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Abstract — In this study, the electromagnetic wave
propagation behavior of two-dimensional photonic
crystal plates with a defect is investigated. For this
purpose, the partial differential equation for the
electromagnetic wave propagation in various photonic
crystal plates containing a defect or not is obtained by
using Maxwell’s equations. The defect is also defined
in the electromagnetic wave propagation equation
appropriately. In order to solve the electromagnetic wave
propagation equation, the finite differences method is
used. The material property parameters of the photonic
crystal plates are determined with respect to the defects.
Accordingly, the effects of material property parameters
on electromagnetic wave propagation frequencies,
phase velocities, and group velocities are examined. The
effects of the size and position of the defects on the
electromagnetic wave propagation frequencies are
also discussed. The highest electromagnetic wave
propagation fundamental frequency value obtained from
the analyses performed is 1.198 Hz. This fundamental
frequency value is obtained for the electromagnetic
wave propagation in the t-shaped photonic crystal
plate. Electromagnetic field distribution maps for the
fundamental frequencies of the photonic crystal plates
whose electromagnetic wave propagation behaviors are
examined are obtained with the ANSYS package
program based on the finite differences time-domain
(FDTD) method.

Index Terms — Central finite differences method,
electromagnetic wave propagation, Maxwell’s equations,
photonic crystals.

I. INTRODUCTION

According to the developments in optics and
optoelectronics, the use of different types of materials in
metamaterials, photonic crystals, and waveguides has
gradually increased [1-6]. These structures are designed
by combining different types of materials along a
specified axis in certain ways. Phononic structures that
are open to acoustic effects, in other words, affected by
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acoustic wave propagation, are also functionally similar
to photonic structures [7-11].

Whether it is a photonic or a phononic structure,
both structures consist of layers, and each layer has
different material property parameters. The material
property parameters include the permittivity (¢) and
permeability (x) of the structure. While analyzing the
behavior of electromagnetic wave propagation in
photonic structures, each layer's electromagnetic wave
propagation behavior in the periodic layer group forming
the structures should be considered separately. Photonic
structures with a defect in some layers have also been
investigated [12-14].

In the literature, there are studies that theoretically
examine the electromagnetic wave propagation behavior
occurring in each layer of one-dimensional and two-
dimensional photonic structures [15-19], as well as
experimental studies in which these structures are
manufactured using various production methods [20,21].
For instance, [22-24] are among the studies investigating
the electromagnetic wave propagation behavior in two-
dimensional and three-dimensional plate structures.

In order to examine the electromagnetic wave
propagation behavior in optical structures, many studies
are guiding the formation of the partial differential
equation for electromagnetic wave propagation using
Maxwell's equations [25-32]. The ideal numerical
method for solving the obtained partial differential
equation for electromagnetic wave propagation is
determined. The finite differences method is preferred in
solving complex problems for which an exact solution
cannot be achieved [29-33]. In [34-37], the central
finite differences method is used for analyzing the
electromagnetic wave propagation behavior of optical
structures with microcavities, ellipses, and circular
holes. The main reason for using the central finite
differences method in these studies is that some
nodes of the two-dimensional (2-D) structures whose
electromagnetic wave propagation behaviors are
investigated have different material property parameters
(&, W) from each other.
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In this study, the behaviors of electromagnetic wave
propagation occurring in the two-dimensional plates
with or without a defect are investigated. The effects of
the location and size of the defect in the plates on the
electromagnetic wave propagation frequencies are
also examined. For this purpose, the material property
parameters (e, W) of the defects are determined as zero.
Accordingly, the frequencies of electromagnetic wave
propagation in the plate with the defect are obtained
using the central finite differences method. In addition,
phase velocities and group velocities of the
electromagnetic wave propagation are examined. The
electromagnetic field distribution maps for the
fundamental frequencies of the photonic crystal plates
are visualized by using the ANSYS Lumerical package
program. The novelty of this study is that it describes the
effects of the defect locations and defect sizes of the 2-D
photonic crystal plates formed in different shapes on
frequencies of the electromagnetic wave propagation in
the photonic crystal plates.

