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V. CONCLUSIONS 
Fringe integral equations suitable for analysis of the 

field scattered by rounded soft and hard wedges are 

developed. Numeric results are obtained via a regular 

MoM procedure. Comparison with scattering from sharp 

wedges is illustrated and confirms that the rounded 

wedge can be considered, approximately, as the sharp 

wedge when the radius of rounding does not exceed one 

tenth of the wavelength. The results are also important 

from the theoretical/methodical point of view because 

they demonstrate the direct extension of PTD for objects 

with rounded edges.  
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Abstract ─ A self-adaptive ray tracing method for 

predicting radio propagation based on the curved surface 

ray tube (CSRT) model is proposed in this paper. The 

CSRT model is implemented in the ray tracing method 

to reduce the unnecessary consume compared with the 

four-ray tube model in complex environments. Both the 

theoretical calculation and the practical simulation were 

applied to verify the high efficiency of the CSRT model. 

The radio wave propagation in a complex scene was 

calculated by the CSRT model and the four-ray tube 

model, and the theoretical analytical result demonstrated 

that the CSRT model achieved a speed up of 4 times 

compared to the four-ray tube model. Moreover, the 

wave propagations in several different environments 

were simulated with our developed software based on  

the CSRT and four-ray tube tracing method, and the 

comparisons of the simulation time spent by the two 

methods proved the high efficiency of the CSRT model. 

In addition, the correct prediction of the propagation 

paths and E-field also validates the accuracy of the 

CSRT model.  

 

Index Terms ─ CSRT model, four-ray tube, radio wave 

propagation, ray tracing. 
 

I. INTRODUCTION 
In recent years, wave propagation prediction in the 

electrically large environment has been studied in an 

extensive published literature. A considerable interest 

has been shown in the ray tracing algorithm researches 

combined with the uniform theory of diffraction (UTD) 

[1-6]. Compared with the high accuracy but time-

consuming reverse algorithm, the time-saving shooting 

and bouncing ray (SBR) method [7-12] has attracted 

attentions widely.  

A ray tracing method based on the geometrical 

optics (GO) theory was presented to predict reflection 

and refraction rays [13-15]. A center-ray tube model was 

used in [14], which set one ray as the center of a ray cone 

and predicted the propagation of electromagnetic waves 

by only tracing the center ray of the tube. Since the 

wavefront of a center-ray tube is a circle or an ellipse, it 

overlaps with another wavefront when it is used to  

cover the spherical surface. Moreover, the radius of  

the receiving ball also determines the accuracy, and  

this model may produce abundant repeated paths. The 

lateral-ray tube model used in [5-8,14] is a good solution 

to the overlapping problem. The icosahedron model [7,8] 

and point source launching four-ray tube model [5,6,14] 

can cover the spherical wavefront seamlessly and without 

overlapping. Since the models mentioned before cannot 

be applied to trace diffraction rays, a segment source 

launching four-ray tube model combined with the UTD 

was proposed in [5,6]. This model solved the difficulties 

of the point source launching ray tube in tracing 

diffraction paths, and the cylindrical wavefront can be 

covered seamlessly and without overlap. Nevertheless, 

the segment source launching four-ray tube model cannot 

deal with complex crossing situations with the terrain 

and may produce much extra expending. Thus, a 

triangular wavefront ray tube model has been mentioned 

in the paper [16], but there are not detailed descriptions 

about the features and its application in tracing processing. 

On this basis, a three-ray curve surface ray tube 

(CSRT) model is presented in this paper, and the tracing 

process is introduced in detail using this model. The 

CSRT model can be applied to predict the propagation 

of the diffraction rays. Compared with the segment 

source launching four-ray tube model (hereinafter 

referred as four-ray tube model), the CSRT model can 

deal with more general situations accurately with less 

consumptions. Thus, the CSRT model can provide 

accurate prediction outcomes with high efficiency in 

more general environments. 

Section II gives a detailed definition of the three-ray 

CSRT model, and proves the efficiency improvement of 

the CSRT model in theory compared with the four-ray 

tube model. In Section III, different intersection situations 

with the terrain triangle facets by using the CSRT are 

listed. The description of how the tracing method runs  

is described in Section IV. Section V shows several 

simulation results of different terrains, and discusses the 

results compared between the three-ray CSRT model and 

the four-ray tube model tracing method. In Section VI, a  
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conclusion is drawn. 

 

II. COMPARISONS BETWEEN THE FOUR-

RAY TUBE MODEL AND THE THREE-RAY 

CSRT MODEL 
The four-ray tubes launched by edges are shown in 

Fig. 1 (a). Every two adjacent rays of the four-ray tubes 

determining a ray tube are in the same plane, which 

meets the characteristic of the conventional lateral-ray 

tube. The four-ray tube model is suitable to calculate the 

wave propagation in the simple city environments. The 

buildings in city models are usually assumed to be cubes 

(Fig. 1 (b)), and if the four-ray tube model partly crosses 

with a building, the wavefront of the tube ABCD will  

be divided into two quadrilaterals. However, only the 

wavefront BCFE can produce a reflection ray tube. Since 

the edges of two buildings are parallel, the rays IE and 

JF are in the same plane. So, rays IE, IB, JC and JF can 

form a new four-ray tube for reflection.  

 

   
 (a) (b) 

 

Fig. 1. (a) The four-ray tubes and three-ray CSRTs 

launching model. (b) The four-ray tube model in the city 

environment. 

 

However, for the complex environment, the terrain 

is often represented as closely spaced triangular surface. 

The situations of the ray tube crossing with a terrain 

become more complex. In Fig. 2, the wavefront of the 

four-ray tube launched from the diffraction edge is 

divided into two parts. Nevertheless, the intersecting part 

of the wavefront cannot produce one or several four-ray 

tubes. Thus, the popular solution is to assume the whole 

tube will reflect from the plane of the terrain triangular. 

The part to complete the four-ray tube wavefront does 

not produce real rays, so rays in this part belong to the 

unnecessary redundancy. When the reflection ray tube 

crosses with the terrain again, the intersecting situations 

become more complex, and the consumptions increase 

significantly. Many paths which do not exist will be 

counted in the result. 

In Fig. 2, the edge AB is the mirror edge of the 

diffraction edge of the terrain triangle, and the point O is 

the crossing point of line AC and line BE, which is 

regarded as the virtual launching point of this four-ray 

tube. 

 

 
 

Fig. 2. The four-ray tube reflects on the terrain triangle 

and crosses with the terrain. 

 

Parameters in Fig. 2 can be expressed as 𝑂𝐴 = 𝐻1, 

𝑂𝐵 = 𝐻2, 𝐴𝐶 = 𝐿11, 𝐴𝐷 = 𝐿12, 𝐵𝐸 = 𝐿21, 𝐵𝐹 = 𝐿22, 

𝐴𝐵 = 𝑊, ∠𝐴𝑂𝐵 = 𝜃, ∠𝐶𝐴𝐷 = ∠EBF = 𝛼. Use 𝑧 to 

represent the length of the segment CF. According to the 

geometric principle, 𝑧 can be calculated by the Equation 

(1): 

 𝑧 = √𝑥4
2 + 𝑥1𝑥2 +

𝑥2(𝑥3
2−𝑥2

2)

𝑥2−𝑥1
, (1) 

where 

 

{
 
 
 

 
 
 𝑥1 =

𝑊(𝐿11+𝐻1)

𝐻1

𝑥2 =
𝑊(𝐿22+𝐻2)

𝐻2

𝑥3 = √
𝐻2

2𝐿11
2

𝐻1
2 + 𝐿22

2 −
2𝐻2𝐿11𝐿22

𝐻1
𝑐𝑜𝑠 𝛼

𝑥4 = √
𝐻1

2𝐿22
2

𝐻2
2 + 𝐿11

2 −
2𝐻1𝐿11𝐿22

𝐻2
𝑐𝑜𝑠 𝛼

. (2) 

The sides of the quadrilateral CDFE are supposed 

that 𝐶𝐷 = 𝑦1, 𝐷𝐹 = 𝑦2, 𝐸𝐹 = 𝑦3, 𝐶𝐸 = 𝑦4, and the 

value of them can be calculated with Equation (3): 

{
 
 

 
 𝑦3 = √𝐿11

2 + 𝐿12
2 − 2𝐿11𝐿12 𝑐𝑜𝑠 𝛼

𝑦2 = √(𝐿12 +𝐻1)
2 + (𝐿22 +𝐻2)

2 − 2(𝐿12 +𝐻1)(𝐿22 +𝐻2) 𝑐𝑜𝑠 𝜃

𝑦3 = √𝐿21
2 + 𝐿22

2 − 2𝐿21𝐿22 𝑐𝑜𝑠 𝛼

𝑦4 = √(𝐿11 +𝐻1)
2 + (𝐿21 +𝐻2)

2 − 2(𝐿11 +𝐻1)(𝐿21 +𝐻2) 𝑐𝑜𝑠 𝜃

. (3) 

The area of the wavefront CDEF is expressed as 𝑆𝑓. 

