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Abstract ─ Spherical-shaped uniaxial perfectly matched
layer (SS-UPML), an absorbing boundary for threedimensional (3-D) finite-difference time-domain (FDTD)
method with cubic cells, is proposed and applied to
different objects. This boundary is used for truncating the
computational domain to absorb outgoing electromagnetic
waves, which has the advantages of higher efficiency
and accuracy, compared with the conventional UPML.
Update equations are transformed by coordinate rotation
to better fit the Cartesian system. Different numerical
experiments are implemented to verify the stability and
practicability of the proposed boundary in 3-D case.
Obtained results illustrate that about a half grid and
computational time can be saved after SS-UPML is used,
which is the foundation of a wider range of applications.
Index Terms ─ FDTD, Cartesian coordinate system,
spherical boundary truncation, three-dimension, UPML.

the different characteristics of UPML. On the other hand,
it avoids the nonphysical field splitting caused by
Bérenger’s PML, which was proposed and investigated
in [5]-[9], whereas has the equally impressive In this
paper, a spherical-shaped UPML (SS-UPML) strategy is
discussed for FDTD in three-dimensional (3-D) condition.
We establish the SS-UPML in the Cartesian coordinate
system with cubic cells, as shown in Fig. 1. A continuous
spherical-shaped boundary is used to truncate free
space. After discretizing it, a two-dimensional section is
obtained and placed on the right, which visibly avoids
calculating unnecessary grids at corners and edges, and
can absorbs outgoing wave perfectly. The practicability
and efficiency of the method are verified by simulating
different radiation samples, and are compared with
the conventional UPML. The results indicate that the
proposed method obviously reduce the computational
memory and time, and maintain at the same error level
with the original UPML.

I. INTRODUCTION
The finite-difference time-domain (FDTD) method
is one of the most effective ideas in calculating radiation
problems of electromagnetic waves, and has rapidly
developed since it was introduced by Yee [1]. Finite
computer memory, however, cannot meet the requirement
of infinite problems. Thus, highly efficient absorbing
boundary condition plays an important role in simulation.
Uniaxial perfectly matched layer (UPML), a valid way
for truncation without reflected wave, seems like a lossy
media wall that surrounds the computing space. Sacks
and Gedney described this method from the respect
of uniaxial media with conductivity permeability and
permittivity tensors [2], [3], and Chew implemented a
similar one from another respect of Maxwell update
equations with complex coordinate stretching along
three directions in the Cartesian system [4]. In fact, the
essence of these two derivations are the same, but reveal
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Fig. 1. SS-UPML in Cartesian coordinate system.
In Section II, we describe two advantages of this
approach, obvious reduction of memory and smaller
incident angle, that are the basis of successful application.
Section III introduces the fundamental formulations of
3-D SS-UPML. Lastly, in Section IV, several numerical
experiments are implemented to verify the performance
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of our method.

O

two boundaries may have the same relationship in quantity.
After dispersing these two regions in Cartesian
coordinate system, the cubic UPML region is divided
into a number of congruent cube-meshes. The curved
SS-UPML boundary needs to approximate by groups of
staircase lattices following the conformal condition [19].
Therefore, we can count the number of grids in both
regions easily. The statistics of variations with different
thickness and R (both units are grids, in order to illustrate
the difference in the respect of quantity, and it has nothing
to do with the size) are shown in Fig. 3. Apparently, an
increasing number of grids are saved due to the use of
our boundary with the edge length growth. Besides, the
number of grids in SS-UPML region has always been
about half of the UPML in not only the whole regions,
but also the absorbers.
In our FDTD programs, the parameters of lattice
are recorded by different variables, which means the
computational memory will go forth and multiplying as
the radius increases. On the other hand, the parameters
of boundary are more complicated than free space, so it
needs more memory to store and more time to calculate.
Thus, fewer grids in both regions leads to considerable
decline of memory in executing the programs. Further,
this will bring the possibility to reduces computing time
and enhance its efficiency.
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Fig. 2. Illustration of SS-UPML and UPML.
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Fig. 3. The number of grids varies with R and thickness
in two boundaries.

