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Abstract ─ To reduce pulsating torque without 

sacrificing the average torque significantly in axial flux 

permanent magnet synchronous machines (AFPMSM), 

this paper presents two optimization techniques which 

are based on magnet modification: i) combine magnet 

circumferential displacement with various pole-arc 

ratios (method one); ii) magnet axial shape design 

(method two). Firstly, analytical models of air gap 

magnetic field were derived for the above two methods. 

Then, according to Maxwell stress tensor method,  

the analytical expressions of cogging torque and 

electromagnetic torque were obtained. Average torque, 

cogging torque and electromagnetic torque ripple were 

considered simultaneously in the optimization using 

multi-objective genetic algorithm (MOGA) with the help 

of the analytical torque models. Finally, 3D finite 

element models were established to verify the two torque 

optimization methods. The proposed methods were also 

compared with skew technique, which is widely used 

nowadays. Result showed that the proposed optimization 

techniques can greatly reduce the overall pulsating 

torque without decreasing the average torque and did not 

increase the use of permanent magnet. 

 

Index Terms ─ Analytical model, axial flux permanent 

magnet synchronous machines, magnet displacement, 

magnet shaping, torque ripple, variable pole-arc. 
 

I. INTRODUCTION 
Compare with radial flux permanent magnet 

synchronous motors, axial flux permanent magnet 

synchronous machines (AFPMSM) have many unique 

characteristics such as higher power and torque density, 

higher efficiency and more suitable structure for 

installation in tight space, which have made them 

popular in industry [1]. However, there exists a 

significant amount of pulsating torque during the 

operation of AFPMSM, particularly at low speed and 

light load. Not only does this affect the control precision 

of the motor, it also aggravates the vibration and noise. 

Thus, it is necessary to optimize the torque of AFPMSM. 

Figure 1 depicts the typical structure of an AFPMSM. It 

is a 3D diagram of the 24 slots, 8 pole pairs machine with 

concentrated winding. 

 

 
 

Fig. 1. 3D view of an AFPMSM. 

 

Cogging torque and electromagnetic torque ripple 

are the two main sources of torque fluctuation in surface 

mounted AFPM motors. The former is caused by the 

interaction between the magnet field and stator slotting 

while the latter is caused by the stator magnetomotive 

force harmonics and PM field interaction [2]. A large 

amount of literatures have covered this topic. Skewing 

the magnets [3-6], employing various pole-arc ratios 

[4,7], displacing magnets or slots [4,8] and magnet 

shaping [9] are some of the common techniques used for 

reducing cogging torque. As for minimization of 

electromagnetic torque ripple, references [10] and [11] 

employ Taguchi method and rotor displacement, 

respectively. In [12], authors investigated the influence 

of skewing on cogging torque and electromagnetic 

torque ripple of radial flux machines. However, the 

optimal skew angle for reducing both the cogging torque 

and the electromagnetic torque ripple was not given. 
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From the above literatures we can see that most of the 

researchers concentrated on cogging torque alone or 

electromagnetic torque ripple alone to reduce pulsating 

torque in AFPMSM and few consider the two 

simultaneously. On the other hand, because AFPM 

machines have an inherent 3D electromagnetic structure, 

when it comes to the finite element method, time-

consuming 3D FEA is always required. Therefore, it is 

important to establish precise analytical model to 

optimize the torque. References [9] and [11] pointed out 

that adopting those optimization methods separately 

such as magnet skew, rotor displacement would decrease 

the average torque to some extent and thus weaken the 

motor torque output capacity. So it is necessary to 

consider the average torque during the optimization and 

minimize its decline. We can also find that most of the 

torque optimization methods for AFPMSM up to now 

are focusing on radial and circumferential direction of 

the magnet. Few studied the influence of magnet axial 

profile on the torque. In fact, magnet shaping has already 

been used to optimize the torque of radial flux PM 

motors [13-17]. 