Hence, 

 𝑆𝑓 = √𝑝1(𝑝1 − 𝑦1)(𝑝1 − 𝑦2)(𝑝1 − 𝑧) +

                     √𝑝2(𝑝2 − 𝑦3)(𝑝2 − 𝑦4)(𝑝2 − 𝑧), (4) 

where 

 {
𝑝1 =

1

2
(𝑦1 + 𝑦2 + 𝑧)

𝑝2 =
1

2
(𝑦3 + 𝑦4 + 𝑧)

. (5) 

If the area of every terrain triangle is 𝑎, the crossing 

situation cannot be processed directly when the area of 

the wavefront of a ray tube is larger than 𝑎. So, the ray 

tube should be subdivided into several new ray tubes 

with smaller wavefront, and the number of the new ray 

tubes for every subdivision is 𝑐. Provided that every 

subdivision time is 𝑡1 and the intersection time of every 
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ray tube is 𝑡2, the processing time of this ray tube for the 

intersection 𝑇𝑓 can be expressed as follows: 

 𝑇𝑓 = ⌈
𝑙𝑛⌈

𝑆𝑓

𝑎
⌉

𝑙𝑛 𝑐
⌉ 𝑡1 + ⌈

𝑆𝑓

𝑎
⌉ 𝑡2. (6) 

However, since the ratio of the crossing part of  

the wavefront on the terrain triangle to the completed 

wavefront is r, the ratio of the area of the shadow on the 

quadrilateral CDFE to the area of the wavefront CDFE 

is also 𝑟. So, only the rays crossing with the shadow part 

in the four-ray tube are real rays produced by reflection. 

To reduce the unnecessary cost, we define a CSRT 

model in which every two adjacent rays in a ray tube are 

not required to be in the same plane. So the profile of a 

CSRT could be a curve surface. All the rays in the CSRT 

model must be launched by a same diffraction edge, and 

there will be a common virtual point source for them. In 

this paper, the three-ray CSRT model is introduced. 

The three-ray CSRT model is produced by 

connecting the opposite vertex of the quadrilateral 

wavefront to divide the four-ray tube into two ray tubes 

with triangular wavefront (Fig. 1 (a)), so the wavefront 

of the three-ray CSRTs launched from an edge can also 

cover the cylindrical diffraction wavefront. The CSRT 

model in Fig. 3 is launched from diffraction edge AB. 

Supposing that the rays AC and BD are in the same 

plane, so the ray AE is in the different plane with ray BD. 

The profile ABDE is a curve surface consisted of the rays 

launched from the edge AB to the line DE. For all the 

rays in this tube, there must be a common virtual launch 

point before the diffraction. Combined with the UTD, 

diffraction rays in CSRT launched by edge AB will never 

cross with each other during the propagation process 

(except the points on the edge AB). So there will be  

no rays passing through the curve surface and go into 

another ray tube, which proves the three-ray CSRT 

model to be appropriate for wave propagation prediction.  

 

 
 

Fig. 3. The CSRT model. 

 

The CSRT model has no strict requirements on 

whether the adjacent rays are in the same plane. So when 

a three-ray CSRT intersects with the terrain triangles, no 

matter what the shape of the intersection wavefront is, it 

always can be divided into some triangle wavefronts. 

Thus, all the rays in reflection three-ray tubes are real 

rays produced by reflection. 

If the CSRT model is used in Fig. 2, only the 

crossing part will reflect. The crossing part of the 

wavefront of the CSRT and the terrain is the shadow part 

exactly. So the area of the wavefront of the CSRT 𝑆𝐶𝑆𝑅𝑇  

is: 

 𝑆𝐶𝑆𝑅𝑇 = 𝑟𝑆𝑓, (7) 

and the handling time 𝑇𝐶𝑆𝑅𝑇  of the CSRT method can be 

calculated as follows: 

 𝑇𝐶𝑆𝑅𝑇 = ⌈
ln⌈

𝑆𝐶𝑆𝑅𝑇
𝑎
⌉

ln 𝑐
⌉ 𝑡1 + ⌈

𝑆𝐶𝑆𝑅𝑇

𝑎
⌉ 𝑡2. (8) 

So, the time ratio of the four-ray tube and the three-

ray CSRT is indicated as: 

 𝜂 =
𝑇𝑓

𝑇𝐶𝑆𝑅𝑇
. (9) 

The parameters and the constants in the Equations 

(1) - (8) are assumed as the following values: 𝐻1 = 𝐻2 =
10 m, 𝐿11 = 𝐿21 = 10000 𝑚, 𝐿12 = 𝐿22 = 1000 𝑚, 

𝑊 = 10 𝑚, 𝜃 = 𝜋/3, 𝛼 = 𝜋/6, 𝑟 = 1/4, 𝑎 = 100 𝑚2, 

𝑐 = 4. It can be calculated that 𝑇𝑓 = 10𝑡1 + 438831𝑡2, 

𝑇𝐶𝑆𝑅𝑇 = 9𝑡1 + 109708𝑡2. Since that 𝑡1 is very small and 

can be ignored when compared with 𝑡2, it is concluded 

that 𝜂 ≈ 4. 

Thus, the calculation efficiency of the three-ray 

CSRT model has been increased by 4 times compared 

with the four-ray tube model in the above scenario. It is 

an efficient way with the CSRT model for ray tracing 

process in the complex terrain. 

 

III. DIFFRENT SITUATIONS OF RAY TUBE 

CROSSING WITH THE TERRAIN 
When a CSRT crosses with terrain triangles, there 

will be several different crossing situations for the 

wavefront of the ray tube. The three-ray CSRT model 

can self-adaptively deal with the situations as follows.  

 

A. Completely crossing 

When the three-ray CSRT model intersects with a 

terrain triangle completely (Fig. 4 (a)), all the rays in the 

tube will reflect from this triangle. It just needs to obtain 

the reflection rays of the three rays AC, AD and BE to 

form the new reflection three-ray CSRT. At the same 

time, it is also necessary to get mirror point O' of O about 

the terrain triangle as well as mirror edge A'B'. O' and 

A'B' will be applied to the next tracing step as virtual 

launching point and virtual launching edge. 

 

B. Partly crossing with a terrain triangle 

When the ray tube partly intersects with a terrain 

triangle, different treatments will be applied to different 

situations of intersection. If the wavefront of the 

intersecting part is triangular, it only needs to find the 

diffraction points of the vertexes of the triangular 

wavefront and to restructure the three-ray CSRT. For  

the new CSRT, a reflection ray tube can be produced 

according to the steps of Subsection A. However, if the 
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wavefront of the intersecting part is not a triangle, the ray 

tube should be segmented. The polygon wavefront can 

be divided into several triangular wavefronts. In Fig.  

4 (b), the wavefront of the crossing part is an irregular 

polygon DEGH. The irregular polygon wavefront is 

divided into two triangular DEH and EGH by connecting 

points H and E. Find the diffraction points A and G of 

the new vertexes of wavefronts H and G on the edge AB, 

and two CSRTs determined by rays AH, AD, BE and 

rays AH, FG, BE are formed. The reflection ray tubes  

of this two new CSRTs can be produced based on the 

treatment in Subsection A. 

 

    
  (a)    (b) 

 

Fig. 4. (a) Completely crossing with terrain triangle. (b) 

Partly crossing with a terrain triangle. 

 

C. Intersecting with adjacent terrain triangles 

When the ray tube intersects with two adjacent 

terrain triangles (Fig. 5 (a)), the wavefronts CFG and 

DEGF are on two terrain triangles, so the two wavefronts 

can be treated as method in Subsection B respectively. 

 

  
 (a)  (b) 

 
   (c) 

 

Fig. 5. (a) Crossing with two terrain triangle. (b) 

Crossing with several terrain triangles. (c) Subdivide ray 

tube. 

 

D. Intersecting with several terrain triangles 

If the ray tube intersects with several terrain 

triangles (Fig. 5 (b)), since the terrain triangles are not 

closely associated, it is difficult to determine the specific 

situations of intersection usually. To reduce the 

complexity of crossing situations, it is necessary to get 

the ray tube segmented. First, we suppose a wavefront of 

the three-ray CSRT, and then get the midpoints of each 

edge of it (Fig. 5 (c)). Connection of the midpoints A,  

B and C will divide the triangle wavefront into four 

triangles. Next, we get the launching points of these three 

points on the launching edge, so the ray tube will be 

segmented into four new three-ray CSRTs with smaller 

wavefronts.  

 

IV. RAY TRACING PROCESS 
The three-ray CSRT model proposed in this paper is 

mainly used to trace diffraction rays. So the actual ray 

tracing process considering transmission and reflection 

should combine this model with the point source 

launching three-ray tube model. For simplification, this 

paper only considers the situations in which only one 

diffraction and multiple reflections occur. The flow chart 

of the ray tracing is shown as Fig. 6. 

 

 
 

Fig. 6. The flow chart of the ray tracing. 