Il. THEORETICAL ANALYSIS

The partial differential equation for the
electromagnetic wave (EMW) propagation occurring in
the two-dimensional plate is obtained using Maxwell's
equations. The finite difference method is preferred in
the solution of the electromagnetic wave propagation
equation to examine the behavior of electromagnetic
wave propagation in two-dimensional plates which have
a defect or which have not. A two-dimensional plate
positioned in the Cartesian coordinate system can be
seen in Fig. 1.

Fig. 1. A view of a 2-D plate.

In a source free, linear, isotropic and homogenous
region, The first-order Maxwell’s curl equations are as
follows [38]:

V-E=% (1)
V-H=0, (1b)
VXE = —icu,uﬁ, (1c)
VX H = —iweE, (1d)

where i:v—1, p is the charge density, p is the
permeability, € is the permittivity, E is the electrical
field, and H is the magnetic field.
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Using Egs. (1c) and (1d), Eqg. (2) is obtained as in
the following form:

Vx (Vx H) =V(V-H) - = x (- 2), )

where H(x,y,t) represents the electromagnetic wave
propagation field of the 2-D plate. Partial differential
equation with respect to time and position related to
electromagnetic wave propagation obtained by solution
of Eq. (2) is as follows:

d2H(x,y,t) -0 3)

dZH(x,y.t) " 3ZH(x,y.t)
9x2 ay? at2

Dy represents the material property parameters of (ux
&x) on the x-axis, and Dy represents the material property
parameters of (uy &) on the y-axis. Accordingly, Eq. (3)
is rearranged as follows:

d2H(x,y,t) 92H(x,y,t) 0%H(xyt) _
by =5 +Dy ayz otz =0 ¥

Solving Eq. (4) for Dw=Dy=1 and H(x,y,t) =
he~{=Bmx—Bny+t) for the linear isotropic case, Eq. (5)
is obtained as follows:

ﬁmz + ﬁnz - wmnz =0, (52)
Bmi™=) Bnim and m:0,12..., n:0,1,2.., (5b)

b
() + (2, (5)

where h, fm, fn, wmn, represents travelling wave, wave
number for the x-axis, wave number for the y-axis
and electromagnetic wave propagation frequency,
respectively. In this study, the permittivity (¢) and
permeability («) values of the plate are assumed as 1 for
the defect-free parts of the plate. In keeping with this
assumption, there are some studies on silicon-based
photonic metamaterials in the literature [40,41]. The b/a
ratio of the 2-D plate is considered in units, where a
represents the plate's width and b represents the plate's
length, and its value is considered as 1/1. The exact
solution of Eq. (4) given in Egs. (5a-5¢) is obtained when
the material property parameters Dy and Dy are equal to
1. In the fundamental mode, where the value of the (m,
n) mode pair is equal to (1,1), the value of w1 from
the exact solution of Eq. (4) is obtained as 4.442 Hz.
Especially in the analysis of the electromagnetic wave
propagation behavior occurring in the plate with a defect,
the central finite differences method should be used to
solve Eq. (4). Accordingly, to apply the finite differences
method, the 2-D plate is expressed with nodes, as shown
in Fig. 2. Besides, the representation of any node is
represented by (k,I), while A represents the neighborhoods
with respect to the specified (k,I) node.

Wmn =



Fig. 2. Central finite differences notation of the plate.
According to the derivative values obtained using

the Taylor series expansion and given in Table 1, the

central finite differences method is applied to Eq. (4).

Table 1: The central finite differences notation [39]

Derivative The Central F_inite Differences
Notation O(h?)
h(x,y) = 4k,
0%h(x,y)  Qr-10 = 2 + Qi
9x2 - Ax?
0%h(x,y) Qrki-1 — 2t Qe
"oy R

By defining the neighbours of the (k,I) node with the
Taylor Series expansion, the expression obtained is as
follows:

Ax dq . Ax?9%q

Tzt = et Tt o TR (62)
Ay dq . Ay?d2q

Qri+1 = Qe t -+ = -7 tR (6b)

1! ay 2! 9y2 —

where R represents truncation. The order of the truncation
here is O(h?) since it comes after the second-order
derivative.

