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Abstract ─ The paper investigates the effect of pole arc 
skewing in synchronous reluctance machine on its torque 
ripple. To do this, the machine’s reluctances are 

calculated by using winding function approach (WFA). 
A numerical-based method is proposed for modeling the 
machine’s dynamic equations. The effect of rotor 

skewing and the winding type (single-layer or double 
layer) on the machine’s behavior and torque ripple are 

investigated. The results show that skewing the rotor is
significantly effective in double-layer winding case and 
it is not a proper idea for machine with single-layer 
winding. The proposed method is capable of studying the 
voltage-fed machine’s behavior which is common in 

reality in comparison with current source-fed machine. 
Also, shorter calculation time and capability of studying 
parameter sensitivity are other advantages of the 
proposed method in comparison with finite element 
method (FEM). 

Index Terms ─ Air-gap function, rotor skewing, slot 
opening, winding function. 

I. INTRODUCTION 
The synchronous reluctance machine (SynRM) has 

been widely employed in industry such as high speed 
applications and vehicular technology. Besides having 
high efficiency, these motors have working ability in 
variable frequency conditions. In many researches, the 
torque produced by the SynRM is supposed smooth; 
however, a real machine has some torque/current ripples 
due to some effects including slot opening and also 
limited slot numbers which make the winding function 
and magneto-motive force (MMF) non-sinusoidal. In 
this paper, by using winding function approach (WFA), 
rotor skewing, pole arc changing and also winding 
chording are analyzed in order to reduce the torque 
ripple. The WFA is a powerful tool for electrical 
machine modeling which has some advantages in 
comparison with FEM [1]-[4]. In [1], using WFA, the 
pole skewing is addressed for torque ripple reduction in
SynRM. The machine performance is studied in both 
single and double-layer winding case. Lubin, et. al., have 

modeled a 4-pole SynRM using both FEM and WFA and 
the results have been compared [2]. In both mentioned 
references, the three-phase sinusoidal current source has 
been used as power supply which is not usual in reality.
In [2], only a single-layer winding machine has been 
modeled by FEM and WFA, and the pole skewing is not 
considered in investigations. However, in [1], the pole 
skewing effect in double-layer winding machine has 
been presented. In the mentioned references, the 
machine performance has not been studied in voltage 
feed conditions. The synchronous machine has been also 
modeled in some researches for behavior studying and 
fault detection. In [3], using WFA, eccentricity fault 
effect has been addressed by Jocsimovich, et. al.; 
however, slot opening effect has not been considered in 
modeling. In another work, eccentricity fault have been 
studied by Faiz, et. al., for induction machine using 
WFA; however, only two simple windings have been 
considered and ideal air-gap function has been used [4].
In [5], WFA has been used for dynamic eccentricity fault 
diagnosis. In [6], the effect of slot and pole combination 
has been addressed for performance analysis of tooth-
coil synchronous machine by winding harmonic 
spectrum analysis. In this reference, the slot opening 
effect has not been considered. In [7], by simplifying the 
model (which reduces the accuracy of the results) and 
considering some damper bars for the machine and using 
electromagnetic equations, fault detection has been 
discussed. By taking in to account suitable design 
modifications, such as multiple flux barriers, axially 
laminated anisotropic rotor instead of regular induction 
motor rotor, the poor power factor of the SynRM has 
been improved [8]-[11]. Although, ideal machines can 
be modeled by using classical approaches such as dq
transformation, these kinds of modeling ignore all the 
space harmonics; therefore, they are not suitable for 
exact studying of the real machines [12]. In modeling of 
the real machine, the effects such as slot openings and 
distributed winding functions should be considered in 
the air-gap function. The latter is very important for 
eccentricity fault detection. Considering the above-
mentioned facts, an advanced method should be used for 
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space harmonics analysis and eccentricity fault detection 
instead of the classical methods [13]-[16]. 

In this paper, a sample SynRM is modeled using 
WFA and inductance calculations in cases of skewed and 
un-skewed rotor are done. Then, to compute the currents, 
torque, etc., an iteration-based numerical method has 
been proposed for modeling of the machine’s dynamical 

equation. The proposed method gives different results in 
comparison with those appeared in [1]. 