In this paper, two novel techniques for torque 

optimization are proposed: i) combine magnet 

circumferential displacement with various pole-arc 

ratios; ii) magnet axial shape design. Firstly, analytical 

models of air gap magnetic field were derived for the 

above two methods. Then, according to Maxwell stress 

tensor method the analytical expressions of cogging 

torque and electromagnetic torque were obtained. 

Average torque, cogging torque and electromagnetic 

torque ripple were considered simultaneously in the 

optimization using multi-objective genetic algorithm 

with the help of the analytical torque models. Finally, 3D 

finite element models were established to verify the two 

torque optimization methods. In order to further 

highlight the superiority of the two methods, comparison 

of the optimization results between the proposed 

methods and the skew technique which is widely used 

nowadays was made. Result showed that the proposed 

optimization techniques can greatly reduce the overall 

pulsating torque without decreasing the average torque 

and did not increase the use of permanent magnet. 

 

II. ANALYTICAL MODEL OF AIR GAP 

FIELD 
Assuming that the rotor and stator iron core have 

infinite magnetic permeability and magnetic saturation is 

absent, the air gap magnetic field can be obtained by 

linear superposition of the PM field and the armature 

reaction field. Thus, the analytical models of axial and 

tangential air gap magnetic field for the above two 

optimization methods can be deduced. Figure 2 shows 

the machine model for computing the permanent magnet 

field of the AFPMSM. Variable  denotes mechanical 

angle in the circumferential direction along a cylindrical 

cutting plane of radius R at which the magnetic field is 

to be computed. 

 

 
 

Fig. 2. Model for computation of permanent magnet field 

of AFPMSM. 

 

A. Permanent magnet field 

1) Permanent magnet field of method one 

For conventional surface mounted AFPM machine, 

its magnets have the same shape with each other and are 

evenly arranged on the rotor surface. However, the first 

optimization method proposed in this paper changes the 

pole-arc ratio of each magnet and shifts them from their 

original centerline a specific angle along the rotor 

circumference at the same time. So the distribution of 

permanent magnet field changes as well. The final 

distribution is shown in Fig. 3. Here, assuming the pole-

arc ratio and circumferential shift angle (mechanical 

degree) of the ith permanent magnet are i and di 

(1≤i≤2p), respectively. 

 

 
 

Fig. 3. Distribution of axial flux density produced by PM. 

 

Referring to Fig. 3, the distribution of axial permanent 
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magnetic field can be described by a Fourier series: 
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and  is the mechanical angle, t is the time, n is the order 

of magnetic field harmonics, f is the current frequency, 

Br is the remanent flux density, p is the number of pole 

pairs, Kn is the correction factor which can be found in 

[18]; 
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r is the relative permeability, hm is the axial thickness of 

magnets, L is the axial distance between inner surfaces 

of the rotor and stator, y is the axial distance between 

rotor inner surface and the axial air gap plane at which 

field is computed, p=R/p is the pole pitch in 

circumferential direction and R is the radius of cutting 

plane at which field is computed. 

Substituting (2) and (3) into (1), the axial component 

of permanent magnet field in air region of a AFPMSM 

is: 
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Similarly, the circumferential component of 

permanent magnetic field can be obtained as follows: 
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The above analytical expressions of permanent 

magnetic field contain a total of 4p variables i and di 

(1≤i≤2p). By choosing different values, we can obtain 

the magnetic field distribution in the air region under 

magnets circumferential displacement and employing 

various pole-arc ratios simultaneously. 
 

2) Permanent magnet field of method two 

Divide each piece of the permanent magnets along 

with the circumferential direction into N=2k+1 

(k=0,1,2,3) segments with the same arc and each 

segment can have independent value in thickness as 

shown in Fig. 4. Theoretically, with the increase of 

subsection number N, it can approximate any permanent 

magnet with random axial profile.  
 

 
 

Fig. 4. Segmented permanent magnet. 

