Applied Computational Electromagnetics Society

Journal

0D\ 2011

Vol. 26 No. 

ISSN 1054-4887

GENERAL PURPOSE AND SCOPE: The Applied Computational Electromagnetics Society (ACES)
Journal hereinafter known as the ACES Journal is devoted to the exchange of information in
computational electromagnetics, to the advancement of the state-of-the art, and the promotion of related
technical activities. The primary objective of the information exchange is to inform the scientific
community on the developments of new computational electromagnetics tools and their use in electrical
engineering, physics, or related areas. The technical activities promoted by this publication include code
validation, performance analysis, and input/output standardization; code or technique optimization and
error minimization; innovations in solution technique or in data input/output; identification of new
applications for electromagnetics modeling codes and techniques; integration of computational
electromagnetics techniques with new computer architectures; and correlation of computational parameters
with physical mechanisms.
SUBMISSIONS: The ACES Journal welcomes original, previously unpublished papers, relating to
applied computational electromagnetics. Typical papers will represent the computational electromagnetics
aspects of research in electrical engineering, physics, or related disciplines. However, papers which
represent research in applied computational electromagnetics itself are equally acceptable.
Manuscripts are to be submitted through the upload system of ACES web site http://aces.ee.olemiss.edu
See “Information for Authors” on inside of back cover and at ACES web site. For additional information
contact the Editor-in-Chief:
Dr. Atef Elsherbeni
Department of Electrical Engineering
The University of Mississippi
University, MS 386377 USA
Phone: 662-915-5382
Email: atef@olemiss.edu
SUBSCRIPTIONS: All members of the Applied Computational Electromagnetics Society are entitled to
access and download the ACES Journal any published journal article available at
http://aces.ee.olemiss.edu. Printed issues of the ACES Journal are delivered to institutional members. Each
author of published papers receives a printed issue of the ACES Journal in which the paper is published.
Back issues, when available, are $50 each. Subscription to ACES is through the web site. Orders for back
issues of the ACES Journal and change of address requests should be sent directly to ACES office at:
Department of Electrical Engineering
The University of Mississippi
University, MS 386377 USA
Phone: 662-915-7231
Email: aglisson@olemiss.edu
Allow four weeks advance notice for change of address. Claims for missing issues will not be honored
because of insufficient notice, or address change, or loss in the mail unless the ACES office is notified
within 60 days for USA and Canadian subscribers, or 90 days for subscribers in other countries, from the
last day of the month of publication. For information regarding reprints of individual papers or other
materials, see “Information for Authors”.
LIABILITY. Neither ACES, nor the ACES Journal editors, are responsible for any consequence of
misinformation or claims, express or implied, in any published material in an ACES Journal issue. This
also applies to advertising, for which only camera-ready copies are accepted. Authors are responsible for
information contained in their papers. If any material submitted for publication includes material which has
already been published elsewhere, it is the author’s responsibility to obtain written permission to reproduce
such material.

APPLIED
COMPUTATIONAL
ELECTROMAGNETICS
SOCIETY
JOURNAL

0D\ 2011
Vol. 26 No. 5
ISSN 1054-4887

The ACES Journal is abstracted in INSPEC, in Engineering Index, DTIC, Science Citation Index Expanded, the
Research Alert, and to Current Contents/Engineering, Computing & Technology.

The illustrations on the front cover have been obtained from the research groups at the Department of
Electrical Engineering, The University of Mississippi.

THE APPLIED COMPUTATIONAL ELECTROMAGNETICS SOCIETY
http://aces.ee.olemiss.edu

EDITOR-IN-CHIEF
Atef Elsherbeni

University of Mississippi, EE Dept.
University, MS 38677, USA

ASSOCIATE EDITORS-IN-CHIEF
Sami Barmada

Fan Yang

University of Pisa. EE Dept.
Pisa, Italy, 56126

Mohamed Bakr

University of Mississippi, EE Dept.
University, MS 38677, USA

McMaster University, ECE Dept.
Hamilton, ON, L8S 4K1, Canada

Mohammed Hadi

Mohamed Abouzahra

Yasushi Kanai

Niigata Inst. of Technology
Kashiwazaki, Japan

Kuwait University, EE Dept.
Safat, Kuwait

MIT Lincoln Laboratory
Lexington, MA, USA

EDITORIAL ASSISTANTS
Matthew J. Inman

Anne Graham

University of Mississippi, EE Dept.
University, MS 38677, USA

University of Mississippi, EE Dept.
University, MS 38677, USA

EMERITUS EDITORS-IN-CHIEF
Duncan C. Baker

Allen Glisson

David E. Stein

EE Dept. U. of Pretoria
0002 Pretoria, South Africa

University of Mississippi, EE Dept.
University, MS 38677, USA

USAF Scientific Advisory Board
Washington, DC 20330, USA

Robert M. Bevensee

Ahmed Kishk

Box 812
Alamo, CA 94507-0516, USA

University of Mississippi, EE Dept.
University, MS 38677, USA

EMERITUS ASSOCIATE EDITORS-IN-CHIEF
Alexander Yakovlev

Erdem Topsakal

University of Mississippi, EE Dept.
University, MS 38677, USA

Mississippi State University, EE Dept.
Mississippi State, MS 39762, USA

EMERITUS EDITORIAL ASSISTANTS
Khaled ElMaghoub

University of Mississippi, EE Dept.
University, MS 38677, USA

Mohamed Al Sharkawy

Arab Academy for Science and
Technology, ECE Dept.
Alexandria, Egypt

Christina Bonnington

University of Mississippi, EE Dept.
University, MS 38677, USA

MAY 2011 REVIEWERS
Ahmed Abdelrahman
Guido Ala
Shirook Ali
Rodolfo Araneo
Sami Barmada
Gerard Berginc
Ji Chen
Nicolas Cinosi
Jorge Costa
Said El-Khamy
Khaled ElMahgoub
Naftali Herscovici
Nathan Ida
Yasushi Kanai