Applying H(x,y,t) = h(x,y)e~t transformation
to Eq. (4), Eq. (7a) is obtained. Equation (7a) is rearranged
according to the values given in Table 1 by the method
of central finite differences and thus Eq. (7b) is obtained.
Relevant equations are as the following forms:

9%h(x, 92h(x,
D, [ a)(;y)] +D, [ a;’;y)] + w?h(x,y) =0, (7a)

11— 2q g+ -1~ 24,1t
D, [‘Ik 1,124, Qk+1,l] +D, [w] + wZQk,l =0.

Ax? Ay?
(7b)

Boundary conditions need to be determined to solve
Eq. (7b). There is no electromagnetic interaction in the
frame parts of the 2-D plate, which is seen in Fig. 4
and consists of 4 nodes. The nodes of this plate that
interact with each other are (1,1), (2,1), (1,2), and (k,I),
respectively. Using these nodes, an eigenvector M(w) is
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obtained to determine the frequency values by solving
Eq. (7b). For the plate with four nodes starting from the
node (1,1) to (2,2), the eigenvector M(w) obtained by
arranging Eqg. (7b) according to the values k:2 and I:2 is
as follows:

p(w) s z 0
s plw) =z 0

UOR] IS G

0 z s p(w)l,;

The terms in Eq. 8 are defined as follows:

_ _ oD Dy 2
p(w) = 2(sz + A;Z + w?), (9a)
= D

s = Pl (9b)
z= A—yyz. (9¢c)

For the plate with four nodes, the distance for each

adjacent node is defined as 4x = 4y = %

The steps of the theoretical analysis are summarized
in the flowchart, as also seen from Fig. 3.

Maxwell’s
Equations
Equ.s (1a-1d)

Central Finite
M Differences
Notation
Table 1

ANSYS
Lumerical
Fig.s (18-22)

: : Electromagnetic

(EM) Wave
Equation
Equ. 4)

E Distribution maps :

E of electromagnetic i 3 '

Finite Differences¥§

form of EM Wave H
Equation |
Equ. (7b)

field ; ; Exact solution
""""""""""" for linear,
isotropic case
Equ. (5¢)

Numerical
solutions for all
Cases

H Exact solution for
Case 1

Fig. 3. The flowchart summarizing the theoretical
analysis.

Electromagnetic wave propagation frequencies, in
other words, wmn eigenvalues, are obtained by equating
the determinant of the eigenvector M(w) to zero.

Besides, the phase velocities, Vphase and group
velocities, vgroup regarding the electromagnetic wave
propagation occurring in the plate are calculated with the
following formulas:

Wmn

Uphase = K! (10a)
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0wmn
v, = .
'group 3Bn

(10b)

The behaviour of electromagnetic wave propagation
occurring in a two-dimensional plate can be defined
using Egs. (7b) and (8). Accordingly, electromagnetic
wave propagation frequencies are obtained for six
different cases where the plate has a defect from various
parts, whether it has not. Figure 4 shows the first case
(Case 1) where the plate has not any defect.

Fig. 4. A plate which has not any defect — Case 1.

In all other cases except the first case, plates have a
defect in their various parts. Figure 5 shows the second
case (Case 2), where the plate has an unsymmetrical
O-shaped defect. In this case, there are two nodes with a
defect. Nodes with the defect are (3,2) and (3,3) nodes,
respectively.

Fig. 5. A plate with an unsymmetrical O-shaped defect —
Case 2.

Figure 6 shows the third case (Case 3), where the
plate has a symmetrical O-shaped defect. In this case,
there are four nodes with a defect. Nodes with the defect
are (2,2), (2,3), (3,2) and (3,3) nodes, respectively.