 

A. Produce initial ray tube 

The initial point source launching three-ray rubes 

are generated through the icosahedron method proposed 

by [8]. During the process of tracing, all the ray tubes 

will have triangular wavefronts and same crossing 

situations with the terrain triangles. So different kinds of 

ray tubes can be processed in a unified way. 

 

B. Diffraction and reflection 

The initial ray tubes or the high order reflection ray 

tubes will diffract from the crossing lines of the terrain 

triangles if the lines are diffraction edges, so the three-

ray CSRTs will be produced. Besides, the other parts of 

these ray tubes crossing with terrain will reflect from the 

terrain and produce reflected ray tubes.  
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the three arrays, A[i] and B[i] contain the diffraction rays 

to be generated, and the other one R[i] contains the 

diffraction ray tubes which consist of the diffraction rays 

in the first two arrays. As is shown in Fig. 7, we use i to 

represent the ray tube number. The relationship between 

diffraction rays and diffraction ray tubes is also shown. 

Besides, the ray tube number i is in a loop from (idx * N) 

to (idx+1) * N, in which idx means thread ID. 

Different with original ray tubes and reflection ray 

tubes, the diffraction ray tubes are quadrangle ray tubes, 

which means each lateral-ray tube consist of four rays. 
 

 
 

Fig. 6. Generating ray tubes from diffracting edge. 

 

 
 

Fig. 7. Data structure of diffraction rays and ray tubes. 

 

III. MODELING AND IMPLEMENTATION  
To verify the efficiency of the proposed GPU-based 

shooting and bouncing lateral-ray tube tracing method, a 

CPU-based version is also implemented for comparison. 

A model is established, and several numerical examples 

are tested. The GPU hardware used in this research is 

Quadro K620 of Compute Capability 5.0, with 2 GB of 

memory. The CPU hardware used in this research is 

Intel(R) Xeon(R) CPU E5-2603 v3 @ 1.60 GHz with 6 

cores. Our implementation runs atop Windows 7 with the 

CUDA Toolkit 7.5. As all future NVIDIA GPUs will 

support CUDA, the proposed GPU-based SBR is scalable 

across future generations. 

CUDA provides a simple and general C/C++ language 

interface to the programmers and the programming  

on GPU does not have much difference from using 

application programming interfaces. 

The GPU-based shooting and bouncing lateral-ray  

tube tracing method is applied to a sample environment. 

There are 4 buildings set on the terrain. All the buildings 

are with the same height, which is 100 m above the 

terrain. The entire model is made up of 19650 triangle 

faces. The material parameter of the buildings is 𝜀𝑟 = 15,
𝜎 = 0.015. The material parameter of the ground is  
𝜀𝑟 = 25, 𝜎 = 0.02. Considering the architecture of the 

transmitter is a regular icosahedron, we can estimate the 

complexity according to the subdivision coefficient. In 

this sample, we set the subdivision coefficient to 32. As 

a result, 20480 original triangle ray tubes are generated 

from the transmitter. There are 2 groups of receivers. 

One is made up of receivers ranging from (0, 0, 50) to (0, 

160, 50) with a 20 - m step. The other group is made up 

of receivers ranging from (0, 0, 20) to (0, 0, 100) with a 

10 - m step. The modeling is shown in Fig. 8. 

 

 
 

Fig. 8. A sample model of propagation environment. 

 

The data of the terrain and the buildings are 

imported from the electronic map. All the data necessary 

in the experiment including the terrain and buildings are 

saved in the global memory. In CUDA programming, the 

number of blocks and threads per block is specified by 

the programmer, and each thread has a unique thread ID 

and block ID to identify the unique data assigned to each 

thread. As a result, each lateral-ray tube can be specified 

through thread ID and block ID. In our experiment, 

considering the 20480 original triangle ray tubes, the 

maximum block size and the thread count in per block  

in our implementation is 32 × 640. In addition, because 

of the limited device memory, we cannot transfer all  

the triangle faces data into the GPU. We resolve this 

problem by transferring the data in batches. 

 

IV. RESULTS AND DISCUSSION  
Last part we introduced the modeling, knowing that 

there are 19650 triangle faces and 20480 original triangle 

ray tubes. Figure 9 and Fig. 10 show the E field vs. 

receiver distance and E field vs. receiver height. Both  
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are compared with the commercial electromagnetic 

simulation software Wireless Insite.  

 

 
 

Fig. 9. Comparison of E field vs. receiver distance with 

proposed method and Wireless Insite simulation. 

 

In Fig. 9, the heights of the transmitter and the 

receivers are all 50 m. Since the distance between the 

transmitter and the receivers varies from 30 m to 190 m 

with a 20 - m step, the E field decreases in general. 

However, under the influence of the building reflection, 

the E field decreases slowly even grows a little when the 

distance becomes longer and longer. 

 

 
 

Fig. 10. Comparison of E field vs. receiver height with 

proposed method and Wireless Insite simulation. 

 

In Fig. 10, the height of the transmitter is 50 m. The 

horizontal distance between the transmitter and all the 

receivers is 30 m. Since the height of the receivers varies 

from 20 m to 100 m with a 10 - m step, the distance 

between the transmitter and the receivers decreases at 

first and then increases with the receiver height. As a 

result, the electric field increases at first for the receiver 

becomes closer to the transmitter. However, for the 

receivers above 50 m, the electric field decreases with 

the increase of receiver height. 

From the Table 1, we can get the information that 

the execution speed on the GPU is more than 16 times 

higher than CPU. 

 

Table 1: Comparisons between execution time for CPU 

and GPU 

Type Time  

Executing on CPU 140122 ms 

Executing on GPU 8706 ms 

 

Below we will put emphasis on analyzing the factors 

which affect the executing time. 

The executing time on the CPU is as follow: 

 𝑡𝐶𝑃𝑈 =
𝑁

𝑓𝐶𝑃𝑈
×

1

𝐶𝐶𝑃𝑈
×

1

𝜂
, (5) 

where 𝑁 represents the data scale inputted, 𝑓𝐶𝑃𝑈 

represents the CPU frequency and 𝐶𝐶𝑃𝑈 represents  

the CPU’s capability of calculation, η represents the 

efficiency of the algorithm. 

We pay more attention to the factors which affect 

the executing time on the GPU. The formula is shown as 

follow: 

𝑡𝐺𝑃𝑈 = 𝑡𝑘𝑒𝑟𝑛𝑒𝑙 + 𝑡𝑚𝑒𝑚𝑐𝑝𝑦                                    

 = 𝑡𝑛 × ⌊
𝑁

𝑛
⌋ + 𝑡𝑁 𝑚𝑜𝑑 𝑛 + 𝑡𝑚 × ⌈

𝑁

𝑛
⌉, (6) 

 𝑡𝑛 =
𝑛

𝑓𝐺𝑃𝑈
×

1

𝐶𝐺𝑃𝑈
×

1

𝜂
+ 𝑛 × 𝑎, (7) 

 𝑡0 = 0, (8) 

where 𝑡𝐺𝑃𝑈 represents the total execution time on the 

GPU, 𝑡𝑘𝑒𝑟𝑛𝑒𝑙 represents the execution time cost in the 

kernel functions, 𝑡𝑚𝑒𝑚𝑐𝑝𝑦 represents the time spent on 

copying data from the GPU to the CPU, 𝑁 represents the 

data scale inputted, 𝑛 represents the data scale inputted 

per time, ⌊
𝑁

𝑛
⌋ represents rounding down to 

𝑁

𝑛
, ⌈

𝑁

𝑛
⌉ 

represents rounding up to 
𝑁

𝑛
, 𝑡𝑛 represents the computation 

time with 𝑛 triangle faces transferred, 𝑡𝑚 represents the 

time spent on copying the data once, 𝑓𝐺𝑃𝑈 represents the 

GPU frequency, 𝐶𝐺𝑃𝑈 represents the GPU’s capability of 

calculation, 𝜂 represents the efficiency of the algorithm, 

and 𝑎 is a constant which affects the speed of copying 

memory changing with different GPUs. 

Because of the limited GPU memory, we cannot 

copy all the data from the CPU to the GPU. As a result, 

we should divide the data into several parts. Then we 

copy each part from the CPU to the GPU. We do not 

copy the second part of the data until the first part of the 

data has been calculated. So do the rest parts of the data. 

This is the reason why 
𝑁

𝑛
 is in the formula. The GPU 

frequency influences the memory clock rate so the 

frequency is higher the more time is saved. Additionally, 

the capability of the GPU is stronger, the more time is 

saved. 

In the formula (6), 
𝑁

𝑛
 is decided by programmers. In 

our experiment, 𝑁 depends on the count of triangle faces 

and the count of original ray tubes. We divide all the 

19626 triangle faces into several groups. Meanwhile, we 

test the time of the intersection test which is the most 
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time-consuming part of the whole experiment. As is 

shown in Fig. 11. 
 

 
 

Fig. 11. Computation time on the GPU predicted and 

measured. 
 