 

As for the magnetic field produced by those 

segmented permanent magnet, we can first derive the 

field of each segment and then add all of the N sections  
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to obtain the field of one pole. Finally, by array 

transformation of the single pole field along with the 

circumferential direction, the analytical model of the 

rotor permanent magnetic field is established. The axial 

and circumferential component of magnetic field of the 

first segment can be expressed as follows: 
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where  is the mechanical angle, t is the time, µ is the 

order of magnetic field harmonics, ωr is the rotor angular 

velocity. The coefficients in (8) can be obtained as 

follows: 
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where hm(i) (1iN) is the thickness of the ith segment, 

p is the pole-arc ratio of one pole, (i)=hm+g-hm(i) is the 

real air gap length of the ith segment, hm is the initial 

thickness of the permanent magnet and g is the initial air 

gap length, Kµ(i) is the correction factor of the ith 

segment [18]; 
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Based on the above derivation, the analytical model 

of the rotor permanent magnetic field can be established 

eventually by array transformation of the single pole 

field along with the circumferential direction; 
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where Bzmj(, t) and Bmj(, t) are axial and circumferential 

component of the magnetic field produced by the jst 

magnet pole, j(1j2p) represents the serial number of 

2p poles. 

 

B. Armature reaction field 

The axial flux permanent magnet motors with one 

rotor and one stator often use the drum winding. While 

neglecting the current harmonics, the axial and 

circumferential components of armature reaction field 

can be obtained as follows [19]: 
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where v is the order of armature reaction field harmonics, 

0 is the permeability of vacuum, Nci is the ampere-turns 

of the coil, kpn is the coil pitch factor, kson is the slot 

opening factor, y1=hm+g is the axial distance between the 

inner surfaces of the rotor and stator. 

 

C. Relative permeance 

Slotting will affect the distribution of the flux in the 

air gap and its effect can be accounted by introducing the 

relative permeance; 

    0 cos ,k s

k

kQ       (15) 

where k is the order of the relative permeance harmonics, 

Qs is the number of stator teeth, 0 is the mean permeance 

and λk is the peak value of the kst harmonic which can be 

found in [20]. 

 

D. Air gap resultant magnetic field 

Assuming that the stator and rotor cores are 

nonsaturated, the air gap resultant magnetic field can be 

obtained by linear superposition of the PM field and the 

armature reaction field, while the relative permeance is 

introduced to account for the effect of slotting; 
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III. ANALYTICAL MODEL OF TORQUE 
Torque can be calculated based on double integral 

of the circumferential component of magnetic force. And 

the force is obtained by using Maxwell stress tensor 

method [21]; 
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where Tcog and Tele represent cogging torque and 

electromagnetic torque respectively, f1 and f2 are the 

circumferential component of magnetic force on no-load 

and load respectively, Ri is inner and Ro is outer radius 

of the permanent magnet. 
 

IV. TORQUE OPTIMIZATION USING 

MULTI-OBJECTIVE GENETIC 

ALGORITHM 
As for the assessment of motor torque fluctuation, 

the torque ripple factor (TRF) is often used to describe 

the electromagnetic torque ripple, while the peak to peak 

value (TcPP) is used for cogging torque [22]; 
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where Tripple is the electromagnetic torque ripple, Taverage 

is the average torque, Ti is the ist time harmonic peak 

value of the electromagnetic torque ripple. 
 

A. Method one 

Based on the analytical expressions of (5), (6), (17), 

(18), and using the multi-objective genetic algorithm, we 

can obtain the optimal values of shift angle and pole-arc 

ratio of each magnet on the premise of suppressing the 

overall pulsating torque greatly without decreasing the 

average torque. 
 

1) Optimization objectives 

According to the assessment criteria in (19), the first 

optimization goal Obj1 is set to maximize the average 

torque and the second goal Obj2 is set to minimize the 

summation of the electromagnetic torque ripple and 

cogging torque; 
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where Taverage is the average torque, Tcog is the cogging 

torque, Ti is the ist time harmonic peak value of the 

electromagnetic torque ripple. The original values of 

Obj1 and Obj2 of the virtual prototype studied in this 

paper before optimization are 57.71 Nm and 7.8 Nm, 

respectively. 
 