Fadi Khalil
Slawomir Koziel
Mun Soo Lee
Ivor Morrow
Antonino Musolino
Rui Qiang
Luca Rienzo
Antonio Espirito Santo
Jerry Smith
Katherine Siakavara
Hossein Torkaman
Christopher Trueman
Shaoqiu Xiao

THE APPLIED COMPUTATIONAL ELECTROMAGNETICS SOCIETY
JOURNAL

Vol. 26 No. 5

May 2011
TABLE OF CONTENTS

“Surface Integral Equation Method for Scattering by DB Objects with Sharp Wedges”
J. Markkanen, P. Ylä-Oijala, and A. Sihvola…………………………………...….…………367
“Design of a Compact Circular Waveguide Antenna of Low Polarization Level using EBG
Structures”
J. Gómez, A. Tayebi, I. González, and F. Cátedra.…………..………………………………375
“An Alternative Multiresolution Basis in EFIE for Analysis of Low-Frequency Problems”
J. Ding, J. Zhu, R. Chen, Z. H. Fan, and K. W. Leung.……….............................................383
“Realistic Spatio-Temporal Channel Model for Broadband MIMO WLAN Systems Employing
Uniform Circular Antenna Arrays”
M. A. Mangoud and Z. Mahdi……….………………………………….…………………394
“Local Residual Error Estimators for the Method of Moments Solution of Electromagnetic
Integral Equations”
U. Saeed and A. F. Peterson………………………………………………………………...403
“An Adaptive Preconditioning Technique using Fuzzy Controller for Efficient Solution of Electric
Field Integral Equations”
Z. Liu, J. Chen, and R. S. Chen..……………………………….…...........................411
“Augmented MLFMM for Analysis of Scattering from PEC Object with Fine Structures”
M. Chen, R. S. Chen, and X. Q. Hu…………….…………………………..….......................418
“Transient Analysis of Electromagnetic Scattering using Marching-on-in-Order Time-Domain
Integral Equation Method with Curvilinear RWG Basis Functions”
Q. Q. Wang, C. Yan, Y. F. Shi, D. Z. Ding, and R. S. Chen…..….......................................429
“Advanced Image Processing Techniques for the Discrimination of Buried Objects”
R. Araneo and S. Barmada……………………….…………………….………………..........437

“Design of a Half-Mode SIW High-Pass Filter”
W. Shao and J. L. Li………………….…………….....……………….…..............................447

© 2011, The Applied Computational Electromagnetics Society

ACES JOURNAL, VOL. 26, NO. 5, MAY 2011

367

Surface Integral Equation Method for Scattering by DB Objects
with Sharp Wedges
Johannes Markkanen, Pasi Ylä-Oijala, and Ari Sihvola
Department of Radio Science and Engineering
Aalto University School of Electrical Engineering
PO Box 13000, FI-00076 AALTO, Finland
johannes.markkanen@aalto.fi, pasi.yla-oijala@aalto.fi, ari.sihvola@aalto.fi

Abstract – A surface integral equation method is used
to analyze time-harmonic electromagnetic scattering
by arbitrarily shaped three-dimensional DB objects
with sharp wedges. At the DB boundary surface, the
electric and magnetic flux densities D and B normal
to the surface are zero. The DB boundary conditions
are enforced by expanding the unknown equivalent
surface current densities with divergence-free loop basis functions. The equations are tested with Galerkin’s
method. The integral equation method is applied to
investige field behavior at sharp DB wedges and the
results are compared with the quasistatic solution in
order to determine the accuracy of numerical solution
at the sharp DB wedges.
Index Terms – DB boundary condition, field singularity, integral equation method.

I. INTRODUCTION
In computational electromagnetics, boundary conditions are often used as approximations of real material interfaces. The perfect electric conductor (PEC)
boundary condition, which requires the vanishing of
the tangential component of the electric field at the
boundary surface, is probably the most well-known
and commonly used boundary condition. It is often
used as an approximation of conducting surfaces, for
example metallic surfaces at low frequencies. There
are also other boundary conditions that can be useful in computional electromagnetics. Especially since
they can be used for modelling exotic material interfaces, e.g. PEMC [1]. In [2] the use of such canonical
surfaces in computational electromagnetics have been
summarized.

Electromagnetic soft surfaces [3], on which the
power does not propagate along the surface, have
many micro- and millimeterwave engineering applications. For example, they can be used for reducing
coupling between radiating elements in antenna arrays
or creating rotational symmetric radiation patterns for
horn antennas [4]. Anisotropic soft surfaces are generally fabricated by corrugated structures, which are
quite difficult to model by using standard numerical
softwares, because they contain a lot of fine details.
A relatively easy way to approximate isotropic soft
surfaces is to apply a DB boundary condition [5] in
calculations.
The DB boundary condition requires that the normal components of the electric and magnetic flux densities vanish at the boundary. Analytical solutions
for objects involving the DB boundaries have been
studied in [5, 6, 7], and the integral-equation-method
based numerical solution for the scattering by DB objects was introduced in [8]. However, in most practial cases, a discretization of geometry leads to sharp
wedges and corners which can cause problems for numerical calculations. At these sharp wedges and corners, fields can be singular. This fact gives motivation to analyze behavior of fields near DB wedges. It
is possible to solve field behavior near sharp wedges
by using quasistatic analysis, because the geometry
is independent of any scale parameter, and therefore,
the incident field can be analyzed by using static approach. A quasistatic solution is a well-known result
for PEC and dielectric wedges [9, 10]. In this paper,
we use a similar approach for analyzing field behavior
near the DB wedge. Also, we compare the quasistatic
solution with the integral-equation-method based nu-
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merical solution, and study the accuracy of the solution at the DB wedge.

II. DB BOUNDARY CONDITION
The DB boundary condition, introduced in [5], requires that the normal components of the electric and
magnetic flux densities D, B vanish on the surface:
n · D = 0, n · B = 0.