Fig. 6. A plate with a symmetrical O-shaped defect —
Case 3.
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Figure 7 shows the fourth case (Case 4), where the
plate has an unsymmetrical C-shaped defect. In this case,
there are four nodes with a defect. Nodes with the defect
are (3,2), (3,3), (4,2) and (4,3) nodes, respectively.

Fig. 7. A plate with a C-shaped defect — Case 4.

Figure 8 shows the fifth case (Case 5), where the
plate has a L-shaped defect. In this case, there are four
nodes with a defect. Nodes with the defect are (3,3),
(4,3), (3,4) and (4,4) nodes, respectively.

Fig. 8. A plate with a L-shaped defect — Case 5.

Figure 9 shows the sixth case (Case 6), where the
plate has a symmetrical t-shape and corner defects. In this
case, there are four nodes with a defect. Nodes with the
defectare (1,1), (1,4), (4,1) and (4,4) nodes, respectively.

y

Ly

Fig. 9. A t-shaped plate with corner defects— Case 6.

The frequencies of the electromagnetic wave
propagation occurring in the 2-D plate, which has the
defect in its various regions, are analyzed using the
method of central finite differences for multiple cases,
defined according to the nodes where the defect has been
placed in the plate. In this analysis made with the method
of central finite differences, the material property
parameters (e, W) of the nodes with the defect are defined
as zero.



I11. RESULTS AND DISCUSSIONS

The frequencies related to the electromagnetic wave
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Table 2: The frequency investigation of five different
cases (Cases 2-6) of the plate

propagation occurring in the defect-free plate defined as Case Mode — (m.n) Frequency
Case 1 are examined for various (m, n) modes. This No ! (Hz)
analysis is carried out using both the exact solution and D (1,0 0.492
the finite differences method. As shown in Fig. 10 and Fig. E (2,0 0.984
11, the electromagnetic wave propagation frequencies E (0,1) 0.492
obtained from the exact solution are relatively close to the c 0,2 0.984
values of the frequencies obtained by the finite difference T 1 (1,1) - Fundamental 0.696
method. Additionally, Fig. 10 shows that the frequencies - Mode for 2-D Plate )
of electromagnetic wave propagation increase linearly as IE (1,2) 1.100
the wavenumber increases. E (2,1 1.100
E (2,2 1.391
L3 (10) 0.492
(2,0) 0.984
1.2 (0,1 0.492
| 5 (0,2) 0.984
s, (1,1 0.911
809 (1,2) 1.260
g 2.1 1.428
g Central finite differences (2,2) 1.821
0.6 ik | '
A Exact solution i N (1,0 0.492
| == T (2,0) 0.984
€03 E (0,1) 0.492
K i ,F\i 3 (0,2 0.984
A (1,1 1.125
0 i L (1,2 1.485
(1,1) (1,2) (1.3) 5 (2,1) 1.485
Modes (m,n) E (2,2) 2.251
F (1,0) 0.492
Fig. 10. Dispersion relation (5-w) of the electromagnetic E (2,0 0.984
wave for Case 1. $ (0,1) 0.492
1% E 4 0,2 0.984
: D (1,1 0.912
(1,2) 1.260
12k ) (2,1) 1.432
o / (2,2) 1.824
= (1,0) 0.492
x - S
Q \ ’ .
§ / ¢ . 0,2) 0.984
g 0.6 . R (11 0.846
i ) N (1,2) 1.245
! E
e Central finite differences R (2,1) 1.245
0.3F - (2,2) 1.695
Exact solution D (1,0) 0.492
£ 2,0) 0.984
0 ] 1 1 ] | 1 1 1 E (0 1) 0.492
(L,0) (2,0) (0,1) (0,2) (1,1) (1,2) (2,1) (2.2) c 5 (0:2) 0984
Modes (m,n) E (1,1) 1.198
D (1,2) 2.009
Fig. 11. Comparison of the frequencies obtained by the 2,1) 2.009
exact solution and finite differences method for Case 1. 2,2) 2397
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In this study, plates can be grouped into three
different classes in terms of the shape of the defects they
have. These classes include plates without defects, plates
with internal defects, and plates with corner defects,
respectively. Case 1 represents the class of plates without
defects. Case 2, Case 3, and Case 4 represent the class of
plates with internal defects. Case 5 and Case 6 represent
the class of plates with corner defects. As can be seen
from Table 2, the frequency values of electromagnetic
wave propagation occurring in the plates for all these
cases are calculated in the lower modes with the finite
differences method.