2) Constraints 

(a). In order to ensure that any two adjacent 

permanent magnets do not touch each other 

after optimization, the shift angle and pole-arc 

ratio of each magnet should be satisfied: 
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(b). Considering the cost, the amount of permanent 

magnet should remain the same before and after 

optimization: 
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where p is the pole-arc ratio before optimization. 

(c). The pole-arc ratio of each magnet after 

optimization should be satisfied: 

 0 1.i   (23) 

(d). In order to keep the symmetry of the magnetic 

circuit so as not to produce additional 

unbalanced magnetic pull and overturning 

moment after optimization, the shift angle and 

pole-arc ratio of the two magnets which locate 

on diametrically opposed position should have 

the same value. Therefore, for 1<i<p, we have: 
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3) Optimization variables and parameters of virtual 

prototype 

From the last constraint above we can conclude that 

although method one contains a total of 4p variables i 

and di (1≤i≤2p), only half of them are independent. Now 

we will use this method to optimize the torque of a 

16P24S AFPMSM with one stator and one rotor under 

the rated conditions. The initial parameters of the virtual 

prototype are listed in Table 1. The average torque  

before optimization is 57.71 Nm. The amplitude of 

electromagnetic torque ripple under the rated conditions 

and cogging torque under no load are 4.71 Nm and 3.13 Nm, 

respectively. 
 

Table 1: Initial parameters of virtual prototype  

Parameter Value Parameter Value 

Pole pairs 8 Slot number 24 

PM thickness 7.5 mm Remanence 1.1 T 

Air gap length 2 mm Rotor thickness 15 mm 

Outer diameter 

of PM 
89 mm 

Inner diameter 

of PM 

55.7 

mm 

Pole-arc ratio 0.6 Phase number 3 

Slot width 8 mm Coil turns 148 

Current 

frequency 
100 Hz 

Current 

amplitude 
72.4 A 
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4) Optimized result 

The optimization was accomplished by using the 

multi-objective genetic algorithm. Here the population 

size is set to 240 and the creation function is constraint 

dependent. The selection model is tournament selection 

and the tournament size is 2. After 352 generations while 

the function tolerance is 0.0001, a subset of Pareto 

optimal solutions is obtained as shown in Fig. 5. Then 

select the optimal value of these variables according to 

the criteria that average torque remains the same as far 

as possible before and after optimization (in black circle). 

The final values of those variables are listed in Table 2. 

From Fig. 5 we can see that the overall pulsating torque 

was suppressed greatly while the average torque did not 

decline.  

 

 
 
Fig. 5. Pareto optimal solutions set of method one. 

 

Table 2: Variable-value of method one  

Variable Value Variable Value 

 0.41  0° 

 0.56  -1.84° 

 0.84  -1.89° 

 0.43  0.69° 

 0.77  1.41° 

 0.63  4.30° 

 0.42  1.63° 

 0.76  -1.53° 

 
B. Method two 

Based on the analytical expressions of (12), (17), 

(18), and using the multi-objective genetic algorithm, we 

can obtain the optimal values of each segment permanent 

magnet thickness on the premise of suppressing the 

overall pulsating torque greatly without decreasing the 

average torque.  

 

5) Optimization objectives 

For comparison, the optimization objectives used in 

method two are the same as those in method one, as 

shown in (20). 

 

6) Constraints 

(a). Due to the motor air gap length is generally 

small and considering the manufacturing and 

assembly error, keeping the maximum thickness 

of permanent magnet unchanged before and 

after optimization: 

   ,1 .m mmax h i h i N      (25) 

(b). In order to keep the symmetry of the magnetic 

circuit, each permanent magnet should be 

symmetrical about its centerline: 

    1 .m mh i h N i    (26) 

(c). From the first constraint we know that the 

amount of permanent magnet will be reduced 

after optimization. So we should increase the 

pole-arc ratio to compensate for the reduction: 

 
1
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m p m
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  (27) 

where p 
 is the pole-arc ratio after optimization. 