(1)

In linear, homogeneous, and isotropic medium, where
permittivity ǫ and permeability µ are constants, the
DB boundary condition (1) can be expressed as
n · E = 0, n · H = 0.

(2)

A look at the Poynting vector illuminates the character of a DB boundary. The average propagating
power-density can be calculated from the real part of
the complex Poynting vector
< S(t) >=

1
ℜ{E × H ∗ },
2

(3)

where H ∗ denotes the complex conjugate of the magnetic field H. At the DB boundary, the following can
be written:
n × (E × H ∗ ) = E(n · H)∗ − (n · E)H ∗ = 0. (4)
Hence, the Poynting vector at the DB boundary has
only the normal component and the tangential component vanishes. A soft surface has been defined [3]
as a surface where the power flux along the boundary
is zero. Therefore, the DB boundary is an isotropic
soft surface.

III. INTEGRAL EQUATIONS FOR DB
BOUNDARY
Consider an arbitrarily shaped three-dimensional
object with the DB boundary condition in a homogeneous background medium and an incident time harmonic field (e−iωt ). The surface of the object is denoted by S and the electromagnetic parameters of the
background medium are ε and µ. Our goal is to solve
scattering of the electromagnetic waves by this obstacle. We begin with the following representation of the
total time-harmonic electric and magnetic fields [11]
ΩE = −∇S(E n ) + iωµS(J) − K(M ) + E p

where Ω is the relative solid angle subtended by the
surface (Ω = 1/2 on smooth surfaces), E n and H n
are the normal components of the fields at the surface,
J = n × H and M = −n × E are the equivalent electric and magnetic surface current densities,
respectively, E p and H p are the primary fields, and
n is the outer unit normal vector of the surface. The
surface integral operators are defined as

ΩH = −∇S(H n ) + iωεS(M ) + K(J ) + H p ,
(5)

K(F )(r) = ∇ × S(F )(r),
Z
S(F )(r) =
G(r, r ′ )F (r ′ ) dS(r),

(6)
(7)

S

where G is the free space Green’s function
′

G(r, r ′ ) =

eik|r−r |
,
4π|r − r ′ |

(8)

r is the observation point, r′ is the source point, and
√
k = ω εµ is the wavenumber of the background. Let
us define two surface integral operators as
Ft = −n × n × F
Fr = n × F.

(9)

Due to the DB boundary conditions (2), E n and
H n can be removed from (5). Normalizing the fields
in the following way (to get better balance between
the unknowns and the matrix elements, [12])
Ẽ =

√
√
εE, H̃ = µH,

(10)

so called T- equations is obtained by taking the tangential components
" p# "
#" #
H̃ t
−ikSt
− 21 Ir − Kt M̃
. (11)
p = 1
−ikSt
J̃
Ẽ t
2 Ir + Kt
Another set of equations, called N- equations, is obtained by taking the cross product with the normal
vector n
"
# "1
#" #
−Ẽ pr
ikSr
M̃
2 It − Kr
=
. (12)
1
−ikSr
I
−
K
J̃
H̃ pr
t
r
2
The integral equation formulations for DB objects
contaning only T- or N- equations, however, suffer from internal resonances, i.e., the solution is not
unique at certain frequencies. Internal resonances can
be eliminated by combining equations (11) and (12) in
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a similar fashion as the T- and N- equations are combined in [13] in the case of penetrable objects. This
gives the following combined field integral equation
(CFIE) formulation for DB objects
"
# "
#" #
−F˜r
Nt −Nr M̃
=
,
(13)
Nr Nt
F˜t
J̃
with
1
Nt = It − Kr − ikSt and F̃ t = H̃ pr + E˜pt . (14)
2

IV. NUMERICAL SOLUTION TO THE
INTEGRAL EQUATIONS
Integral equations (11–13) are solved numerically
with the method of moments [14]. First, the unknown
equivalent electric J and magnetic M surface current densities are represented as linear combinations
of known tangential vector basis functions f and g
J≈
M≈

N
X

k=1
M
X

jk f k

V. FIELD BEHAVIOR AT A DB WEDGE
Singularities of the fields appear near sharp wedges
and corners with a proper incident field, and these singularities can cause problems for the numerical solution. For example, in case of a PEC or dielectric
wedge the fields are singular, and hence, we need to
use mesh refinement near the wedges and corners in
order to obtain an accurate solution. In this section,
we study singularities of fields in the case of a DB
wedge.
Consider a three-dimensional sharp wedge with a
DB boundary condition. Since the wedge is sharp,
we can use quasistatic approximation. Therefore, the
electric field E near the wedge can be expressed in
terms of the electrostatic potential E = −∇φ. In the
static and source-current free case we can also express
the magnetic field in terms of a scalar potential H =
−∇φm , but here we only consider the electric field
because the analysis is identical in both cases.
We know that the potential function outside the
wedge must satisfy the Laplace’s equation

(15)
∇2 φ = 0,

ml g l ,

l=1

where jk and ml are scalar coefficients. By using
Maxwell’s equations and certain vector identities, we
can find a relation between the normal components of
the fields and the divergences of the equivalent surface
currents
∇s · J = iωεn · E
∇s · M = iωµn · H.

because the divergence of the electric field must be
zero in a source free region. Also, the field must satisfy the boundary condition at the surface. We can
approximate this problem with the two-dimensional
infinite wedge, see Fig. 1.

(16)

As we can see, on the surface of a DB object the surface divergences of the currents vanish (if ω 6= 0)
due to the DB boundary conditions (2). Therefore,
we have to expand both the electric and magnetic
equivalent surface current with a set of basis functions which span a solenoidal vector space. We have
used the RWG loop basis functions [15] to expand the
equivalent currents, and the equations are tested with
Galerkin’s scheme using the RWG loop functions as
testing functions.
A numerical solution requires calculation of singular integrals because the Green’s function becomes
singular when the distance between the source point
and the observation point goes to zero. These integrals are evaluated by using the singular subtraction
technique [16].

