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Abstract ─ Co-polarized and cross-polarized 
electromagnetic scattering of a metallic sphere 
coated with chiral metamaterials (CMMs) are 
simulated with Mie series solution. Firstly, based 
on Bohren’s decomposition technique, 
electromagnetic fields inside and outside of the 
sphere are expanded in spherical harmonics vector 
function. Then, the expanded coefficients are 
obtained in a suitable form for computation by 
applying the boundary conditions on the interfaces 
of all regions. The validity of Mie series solution is 
shown by computing backward scattering for a 
ferrite-coated metallic sphere. The effects to 
bistatic, forward and backward scattering caused 
by incident wave frequency, media parameters of a 
metallic sphere coated with CMMs are 
investigated in details. 
  
Index Terms ─ Chiral, metamaterials, metallic, 
Mie series, and scattering. 
 

I. INTRODUCTION 
 Recently, chiral metamaterials (CMMs) [1-6], 
which are artificial materials with large optical 
activity and circular dichroism have been proposed 
and made for polarization control applications at 
microwave and optical frequencies. CMMs lack 
any planes of mirror symmetry and possess strong 
ability to rotate the plane of polarization of 
electromagnetic waves. Due to geometric 
asymmetry, the cross-coupling between the electric 
and magnetic fields exists at the resonance. The 
chirality parameter β is used to describe the 

strength of the cross-coupling effect. Several 
geometric structures have been proposed to excite 
cross coupling, such as helices, Y structure, 
double-layered rosettes and crosswire structure 
and so on. Meanwhile negative refraction can be 
achieved by a chiral route. Due to the potential 
applications ranging from cloaking devices, 
sub-wavelength optical waveguides, to circular 
polarizer etc., interest in the study of CMMs has 
been growing both theoretically and 
experimentally. Analytical and numerical methods 
have been used to investigate wave propagation in 
chiral media [2-6] or metamaterials [7-9] such as 
Mie series solution, invariant embedding method, 
finite-difference time-domain method [10], and 
method of moments, etc. For three-dimensional 
structures, analytical Mie series solution [11-19] is 
more efficient and accurate than the others. 
 This paper is organized as follows: according 
to Bohren’s decomposition technique, Mie series 
solution for a metallic sphere coated with chiral 
metamaterials is firstly deduced by applying 
electromagnetic fields expanded in spherical 
harmonics vector function inside and outside of 
the CMMs-coated metallic sphere to boundary 
conditions. Meanwhile, how to overcome the 
numerical instability of the Bessel function in the 
Mie series formula is presented. In section 3, 
co-polarized and cross-polarized bistatic forward 
and backward scattering of a metallic sphere 
coated with chiral metamaterials are calculated 
with Mie series solution to study its application in 
the cloak. Finally, conclusions are given. 
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II. THEORY 
Figure 1 presents the geometry of the 

electromagnetic wave incident on a coated sphere 
with inner radius b and outer radius a [13, 16]. The 
time harmonic dependence e(-iωt) is assumed for all 
fields. The incident electromagnetic wave can be 
expanded in the vector spherical harmonics 
functions as, 
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where En = inE0(2n+1) /[n(n+1)]. The notations o1n 
and e1n mean the summation form of both, the 
even and odd modes, respectively. 
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Fig. 1. A plane wave is incident on a metallic 
sphere coated with chiral metamaterials. 

 
 According to the Bohren’s decomposition 
technique [13], the eigenfunction expansion in 
asymmetry chiral metamaterials can be written as 
a superposition of a left-handed and right-handed 
circularly polarized wave functions 
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equals 1 or 3. The superscript “1” relates to the 
first type of spherical Bessel function and “3” 
relates the first kind of spherical Hankel function. 
The expansions of the scattered electromagnetic 
fields (Es, Hs), and the electromagnetic fields 
(Echiral, Hchiral) in the CMMs region b < r < a are, 
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where ηc=(μ/ε)1/2, k=ω(εrε0μrμ0)

1/2, kR=k/(1+βk), 
kL=k/(1-βk), εr, μr and β are the relative permittivity, 
relative permeability and chirality parameter of 
CMMs, respectively. 

