric array with a 50% fill factor was considered. In
order to further validate the performance of the proposed
method when the main lobe scanning direction is off
normal, the patterns were simulated for the beam scan-
ning directions of (θ 0= 0◦, ϕ0= 0◦), (θ 0= 15◦, ϕ0= 0◦),
and (θ 0= 30◦, ϕ0= 90◦), respectively. The methods in
[22] and [24] were reproduced to compare with the pro-
posed method. Figures 2(a) and 2(b) give 2D normal-
ized pattern obtained by the IBc-GA [24], BIL-PSO [22],
and the 0-1 ILP methods when the main beam points
at broadside, namely (θ 0= 0◦, ϕ0= 0◦). Figures 2(c)
and 2(d) are the optimization results when the main
lobe direction points to (θ 0= 15◦, ϕ0= 0◦) and (θ 0= 30◦,
ϕ0= 90◦), respectively. For comparison, the main lobe
widths obtained with these three methods at the same
scanning angle were set to the same value. The first
null beamwidth (FNBW) of the broadside pattern in both
principal planes is 23◦. When steering the main beam
toward (θ 0= 15◦, ϕ0= 0◦), the beamwidth in ϕ = 0◦ plane
is increased to 26◦. When the main beam points at (θ 0=
30◦, ϕ0= 90◦), the FNBW in ϕ = 90◦ plane grows to
27◦. Figure 3 gives the 3D normalized power pattern
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Fig. 2. 2D far-field patterns of the 16 × 16 asymmetric
planar array with a 50% fill factor. (a) Broadside pattern
in ϕ = 0◦ plane. (b) Broadside pattern in ϕ = 90◦ plane.
(c) Scanned pattern in ϕ = 0◦ plane with the main beam
pointing at (θ 0= 15◦, ϕ0= 0◦). (d) Scanned pattern in ϕ

= 90◦ plane with the main beam pointing at (θ 0= 30◦,
ϕ0= 90◦).

Fig. 3. 3D far-field patterns of the 16 × 16 asymmetric
planar array with a 50% fill factor. (a) and (c) Steering
the main beam toward (θ 0= 15◦, ϕ0= 0◦). (b) and (d)
Steering the main beam toward (θ 0= 30◦, ϕ0= 90◦).

and contour plot when the main beam is scanned to the
direction of (θ 0= 15◦, ϕ0= 0◦) and (θ 0= 30◦, ϕ0= 90◦),
respectively. The obtained PSLL and directivity of the
planar arrays corresponding to different scanning angles
by the 0-1 ILP method and the methods in [22] and [24]
are presented in Table 2. As can be seen that for given
scanning angles, these three methods can achieve almost
the same directivity and a lower PSLL with no grating
lobe, yet the PSLL obtained by the proposed approach
is significantly lower than that obtained by the other two
methods.

Table 2: Comparison of the performance of thinned
arrays using different algorithms when the main beam
points at (θ 0= 0◦, ϕ0= 0◦), (θ 0= 15◦, ϕ0= 0◦), and (θ 0=
30◦, ϕ0= 90◦)

(θ 0, ϕ0) Results IBc-GA
[24]

BIL-PSO
[22]

0-1 ILP

(0◦, 0◦) PSLL (dB)
(ϕ = 0◦)

−26.72 −27.40 −31.04

PSLL (dB)
(ϕ = 90◦)

−26.74 −27.18 −31.51

Direct.
(dBi)

25.42 25.63 25.80

(15◦, 0◦) PSLL (dB)
(ϕ = 0◦)

−25.30 −26.72 −30.95

Direct.
(dBi)

25.19 25.41 25.42

(30◦, 90◦) PSLL (dB)
(ϕ = 90◦)

−25.84 −26.73 −29.74

Direct.
(dBi)

25.11 25.06 25.15

B. Rectangular array design
In this case, a 20 × 10-element rectangular planar

array was considered. In order to assess the perfor-
mance of the 0-1 ILP technique, we attempted to repli-
cate the methods published in [21–24] and compared the
best results with those acquired by the proposed method.
Table 3 gives the comparison between the optimization
results obtained by methods in [21–23] and the 0-1 ILP
algorithm. All of these methods were applied to a 20
× 10-element symmetric planar array, using fill factors
from 54% to 68%. As shown in Table 3, the PSLLs
obtained by OGA [21], BIL-PSO [22], and ACO [23] are
nearly the same as the 0-1 ILP. However, the total opti-
mization time of the proposed 0-1 ILP method is much
shorter than that of other algorithms.