The results show that the skewing is an effective tool 
for torque ripple reduction in both single and double-
layer windings; however, in single-layer winding, the 
reduction of torque ripple is not considerable. By 
applying a three phase sinusoidal current to the stator 
winding as done in [1], it is shown that the torque ripple 
is considerably reduced due to rotor skewing. Due to the 
fact that the motor is supplied by voltage source in 
reality, the latter is investigated in this paper which 
shows different results in comparison to [1], in which the 
machine has been fed by current source, especially in 
case of single-layer winding. 
 

II. PROBLEM DEFINATION 
Torque ripple calculation of a three-phase four-pole 

SynRM is considered in this research (Fig. 1) which has 
been studied in [1] with the same structure. Stator has 36 
slots where three slots have been assigned for each pole 
per phase. As shown in Fig. 1, the stator reference 

 is supposed in the center of the phase ‘A’ winding, 

while the rotor reference  is set to the maximum 
air-gap length. Supposing the number of turns per pole 
per phase to be Ns, there exists the number of Ns/3 turns 
in each slot in single-layer winding and the number of 
Ns/6 turns in each slot in double-layer case. Clearly, the 
multi-layer winding reduces space harmonics produced 
by distributed windings; however, it has not any effect 
on the harmonics produced by the number of the slots 
and also slot openings. In [1], pole skewing has been 
proposed for reduction of space harmonics which is 
reconsidered in this paper to obtain extended results. The 
pole skewing is shown in Fig. 2. Calculations will be 
done for different scenarios to obtain extended results 
and the latter will be compared with the results in [1]. 
The machine parameters are shown in Table 1. In the 
following section, some phenomena involved in the 
dynamic modeling of the machine, are discussed. 
 

III. MODELING OF THE SLOT OPENING 
AND THE POLE SALIENCY 

One of the non-ideal features of a real machine is 
slot opening geometry. The proper function should be 
defined for rotor poles and slot opening for accuracy of 
the modeling. Geometrical structure of rotor poles and 
stator slots are shown in Fig. 3. 
 

A. Rotor’s poles 
Referring to geometric parameters shown in Fig. 3, 

the rotor pole saliency for one of the inter-polar-gap can 
be written as [2]: 

for , 
(1) 

where all angles are mechanical as shown in Fig. 3 and r 
is the inner radius of the stator. Since the rotor has 4 
poles, the gap function of these poles can be 
mathematically modeled as: 

, (2) 
 

 

(3) 

In the above equations,  and . 
 

 
 
Fig. 1. The SynRM structure. 
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Fig. 2. Illustration of pole skewing. 

Table 1: Geometrical and electrical specifications of the 
machine [1] 
Symbol Parameter Value

Turns per pole 90
Pole saliency 45o (un-skewed)

Rs Winding resistance 2 Ω
Angle of slot 

opening 3o

Air-gap 0.26 mm
Yn Windings connection Star grounded

Stator radius 4.5 cm
Machine length 15.5 cm

Leakage inductance 1 mH
b0,b1 Slot width properties 2.97, 7.51 mm
h0,h1 Slot depth properties 3.71, 3.51 mm
Nslot Number of slots 36
P Number of poles 4

Slot pitch 10°

Fig. 3. Geometrical structure of rotor poles and stator 
slots. 

B. Slot opening modeling 
The slot opening for a half-gap can be written as 

follows [2]: 
=

,

for   

(4)

(5)
The gap function for slot openings can be modeled as: 

, (6)

(7)
Using the above equations and considering that the 

stator has 36 slots, we can wright: 
For single-layer winding: 

, (8-a)
For double-layer winding: 

(8-b)

C. Total air gap function 
The total air-gap function consists of three parts 

including slot openings, rotor saliency and conventional 
air-gap which can be written as follows: 

, (9)
where  is the constant air-gap between the stator teeth 
and rotor saliency and also . So, as it is
seen in (2)-(9), the air-gap is a function of pole skewing 
( ), mechanical rotor position ( ), and also 
mechanical angle of stator ( ). The air-gap function for 
stator slot and rotor saliency is plotted in Fig. 4 for a 
sample case with 22.5 degrees skewing. 