 The unknown coefficients , ,o o

n na b ,e e

n na b of the 

scattered fields can be obtained by applying the 
boundary conditions of continuous tangential 
electric and magnetic fields at r = a and the 
tangential electric field of the metallic boundary 
being vanished at r = b [8]. In order to avoid 
computing Bessel functions with complex 
components that produce numerical instabilities, 
the coefficients of the scattered fields can be 
rearranged in a suitable form for computation as 
below, 
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Dn can be stably computed by downward recursion, 
while Fn can be stably computed by forward 
recursion [8]. With the assumption that the plane 
of interest is defined by φ = 0º, the co-polarized 
bistatic radar cross section (RCS) σθθ, σφφ, and the 
cross-polarized bistatic RCS σφθ of a metallic 
sphere coated with CMMs can be obtained as, 
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with 
1(cos ) / sin ,n nP    

1sin (cos ),n nP             (7) 

where 1

nP  is the Legendre function. 

 
III. NUMERICAL RESULTS 

In this section, numerical results about 
scattering by a metallic sphere coated with CMMs 
are illustrated. Bistatic, forward and backward 
radar cross sections, which are generally 
dependent upon various parameters characterizing 
the geometry, material properties, and incident 
fields, are discussed below. 

 
A. Example verification 

The validity of Mie series solution in the paper 
is verified with the results in reference [11]. Figure 
2 presents the backward scattering versus the 
radius for a 0.01 m depth metallic sphere coated 
with different kinds of media. The wavelength of 
the incident wave λ0 is chosen to be 0.01 m, the 
thickness t = a–b of the media coating layer is 
0.05λ0. The curve consisting of crosses represent 
backward scattering of a bald metallic sphere. The 
solid line, dash line, dotted line, and circular curve 
represents the backward scattering of a metallic 
sphere coated with lossless ferrite (εr = 2.5, μr = 
1.6), lossy ferrite (εr = 2.5+i1.25, μr = 1.6+i0.8), 
lossy metamaterials (εr = −2.5+i1.25, μr = 
−1.6+i0.8), and lossy chiral media (εr = 2.5+i1.25, 
μr = 1.6+i0.8, β = 9×10-4), respectively.  

In Fig. 2, the dash line has an excellent 
agreement with the asterisk for the backward 
scattering data in reference [11]. Lossy ferrite, 
metamaterials, and chiral media can make 
backward scattering decrease at relatively wide 
electrical size. The backward RCS of a metallic 
sphere coated with lossy metamaterials and lossy 
chiral media vary relatively slower as the radius 
increases. Though the skin depth of each kinds of 
media coating and the incident wave frequency are 
numerically identical, it may be noted in Fig. 2 
that the backward scattering of a metallic sphere 
coated with lossy chiral media is significantly 
smaller than the other media coating. 
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Fig. 2. Backward scattering versus radius for a 
metallic sphere with ferrite, metamaterials, or 
chiral media coating. 
 
B. Bistatic RCS 

Figure 3 presents the bistatic co-polarized 
E-plane with a bistatic RCS of σθθ and a 
co-polarized H-plane with a bistatic RCS of σ. In 
addition to the cross-polarized RCS patterns for a 
metallic sphere coated with CMMs, having εr = 
−4.0, μr = −1.0, and β = 0.006. The radius b of the 
metallic sphere is 0.382 cm and the outer radius a 
of the chiral metamaterials shown in Fig. 1 is 
1.528 cm [20]. The arrow indicates the direction of 
the plane wave incidence. The Mie series solution 
spans incident wave frequencies 3 GHz, 9.375 
GHz, and 18 GHz. For the sake of brevity in the 
paper, only half of the bistatic scattering patterns 
are shown.  