The performance comparisons of the IBc-GA [24],
BIL-PSO [22], and 0-1 ILP in dealing with the 20 ×
10-element asymmetric planar array with a 54% fill fac-
tor is presented in Table 4 and Figure 4. For a more
accurate comparison, the FNBW values of these meth-
ods were controlled to be the same, where the FNBW
in ϕ = 0◦ plane is set to 18◦ and the FNBW in ϕ = 90◦

plane is set to 36◦. The optimized element distributions
obtained using the 0-1 ILP technique are illustrated in
Figure 5. The white blocks in the figure represent the
ON-state, and the black blocks represent the OFF-state.
From Table 4, it can be seen that the maximum SLL in
principal planes of the proposed approach is −28.55 dB,
which is 2.11 dB lower than that achieved through IBc-
GA [24] and 3.41 dB lower than that obtained by BIL-
PSO [22]; yet, there is little difference in directivity. In
addition, the total runtime of each algorithm is listed in



195 ACES JOURNAL, Vol. 37, No. 2, February 2022

Table 3: Comparison of the PSLL and the total runtime
of 20 × 10-element symmetric planar array synthesized
with different algorithms

Method Filling
factor

PSLL (dB)
(ϕ = 0◦)

PSLL (dB)
(ϕ = 90◦)

Total run
time (s)

OGA [21] 54.0% −26.09 −25.09 225.7
0-1 ILP 54.0% −26.09 −25.09 8.9

OGA [21] 58.0% −28.34 −26.59 227.6
BIL-PSO

[22]
58.0% −28.31 −26.57 241.5

0-1 ILP 58.0% −28.34 −26.59 9.1
ACO [23] 68.0% −25.67 -25.76 326.8
0-1 ILP 68.0% −25.68 −25.77 8.6

Table 4: Comparison of the performance of the 20 ×
10 asymmetric planar array synthesized with the IBC-Ga
[24], BIL-PSO [22], and 0-1 ILP methods

Results IBc-GA [24] BIL-PSO [22] 0-1 ILP
PSLL (dB) in
ϕ = 0◦ plane

−26.64 −25.14 −28.55

PSLL (dB) in
ϕ = 90◦ plane

−26.44 −25.44 −29.37

Directivity
(dBi)

25. 45 25.76 26.12

Total run time
(s)

3355.6 2835.4 14.1
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Fig. 4. Far-field patterns of the 20 × 10 asymmetric pla-
nar array with a 54% fill factor obtained by uniform exci-
tation, IBc-GA [24], BIL-PSO [22], and the proposed
method. (a) 2D pattern in ϕ = 0◦ plane. (b) 2D pattern
in ϕ = 90◦ plane.

the fourth row of Table 4. The average time for one exe-
cution of the proposed method is 0.47 s, and the total
time for 30 independent runs is about 14.1 s, which is
much less than the 3355.6 s required by IBc-GA in [24]
and the 2835.4 s required by BIL-PSO in [22].

Most papers on array thinning are devoted to opti-
mizing symmetric arrays to reduce the solution space and
speed up convergence. These algorithms show good per-
formance in thinning small- and medium-scale symmet-
ric antenna arrays and even achieve the global optimum.
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1
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10

Fig. 5. Distribution of the turned “ON” element across
the 20 × 10 planar array with a 54% fill factor. White
blocks indicate elements that are turned “ON” and black
blocks indicate elements that are turned “OFF.”

Yet, they can only end up with sub-optimal solutions
when optimizing asymmetric planar arrays with equal
size and the same total number of iterations. That may be
because the asymmetric planar array has higher degrees
of freedom, which increases the difficulty of optimiza-
tion. However, our simulation results demonstrated that
the 0-1 ILP algorithm outperforms [21–24] by achieving
lower PSLL in a much shorter time.