(d). The pole-arc ratio of each magnet after 

optimization should be satisfied: 

 0 1.p    (28) 

 

7) Optimization variables and parameters of virtual 

prototype 

The optimization variables of method two are those 

thickness values of each segment permanent magnet. 

The optimization object is the same virtual prototype 

used in method one. The initial parameters of the virtual 

prototype are listed in Table 1. 
 

8) Optimized result 

Theoretically, with the increase of subsection 

number N, it can reflect the continuous variation of 

permanent magnet outline truly but the optimization 

iteration time will be longer. In order to determine the 

optimal value of N, we get the subset of Pareto optimal 

solutions for different N, as shown in Fig. 6.  
 

 

 

Fig. 6. Pareto optimal solutions set of method two. 
 

We can see that when N7, the subset of Pareto 

optimal solutions overlaps with each other. Continue to  

58 54 50 46 42
0

0.25

0.5

0.75

1

Obj1 (Nm)

O
b

j2
 (

N
m

)

 

 

70 60 50 40 30 20
0

2

4

6

Obj1 (Nm)

O
b
j2

 (
N

m
)

 

 

N=3

N=5

N=7

N=9

299 ACES JOURNAL, Vol. 31, No. 3, March 2016



increase the subsection number will only increase the 

iteration time but not the optimization precision. So we 

finally chose N=9. During the optimization, the 

population size is set to 110 and the creation function is 

constraint dependent. The selection model is tournament 

selection and the tournament size is 2. It takes 286 

generations to get the result as shown in Fig. 6, while the 

function tolerance is 0.0001. Similarly, select the optimal 

value of these variables according to the criteria that 

average torque remains the same as far as possible before 

and after optimization (in black circle). The final values 

of those variables are listed in Table 3. The pole-arc ratio 

after optimization is 0.71.  

 

Table 3: Variable-value of method two 

i hm(i) i hm(i) 

1 6.50 mm 6 7.10 mm 

2 5.13 mm 7 6.00 mm 

3 6.00 mm 8 5.13 mm 

4 7.10 mm 9 6.50 mm 

5 7.50 mm   

 

Based on the data in Table 3, the permanent magnet 

axial profile curve after optimization is obtained (as 

shown in Fig. 7) using polynomial fit technique: 

  4 3 2

1 2 3 4 5( ) ,m mh i h p x p x p x p x p       (29) 

where x=0.5×[N/N(2i-1)+1] (1≤i≤N), N*=9 is the subsection 

number in optimization, N is the subsection number in 

polynomial fit. pi=[3.855,-77.1,507.3,-1217,1644]×10-3 

is the coefficient. 

 

 
 

Fig. 7. Permanent magnet axial profile curve. 

 

V. VERIFICATION BY 3D FEM AND 

RESULTS CONTRAST 
According to the two optimization results above, we 

obtained the corresponding optimized motor models by 

modifying the initial rotor structure of the virtual 

prototype as shown in Figs. 8 (a) and (b). On the left side 

of both Figs. 8 (a) and (b) are the 3D finite element model. 

The AFPM machine is surrounded by the blue transparent 

solution region which is generated by the software 

automatically. On the right side are rotors with optimized 

permanent magnets. 

 

 
 (a) Method one 

     

 (b) Method two 

 

Fig. 8. 3D finite element model of the optimized 

AFPMSM. 

 

A. Verification of the proposed method by 3D FEM 

As for method one, the pole-arc ratio of each magnet 

has been changed but the two magnets which locate on 

diametrically opposed position have the same pole-arc 

ratio. By taking advantage of machine symmetry, only one 

half of the machine is considered as shown in Fig. 8 (a). 

For method two, since each permanent magnet has the 

same shape and evenly arranged on the rotor surface, 

only 1/8 of the machine is needed as shown in Fig. 8 (b).  

To verify the accuracy of the analytical models, the 

electromagnetic torque and cogging torque were 

computed using both the FEM and analytical method. In 

addition, the comparison of torque value between 

optimized models and initial model is also made to verify 

the validity of the two proposed methods. The results are 

shown in Fig. 9 and Fig. 10.  
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 (b) Cogging torque 

 
Fig. 9. Torque contrast before and after optimization of 

method one. 