Figure 12 depicts the dispersion relation of the
electromagnetic wave for all cases. Among these six
cases, the lowest electromagnetic wave propagation
frequencies are obtained for Case 1, while the highest
wave propagation frequencies are obtained for Case 6.
In addition, the second highest electromagnetic wave
propagation frequencies are obtained for Case 3.

3

%]

o - Frequencies (Hz)

Case 2

Case 1

0l
(1,0) (1,1)

3
Modes @2 @3

Fig. 12. Dispersion relation of the electromagnetic wave
in the lower modes for all cases.

Figure 13 shows the dispersion relation of the
electromagnetic wave in the higher modes. In Fig.
12, curves related to the dispersion relation of the
electromagnetic wave obtained for Case 2 and Case 4 in
the lower modes are almost coincident, whereas, in
Fig. 13, the difference between these curves can be
clearly seen in the higher modes. The frequencies of
electromagnetic wave propagation obtained for Case 2,
Case 3, and Case 4 reach a peak value and then their
values decrease to zero. It should also be noted that
the frequency values of the electromagnetic wave
propagation obtained for Case 2, Case 3, and Case
4 decrease towards zero in (1.27), (1.23), and (1.28)
modes, respectively. The electromagnetic wave
propagation frequency values obtained for Case 1
increase linearly with the increase in the mode values,
whereas the electromagnetic wave propagation frequency
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values obtained for Case 5 and Case 6 increase
exponentially.
300,
Case 5
N
t/zoo
8
i
=1
9]
=)
o =
g
S
l 100
Case 1
0 4
(1,0) (1,10) (1,20) (1,30) (140) (1,50)

Modes

Fig. 13. Dispersion relation of the electromagnetic wave
in the higher modes for all cases.

The phase and group velocity values in Figs. 14-17
are obtained by means of Egs. (10a) and (10b). Figure 14
shows the phase velocity values obtained in the lower
modes. All phase velocity values obtained in the lower
modes decrease with the increase of the mode values. It
should be noted that the highest phase velocity value is
obtained for Case 6, whereas the lowest phase velocity
value is obtained for Case 1.

3

)

Vphase - Phase velocities (m/s)

0f
(1,0) (1)

Modes 2 4,3)

Fig. 14. Phase velocities in the lower modes for all cases.

As can be seen from Fig. 15, values of the phase
velocities obtained for Case 2, Case 3, and Case 4 in the
higher modes decrease towards zero after reaching a
certain peak. The peak values of the phase velocities
obtained for Case 2, Case 3, and Case 4 are 9.6 m/s,



6.5 m/s, and 12.4 m/s, respectively.

30

=]
=

S

Case 2

Vphase - Phase velocities (m/s)

(1,0) (1,10) (1,20) (1,30) (140) (1,50)
Modes

Fig. 15. Phase velocities in the higher modes for all cases.

Figure 16 depicts the group velocities in the lower
modes for all cases. In the lowest modes, while the mode
value increases from (1.0) to (1.1), the group velocities
obtained for Case 3 and Case 6 decrease negatively
exponentially, the group velocities obtained for Case 2
and Case 4 decrease linearly, the group velocities
obtained for Case 5 increase linearly at the low slope,
and the group velocities obtained for Case 1 increase
logarithmically. In addition, in all other modes greater
than (1.1), the group velocities increase with the increase
of the modes for all cases.

|
\,‘
o 08\
<\
E \
e \
w
2
= 0.6 \\\\
o
S | Case3 '\
14 ~N Case 5
oy N\, /4——
2 04 S =
= et m—
(? Case 4
< Case 2
= 02
Case 1
0
(1,0) D Modes @2 (1,3)

Fig. 16. Group velocities in the lower modes for all cases.
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As shown in Fig. 17, the values of the group
velocities obtained for Case 2, Case 3, and Case 4 in the
higher modes decrease towards zero after reaching a
certain peak. Peak values of the group velocities
obtained for Case 2, Case 3, and Case 4 are 33.1 m/s,
17.9 m/s, and 25.6 m/s, respectively.