II. THREE-DIMENSIONAL SS-UPML
We are intending to introduce the features of 3-D
SS-UPML, from which are where it differs the traditional
methods. Pursuant to the previous description, we
know that this boundary has less computer memory
requirements than traditional methods; here we will
carry out a quantitative analysis. Besides, it has another
advantage of smaller incident angle, compared to the
same source point in a cubic region. More details are
given in the following.
A. Fewer computational memory
In order to clearly demonstrate the difference
between the conventional cubic UPML and SS-UPML,
we establish them with the size of 2R and the radius of
R, respectively, and with a same centroid, as shown in
Fig. 2. The thickness of these two boundaries is equal,
thus, they are tangent at inside and outside.
It is clear that the volume of SS-UPML truncated
region is (4/3)πR3, and of UPML is (2R)3, almost doubled
to the former. This implies the FDTD cubic cells with

B. Smaller incident angle
To plainly compare the difference of the incident
angle of the same incident wave between SS-UPML and
UPML, we define two computational regions, as we did
in the last part. As clearly shown in Fig. 4, the point O(x0,
y0, z0) is the geometric center of both region, the wave
source is placed at an arbitrary point S(xs, ys, zs) in the
region, and point S’(xs’, ys’, zs’) is the projection of S
on the right side of cubic region. After that, the wave
will spread all around and eventually propagate to the
interface of free space and absorption layer. For a more
intuitive explanation of the relationship between the two,
we assume that the wave propagates only to the right
and the incident point is P(xp, yp, zp), which is on the
right side of the region. The angle θ in the Fig. 4 is the
angle of incidence on the boundary. According to the
assumption above, the expressions of θ in different regions
can be obtained by using the triangular relationship:
θsph  arccos(

dis 2  ( xs  x0 ) 2  ( ys  y0 ) 2  ( zs  z0 ) 2  R 2
),
2 R  dis

(1)
θcub  arccos(

dis 2  ( xs'  xp ) 2  ( zs'  zp ) 2  ( ys  ys' ) 2
2( ys  ys' )  dis

) , (2)

where dis represents the distance between point S and P,
and can be expressed as:
dis  ( xs  xp )2  ( ys  yp )2  ( zs  zp )2 .

(3)

Now, we consider a special case, that is point S
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coinciding with point O. Obviously, the wave propagates
along the radius in the spherical region, which means that
it always perpendicular to the boundary. In the square
region, however, normal incidence can only be achieved
when P is at the center of the right side, and the angle will
become large when it is close to the border. This significant
different trend is shown in Fig. 5. On the other hand, we
mostly place the scatter at the center, which means the
wave will always propagate from the region near the
centroid, and have the similar incident angle pattern as
mentioned. This feature is very helpful for improving
calculation accuracy and reducing errors, which will be
verified below.
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Fig. 4. Wave propagation in: (a) SS-UPML and (b) UPML.
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III. FORMULATIONS
The UPML, a physical model based on anisotropic
perfectly matched medium, is one of the excellent
absorbing boundaries of the FDTD method. It is derived
from Maxwell equations with uniaxial media tensors,
and does not have to split the field into sub-components.
Therefore, it can calculate more complicated objects
with different materials and structures. We use ε and μ
diagonal matrix to represent the electric and magnetic
permittivity tensor in absorbing region, respectively.
These two parameters should meet the requirement of
matching conditions, which are ε  εu s and μ  μu s ,
where εu and μu are the relatively permittivity and
permeability of the absorber, respectively, and s is
matching matrix, to ensure that the impedance of the
medium and the free space are the same. Inserting them
into Ampere and Faraday law, we have:
  H  ju sE ,   E   ju sH .
(4)
s
The matrix has different expressions for different
directions. For example, if the interface is perpendicular
1
to x-axis, it can be written as s x  diag[ s x , s x , s x ] , where
sx = κx+σx/jωε0, so does s y and s z . Inside the spherical
boundary, it is obvious that the interface is perpendicular
to the radius. Therefore, we should set the matching
matrix as the product of s x , s y and s z to achieve the
same purpose, which can be expressed as:
ς  ςu s x  s y  s z  ςu  diag[sx1s y sz , sx s y 1sz , sx s y sz1] , (5)
where ϛ represents ε or μ. Directly inserting (5) into (4)
and transforming them into time domain will lead to a
convolution between coefficients and E-field, which
are not advisable, since implementing it would be
computationally intensive. A more efficient approach is
to define a proper constitutive relationship to decouple
the frequency-dependent terms as follow:
Dx=ε(sz/sx)·Ex, Dy=ε(sx/sy) ·Ey, Dz=ε(sy/sz) ·Ez. (6)
After simplify these relations, we obtain a two-step
update cycle likes D-E-B-H-D. Obviously, it is more
complicated than the standard FDTD time domain
update equations, and costs more computational time
and memory. While, we can use radial subcomponents
in SS-UPML to overcome this defect, which is expressed
by using subscript ‘r’ in the following. Therefore, (4) can
be transformed into time domain and rewritten as:
Dxr σ r
H zr H yr
κr