In the formula (6), as the 𝑛 grows, 𝑡𝑛 × ⌊
𝑁

𝑛
⌋ +

𝑡𝑁 𝑚𝑜𝑑 𝑛, which is 𝑡𝑘𝑒𝑟𝑛𝑒𝑙, does not change. 𝑡𝑚 changes 

slightly, too. So the formula (6) mainly depends on ⌈
𝑁

𝑛
⌉. 

Therefore, we should try our best to get the biggest 𝑛 to 

enhance the efficiency. We treat 𝑛 = 200 as a basic unit. 

Then we predict the calculation time by the formula (6), 

as is shown in Fig. 11. For our GPU, the biggest 𝑛 is up 

to 4500. If 𝑛 > 4500, there will not be enough space to 

save the data. So in the example of the comparisons of 

the CPU and the GPU, the 𝑛 of the GPU is chosen as 

4500. 

For the efficiency of algorithm, we can use the 

shared memory to store the triangle face information 

instead of global memory to save time. Proper distribution 

way of blocks and threads also reduces the total execution 

time. In addition, improvement of access mode can 

increase the operation efficiency, too. 

 

V. CONCLUSION 
This paper mainly introduced a GPU-Based 

shooting and bouncing lateral-ray tube tracing method 

that is applied to predicting the radio wave propagation. 

This method can be applied in electrically large scenes 

which is time-consuming. Then we discussed the most 

efficient mode of transferring the data of triangle faces, 

which is a necessary part in the shooting and bouncing 

ray tracing algorithm. The results proved that the method 

can greatly reduce the computation time. Moreover, this 

proposed method can be implemented on the future GPU 

devices which support the CUDA programming. 
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Abstract ─ Low reflectivity of microwave absorbers is 

important to improve the performance of anechoic 

chamber measurements. The shape of the absorber as 

well as the material used are among the main components 

to provide desired low reflection performance. Pyramidal 

and wedge-shaped absorbers are two of the most well-

known microwave absorber types. We discuss the  

effect of a convex shape on reflection performance  

of microwave absorbers and show that convex shape 

structure has significantly performance by absorbing 

most of the electromagnetic energy of the incident wave. 

We used a concavity theorem based design method  

to obtain a function for a convex shape. Absorbing 

structures have been analyzed by using the periodic 

moment method (PMM). An optimization method is 

employed to find coefficients of the convex function, 

which provides better absorption performance than the 

wedge type absorber. Reflection performances of the 

wedge and convex absorbers for the 2­12 GHz frequency 

band are compared. Their reflection performances at  

2 GHz for different angles of incidence are presented. An 

important implication of this study is that the alternative 

absorber shapes other than the wedge shape are 

demonstrated by using simple mathematical methods to 

have the optimal reflection characteristics.  

 

Index Terms ─ Anechoic chamber, electromagnetic 

scattering, electromagnetic wave absorption, microwave 

absorber, periodic moment method, periodic structures 

wedge diffraction.  
 

I. INTRODUCTION 
Unwanted or stray electromagnetic signal radiation 

such as electromagnetic interference (EMI), which usually 

radiate from electronic devices, can be a serious threat to 

living beings and cause faults on other electronics devices 

located nearby when radiation is strong [1-3]. Therefore, 

detection of them is very important. Microwave absorbers 

are used to eliminate these signals in microwave 

applications [4]. Many electronic systems are evaluated 

by using absorbers [5]. They are essential components 

for performing electromagnetic compatibility (EMC), 

EMI, radar cross section and antenna radiation pattern 

measurements accurately in a chamber instead of open 

field [1,4,6-10]. This chamber is called an “anechoic 

chamber” and is used to simulate a free space environment 

[4,11]. Microwave absorbers have dielectric or magnetic 

losses to absorb electromagnetic waves. The absorption 

capability of an absorber is depended on permittivity and 

permeability properties of the absorber material [12]. 

Absorbed electromagnetic waves are attenuated and 

their energy transformed into heat energy [4,13]. The 

two main categories of absorbers according to the 

working mechanism are resonating and graded (non-

resonating) absorber structures [14]. Absorbers are used 

inside anechoic chamber surfaces (wall, ceiling, floor) to 

minimize reflection of incident electromagnetic waves 

and to perform measurements [14-18]. Absorbers having 

low reflectivity are preferable to trap most of the incident 

electromagnetic waves. Thus, almost perfect free space 

conditions are obtained in a chamber [6,19]. Various 

factors such as the electrical properties of the absorber 

material have an essential role in absorption performance 

of microwave absorbers [16]. The relative permittivity 

(dielectric constant) of the material used in an absorber 

is one of the most important factors [20]. It is a measure 

of the electrostatic energy stored in the material and 

affects the propagation speed of electromagnetic wave in 

the material [15,21].  

The shape of the absorber used in the chamber also 

has significant importance on absorption performance in 

addition to other factors [22]. There are many types of 

absorber having different shapes, such as pyramidal, 

wedge, convoluted, among many others. The wedge-

shaped absorber is one of the most well-known type 

which is also commonly used for EMC/EMI measurements 

[23,24]. Its wedge shape provides a suitable impedance 

match from free space to the base of the absorber [16]. 

ACES JOURNAL, Vol. 32, No. 7, July 2017

1054-4887 © ACES 

Submitted On: November 24, 2016 
Accepted On: February 1, 2017

621



Gradually impedance transition acts as an impedance 

matching network in order to have minimum amount  

of reflected EM wave [25]. On the other hand, while 

wedges are larger compared to a wavelength, incident 

EM waves are reflected numerous times between the 

sides of adjacent wedges before being reflected back 

[16]. Thus, a significant portion of its energy is absorbed 

upon each reflection due to the wedge-shape [26]. At 

higher frequencies, diffraction due to edges of wedge 

absorber contribute electric field significantly, which 

effects absorption performance of the absorber [27]. 

Therefore, numerical analysis of such structures need to 

take diffraction into account and Method of Moments 

(MoM) is one of techniques that can effectively 

incorporate such effects as well [28-30].  

Here, we discuss obtaining an absorber shape by 

using a methodology that provides better impedance 

matching. Alternatively, obtaining a shape that will 

provide many bounces of an EM wave between sides of 

wedges before reflecting back.  

Impedance transition of the wedge-shape absorber 

varies linearly from free space to the base of the 

absorber. For better impedance transition and multiple 

reflections between the sides of wedges, increasing of 

height of the wedge absorber is required. However, 

absorber height limits usable measurement space of the 

chamber and restricts usage of absorbers in small and 

semi-anechoic chambers [31,32]. Increasing available 

measurement space of the anechoic chamber is possible 

by using different absorber shapes that have the same or 

better absorption performance with lower height. Using 

nonlinear (curved) absorber shapes instead of a wedge 

type helps to improve the performance of the EMI/EMC 

measurements and available space in the chamber [32]. 

In addition, nonlinear absorber shapes provide smoother 

nonlinear impedance transition and/or many more 

reflections between the wedge sides [32].  

Within this framework, the contribution of this 

study is proposing a method to obtain surface functions 

for absorbers that have better absorption performance 

than a wedge-shape absorber. Scattered electric fields 

from absorber structures have been analyzed by using the 

PMM. Reflection values of the plane electromagnetic 

wave that is E-field polarized along the axes of the 

absorber structure (TM case) are calculated. Since the 

TM case reflection performances are worse than the TE 

case performances, the scope of the study is limited for 

the TM case only [27].  

Organization of the paper is as follows: Analyzing 

periodic absorber structures by using PMM is briefly 

explained to provide a background, followed by a 

discussion of the reflection performance and impedance 

transition relation. Then, a general method is proposed 

to obtain surface functions of the periodic structure by 

using the concavity theorem. Obtaining second order 

convex polynomial functions is demonstrated as a simple 

example. Numerical results of the wedge and convex 

absorber structures are presented in the results section, 

and finally conclusions given in the following section. 
 

II. METHODS 

A. Analyzing periodic absorber structures 

Reflection performances of periodic absorber 

structures illuminated by a plane wave can be obtained 

by employing the PMM. Assuming that a TM polarized 

plane electromagnetic wave which has 𝑒𝑗𝜔𝑡 time 

dependency is incident upon singly-periodic structure 

having a period “L”. Spectral domain expression of 

scattered E-field from structure is given by a well-known 

equation [33]: 

𝑬𝑠(𝒙, 𝒚) = −(𝑗
𝑘2

2𝐿
) ∑ ∬(𝜀𝑟 −∞

𝑝=−∞

1)𝐸0(𝒙′, 𝒚′)
𝑒−𝑗(𝒙−𝒙′)𝛽1𝑝 .𝑒−𝑗|𝒚−𝒚′|𝛾1𝑝

𝛾1𝑝
𝑑𝑥′𝑑𝑦′, 

(1) 

 

where 

𝛽1 = 𝑘𝑠𝑥 , 𝛽1𝑝 = 𝛽1 + 𝑝
2𝜋

𝐿
, 𝛾1𝑝 = √𝑘2 − 𝛽1𝑝

2 . (2) 

Since the vector sum of the scattered and incident 

electric field vectors is equal to the total electric field at 

any point as given in expression (3), the scattered field 

can be calculated by using PMM: 

𝑬 = 𝑬𝑖 + 𝑬𝑠. (3) 

PMM is based on dividing a cross section of the 

reference element into small size cells and calculating 

the scattered field by solving linear independent 

algebraic equations. The size of cells is selected in order 

to be small enough to consider dielectric constant and 

electric field density in each cell to be constant. A 

detailed explanation of the PMM is given in study [32].  