100

®
S

(=Y
=}

Veroup - Group velocities (m/s)

0
(1,0) 1,10) (1,20) (130) (140) (1,50)
Modes

Fig. 17. Group velocities in the higher modes for all cases.

In Figs. 18-22, electromagnetic field distribution
and material property parameters (e, W) distribution maps
of five different cases (Cases 2-6) of the plate with
the defect are depicted. The electromagnetic field and
material property parameters (e, W) distribution maps in
the (1,1) mode, the fundamental frequency mode for
2-D plates, are obtained using the ANSYS package
program based on finite differences time-domain
method. It should be noted that the data obtained from
electromagnetic field distribution maps show a very
good agreement with the data obtained from material
property parameters (e, ) distribution maps.

I]

I 1. 51
(b) I
1 0

-
@ I
0 X 1 My 0
Fig. 18. Distribution maps of (a) electromagnetic field,
and (b) material property parameters (e, ) for Case 2.

0 X
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0 I 0 I
0 X 1 0 o X 1 0

Fig. 19. Distribution maps of (a) electromagnetic field,
and (b) material property parameters (e, ) for Case 3.

Fig. 20. Distribution maps of (a) electromagnetic field,
and (b) material property parameters (e, W) for Case 4.

Fig. 21. Distribution maps of (a) electromagnetic field,
and (b) material property parameters (e, L) for Case 5.

1 I1
lIll

Fig. 22. Distribution maps of (a) electromagnetic field,
and (b) material property parameters (e, W) for Case 6.

V1. CONCLUSION
In this study, the behaviors of electromagnetic wave
propagation occurring in the two-dimensional plates
having defects in their different parts are investigated.
The behavior of electromagnetic wave propagation in the
two-dimensional plate which has not any defect is also
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examined. For this purpose, the electromagnetic wave
propagation frequencies are obtained in the fundamental
mode for a total of six different cases, including the five
different cases of defects in different parts of the plate
and the condition of being defect-free. For the five cases
where the plate has a defect, the effects of the defect's
region and its size on the fundamental frequencies of
electromagnetic wave propagation are discussed. The
electromagnetic wave propagation frequencies obtained
for six different cases are compared. As the material
property parameters (e, W) of some nodes on the plate
take zero value, in other words, with the increase in
the size of the defected part of the plate, the obtained
electromagnetic wave propagation frequency values also
increase. The highest electromagnetic wave propagation
frequency values are obtained for the corner-defected, t-
shaped plate, while the electromagnetic wave propagation
frequency values obtained for the O-shaped plate are
second in the ranking. When the frequencies of the
electromagnetic wave propagation are examined in the
higher modes, it also allows making comments about the
characteristics of the phase and group velocities. In the
higher modes, the frequency values of the electromagnetic
wave propagation occurring in the internal-defected plates
become zero after a certain mode value. In addition, the
increase in the frequencies of the electromagnetic wave
propagation that occur in the corner-defected plates in
the higher modes is exponential and continuous with the
increase in the mode values. The lowest electromagnetic
wave propagation frequency values are obtained when
the plate does not have a defect. The electromagnetic
wave propagation frequencies obtained in this case
increase linearly with the increase in the mode values.

In this study, the preferred numerical solution method
is the central finite differences method. Choosing the
central finite differences method as the solution method
enables adjusting the material properties parameters
of any point of the structure whose electromagnetic
wave propagation frequencies are examined. Thus, the
electromagnetic wave propagation behavior for any
complex structure can be easily determined.

In future studies, it is also possible to apply the
analysis to three-dimensional structures and determine
the acoustic wave propagation behavior in complex
phononic structures by taking advantage of the central
finite differences method.
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