(17)

ϕ
ρ

axis of
symmetry

ϕ0

−ϕ0

Fig. 1. Two-dimensional infinite wedge. Surface of
the wedge is at ϕ = ϕ0 and ϕ = −ϕ0 .
In the polar coordinate system the Laplace’s equation (17) can be expressed as

1 ∂
∇ φ(ρ, ϕ) =
ρ ∂ρ
2




∂φ(ρ, ϕ)
1 ∂ 2 φ(ρ, ϕ)
ρ
+ 2
= 0,
∂ρ
ρ
∂ϕ2
(18)
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where ρ is the radial coordinate and ϕ is the angular
coordinate. This equation can be solved by the separation of variables

X
n

φ(ρ, ϕ) =

X

Pn (ρ)Φn (ϕ),

(19)

Bn ρνn −1 νn sin(νn (π − ϕ0 )) = 0,

which is satisfied if

n

νn =

which leads to two separate differential equations
∂ 2 Φn (ϕ)
+ νn2 Φn (ϕ) = 0
∂ϕ2


∂
Pn (ρ)
ρ
ρ
− νn2 Pn (ρ) = 0.
∂ρ
∂ρ

(20)
(21)

General solutions for the equations (20) and (21) are
Φn (ϕ) = An sin(νn ϕ) + Bn cos(νn ϕ)
Pn (ρ) = Cn ρνn + Dn ρ−νn ,

where An , Bn , Cn , and Dn are the unknown coefficients. The coefficient Dn must be zero, because a
negative exponent ρ−νn leads to an infinite energy at
the origin.
Antisymmetric E

π
n, n = 1, 2, ...
π − ϕ0

Symmetric E

(26)

Next, we consider the antisymmetric case where the
incident field is normal to the plane of symmetry (ϕ =
0). Now the potential function is

φ(ρ, ϕ) =

X
n

(22)

(25)

An ρνn νn sin(νn (π − ϕ)),

(27)

if ϕ0 ≤ ϕ ≤ 2π − ϕ0 , and the electric field can be
expressed as
E(ρ, ϕ) = −∇φ(ρ, ϕ)
X
= −uρ
An ρνn −1 νn sin(νn (π − ϕ))
n
X
+uϕ
An ρνn −1 νn cos(νn (π − ϕ)).

(28)

n

In the case of the DB boundary condition

Fig. 2. Antisymmetric and symmetric excitations with
respect to the wedge.
If the incident field is symmetric with respect to the
plane of symmetry ϕ = 0 (see Fig. 2), the potential
function can be expressed as
φ(ρ, ϕ) =

X
n

Bn ρνn cos(νn (π − ϕ)),

(23)

if ϕ0 ≤ ϕ ≤ 2π − ϕ0 . By taking the gradient of the
potential function, we obtain the electric field
E(ρ, ϕ) = −∇φ(ρ, ϕ)
X
= −uρ
Bn ρνn −1 νn cos(νn (π − ϕ))
n
X
−uϕ
Bn ρνn −1 νn sin(νn (π − ϕ)).

(24)

n

By using the DB boundary condition uϕ · E = 0 at
ϕ = ϕ0 , we find that

X
n

An ρνn −1 νn cos(νn (π − ϕ0 )) = 0,

(29)

which is satified if

νn =

π
n, n = 1, 3, 5, ...
2(π − ϕ0 )

(30)

Parameter νn defines the order of singularity of field,
since the field strength is related to a term ρνn −1 . It
is easy to see that the field has a singularity if the
smallest value of the parameter νn < 1. Figure 3
shows the value of the parameter ν1 as a function of
angle ϕ0 . We can see that the DB wedge has a singularity if the excitation field is antisymmetric, and the
angle ϕ0 < 90 degrees.
It is important to note that a solution in the case of
an arbitrarily polarized field can be found as a linear
combination of symmetric and antisymmetric excitations. This analysis is valid also if E is replaced by
H because of the symmetry of the DB boundary condition.
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5
symmetric excitation
4

antisymmetric excitation

ν1

3

2

1

0
0

30

60

90
120
angle (deg)

150

180

Fig. 3. Parameter ν1 as a function of angle ϕ0 with
either symmetric or antisymmetric excitations. The
field is singular if the parameter ν1 < 1.

wedge, the tangential electric field and the normal
component of the magnetic field are zero. With the
symmetric electric field incident, the normal component of the electric field is singular but the tangential
component is non-singular. Also, the antisymmetric
magnetic field incident creates a singularity to the tangential component of the magnetic field at the wedge.
Now, we know how fields behave near DB wedges,
and we can study the accuracy of the surface-integralequation-method based solution near DB wedges.
Consider a small cube with DB boundary condition.
This cube with edge length a is illuminated by a linearly polarized planewave with wavelength λ = 10 a.
We can choose the alignment of the cube so that the
behavior of fields at the wedge corresponds to the 2-D
case with either symmetric or antisymmetric excitations.

VI. NUMERICAL RESULTS
Let us first investigate the behavior of the equivalent surface currents near a 90◦ wedge, which is characterized by either DB or PEC boundary conditions.
We can solve the problem for the DB boundary in the
static case by using equations (26) and (30) and requiring ϕ0 = π/4. In Table 1, we see singularity factors (ρνn −1 ) in case of 90◦ DB and PEC wedges with
symmetric and antisymmetric excitations. The PEC
case can be solved in a similar way as the DB case,
but we have to apply the PEC boundary conditions
uρ · E = 0 and uϕ · H = 0.
Table 1: Singularities of 90◦ DB and PEC wedges
Excitation
Field
DB PEC
1
i
Symmetric E
E · uρ
ρ3
0
1
1
i
Symmetric H
H · uρ
ρ3
ρ3
1
Symmetric E i
E · uϕ
0
ρ− 3
Symmetric H i
H · uϕ
0
0
i
− 13
Antisymmetric E
E · uρ ρ
0
i
− 13
− 13
Antisymmetric H
H · uρ ρ
ρ
1
i
Antisymmetric E
E · uϕ
0
ρ3
Antisymmetric H i H · uϕ
0
0
We can see that the tangential components of both
fields are singular in the case of the DB wedge with
antisymmetric excitation, but with symmetric excitation fields are not singular. Also, we can see that the
normal components of fields vanish at the wedge due
to the DB boundary condition. In case of the PEC