MATLAB code is developed based on PMM in 

order to obtain reflection performances. Since MATLAB 

performs vector and matrix operations efficiently, 

complex matrix operations are calculated rapidly. 
 

B. Reflection performance and impedance transition 

relation  

Microwave absorbers need a smooth transition from 

air into the absorber in order to enhance impedance 

matching and complete absorption of the wave inside the 

absorber in order to achieve the desired low reflectivity 

properties [34,35]. Wedge or pyramidal-shaped absorbers 

have linear surfaces and they have good reflection 

performances because of linear impedance matching 

between air and absorber. Reflection performances of 

absorbers that have non-linear surfaces and impedance 

matching properties are different. Comparison of the 

reflection performances of the absorbers that have 

wedge, concave and convex surfaces are shown in Fig. 1 

to specify the differences between them. The reflection 

performance of a wedge-shaped absorber is better than  

a concave-shaped one, and a convex-shaped absorber  

has the best reflection performance. A convex-shaped 
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absorber also has smoother impedance transition than 

both of concave-shaped and wedge-shaped absorbers.  

It is possible to obtain better impedance transitions by 

changing parameters of the related convex surface 

function such as polynomial functions, power function, 

exponential function etc.  
 

 
 

Fig. 1. Comparison of the reflection performances of 

absorbers that have wedge, concave and convex surfaces. 

 

C. Design of convex shape 1-D microwave absorber 

function 

Assume that the cross-section of the reference 

element of any lossy structure at the origin of the  

x­y plane, which has period “L”. It consists of two 

symmetrical half parts in the interval [­L/2,L/2]. Finding 

the function for the half in the interval [0,L/2] as a 

function of “x” defines the symmetrical half of the 

reference element in the interval [­L/2,0].  

Any function f(x), which has a second derivative at 

each point in the interval [0,L/2] and meets the f''' (x)>0 

condition in this interval, is a convex (or concave 

upward) function according to the concavity theorem. 

Boundary values of the function are f(0)=h and (L/2)≥0. 

Where “h” is height of the reference element. Several 

convex functions such as polynomial functions, power 

function, exponential function etc… could be observed 

to satisfy conditions of the concavity theorem. Second 

order convex polynomial functions, as an example, are 

one of the simplest such functions for which determine 

coefficients.  

A second order convex polynomial function f(x) 

which has a constant positive second derivative value, 

f'''(x)=a in the interval [0,L/2] is shown in the expression 

below: 

𝑓 (𝑥)  =  
𝑎

2
𝑥2 + 𝑏𝑥 + ℎ. (4) 

A convex function with a local minimum point 

outside the interval [0,L/2], is shown in expression (5) 

and satisfies the f(0)=h and f(L/2)=0 boundary conditions. 

It is a decreasing function. The condition for the first 

order derivative at the point (L/2,0) is ­2h/L≤f''(L/2)≤0. 

Thus, the condition for “a” values is 0≤a≤8h/L2, 

𝑓 (𝑥)  =  
𝑎

2
𝑥2 + (−

𝑎𝐿

4
−

2ℎ

𝐿
) 𝑥 + ℎ. (5) 

For a convex function, which has its local minimum 

point (xm,ym) inside the interval [0,L/2], is shown in 

expression (6). It satisfies f(xm)=0 and f''(xm)=0 conditions. 

Thus, a≥8h/L2 for “a” values are obtained by using these 

conditions, 

𝑓(𝑥) =
𝑎

2
𝑥2 − √2𝑎ℎ𝑥 + ℎ. (6) 

Various convex periodic surface functions with 

different absorption performances satisfying the 

concavity theorem can be derived by using different 

second derivative functions. 

 

D. Periodic structure based on second order convex 

polynomial function  

Absorber structure configuration based on second 

order convex polynomial function is designed as an 

example by adding 2 inches of base thickness. 

Constrained nonlinear optimization method is used to 

obtain the “a” value indicated in expressions (5) and (6). 

Optimized convex functions provide the best reflection 

result. Reflection values of several frequencies along 

2­12 GHz frequency band are calculated. Reflection 

values at these frequencies are limited to be better than a 

predetermined limit value. This limit value is determined 

to satisfy the stated condition. The average value of them 

is considered as the objective function for optimization.   

The absorption performance of the structure with the 

obtained “a” value by using optimization as shown in the 

Fig. 2 (b).  

 

 
 (a) (b) 

 
Fig. 2. Dimensions of the compared periodic structures: 

(a) wedge structure, and (b) second order convex 

polynomial function based structure.  

 

The “a” value indicated in expressions (5) and (6) is 

obtained as a=20.7439 for the analyzed structure. The 

local minimum of the function is inside the interval 

[0,L/2] which is seen in Fig. 2 (b). This “a” value 

provides the best absorption performance for TM mode 

plane electromagnetic wave normal incident case.  
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Total calculation time of the PMM is an important 

factor while performing optimization and reflection 

calculations. The Conjugate Gradients Squared Method 

with precondition is used in MATLAB PMM code to 

enhance calculation time while calculating matrix 

inverses.  

 

III. RESULTS & DISCUSSION 
Reflection coefficients of the wedge type and 

designed convex absorber structures are calculated by 

using PMM. Interpolation is used before plotting graphs 

of the reflection performances to obtain smooth curves. 

The base width of the periodic structures is three inches, 

base thickness is two inches and wedge height is 8.5 

inches. The dielectric constant of the black wedge 

material shown in studies [27,32] has been used for 

PMM calculations. 

Dimensions (base widths, base thicknesses and 

wedge heights) based on the black wedge absorber in 

studies [27,32] are used for analysis of the wedge type 

absorber in this study to validate developed MATLAB 

PMM code. The specular reflection coefficient versus 

frequency plot of the black wedge absorber shown in Fig. 

73 on page 117 in study [27] is obtained with extended 

frequency band (2­12 GHz frequency band instead of  

2­8 GHz). Same base widths, base thicknesses and wedge 

heights with the wedge type absorber are used for analysis 

of the designed absorber to compare their reflection 

performances.  

Comparison of the reflection performances are 

shown in Fig. 3. Absorber structures are illuminated by 

normally incident TM mode plane electromagnetic wave 

at the 2­12 GHz frequency range with a step of 0.1 GHz. 

By comparing the wedge type and convex absorber 

structures, the results in the figure show a significant 

improvement in performance for the designed convex 

absorber structure relative to the wedge type. It has almost 

17 dB better reflection performance, which is ­46 dB, at 

2 GHz. It also provides better reflection more than 14 dB 

at several frequencies such as 2.4 GHz, 6.6 GHz and  

10 GHz. Its reflection values at 3.7 GHz, 8.1 GHz and 

12 GHz frequencies are not more than reflection values 

of the wedge absorber.  

It is clear that the proposed absorber has a sharper 

geometry than conventional wedge absorbers. It also has 

more edges. Therefore, edge diffraction has much more 

dominant effects on the absorption performance of the 

proposed absorber. On the other hand, for arbitrary 

shaped parametric surfaces, it is not straightforward  

to formulate absorption performance which includes 

diffraction effects. In this context, the basis of this 

research is optimizing absorption performance through 

incorporating diffraction effects numerically.  

Figure 4 shows the reflection coefficient versus the 

angle of incidence for the wedge type and convex absorber 

structures at 2 GHz. The convex absorber structure 

provides reflection performance of ­46 dB for normal 

incidence case. Its performance is almost 17 dB better 

than the wedge absorber, which has approximate ­29 dB 

reflection performance. The convex absorber structure 

also provides better reflection performance values for  

the oblique incidence case than the wedge type. For a  

70 degrees angle of incidence, while the wedge type 

provides approximately a ­7 dB reflection value, the 

convex absorber structure gives ­9.3 dB reflection 

performances. It has almost a 2 dB better value than the 

wedge type. The convex absorber has almost a 10 dB 

better reflection performance for angles of incidence of 

less than 30 degrees.  
 

 
 

Fig. 3. Comparison between the wedge type and convex 

absorber structures for the 2­12 GHz frequency range.  

 

 
 

Fig. 4. Comparison of the bistatic pattern performances 

for the wedge type and convex absorber structure.  