C. Large-scale square array design
To investigate the capabilities of the 0-1 ILP method

for thinning large-scale planar arrays, we considered a
100× 100 symmetric planar square array with a 49.52%
fill factor. The obtained results are given in Table 5 and
Figures 6−8. Table 5 illustrates that the performance of
the 0-1 ILP technique in optimizing PSLL is better than
[25]. The peak SLL decreases from −32.80 to −40.88
dB in the ϕ = 0◦ plane and drops from−33.40 to−40.71
dB in the ϕ = 90◦ plane. The directivity of the thinned
array is 40.18 dBi, and the FNBW in both ϕ = 0◦ plane
and ϕ = 90◦ plane is 5◦. Figure 6 shows the 3D nor-
malized far-field pattern, Figure 7 plots the 2D far-field
pattern when ϕ = 0◦ and ϕ = 90◦, and Figure 8 gives the
optimal distribution of the turned “ON” elements (white)
and turned “OFF” elements (black) across the array aper-
ture. The average time for one independent run of the
proposed method is about 13.17 s, and the total time for
30 runs is about 395.1 s.

The high-dimensional optimization problem often
comes with a considerable computational burden; so
only a few published methods have the ability to synthe-
size large arrays. Although this method requires multiple
adjustments of the parameters based on experience, the
foregoing results and analysis demonstrated clearly that
the 0-1 ILP method solves optimization problems with
high-dimensional quickly and efficiently.

D. Discussion of the results
Array thinning is a complex nonlinear problem

and is difficult to be solved. Stochastic algorithms are
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Table 5: Comparison of the PSLL of 100 × 100 square
array designed with the IW-PSO [25] and 0-1 ILP
approaches

Results IW-PSO [25] 0-1 ILP
PSLL (dB) in ϕ = 0◦ plane −32.80 −40.88
PSLL (dB)in ϕ = 90◦ plane −33.40 −40.71

Directivity (dBi) − 40.18
Turned-ON elements 4951 4952

Fig. 6. 3D pattern of the symmetric planar array consist-
ing of 100 × 100 size and a 49.52% fill factor.
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Fig. 7. Far-field patterns of the 100 × 100 symmetric
planar array with a 49.52% fill factor. (a) 2D pattern in
ϕ = 0◦ plane. (b) 2D pattern in ϕ = 90◦ plane.

computationally expensive, time-consuming, and may
not converge to the optimal solution. In this paper,
an approximate linearization technique was proposed to
reduce the complexity of the model, which dramatically
accelerates the calculation speed. The method is sim-
ple, efficient, and without any iterations. One drawback
of the 0-1 ILP method is that the approximate lineariza-
tion process may cause rounding errors. However, the
numerical results evidenced that the linear programming
model proposed in this paper has a high approximation
accuracy, the optimizing result of which can be regarded
as an approximate solution of the original model. Fur-
thermore, since the solution accuracy of the intlinprog(.)
function is limited, it could not get the optimal solution
when optimizing larger arrays. Commercial optimiza-
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Fig. 8. Distribution of the turned “ON” element across
the 100 × 100 square array with a 49.52% fill factor.
White blocks indicate elements that are turned “ON,” and
black blocks indicate elements that are turned “OFF.”

tion solvers such as Gurobi and CPLEX can be used to
improve the solution accuracy of the 0-1 ILP model. The
new approach has provided a novel strategy for thinning
planar arrays, which has prominent advantages in solv-
ing the large-scale antenna array optimization problems
with huge solution space and high complexity. In addi-
tion, it can be further applied to optimize the PSLL of
the whole sidelobe region.

IV. CONCLUSION
This paper introduced the 0-1 ILP method for thin-

ning planar arrays. The 0-1 ILP technique is a fast
algorithm without iterative procedures. The obtained
results of the new method were compared with some
earlier published stochastic algorithms. Simulation
results indicate that the method proposed in this paper
can effectively suppress the peak SLL of planar arrays
and substantially increase computational efficiency com-
pared to the stochastic algorithm. Besides, we have
successfully applied the method to optimize a beam-
scannable antenna array and a 100 × 100 planar square
array, demonstrating the effectiveness of the 0-1 ILP
method for steerable arrays and large-scale array thin-
ning, respectively. In future work, we will attempt
to obtain lower PSLL in all ϕ planes and will further
optimize the excitation current of the thinned planar
arrays to reduce the PSLL by nonlinear programming
methods.
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