Fig. 4. Real part of the equivalent electric surface current density at the surface of DB cube. The cube is illuminated by a planewave which is propagating along
z-axis and the electric field is polarized along y-axis
and the magnetic field along x-axis. The equivalent
current J has a singularity at the top edge, because
the incident magnetic field is antisymmetric with respect to the wedge on top.
Figure 4 shows the real part of the equivalent electric surface current density J on the surface of the DB
cube. We can see that the equivalent electric surface
current (J = n × H) is singular at the wedge on top,
because in this case we have an antisymmetric incident magnetic field with respect to the wedge on top.
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−3

−9

x 10
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18

DB T−formulation

16

DB N−formulation

1.3

−1/3

1.28

Quasistatic ρ

12

PEC T−formulation

10
8

RCS / λ2

current density

1.32

DB C−formulation

14

1.26

T−form.

1.24

6

1.22

4

1.2

T−form. refinement
N−form.
N−form. refinement

2
0

λ = 100 a

C−form.
C−form. refinement

1.18
0

0.1

0.2
0.3
distance

0.4

0.5

Fig. 5. Amplitude of the equivalent electric surface
current density as a function of distance from the
sharp 90 degree DB and PEC wedges. Solutions are
obtained by using different formulations of surface integral equation method and quasistatic analysis.
In Figure 5, the amplitude of the equivalent electric
surface current density is shown as a function of distance from the wedge. The calculations are done by
using T-, N-, and C- formulations and the results are
compared with the quasistatic solution.
As can be seen, all three formulations give almost
identical results for the equivalent current densities
near 90◦ DB wedge, and the numerical results have a
good agreement with the quasistatic solution. However, there are some variations in the amplitude of
currents between formulations especially if the distance to the sharp wedge is short. Figure 5 also shows
the behavior of the equivalent surface current at the
PEC wedge. The PEC case is calculated by using the
conventional tangential electric field integral equation
(EFIE) formulation with RWG basis and testing functions [17].
As the quasistatic analysis predicts, at the DB and
PEC wedge tangential fields have the same order of
singularity and the numerical results agree with it. It
is important to note that the normal component of the
electric field is singular in case of the PEC wedge, if
the incident electric field is symmetric with respect to
the wedge. We know that there is a relation between
the normal component of field and the divergence of
the equivalent surface current (16), but this singularity does not affect the result in Figure 5 because the
incident electric field is not symmetric at the wedge.
Let us next study the convergence of the numerical

2

10

3

10
number of unknowns

Fig. 6. Calculated backscattered radar cross section of
a cube with edge length a and wavelength λ = 100 a
as a function of number of unknowns. T-, N- and
C- formulations have been applied. The cube is discretized by using triangular meshes with or without
mesh refinement on the edges. Solid lines correspond
to the cases with mesh refinements and dotted lines
without mesh refinements.

solution in case of a DB cube. The setup is the same
as in Figure 4. In Figure 6, the backscattered radar
cross section (RCS) as a function of the number of
unknowns is shown. The edge length of the cube is a
and the wavelength is λ = 100 a. In Figure 7 we can
see the convergence of RCS with wavelength λ = 2 a.
We have used T-, N-, and C-formulations for calculations, and the surface of the cube is discretized by triangular mesh with mesh refinement on the edges, or
without mesh refinement on the edges.
In this example wavelengths are 100 and 2 times the
edge length of the cube, and hence, both frequencies
are not at internal resonant frequencies. This means
that the solutions of T-, N-, and C- formulations are
unique. We can see that the T- formulation gives the
most accurate results for backscatted RCS. The convergence of N- formulation is quite slow. The accuracy of C- formulation is between T- and N- formulations which makes sense because C- formulation is a
combination of T- and N- formulations. This agrees
with the earlier results in the PEC case [18] where
T-formulation agrees with EFIE, N-formulation with
MFIE, and C-formulation with CFIE, respectively.
Figures 6 and 7 also show that the solutions converge
faster if mesh refinements on wedges are used.
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Fig. 7. Calculated backscattered radar cross section of
a DB cube with wavelength λ = 2 a. Otherwise the
setup is the same as in Figure 6.

VII. CONCLUSIONS
In this paper, the accuracy of a surface-integralequation based solution for DB objects has been studied. A quasistatic solution for the field near DB
wedges has been derived and the results have been
compared with numerical calculations. The numerical examples demonstrate that the surface-integralequation-method based solution is quite accurate near
DB wedges even if the field is singular at the wedge.
We have also showed that the tangential magnetic
field at the PEC wedge has the same order of singularity as that of the DB wedge. The normal component
of the electric field can be singular at the PEC wedge,
but there is not such singularity at the DB wedge, because normal components of fields vanish at the DB
boundary. However, the effect of this singularity to
the equivalent surface current in the case of the PEC
wedge is much weaker than the effect of the singularity in the tangential field. Therefore, we need to
use similar mesh refinements at the DB wedges as the
PEC wedges in order to obtain an accurate solution.
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Abstract ─ A new technique to improve the
performance, in terms of bandwidth, gain and
polarization purity, of conventional circular
waveguide antennas using an electromagnetic
band gap (EBG) structure is presented. The
proposed antenna is composed by a circular
waveguide and two layers with squared holes
located over the waveguide aperture. The
dimensions of the antenna have been obtained by
means of an optimization process that uses a
rigorous analysis tool. According to the results, a
notable enhancement in polarization purity and
gain is demonstrated when incorporating the
second grid. The EBG antenna has the peak gain
14.36 dBi and the cross polarization level is lower
than 40 dB within a wide bandwidth of 17%. A
prototype has been fabricated and measured
operating at 9.1GHz.
Index Terms ─ Antenna measurements, antenna
radiation patterns, method of moments (MoM),
waveguide antennas.