Dxr 

,
(7a)
t
ε0
y
z
κr

10
0

Fig. 5. Comparison of incident angle between two
boundaries.
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B yr
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t
ε0
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E yr E xr
B
σ
 κ r zr  r Bzr 

.
(8c)
t
ε0
x
y
In order to make these equations to better fit the
Cartesian coordinates, resolution of these variables in
each direction is needed. We should decompose each
radial component along x-, y- and z-axis through the
rotation relationship, and then calculate them according
to the relative position. Fortunately, this method can also
overcome the problem of different update coefficient
forms caused by different permittivity and permeability
between free space and absorbing region. Therefore,
we can obtain uniform equations throughout the entire
computational region, which ensure the global consistency
of updating and highly efficient of programing.
In 3-D condition, the angle between the wave vector
r and the z-axis is θ, and the angle between r and the
x-axis is φ. Thus, each radial component’s position can
be identified, and its update equations (7) and (8) can be
rewritten as:
 κr

are the transform relationship between the Cartesian and
spherical coordinate system, and
2 u 0t
2     r t
CA  u 0 r
, (12)
, CB 
(2 u 0 r   r t )
2 u 0 r   r t
where δ is the size of cubic grids. Moreover, the feature
is the same in D-E and B-D relationships:



n 1

 H zr  1/ 2, 1/ 2,  H yr

n 1/ 2

 1/ 2, , 1/ 2

 H yr

n1

n 3 / 2

n 1 / 2

CE 

(9b)

 H yr

n 1 / 2

n

 CA Dzr  , , 1 / 2  CB  ( H yr
 1 / 2, , 1 / 2

n 1 / 2

n 1 / 2

 1 / 2, , 1 / 2

n 1 / 2

 H xr  , 1 / 2, 1 / 2  H xr  , 1 / 2, 1 / 2 )

,

(9c)
n 3 / 2
Bxr  , 1/ 2, 1/ 2

n1/ 2
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)
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n 3 / 2

n1/ 2

n1
B yr
 CA  B yr
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 1/ 2, , 1/ 2
 1/ 2, , 1/ 2
n1

n1

n1

 E xr  1/ 2, ,  E zr  1, , 1/ 2  E zr  , , 1/ 2 )

,

(10b)
n 3 / 2
Bzr ξ 1/ 2,ψ 1/ 2, γ

 E yr

n 1 / 2
 CA  Bzr ξ 1/ 2,ψ 1/ 2, γ

n 1
ξ ,ψ 1 / 2, γ

n 1

 CB  ( E yr
n 1

 Exr ξ 1/ 2,ψ 1, γ  Exr ξ 1/ 2,ψ , γ )

, CF 

1

2ε0 κ r  σ r Δt μu μ0

,

(15)
Here, we only list the x-component as an example to
illustrate the update process; the other two have similar
forms of calculation. The two key parameters, σr and κr,
are important factors to the absorption effect, which can
be set by using a polynomial variation grading of the loss
with depth of ρ in SS-UPML:
m
 ρ  (m  1) ln(R0 )
σ r ( ρ)   
,
(16)
2η0 ρ
 χ
κ r ( ρ)  1  (κ r max  1)  ( ρ / χ ) m ,
(17)
where χ is the thickness of the SS-UPML, R0 represents
the desired reflection error which should be specified
before computation, η0 is wave impedance in free space,
κrmax is an integer whose increase will result in an
increase in the level of attenuation, and m determines
the speed of parameter growth. A large m yields a σr
distribution that is relatively flat near the SS-UPML
surface. However, deeper within the boundary, σr
increases more rapidly than for small m. In this way, σr
increases from 0 at ξ = 0, the inner surface of the
absorber, to the maximum value at ξ = γ, the outside
of the boundary. Similarly, κr increases from 1 to κrmax
at the same position. After finishing these preparations,
different numerical experiments are implemented to
verify its performance.