(a) 

(b) 

Fig. 4. Illustration of air-gap functions considering 
: (a) 2-D scheme of rotor saliency and slot 

opening, and (b) 3-D scheme of rotor poles saliency. 
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IV. WINDING FUNCTION 
Sinusoidal winding function is an ideal feature of 

the machine that is not sufficient for exact modeling 
purposes. In fact, limited number of slots is one of the 
real factors that cause winding and MMF functions to be 
non-sinusoidal. It should be noted that a 4-pole machine 
with 36 slots and 90 turns per pole is equivalent to a 
machine with 30 turns per slot in single-layer and 15 
turns per slot in double-layer winding. Now, the winding 
function for phase ‘A’ (NA(θs ), is shown in Fig. 5 (a), 
which is obtained by considering Fig. 6 (b). Clearly, the 
winding function for phases ‘B’ and ‘C’ are obtained 
similar to phase ‘A’ with 120 and 240 degrees phase 

shift, respectively. The winding function shown in Fig. 5 
(a) will be used for modeling in next sections [1]-[5] and 
[17]. 
 
V. INDUCTANCE COMPUTATION BY WFA 

Considering , winding function 
approach is used to calculate the machine’s inductances 

as written in (10) (the winding functions used for 
calculations are shown in Fig. 5 (a)): 

 

 
(10) 

Using the above equation for different  values 
( ), the inductance matrix is calculated as: 
 

 
LAA θm LAB θm LAC θm

LAB θm LBB θm LBC θm
LAC θm LBC θm LCC θm

 (11) 

In (10), ),,( xf ssg %%  is the air-gap function which 
consists of three parts including rotor poles (fr), slot 
opening (fs) and conventional air-gap ( ), as written in 
(9). The instantaneous machine torque is calculated as 
follows: 

 (12) 
In which, L is the machine’s inductance matrix as 

written in (11), superscript T denotes the transpose of the 
matrix and i is the currents vector of stator’s windings 

which is given as follows: 
 (13) 

 

It is important to note that a proper procedure should 
be employed for modeling and computing of the 
machine’s variables such as currents, fluxes, etc., when 
a three-phase power is applied. Using current source as 
input of the machine does not model the real behavior of 
the latter. So, the machine’s performance will be 
different in comparison with the real performance. Thus, 
a proper dynamic model for machine to calculate the 
currents and torque is necessary. 
 

 
 (a) 

 

 
 (b) 
 
Fig. 5. (a) Winding function of phase ‘A’ in single  
and double-layer winding, and (b) slot-winding 
configurations. 
 

VI. DISCRETE MODEL OF SynRM 
To investigate the performance of the SynRM in 

steady state, we use the dynamic model of the machine. 
Neglecting the core losses, the motor’s equations can be 

written as: 
, (14) 

, (15) 

, (16) 

.
, (17) 

, (18) 

, (19) 

 (20) 
As being step time, equations (16) and (19) can 

be used for derivation. Considering (14)-(16), the 3- 
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phase currents is computed by (17). Equations (19) and 
(20) can be used for torque computation in (12). It should 
be mentioned that the accuracy of the model depends on 
the value of . In (14), R is the stator resistance matrix 
which is defined as: 

(21)
In which, Rs is the stator winding resistance. Also, 

in equations (14)-(17), ( )λ t  and )(tv  are the stator flux 
and voltage vectors which are defined as: 

(22)

VII. RESULTED AND DISCUSSION 
In this section, the torque ripple is calculated in 

various scenarios. At first, as in [1], a three-phase 
sinusoidal current source is applied to the motor with 
single-layer winding in skewed and un-skewed cases and 
the torque ripple is calculated. Then, for the same motor 
with single-layer winding, in both skewed and un-
skewed cases, a three-phase sinusoidal voltage is 
applied. The results are compared with those in [1]. It is 
shown that different results are obtained in voltage-
source case in comparison with the current-source case. 
Finally, the same calculations are done for the motor 
with double-layer winding. 