I. INTRODUCTION
It is well known that electromagnetic band
gap (EBG) materials are designed to impede the
propagation of electromagnetic waves at certain
frequency bands that are determined by the
periodicities of the materials and their dielectric
constants. Recently, various applications of EBG
materials, such as microwave filters, antennas,
amplifiers, microstrip devices, ground plane
structures, and base station antennas have been
reported in the literature [1-4]. For example, EBG
material has been shown to enhance the directivity

of a patch antenna from 8 dB to 20 dB [1].
Palikaras et al. [2] described a method to design
directive antennas by incorporating cylindrical
EBG structures. On the other hand, [3] presents a
resonator antenna that increases its gain and
bandwidth with an EBG structure over the device.
It has also been demonstrated [4] that the EBG
materials are able to provide good results while
reducing the size of some kind of filters.
The work presented in [5] summarizes the
benefits of using EBG materials to improve the
performance of microwave and optical
applications. Some experimental results are
discussed to check the properties of these
materials.
According to [6], an increase in directivity
can be obtained by adding a partially reflecting
sheet in front of the antenna because of the
multiple reflections between the sheet and the
screen. The resonance distance between both
elements must be such that the rays projected
through the sheet have equal phases in the normal
direction. Our contribution is focused on that
investigation line. However, a deeper study is
done here: we analyze the inclusion of a second
grid over the antenna aperture and its influence
over the cross polarization level. Numerical results
demonstrate an improvement in gain, bandwidth
and polarization purity when comparing several
antenna configurations varying the distances
between both grids.
The aim of this paper is to design a compact
EBG antenna that provides a gain greater than
14.0 dBi, polarization purity greater than 40 dB,
and a bandwidth greater than 10% while
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maintaining a very small size. To fulfill these
requirements, the dimensions of the antenna were
optimized by using a powerful electromagnetic
solver. After obtaining the optimum dimensions, a
prototype made of aluminum was built and
measured.

II. GEOMETRICAL MODEL
The proposed antenna configuration is
depicted in Fig. 1 where the dimensions are in
meters. The antenna model is defined by a long
metallic cylinder with a 13.9 mm radius, a short
metallic cylinder with a 16.9 mm radius, and 12.5
mm length, an 80 x 80 mm ground plane and the
EBG structure (also 80 x 80 mm). According to
Fig. 1.b, an electric dipole located at λ/4 from the
bottom of the circular waveguide has been used to
model the feeding of the waveguide in the
simulations. The dipole is oriented in the x axis
parallel to the bottom of the waveguide.

Electric
dipole
λ/4

Fig. 1. Schematic representation of the proposed
antenna, 3-D (left) and side view (right).
Each grid is composed of a metallic sheet
with nine square holes. Figure 2 shows the
dimensions (in meters).

Fig. 2. Physical dimensions (in meters) of the
EBG structure.

The distance between the ground plane and
the first metallic grid was established to prevent
cavity resonances at the operating frequency
whereas the distance between the two metallic
grids was set to obtain the classical EBG mode
that permits an efficient antenna performance.
A parametric analysis was conducted to find
the dimensions shown in Fig. 2. The first step in
the design process was choosing the unit cell
shape of the periodic structure. Some candidates
were studied, such as rectangles, triangles, circles,
rhombs, and crosses. After an exhaustive study,
the square hole was chosen because of its
simplicity and its good response. The next point
was the optimization of the structure dimensions a
central frequency of 9.1 GHz. Several geometrical
parameters (the distance between adjacent holes,
the size of the holes, the number of holes, etc.)
were optimized. After the analysis of the position
of the periodic structures, we conclude that the
upper grid must be located 17.5 mm from the
ground plane and the lower grid must be situated
3.5 mm from the ground plane. Those are the
optimum physical dimensions to achieve the
desirable radiation characteristics of high gain and
low cross polarization level. The remaining
geometrical parameters related to the waveguide
were fixed.
The design was implemented using Monurbs
[7], a versatile electromagnetic solver based on the
moment method that uses parametric surfaces for
representing the geometrical model and the current
of the structures under analysis. Monurbs has been
validated with real measurements in many
applications. The optimization process was carried
out using a new module of the tool that allows us
to set the requirements and the geometrical
parameters to vary. The simulation process
finishes when the optimization module finds the
optimum parameter values that provide the desired
radiation pattern. As mentioned before, in this case
the cost function was defined to obtain high
polarization purity and high gain over a wide
bandwidth. The values of the geometrical
parameters must be assigned within a certain range
defined by the user. The minimum and maximum
values for the size of the squared holes were 8mm
and 14mm, respectively. Regarding the resonance
distances between the grids, the height of the
lower grid from the ground plane was optimized
within the range from 3mm to 7.5mm and the
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height of the upper grid from the ground plane was
optimized within the range from 9 and 18mm.