n 1
ξ 1,ψ 1 / 2, γ

IV. NUMERICAL EXPERIMENTS
,

(10c)
where
  r sin  cos 

  r sin  sin  ,
  r cos 


1

2ε0 κ r  σ r Δt εu ε0

CP  2εu ε0 κ r  σ r Δt , CQ  2εu ε0 κ r  σ r Δt.

 H xr  , 1 / 2, 1 / 2  H zr  1 / 2, 1 / 2,  H zr  1 / 2, 1 / 2, )
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Dzr  , , 1 / 2

,

(14)

,
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n

n 1 / 2

n1 / 2

n 3 / 2

)

n 1 / 2
D yr
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 , 1 / 2,
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 CF  (CP  Bxr  , 1/ 2, 1/ 2  CQ  Bxr  , 1/ 2, 1/ 2 )

(9a)
n 1

n

H xr  , 1/ 2, 1/ 2  CA  H xr  , 1/ 2, 1/ 2

,

n 1/ 2

 1/ 2, , 1/ 2

n

 CE  (CP  Dxr  1 / 2, ,  CQ  Dxr  1 / 2, , )

n 1/ 2

n

Dxr  1/ 2, ,  CA Dxr  1/ 2, ,  CB  ( H zr  1/ 2, 1/ 2,
n 1/ 2

n1

E xr  1/ 2, ,  CA  E xr  1 / 2, ,

(11)

We have implemented several numerical experiments
to verify the stability, accuracy and efficiency of the
proposed SS-UPML with 3-D FDTD cubic lattice codes.
The calculating process is shown as follow.
A. Dipole source excitation in spherical-shell
The proposed method is built in the Cartesian
coordinate system, so the spherical-shaped boundary is
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approximated by a series of cubic latticework, whose
profile looks like staircase. In order to verify the stability
of the SS-UPML, which is the most important
performance for absorbing boundary, we excite a source
in a spherical-shell-shaped region. It means that in
traditional calculation space, we use SS-UPML to truncate
the outer boundary, so the computational space becomes
spherical. Then we define an anti-SS-UPML ball, which
has identical parameters with truncated boundary,
whereas the value increasing direction is from the outer
to the inner. After we put this ball in the middle of
the calculation area, the shape of free space will like a
spherical-shell, with two absorbing regions on both sides.
As comparison, we define a similar region surrounded
by conventional UPML and a same inner ball in the
middle, as shown in Fig. 6. There is one thing to be aware
of is that the position of dipole is equivalent at anywhere
inside the SS-UPML, because of the perfect symmetry
of the region, whereas it is not in the cubic region.
Therefore, we should place the dipole at different
positions to compare the quality of the two.
In this simulation, we choose three representative
positions as examples in cubic region, which are on
the lower, lower left and upper left rear directions,
corresponding to point A, B and C, respectively. In
spherical region, these three points can be marked at
the same position by converting (r, θ, φ) into (x, y, z)
coordinates. The dimension of the cubic computational
domain is set as 201×201×201, which means there are
8.12 million grids in total. After truncated by SS-UPML
with diameter 201 grids, however, the total number of
mesh that need to be calculated are reduced to 4.15
million, which means that it saves 48.8% of memory,
consistent with the previous predictions. The radius of
the inner anti-SS-UPML ball is 20 grids. The positions
of point A, B, and C are (0, 0, -55), (0, -50, -50), and
(-40, -40, 40), and the view points of them are (0, 0, -45),
(0, -40, -40), and (-30, -30, 30), respectively. Moreover,
15 layers of absorber are used to absorb the outgoing
wave in both two cases. The edge length of the cubic cell
is 5cm, and the time step is 83.33ps. We set the program
to run 10000 steps, which is a long enough time to test
its stability. The dipole is placed parallel to the z-axis at
three points, whose radiation field in free space in time
domain can be expressed as:
0   c0   c0  
    2 cos 
er 
4r 
  r t  r  
2