 

IV. SUMMARY & CONCLUSIONS 
A design method for obtaining absorber geometry 

for better reflection performance, among the wedge 

types has been explained in this study. The concavity 

theorem is used to obtain convex function for determining 

absorber geometry. Absorber structure configuration 

based on second order convex polynomial function is 

designed as an example. The range of the unknown 
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parameters of the function are calculated by using 

boundary conditions. Optimization is used to obtain 

specific values of the parameters of the function which 

give optimum results. By considering the optimized 

parameters of the function associated with the boundary 

conditions of the periodic structure, absorption 

performance values for the total frequency range have 

been calculated. Also, reflection values versus angle of 

incidence are obtained. Comparison of the reflection 

performances of the absorber structures have been 

presented.  

A designed convex absorber structure has 

significantly better absorption performance and it is an 

ideal absorber to enhance measurements at low signal 

levels. It can be used to increase the available measurement 

space of the chamber. For a wide frequency range, a 

designed absorber structure has better performance than 

the wedge type for both, the normal and oblique incidence 

cases.  

In terms of manufacturing of absorbers, non-wedge 

shape of absorbers as design in this study can be produced 

with CNC controlled foam cutting equipment for smaller 

quantities. They can be produced with mould fabrication 

for mass production. However, a single cut through a 

foam block with foam cutting technique and obtaining 

two similar absorber panel to maximize factory production 

cannot be performed because of non-complementary 

geometry of non-wedge shapes. Thus, small amount of 

unused material is wasted during production.  

The results of experimental works based on 

theoretical studies presented in this work are planned to 

be verified as future studies. Calculation of unknown 

parameters of the higher order functions and design of 

absorber structures will be discussed in a future study as 

well. 
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Abstract ─ Parabolic equation (PE) has been widely 

used for EM propagating and scattering problems for its 

high efficiency. By using the finite differential (FD) 

method, the calculation can be taken in a series of 

transverse planes in a marching manner. In this paper, 

the alternating group explicit iterative (AGEI) method 

is applied to solve the alternating direction implicit 

based parabolic equation (ADI-PE). As a result, the 

CPU time can be further saved when compared with the 

CN-PE and ADI-PE methods. Numerical results are 

shown for demonstrating the accuracy and efficiency. 

 

Index Terms ─ Alternating group explicit iterative 

(AGEI) method, electromagnetic scattering, parabolic 

equation. 
 

I. INTRODUCTION 
The rigorous numerical methods, such as the Finite 

Difference Time Domain (FDTD), the Method of 

Moment (MoM) and the Finite Element Method (FEM) 

are widely used for electromagnetic analysis. However, 

a huge number of computational resources are needed 

with the number of unknowns increasing, thus the 

efficiency will become low. On the other hand, the  

high frequency methods have low accuracy with few 

computational resources. The parabolic equation (PE) 

[1-11] is an approximation of the wave equation,  

which can give encouraging accuracy with limited 

computational resources. Therefore, the PE method 

takes a bridge between rigorous numerical methods and 

high frequency methods.  

By using the finite differential (FD) method along 

the paraxial direction, the calculation can be taken 

plane by plane. As a result, the computational resources 

can be saved largely. There are several methods that 

have been used to solve the parabolic equation, such as 

the Split-Step Fourier Transform (SSFT) [1], the Crank-

Nicolson (CN) [2-4], the Alternate Direction Implicit 

(ADI) [5-7], and the Alternate Group Explicit (AGE) 

[8-9, 20]. Moreover, several kinds of high-order 

approximations have been introduced to get the wide-

angle prosperities [10-11, 19]. Furthermore, some other 

numerical algorithms, including the Method of Moment 

(MoM) [12-13], the Geometrical Theory of Diffraction 

(GTD) [14], and other techniques [15-16] are combined 

with the PE method, which broaden the application of 

the PE method. It should be noted here that the PE can 

only model the object does not undergo large changes 

in direction. Moreover, the objects, which are small 

compared to the wavelength, cannot be simulated by PE 

method. Since the creeping waves cannot be captured 

by the PE method.  

The implicit FD methods are widely used for their 

simplicity, stability and efficiency [2-7]. The CN scheme 

is one of the most popular implicit FD methods [2-4]. 

Nevertheless, a huge computer resource is required with 

the electrical size of the targets increasing. Then the 

ADI method is proposed to accelerate the calculation of 

the PE method [8-9]. By using the ADI scheme, the 

fields in any transverse plane can be calculated line by 

line, which reduce the computation complexity by 

solving the unknowns in one dimension. On the other 

hand, the explicit FD methods can achieve high 

computational efficiency, but may result in instability. 

Therefore, the development of methods with both the 

high efficiency and stability has a practical significance.  

In this paper, the ADI-based parabolic equations 

are derived firstly. In this way, a series of tridiagonal 

matrix equations are needed to be solved in each 

transverse plane. Then the alternating group explicit 

iterative (AGEI) method [17-18] is used to solve these 

equations. As a result, all the unknown fields in each 

transverse plane can be computed explicitly without 

solving any matrix equation. Therefore, the CPU time 

can be saved significantly than the traditional ADI-PE 

method. Several numerical examples are given to 

demonstrate the accuracy and efficiency of the proposed 

AGEI-PE method.  

 

II. THEORY AND FORMULATIONS 

A. ADI-PE method  

Considering a PEC object illuminated by a plane 

wave in free space, a reduced function associated with a 

field component is introduced as follows: 

 ( , , ) ( , , )ikxu x y z e E x y z , (1) 
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where k  is the wave number.  

The standard forward parabolic equation can be 

obtained via substituting Equation (1) into the wave 

equation and factorization, 

 (1 )
u

ik Q u
x





  , (2) 

where Q  is the pseudo-differential operator, which can 

be expressed as: 

 

2 2
2

2 2 2

1
Q n

k y z

  
   

  
. (3) 

Equation (2) is one order differential along the x 

axis. The FD scheme along the paraxial direction can be 

easily applied, and the calculation can be taken plane by 

plane.  

The ADI-PE can be derived directly from the CN-

PE as indicated in [5-6]. The matrix form of the ADI-

PE is: 
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, (5) 

where 
2/ ,yr x y    2/ ,zr x z    ,

n

j ku  denotes the 

reduced scattered field at the point of ( , , ).n x j y k z    

As a result, there is an intermediate plane 

introduced between the n th  and n+1 th planes with 

less unknowns. Moreover the scattered fields can be 

calculated line by line. Finally, a series of tridiagonal 

matrices are to be solved by the ADI-PE method in 

each transverse plane.  

 
B. AGEI solution of ADI-PE 

Both the Equations (4) and (5) are tridiagonal 

matrix equations. Therefore, they can be solved by 

using the AGEI scheme. Suppose the impedance matrix 

can be written as: 
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It should be noted that =1 ,
2

yir
a

k
  =

4

yir
b

k
  for 

Equation (4), and =1 ,
2

zir
a

k
  =

4

zir
b

k
  for Equation (5). 

Then the impedance matrix is split into two parts, which 

can be expressed as: 

1 2

2 2

2 2

+2

2

2 2

2 2

A G G

a a
b

a a
b b

a
b

a
b

a a
b b

a a
b

 

 
 
 
 
 
 
 

  
 
 
 
 
 
 
  

,(7) 

Then the impedance matrix equation to be solved 

can be simplified as: 

 
1 2( ) .Au G G u f    (8) 

Furthermore, the following equivalent matrix 

equations can be obtained: 

    1 2 ,I G u I G u f      (9) 

or 

    2 1 .I G u I G u f      (10) 

At last, an alternating group explicit iterative 

(AGEI) method is applied to (8), 
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, (11) 

where 0,1,2...,k    is the Peaceman-Rachford constant. 

More specifically, the iterative method can be 

rewritten as: 
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. (12) 

Substitute 1kv   into the second matrix equation,  
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then the following result can be obtained: 
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For the first line of 
1ku 
, the calculation can be 

taken as: 
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where 
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For the second line of 
1ku 
, the calculation can be 

taken as: 
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where 
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Similarly, for i=3, 5, 7, 9, … , the solution can be 

expressed as: 
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where 
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It should be noted that the Peaceman-Rachford 

constant is set to be 0.5 for all the numerical results.  
 

C. Implementation aspects 

The three scalar parabolic equations of x, y, z, 

directions are coupled through the inhomogeneous 

boundary conditions. For the conducting targets, the 

tangential component of the total field equals zero on 

the surface of the scattering target. Moreover, the 

divergence-free condition is used for the unicity [2]. In 

each transverse plane, the perfectly matched layer 

(PML) is introduced to truncate the computational 

domain. The computation begins before the scattering 

target and stops beyond it. Finally, the scattering 

properties can be obtained by applying the near-far field 

conversion. Furthermore, the full bistatic RCS result are 

calculated by several rotating PE runs.  

Then the RCS in direction  ,   along polarization 

t can be written as: 
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where u is the reduced scattered fields in the last 

transverse plane for a specified frequency. 