Measured and Simulated Radiation Patterns, cut phi=0º
0

Etheta measured
Ephi measured
Etheta simulated
Ephi simulated

-10

III. RESULTS
To validate the simulation results, a prototype
of the designed EBG antenna was built based on
the optimized antenna geometry. The prototype
was measured in an anechoic chamber. Figure 3
depicts a photograph of the built antenna.
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Fig. 4. Comparison of the simulated and measured
radiation patterns. E-plane cut at 9.1GHz.
Measured and Simulated Radiation Patterns, cut phi=90º
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Fig. 3. Prototype of the EBG antenna.
The antenna was made of aluminum and
weighed nearly 400 g. The pair of metallic grids
was kept fixed by four plastic screws. The screws
crossed the ground plane and kept the three
different parts together. The antenna was fed to
radiate linear polarization.
Figures 4 through 7 show comparisons
between the measurements and the simulated
values for the three main radiation cuts at 9.1
GHz.
The proposed antenna provides the maximum
radiation in the axial direction. Good agreement
between real measurements and computations was
shown. The slight discrepancies between
measurements and simulation values may be due
to unwanted effects as well as non-idealities
introduced by the four screws and the
manufacturing errors. Also, the cross polarization
level in the E and H plane cuts is below -40dB.
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Fig. 5. Comparison of the simulated and measured
radiation patterns. H-plane cut at 9.1 GHz.
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Fig. 6. Comparison of the simulated and measured
radiation patterns. Diagonal-plane cut at 9.1GHz.
Etheta component.
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Measured and Simulated Radiation Patterns, cut phi=45º
0
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Ephi simulated
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when the height of the lower grid increases, that is
to say, when both grids are closer.
This comparison ensures that the effect of
including the second EBG structure is an
enhancement in the gain at the central frequency.
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Fig. 7. Comparison of the simulated and measured
radiation patterns. Diagonal-plane cut at 9.1GHz.
Ephi component.
To verify the behavior of the EBG structure,
several simulations were made to compare the
results when the height of the cases were studied
fixing the upper grid position at 17.5mm and
changing the lower grid position at h1=4.3mm,
h2=5.1mm,
h3=5.9mm,
h4=6.7mm,
and
h5=7.5mm. A decrease in gain was proven when
the height of the lower grid increases, that is to
say, when both grids are closer. This comparison
ensures that the effect of including the second
EBG structure is an enhancement in the gain lower
grid changes or when there is only one grid.
The gain variation versus frequency is plotted
in Fig. 8. Notice that a significant enhancement in
gain is produced when including the second grid.
It can be observed that the peak gain is located at 8
GHz when there is only one grid situated at
17.5mm from the ground plane. The maximum
gain for the best configuration with two grids is
14.36 dBi at 9.0 GHz and the enhanced bandwidth
(where gain did not decrease more than 3 dB
below the maximum value) extends from 8.2 to
9.7 GHz, which means about a bandwidth of 17%.
On the other hand, a second comparison is
shown in Figs. 9-10 to analyze the effect of
moving the lower. Five different cases were
studied fixing the upper grid position at 17.5mm
and changing the lower grid position at
h1=4.3mm, h2=5.1mm, h3=5.9mm, h4=6.7mm,
and h5=7.5mm. A decrease in gain was proven

9
8
7

7

7.5

8

8.5

9

9.5

10

Frequency (GHz)

Fig. 8.
Gain versus frequency. Comparison
between results obtained considering only one grid
(red line) and two grids located at optimum
distances (blue line). The gain for several values
of the height of the lower grid for the case of two
grids is also shown for a frequency of 9.0 GHz.
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Fig. 9. Comparison between the simulated Eplane cuts at 9.0 GHz for several values of the
height of the lower grid. The results for the
optimum configuration are depicted in thick lines.
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We compare the radiation pattern of the
antenna with and without the grids in Figs. 11 and
12. A significant enhancement in polarization
purity can be appreciated. The improvement of the
horn gain employing the EBG structure relative to
the simple horn is shown in Figs. 13-15 for the
three main cuts. Finally, return losses have been
also computed and measured considering the
antenna with and without grids. Figures 16-17
depict the results.
Radiation Pattern (dB) E Plane
0
-10

Fig. 10. Comparison between the simulated Hplane cuts at 9.0 GHz for several values of the
height of the lower grid. The results for the
optimum configuration are depicted in thick lines.

-20
-30
-40

Table 1 summarizes the results of gain and
cross polarization level at 9.0 GHz considering
several EBG structures. The best configuration is
obtained when the second grid is located at 3.5mm
from the ground plane. The gain for that case is
14.36dBi and the cross polarization level is
53.38dB. It is worth to highlight that the other
configurations provide worse results.
Figs. 9 and 10 present the radiation patterns
obtained for the six situations. The optimum
configuration is shown in black color. The benefit
of including the two EBG structures over the
polarization purity can be observed in both E and
H plane cuts.

-50
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Co-polar without grids
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Fig. 11. Comparison between the simulated
radiation patterns with and without grids. E-plane
cut at 9.0 GHz.
Radiation Pattern (dB) H Plane
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Table 1: Gain and cross polarization level
comparison when varying the height of the lower
grid at 9GHz
Height of
CP-XP
Height of
Gain
upper
(dB)
lower grid
(dBi)
grid
θ=0º, φ=0º
17.5mm
3.5mm
14.36 53.38
17.5mm
h1 = 4 .3mm 13.19 35.12
17.5mm
h2 = 5.1mm 12.35 42.94
17.5mm
h3 = 5.9mm 10.61 34.8
17.5mm
h4 = 6.7mm 9.96
35.81
17.5mm
h5 = 7.5mm 9.35
34.9
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Fig. 12. Comparison between the simulated
radiation patterns with and without grids. H-plane
cut at 9.0 GHz.
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Fig. 13. Comparison for the antenna gain in the Eplane cut with and without grids.
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Fig. 16. Comparison of the return losses for the
antenna without EBG.
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Fig. 14. Comparison for the antenna gain in the
diagonal-plane cut with and without grids.
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Fig. 15. Comparison for the antenna gain in the Hplane cut with and without grids.
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Fig. 17. Comparison of the return losses for the
antenna with EBG.

IV. CONCLUSIONS
A novel compact EBG antenna operating at
9.1GHz has been presented. This new EBG
antenna is an excellent candidate for several
applications due to its good polarization purity.
One of these applications is the design of compact
antennas of medium or moderate gain and good
polarization purity. Although a common horn
antenna with an aperture surface equal to the
proposed
EGB
antenna
presents
better
performances in terms of directivity and
polarization purity, the horn requires a length two
or three times greater due to the large taper section
it needs to fit the waveguide cross section to its
final aperture surface. A second application is the
design of arrays using the proposed antenna as a
unit cell, as it is shown in Fig. 18. It is expected
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that the array will have good radiation
characteristics for feeding multibeam reflector
antennas which require a relative high gain for
each array element. In this particular case, the
usage of an array of horn antennas with similar
gain is very difficult because of the collision
between horns due to their large aperture size.