E (r , t ) 


  2 c   c 2 
r 
 
e  2  0   0   sin   p t   ,
r t  r  
c

 t
0 
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pulse as an excitation, which is expressed as:
2
(19)
p(t )  10 10 e [(t 3T ) / T ] (T = 2ns).
At first, we simulate the dipole at different positions
in Cartesian FDTD region truncated by two boundaries,
with no inner objects. These results can be considered as
reference values. Then place the anti-SS-UPML ball into
the space, we can obtain another set of results. Actually,
because the absorbing material is set on both sides of the
observers, the reflection caused by the absorber will be
overlapped. Relative errors at these three points can be
calculated and are shown in Fig. 7. Due to the huge
amount of original data in the period of simulation time,
we sample every 100 points and plot in the figure.
Obviously, the SS-UPML performs very well in
absorbing, its error of each point is similar to the original
UPML. Besides, there is another interesting phenomenon
in the cubic region we should care about, that the errors
at three points have tiny differences as the reflections
caused by the corner, edge and face are different, while
a same level is maintained in spherical region because
of the perfect symmetry of SS-UPML. This is the
fundamental guarantee for SS-UPML to simulate larger
scale and complex structural scatters.

po in t C
θ

SS -UPM L

z
y

x φ

po int B

poi nt A

(a)
UP M L
po int C

θ

z
y

x φ
poi nt B

b all
p oint A

(18)

where, c0 is the speed of light in vacuum, r is the distance
between dipole and view point. It is clearly that the
electric field is only related to the angle and distance, due
to the pose of dipole. In this sample, we use Gaussian

(b)
Fig. 6. Dipole in: (a) SS-UPML and (b) UPML truncated
region with absorb object.
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simulation of the antenna is performed with 7000 time
steps, and a key parameter of the input port, return loss,
is calculated. The results of S11 calculated by different
algorithms are plotted in Fig. 9. Results of two FDTD
boundaries show a good agreement with each other, and
have a little difference to the FEM at low frequency
domain, which is negligible effect on the final result.
Most importantly, in the UPML boundary, 144.1MB
memories are used and 1846.98s are cost for simulating
the program. In our SS-UPML boundary, however,
76.7MB and 1067.65s are needed. This means 46.77%
memory and 42.19% are saved, which coincide with the
previous analysis, but keeps perfect accuracy.
0

Fig. 7. Relative error of dipole radiation in different
boundaries at different points.
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Fig. 9. Comparison of return loss calculated by different
methods.

V. CONCLUSION
The SS-UPML strategy is applied for Cartesian
FDTD in 3-D condition. We use this truncation boundary
to calculate the different samples to test its performance.
Due to the rotation of radial components in the Cartesian
system, the equations in FDTD scheme can be simplified,
which brings a huge convenience in programing. It
reduces roughly half of the computational memory and
time. In addition, it maintains high accuracy at different
locations, even if the source is very close to the boundary.
This is the foundation of future simulation for those
objects with complex structures and material parameters.
Our prospective study will pay much attention to
appropriate parameters of SS-UPML for better absorbing
performance, and more applications for 3-D cases.

16.0

co ndu cto r
pa tc h

-10

S11 (dB)

B. Antenna simulation in SS-UPML
An inverted-F antenna is designed and calculated
inside the SS-UPML. Its FDTD simulation result with
different PMLs are presented and compared with finite
element method (FEM). The structure and dimension of
the antenna are shown in Fig. 8. The radiation element is
designed on the top layer, and the ground is printed at the
bottom layer. The plate thickness is 0.8mm, and has 2.2
dielectric constant. We use SS-UPML and UPML with
15 cells thickness as termination boundaries, and set at
least 20 cells air gap in each direction between the
antenna and the boundary. In this example, the FDTD
problem space is composed of cells with 0.4mm in
each direction. After we consider all these parts, the
computational region is 161×161×161 in cubic boundary,
and the radius of the spherical region is 161 cells, which
makes the probability of 49.15% memory reduction.

-5
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The antenna is excited by a voltage source, and its
far-field frequencies are 2.4 and 5.8 GHz. The FDTD
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