 

 
 (a) Electromagnetic torque 

 
 (b) Cogging torque 

 
Fig. 10. Torque contrast before and after optimization of 

method two. 

 
Good agreement between the analytical result and 

FEA result confirms the accuracy of the analytical 

models. On the other hand, we can also see that the 

overall pulsating torque was suppressed greatly while the 

average torque almost did not decline after optimization. 

So the validity of the two proposed methods is verified. 

 

B. Optimization results comparison 
In order to further highlight the superiority of the 

two methods, comparison of the optimization results 

between the proposed methods and the skew technique 

is made. After all, skew technique is one of the most 

effective torque optimization methods which is popular 

nowadays [2-4].  

Similarly, the analytical models of electromagnetic 

torque and cogging torque for AFPMSM with skew 

magnets can be derived. Figure 11 shows the variation of 

the torque relative value waveform of the same virtual 

prototype as the skew angle is varied. As shown,  

when the skew angle is 60 electrical degrees, the 

electromagnetic torque ripple and cogging torque are 

greatly weakened while the average torque is only a 

slight decline.  

Figure 12 is the 3D finite element model of the same 

virtual prototype with magnets skewing 60 electrical 

degrees. The electromagnetic torque and cogging torque 

were computed using the FEM and compared with those 

obtained by the two proposed methods as shown in the 

Fig. 13. It is obvious that not only the skew method is 

inferior to the two proposed methods in suppressing the 

pulsating torque, it will also decrease the average torque 

and thus weaken the motor torque output capacity. For 

the convenience of comparison, the amplitude of average 

torque, electromagnetic torque ripple and cogging torque 

before and after optimization of different methods are 

listed in the same table (Table 4). 

 

 
 

Fig. 11. Torque relative value at different skew angles. 

 

 
 

Fig. 12. 3D finite element model of motor after skewing. 
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 (a) Electromagnetic torque 

 
 (b) Cogging torque 

 

Fig. 13. Comparison of results by different optimization 

methods. 

 

Table 4: Results contrast of different optimization methods 

 
Original Skew 

Method 

Method 

One 

Method 

Two 

Taverage 57.71 Nm 50.07 Nm 56.80 Nm 57.05 Nm 

Tripple 4.71 Nm 1.82 Nm 0.63 Nm 0.58 Nm 

Tcog 3.13 Nm 0.88 Nm 0.46 Nm 0.43 Nm 

 

From Table 4, we can see that the optimization 

results of the two proposed methods are almost the same 

from each other. However, method one will change the 

spatial distribution of the air gap field and introduce low 

order magnetic field which may be bad for the vibration 

and noise. Method two will not change the magnetic field 

distribution but its magnets have complex structure 

which will increase the manufacturing cost. So these two 

methods each has its own advantages and disadvantages. 

We can make a choice according to the requirement of 

different application situations. 

 

VI. CONCLUSION 
In this paper, two novel techniques for torque 

optimization in AFPM machines are presented. Their 

accuracy and validity were verified by 3D FEM. The 

proposed methods were also compared with skew 

technique which is popular nowadays. Result showed 

that the proposed methods can greatly reduce the overall 

pulsating torque without sacrificing the average torque 

significantly. Some notable characteristics of the two 

methods are summarized as follows. 

i) By establishing the analytical model of torque, a 

significant amount of time can be saved during the 

optimization compared with 3D FEM. This is 

important in the initial stage of motors design.  

ii) Average torque, cogging torque and electromagnetic 

torque ripple are considered simultaneously in the 

optimization so it can reduce the overall pulsating 

torque without decreasing the average torque 

significantly.  

iii) The optimization objectives and constraint conditions 

can be flexibly adjusted to meet different requests. 

As the two proposed methods were only verified by 

FEM, future work would include manufacturing of 

prototype and validation of the optimization methods by 

experimental tests. 
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