Phase ‘A’ self-inductance and mutual inductance 
between phases ‘A’ and ‘B’ of the machine in both 

skewed and un-skewed cases for single and double-layer 
winding are shown in Fig. 6. There are two kinds of 
harmonic components in inductances due to slot 
openings and distributed winding which have high and 
low order components, respectively. It is seen in Fig. 6 
that the high frequency components have been 
eliminated due to pole skewing. Moreover, the low 
frequency components are reduced in case of double-
layer winding. In fact, the slot opening effects have been 
eliminated due to pole skewing which can reduce the 
produced torque ripple. 

Fig. 6. The machine’s inductances in single and double-
layer winding, in skewed and un-skewed cases. 

A. SynRM with single-layer windings 
The machine with single-layer winding in skewed 

and un-skewed cases is simulated in this sub-section. 
The skewing angle is chosen  in skewed case 
and a 50 Hz three-phase 2A current source is applied to 
the motor: 

2 ,

2 ,

2 .

(23)

The rotating speed is considered equal to 
synchronous speed which is 1500 RPM in 50 Hz power 
supply frequency. Moreover, the  value is considered 

 to obtain the maximum average torque during 
simulation which is equal to 2.7 N.m. The output torque 
is calculated in both skewed and un-skewed cases. The 
results are illustrated in Fig. 7. It is seen that the torque 
has less ripple due to pole skewing. These calculations 
have been also carried out in [1] and [2] and the same 
results have been exactly obtained. Similar calculations 
have been done by applying the following three-phase 
voltages as input of the machine: 

95 ,

95 ,

95 .

(24)

The machine torque in both skewed and un-skewed 
cases are illustrated in Fig. 8. It should be mentioned that 
the value of the voltage source is considered 95 V to 
obtain the average torque of 2.7 N.m. with tuned  value. 
This causes the machine’s performance to be similar to 

that with 2A current source power supply. 
As it is seen in Fig. 8, the pole skewing has not 

considerable effect on the torque ripple in voltage source 
case. The current waveform is also shown in Fig. 8. It is 
clear that the current has some significant harmonic 
components because of non-sinusoidal winding function 
in single-layer case. In fact, the reason for this 
phenomenon is the limited slot numbers for winding 
distribution. 

Fig. 7. Output torque in skewed and un-skewed cases 
with sinusoidal current source (single-layer winding). 
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Fig. 8. Output torque and current waveform in skewed 
and un-skewed cases with sinusoidal voltage source 
(single-layer winding). 
 
B. SynRM with double-layer winding 

In this sub-section, the torque calculation for 
double-layer winding is performed. Figure 9 shows the 
output torque of machine with current source input. 

In this case, a significant reduction is seen in the 
torque ripple. Exactly, the same results have been also 
reported in [1]. Comparing to Fig. 7, which has been 
obtained for single-layer winding, less torque ripple is 
produced in case of double-layer winding. Since, in 
reality, the voltage source power is usually supplied to 
the motor, (24) is considered as an input. The output 
torque and stator currents have been obtained for this 
case which is shown in Fig. 10. As it is seen in this figure, 
significant reduction in torque ripple is obtained in case 
of pole-skewed double-layer winding. This result has not 
been obtained in single-layer winding with voltage 
source power supply. As shown in Fig. 10, the machine’s 

current has much less harmonic components than single-
layer winding (see Fig. 8). In fact, the pole skewing is an 
effective tool for torque ripple reduction, only in cases 
that the machine currents have low harmonic 
components due to more slot numbers for each pole. In 
order to make better comparison, more results in 
different cases have been obtained which are listed in 
Table 2. As it is seen in the table, in current source case, 
the pole skewing has significant effect on the torque in 
both single and double-layer winding machine (about 
80% reduction is seen in torque ripple); however, there 
is only 27.5% reduction in the torque ripple in voltage-
fed single-layer winding machine. Also, in voltage-fed 
double-layer winding machine, the pole skewing reduces 
the torque ripple 84%. 