As shown in Fig. 3, the co-polarized and 
cross-polarized bistatic radar cross sections are 
relatively smaller at most angles as the 3GHz 
electromagnetic wave incident. When the incident 
wave frequency increase, both co-polarized 
forward scattering and resonant characteristic of a 
metallic sphere coated with CMMs obviously 
increase. 
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Fig. 3. Bistatic RCS patterns for a metallic sphere 
coated with CMMs for the (a) co-polarized 
E-plane, (b) co-polarized H-plane, and (c) 
cross-polarized RCS. 

 
C. Forward RCS 

Figure 4 compares the forward scattering 
response of a 10 cm radius metallic sphere and a 
10 cm radius metallic sphere coated with 1 cm 
thickness CMMs as a function of electrical size. 
The cross-polarized scattering of a bald metallic is 
zero. The circular curve, curve consisting of 
crosses, solid line, and dotted line represent the 
imposed condition without the coating layer, 
coated with lossy chiral metamaterials case I (εr = 
μr = −1, β = 0.001), case II (εr = μr = −2, β = 0.001), 
case III (εr = μr= −0.5, β = 0.001), respectively. As 
can be seen from Fig. 4, a metallic sphere coated 
with CMMs cast a larger shadow than a metallic 
sphere. Though the introduction of chiral 
parameter destroy the impedance match 
characteristic of matched metamaterials with εr = 
μr, β = 0, the co-polarized, and cross-polarized 
forward scattering of a metallic sphere coated with 
lossy CMMs case I has a well-defined trend, in a 
manner consistent with the forward scattering of a 
metallic sphere. Compared to the co-polarized, the 
cross-polarized forward scattering is relatively 
smaller. A metallic sphere coated with chiral 
metamaterials case III (εr = μr = −0.5, β = 0.001) 
has relatively more surface modes, due to the 
resonant effect related to the Mie scattering 
coefficients. 
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Fig. 4. Forward scattering from a 10 cm radius 
metallic sphere coated with CMMs for both the (a) 
co-polarized and the (b) cross-polarized. 
 
D. Backward RCS 
  Figure 5 illustrates the co-polarized and 
cross-polarized backward scattering of a relatively 
large 10 cm radius metallic sphere coated with 1 
cm thickness for different kinds of media. In Fig. 5 
(a), the curve consisting of crosses and circular 
curve represent the co-polarized backward 
scattering of a bald metallic sphere and a metallic 
sphere coated with chiral metamaterials (εr = −2.5, 
μr = −1.6, and β = 0.005). From 2.2 GHz to 2.7 
GHz, the chiral metamaterials make the backward 
RCS of metallic sphere evidently decrease. One of 
the possible reasons is the negative refractive 
properties of the chiral metamaterials, which 
makes the refracted wave go back to the front 
surface of the metallic sphere and produce a 
shadowing effect on the back region. The other 
possible reason is the chirality parameter, which 
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induces the cross-polarized wave. The 
cross-polarized scattering in Fig. 5 (b) is nearly 
negligible as the value of chirality parameter β is 
relatively small. 
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Fig. 5. Backward scattering response of a metallic 
sphere coated with different kinds of media for 
both (a) co-polarized and (b) cross-polarized. 
 

 
IV. CONCLUSIONS 

This paper presents Mie theory for 
electromagnetic scattering by a perfectly metallic 
sphere with a uniform coating of chiral 
metamaterials. How to overcome the numerical 
instability of the Bessel function in the series 
formula is given. Co-polarized and cross-polarized 
bistatic scattering patterns, forward and backward 
radar cross section of a metallic sphere coated with 
chiral metamaterials are illustrated. Numerical 
results show that the co-polarized forward 
scattering and the resonant surface modes of a 

metallic sphere coated with CMMs increase with 
increasing the frequency of the incident wave. 
Compared to the co-polarized scattering, the 
cross-polarized scattering are relatively smaller. 
Due to the negative refractive property and giant 
optical activity, CMMs can make the echo of a 
metallic sphere decrease to a certain degree. 
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