 

III. NUMERICAL RESULTS 
At first, the electromagnetic scattering from a PEC 

cylinder with 5 m radius and 6 m height is considered at 

the frequency of 300 MHz. The paraxial direction is 

along the x axis and the incident angle is fixed at 

90inc  。, 0inc  。. There are totally 60 transverse planes 

to be calculated with 150 150  nodes in each transverse 

plane. The range steps are set to be 0.1 m. As shown in 

Fig. 1, the bistatic RCS results are compared between 

the MoM accelerated by the multilevel fast multipole 

method (MLFMM) and the proposed AGEI-PE method. 

There is a good agreement between them. Moreover, as 

shown in Table 1, both the comparisons of both the 

memory requirement and the CPU time are made among 

the MoM, CN-PE, ADI-PE and AGEI-PE methods. It 

can be seen that higher efficiency can be achieved for 

the proposed AGEI-PE method when compared with 

other methods.  
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Fig. 1. Bistatic RCS result for the PEC cylinder.  

 

Table 1: Comparisons of computational resources among 

the MoM, CN-PE, ADI-PE and AGEI-PE methods for 

the PEC cylinder 

 
Memory 

(MB) 

CPU Time 

(s) 

MoM 562 3958 

CN-PE 515 475 

ADI-PE 105 273 

AGEI-PE 91 120 

 
Secondly, the analysis is taken for a PEC block  

at the frequency of 300 MHz with the length of 8 m.  

The incident angle is fixed at 90inc  。, 0inc  。. In this 

example, the range steps are chosen to be 0.1 m. As a 

result, there are 40 transverse planes to be calculated 

with 150 150  nodes in each transverse plane. As 

shown in Fig. 2, the bistatic RCS curves of the PEC 

block are compared between the MoM accelerated by 

MLFMM and the proposed AGEI-PE method. There  

is a good agreement between them. Additionally, as 

shown in Table 2, the computational resources are 

compared among the MoM, CN-PE, ADI-PE and AGEI-

PE methods. 
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Fig. 2. Bistatic RCS result for the PEC block. 

 

Table 2: Comparisons of computational resources among 

the MoM, CN-PE, ADI-PE and AGEI-PE methods for 

the PEC clock 

 
Memory 

(MB) 

CPU Time 

(s) 

MoM 667 7648 

CN 559 586 

ADI 127 348 

AGEI 119 147 

 
At last, a complicated model is considered, an 

aircraft at the frequency of 5 GHz. The incident angle  

is fixed at 90inc  。, 0inc  。
. There are 167 transverse 

planes to be calculated with the range steps of 0.06 m 

and 100 100  nodes in each transverse plane. As shown 

in Fig. 3, the full bistatic RCS results are given. It can 

be found that the proposed AGEI-PE method can be 

used as an efficient tool to analyze the electromagnetic 

scattering from arbitrary structures.  
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Fig. 3. Bistatic RCS result for the PEC aircraft. 

 

IV. CONCLUSION 
An AGEI solution of ADI-PE is proposed in the 

paper. By splitting the tridiagonal matrix into two parts 

and proper transformation, the matrix equations of 

ADI-PE method can be solved explicitly. Moreover, the 

proposed AGEI-PE method is easily to be paralleled. In 

this way, high computational efficiency can be achieved 

with encouraging accuracy. Numerical results are given 

to demonstrate the accuracy and efficiency of the 

proposed AGEI-PE scheme.  
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Abstract ─ In this paper, we investigate the near-field 

enhanced optical absorption and far-field radiation 

characteristics of plasmonic dipole nano-antenna with 

different geometries which are rectangular, square, 

circular, and ellipse dipoles. Localized E-field 

enhancement at the excitation gap and reflection profile 

in an infinite 2D array of each nano-antenna are 

characterized and optimized at the resonant frequency 

of 375 THz, which corresponds to the incident wavelength 

of 800 nm. Numerical results show that the ellipse 

nano-antenna produces the most enhanced electric field 

at the excitation gap whereas the circular nano-antenna 

yields the best reflection and far-field radiation 

characteristics. This research is useful for the researchers 

and designers in choosing appropriate plasmonic dipole 

nano-antennas when incorporating with a photoconductive 

antenna for terahertz radiation enhancement. 

 

Index Terms ─ Absorption, far-field power pattern, 

localized electric field, nano-antenna, reflection, surface 

plasmon resonance. 
 

I. INTRODUCTION 
The interaction of light with plasmonic nano-

structures has constituted a central research topic in 

current science and engineering and has been finding 

several interesting applications in nanophotonic 

technology [1–4]. Two main demands for existing and 

emerging nano-optical applications are an optical spot 

beyond the diffraction limit and a high transparent 

efficiency. Plasmonic nano-antennas can concentrate 

the excitation light beam based on the localized surface 

plasmon resonance and thus can be used in the nano-

optical system because of their ability to obtain a very 

small optical spot. In addition, the enhanced intensity of 

light confinement into a high index substrate can be 

achieved by asymmetric scattering due to surface 

plasmon excited on metallic nanostructures. Consequently, 

plasmonic nano-antenna can provide high transmission 

efficiency for practical applications. Recent reports  

on applications of plasmonic nano-antennas include 

sensitive photodetection [5], plasmon-emitting diode  

[6, 7], photovoltaic devices [8], surface enhanced 

Raman spectroscopy [9], bio-sensing [10], terahertz 

photoconductive antenna [11–13], etc. 

To maximize the field enhancement in the high 

field region of the optical nano-antenna, which is well-

known as the most important parameter to characterize 

the performance of the nano-antenna, parameters such 

as antenna geometry, dielectric loading, as well as the 

polarization of incident light have to be carefully 

optimized and fined-tune [14, 15]. The optical properties 

of different types of nano-antennas for the enhancement 

of fluorescence of molecules have been discussed and 

demonstrated over the last decades [16–21]. However, a 

detailed comparison of nano-antennas having different 

geometries in term of near-field optical absorption and 

far-field radiation characteristics is still lack in the 

literature. Therefore, the aim of this paper is to provide 

such a detailed study and comparison. Four plasmonic 

dipole nano-antennas with different geometries are 

chosen for the study and comparison; they are 

rectangular dipole, square dipole, circular dipole, and 

ellipse dipole. Absorption and reflection profiles of 

each nano-antenna are characterized and optimized at 

the resonant frequency of 375 THz which corresponds 

to the incident wavelength of 800 nm. The paper is 

organized as follows: Section 2 presents the nano-

antenna geometries and simulation approach; Section 3 

presents the results and discussion; Section 4 gives a  
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conclusion. 
 

II. GEOMETRY AND MODELLING OF THE 

NANO-ANTENNAS 
Figure 1 shows the geometry of the four nano-

antennas under examination in the side and top views. 

Both the four dipoles and the ground are made of gold. 

The dipole nano-antenna and the ground are separated 

by a SiO2 substrate which having a thickness of T. The 

widths and the lengths of the rectangular dipole are 

designated as WR and LR, while those of the square 

dipole are WS and LS, those of the circular dipole are WC 

and LC, and those of the ellipse dipole are WE and LE, 

respectively. The SiO2 thicknesses of each nano-antenna 

are denoted as TR, TS, TC, TE whereas the periodicities 

of each nano-antenna in their arrays are denoted as PR, 

PS, PC, PE for the rectangular, square, circular, and 

ellipse dipoles, respectively. The excitation gap and the 

gold metal thickness of each nano-antenna are g and  

TAu = 25 nm, respectively. Design parameters of the 

four antennas for the optimized localized E-field and 

reflection coefficient at the desired frequency of 375 THz 

are as follows: for the rectangular dipole (g = 10 nm, 

WR = 35 nm, LR = 174 nm, TR = 100 nm, PR = 550 nm); 

for the square dipole (g = 10 nm, WS = 78 nm, LS = 166 nm, 

TS = 40 nm, PS = 600 nm); for the circular dipole  

(g = 10 nm, WC = 94 nm, LC = 198 nm, TC = 60 nm,  

PC = 590 nm); for the ellipse dipole (g = 10 nm,  

WE = 40 nm, LE = 190 nm, TE = 70 nm, PE = 570 nm). 

In this paper, a full-wave electromagnetic simulator 

Microwave Studio by CST based on Finite Integration 

Technique (FIT) was used to analyze the characteristics 

of the nano-antennas [22]. Figure 2 (a) shows the model 

to study the localized E-field response at the excitation 

gap of the dipoles in which the excitation source is a 

plane wave incident from the top with an electric field 

amplitude of 1 V/m and with a polarization along the 

main axis, i.e., x-axis, of the nano-antennas. To detect 

the localized E-field, a probe was placed in the gap 

between the dipole arms and oriented along the x-axis. 

This simulation model also allows calculating the  

far-field power patterns of the nano-antennas. The 

transmission/reflection coefficient of the nano-antenna 

was studied by using a unit cell model that employed a 

two-Floquet-port model with electric and magnetic 

boundary conditions enforced along the ±x and ±y 

directions, seen in Fig. 2 (b). The Au metal and SiO2 

substrates used in the simulation can be defined in the 

material library of the CST MWS software. Figure 3 

shows the electric dispersion curves of Au and SiO2 

within the frequency range of interest, i.e., 200 THz - 

500 THz which these close to the measured values in 

the previously reported studies [23, 24]. 