Considering the results of Table 2, the effect of pole 
skewing on the torque ripple reduction can be 
summarized as follows: 

� For sinusoidal current source-fed SynRM, the pole 
skewing significantly reduces the torque ripple in 
both single and double-layer winding cases. The 
ripple reductions in single and double-layer winding 
are 80.5% and 79%, respectively. 

� For sinusoidal voltage source-fed SynRM, the pole 
arc skewing has not significant effect on the torque 
ripple reduction in single-layer winding case. This 
fact is due to generated harmonic components in the 
machine currents which are because of the produced 
space harmonics by the non-sinusoidal winding 
function. In this case, only 27.5% reduction is seen 
in the torque ripple. 

� As an important result, the pole skewing improves 
the torque ripple just for the machines with 
sinusoidal winding function which can be obtained 
by multi-layer winding or more stator slot 
numbering. 

� As another result, since in reality, the machine is 
supplied by voltage source, the pole arc skewing is 
an effective method for the SynRMs with the 
winding function having low harmonic components. 

 

 
 
Fig. 9. Output torque in skewed and un-skewed cases 
with sinusoidal current source (double-layer winding). 
 

 

 
 
Fig. 10. Output torque and stator current in skewed and 
un-skewed cases with sinusoidal voltage source (double-
layer winding). 
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Table 2: Torque ripple improvement due to pole skewing and double layer winding 
Current Source Voltage Source

Winding Layers 1 1 2 2 1 1 2 2
Average Torque (N.m) 2.8 2.8 2.1 2.1 2.8 2.8 2.5 2.5

Torque Ripple (%) 139 27.1 138 29.2 1428 1035 247 39.8

Torque Ripple Reduction (%) 80.5 79 27.5 84

VIII. VALIDATION OF THE RESULTS 
As it is known, to analyze electrical machines, the 

finite element method (FEM) is an established method 
among researcher [1]-[4], [18]-[20]. In this section, a 3-
D FEM is employed to evaluate the precision of the 
proposed method. The single-layer winding SynRM with 
un-skewed and 10◦ skewed poles is simulated in 
ANSOFT/Maxwell environment.  value has been tuned 
to obtain average torque of 0 N.m for no-load condition 
in both FEM and proposed modeling method. It should 
be mentioned that the rotational speed has been 
considered as synchronous speed (1500 RPM) in 
simulations. The machine structure in Maxwell 
environment is shown in Fig. 11. The calculation of 
voltage-fed non-skewed SynRM torque in no-load 
condition has been done by the proposed method and 
compared with the results of the FEM. The results are 
presented in Fig. 12. The same calculations have been 
done for 10◦ skewed poles SynRM. The results are 
illustrated in Fig. 13. It is seen in these figures that the 
results obtained by the analytical calculations are close 
enough to the results of the FEM, validating the proposed 
method. 

Fig. 11. Machine model in Maxwell environment. 

Fig. 12. Comparison of the proposed method with 3-D
FEM for no-load voltage-fed machine in un-skewed 
case. 

Fig. 13. Comparison of the proposed method with 3-D
FEM for no-load voltage-fed machine in skewed case. 

IX. CONCLUSION 
In this paper, a numerical discrete-time method has 

been introduced to model SynRM in voltage-fed 
condition. An exact analytical method is proposed to 
calculate the currents and the torque of the motor. The 
proposed method has a simple procedure and can be 
applied to all other machines. According to the obtained 
results, it was shown that the pole skewing of SynRM 
has significant effect on the torque ripple reduction in 
double-layer winding machine which has lower 
harmonic components compared to single-layer
winding. So, it is shown that the pole skewing is an  
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effective tool just in case that the winding function has 
low harmonic components which lead to semi-sinusoidal 
current. This case can be obtained by multi-layer 
windings or more slot numbers per pole. The machine 
has been simulated by 3-D FEM and the obtained results 
validate the accuracy of the proposed method. 
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