 

  
  (a) (b) 

   
 (c) (d) (e) 

 
Fig. 1. (a) Side view of the nano-antennas; (b-e) geometries of the rectangular dipole, square dipole, circular dipole, 

and ellipse dipole. 
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 (a) (b) 
 

Fig. 2. Simulation models: (a) to calculate the localized E-field and far-field power pattern, and (b) to calculate the 

reflection coefficient of an infinite 2D array. 
 

      
   (a) (b) 

 

Fig. 3. Dispersion curves of: (a) gold and (b) SiO2 in the frequency of interest from 200 THz to 500 THz. 
 

III. RESULTS AND DISCUSSION 
We select the ellipse dipole nano-antenna to 

investigate the frequency response on the design 

parameters (g, TE, LE, and PE) since other three nano-

antennas was observed to behave identically. It is noted 

that in this parameter study, one parameter was varied 

whereas others were fixed. In addition, hereinafter Fpeak 

denotes the frequency where occurring the maximum 

localized electric field Epeak. Figure 4 (a) shows that the 

excitation gap, g, strongly influences the electric field 

confinement. The narrower the g is, the lower the 

resonant frequency occurred, and the significantly better 

the localized Epeak presented. Maximum Epeak could 

reach to approximately 400 V/m when g decreases to  

7 nm. For the optimized design, we chose g = 10 nm 

because of the two reasons: first, if g = 10 nm, the 

resonant frequency occurring the maximum Epeak was 

mostly close to the desired frequency of 375 THz; 

second, if g is so small, we would encounter a short 

circuit problem after the fabrication process. Figure  

4 (b) shows that when the thickness of the SiO2 layer TE 

changed, both Fpeak and Epeak significantly changed, and 

clearly demonstrated a resonance behavior. When TE 

increased from 20 nm to 100 nm with a step of 20 nm, 

Fpeak increased, reached a maximum value, and then 

decreased and similarly for Epeak. At TE = 70 nm, Fpeak 

was mostly close to the desired frequency of 375 THz, 

and Epeak reached the maximum value. This behavior is 

interesting, which was proven in [14] and said that the 

distance from the nano-antenna to the reflective surface 

(Au ground) must be selected to satisfy the resonance 

condition if we consider the SiO2 substrate layer as an 

Fabry-Perot resonator cavity. 

Figure 4 (c) shows that when LE increased, Fpeak 

decreased, which follows the theory that the antenna 

length is inversely proportional to its operating 

frequency. We can calculate the effective wavelength 

according to the formula as: 

 0

eff

eff 0 eff

c
,

f


  

 
 (1) 

where c is the speed of light (3 × 108 m/s), fo is the  
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resonant frequency (~ 375 THz), and εeff the effective 

dielectric constant of SiO2 (~ 2.4). Accordingly, the 

effective wavelength is approximately 510 nm. In theory, 

the antenna has a length of about a half of the effective 

wavelength (Ltotal ~ λeff/2 ~ 260 nm) will present the 

first resonance mode. The resulted nano-antenna length 

in our simulation is approximately of 200 nm which is 

shorter than the theoretically predicted length. This can 

be attributed to an increase of the effective permittivity 

of the whole structure due to the presence of the reflecting 

mirror Au. When we consider the localized E-field, the 

total length of the nano-antennas also influenced the 

Epeak. The value of LE = 190 nm exhibited the maximum 

Epeak of 150 V/m at the Fpeak of 374 THz. Figure 4 (d) 

shows that if the width PE of the SiO2 layer, i.e., the 

periodicity in a 2D infinite array, increased, the resonant 

frequency decreased, however Epeak at the gap increased. 

The increased width of the semiconductor layer resulted 

in an increase of the effective permittivity of the whole 

structure. For the desired resonant frequency around the 

375 THz, PE was chosen to be 570 nm. It can be seen 

that this parameter is the least influence factor on either 

Epeak or Fpeak. By investigating the design parameter 

study of the ellipse geometry, we can conclude that the 

excitation gap area significantly influenced the localized 

E-field, while the dipole length decided the resonant 

frequency of the nano-antennas. More importantly, the 

thickness of the semiconductor layer must be 

appropriately chosen to obtain the additional E-field 

enhancement thanks to the mechanism similar to a 

Fabry-Perot resonant cavity. These characteristics are 

identical for the rectangular, square, and circular dipoles. 
 

       
   (a)  (b) 

        
  (c)  (d) 
 

Fig. 4. Parameter study in terms of Fpeak and Epeak of the ellipse dipole: (a) gap between dipole arms, (b) SiO2 

thickness, (c) total dipole length, and (d) lateral size of the SiO2 substrate. 
 

Figure 5 shows the localized E-field checked at the 

excitation gap, and the reflection coefficient checked 

for a 2D infinite array of the four nano-antennas. The 

optimized results show that the localized E-field of the 

rectangular dipole was 110.3 V/m at 374.9 THz, while 

that of the square dipole was 92.2 V/m at 372.8 THz, 

that of the circular dipole was 125 V/m at 374.3 THz, 

and that of the ellipse dipole was 150 V/m at 374 THz, 

seen in Fig. 5 (a). It should be noted that the incident E-

field was chosen of 1 V/m. All the four nano-antennas 

produced a significantly enhanced localized E-field at 

the gap between the dipole arms. The ellipse dipole 

produced the highest localized E-field while the square 

dipole presented the lowest value. In the perspective of 

the reflection coefficient, the behavior was different. 

The reflection coefficient of the rectangular dipole was 
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about 0.19 whereas that of the square dipole, circular 

dipole and ellipse dipole were about 0.28, 0.11, and 

0.25, respectively, seen in Fig. 5 (b) (refer to Table 1). 

Therefore, the circular dipole produced the best 

reflection characteristic while the square dipole presented 

the worst case. It is obvious that the resonant frequency 

Fpeak, the frequency occurring Epeak, almost coincided 

with the frequency occurring the minimum reflection 

coefficient. This indicates that the four nano-antenna 

structures operate well at the desired frequency of  

375 THz and thereby maximizing the incident light 

absorption efficiency. 

Figures 6 and 7 respectively present the near-field 

distribution and the far-field power patterns of the four 

nano-antennas at their resonant frequencies. The field 

was mostly distributed in the excitation gaps and at the 

dipole ends as in a conventional RF dipole. It is obvious 

that the circular dipole exhibited the best power patterns 

with the least back radiation in comparison with the 

three remains. Generally, the ellipse dipole nano-antenna 

produces the best localized E-field enhancement at the 

excitation gap whereas the circular dipole nano-antenna 

yields the best reflection and far-field radiation 

characteristics. In other words, the circular nano-

antenna should be chosen regarding the far-field radiated 

power while the ellipse nano-antenna should be chosen 

for the demand of highly localized E-field. 

 

   
 (a) (b) 

 

Fig. 5. (a) Localized E-field and (b) reflection coefficient as a function of frequency of the four nano-antennas. 

 

                   
 (a)  (b) 

                   
 (c)  (d) 
 

Fig. 6. Field distributions checked at the resonant frequencies of the four nano-antennas: (a) rectangular, (b) square, 

(c) circular, and (d) ellipse dipoles. The resonant frequencies for each nano-antenna can be refered in Table 1. 
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    (a)   (b) 

                   
    (c)   (d) 

 

Fig. 7. Normalized far-field E-patterns calculated at the resonant frequencies of the four nano-antennas: (a) rectangular, 

(b) square, (c) circular, (d) ellipse dipoles. The resonant frequency for each nano-antenna can be referred in Table 1. 

 

Table 1: Optimized results of the four nano-antennas 

Geometry Resonant Frequency Fpeak (THz) Localized E-field Epeak (V/m) Reflection Coefficient 

Rectangular 374.9 110.3 0.19 

Square 372.8 92.2 0.28 

Circular 374.3 125.0 0.11 

Ellipse 374 150 0.25 

 

IV. CONCLUSION 
We have investigated and compared the 

performance of plasmonic nano-antennas for different 

geometries such as rectangular, square, circular, and 

ellipse dipoles. The excitation gap area significantly 

influenced the localized E-field enhancement, while the 

dipole length decided the resonant frequency of the 

nano-antennas. More importantly, the thickness of the 

semiconductor layers must be appropriately chosen to 

obtain the additional E-field enhancement thanks to the 

mechanism similar to a Fabry-Perot resonant cavity. The 

optimized results show that the ellipse dipole exhibits 

its outstanding performance regarding the localized E-

field enhancement, whereas the circular dipole yields  

its outstanding performance in terms of the reflection 

coefficient and the far-field power pattern. This study 

could be useful for the incorporation of an array of  

such plasmonic nano-antennas at the active area of 

photomixer/photoconductive antenna for an efficiency 

improvement. 
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