Fig. 18. Geometrical model of an array of antennas
composed by five small waveguide antennas and
an EBG structure that acts as a lens.
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Abstract ─ An alternative multiresolution (MR)
basis is presented for the method-of-moments
(MoM) solution of the electric-field integral
equation (EFIE) for the analysis of low-frequency
problems. The proposed MR basis functions can
be treated as an extension of the traditional looptree basis function to hierarchical functions.
Similar to the loop-tree basis, the MR basis
functions are linear combinations of standard RaoWilton-Glisson (RWG) functions. Therefore, the
MR algorithm can be easily applied to MoM codes
with RWG basis. Since the MR basis is immune
from the so-called low-frequency breakdown, the
MR basis is especially suitable for the analysis of
low-frequency problems. Compared with the
previous MR basis, the present MR basis is easier
to construct and comprehend, and the basischanging matrix is sparser. Physical interpretation
and comparison are given for the previous and
present MR bases. Numerical results demonstrate
that the both the previous and present MR bases
are efficient for 3D electromagnetic scattering
problems at low frequencies.
Index Terms ─ EFIE, electromagnetic scattering,
low frequency, method of moments (MoM),
multiresolution techniques.

I. INTRODUCTION
The method of moments (MoM) is one of the
most powerful numerical methods applicable to a
wide variety of practical electromagnetic radiation
and scattering problems [1, 2]. The electric field
integral equation (EFIE) is always preferred in
MoM. However, the EFIE suffers the so called

low-frequency breakdown problem which occurs
when the harmonic field wavelength is
substantially larger than the characteristic size of
the MoM grid. An effective solution to this
problem is to separate the solenoidal part of the
current [3-11]. The loop-star basis and loop-tree
basis are proposed in early 1980s [3, 4]. Both of
them introduce divergence-free loop functions
which can effectively separate the solenoidal part
of the current. The detailed discussion and
application of the loop-star basis and loop-tree
basis can be found in [5-9], and a comparison of
the frequency dependent iterative solver
convergence for RWG, loop-tree, and loop-star
basis functions is given in [10].
In recent years, the multiresolution (MR) basis
has been proposed and acted as an efficient
physics-based preconditioner [12-27]. Compared
with the loop-star/tree basis, the MR basis has a
much faster MoM convergence rate when an
iterative solver is applied. The reasons why the
MR basis can positively act on the spectrum of a
MoM matrix has been investigated and discussed
in [20, 21]. The MR basis was first mentioned by
G. Vecchi in [7], where he pointed out that a MR
basis can be efficiently constructed to replace the
loop-star basis. Consequently, a MR basis was
proposed in [12]. Then, a modified MR basis was
proposed in [13] to simplify the generation
procedure. However, the MR bases in [12, 13] has
a limit in modeling the curved structures, since the
shape of the hierarchical meshes is restricted by
the coarse mesh. To remedy this drawback of MR
basis, a curvilinear MR basis is proposed in [15].
More recently, a new MR algorithm was proposed
in [16-19] to overcome the shortcoming of the MR
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basis defined over triangular patches. In the new
MR algorithm, the concepts of the generalized
mesh and generalized RWG (gRWG) basis were
introduced. The generalized mesh is generated by
a grouping algorithm. The gRWG basis is the
generalization of the standard RWG basis and it is
defined on the generalized meshes. The new MR
basis functions are constructed as linear
combinations of gRWG basis functions and can
finally be represented by linear combinations of
the RWG basis functions.
Inspired by the novel idea of generalized mesh
and generalized RWG basis, an alternative MR
basis is proposed in this paper which is also
defined on the generalized meshes. Contrary to the
MR algorithm in [16-19] which relies on
mathematical operations, the MR basis proposed
in this paper is generated via geometric operations.
Compared with the previous MR basis, the
proposed MR basis can be constructed in a much
easier fashion and provide more direct physical
meanings. Also, the basis-changing matrix of the
RWG basis functions to the MR basis functions is
sparser and can be generated faster. Furthermore,
physical interpretations are provided for both MR
bases and the number of MR basis functions of
each level is clearly given which explains why the
MR bases span the same space as the RWG basis.
Numerical examples demonstrate that the MR
bases have a much faster convergence rate for
iterative solvers than the traditional loop-tree basis
as explained in [20, 21].
This paper is organized as follows. Section II
introduces the hierarchical generalized meshes and
the gRWG basis. Section III gives a detailed
description of the MR basis generation. Section IV
provides physical interpretations for the MR bases.
A discussion on the computational complexity of
the MR basis is given in Section V. Section VI
presents numerical results to validate and
demonstrate the performance of the MR basis.
Finally, the work is concluded in Section VII.

II. GENERALIZED MESH AND GRWG
BASIS
Before discussing the new MR basis, the
essential concepts of the generalized mesh and
gRWG basis are briefly described as preliminary
knowledge. Since the detailed generation
algorithm of the generalized mesh and gRWG
basis has already been given in [17, 18], only a

brief description is provided in this section.
A. Hierarchical generalized meshes
Generation of the hierarchical generalized
meshes starts from an input triangular mesh which
is called level-0 mesh and denoted by M0. Using a
grouping algorithm, the nearby cells of the level-0
mesh are grouped into level-1cells. The union of the
level-1 cells is called level-1 mesh, M1. Applying
the same grouping algorithm to the level-1 cells
will generate the level-2 mesh (M2) and so on and a
set of hierarchical generalized meshes {Ml, l = 1,
…, L} will be obtained. The last level L is usually
decided by the maximum size of the generated cells
that should be smaller than the wavelength, with a
typical range of λ/8 − λ/4. To demonstrate the
grouping algorithm, the hierarchical generalized
meshes of a circular plate are shown in Fig. 1.

(a)

(b)

(c)

(d)

Fig. 1. An example of hierarchical generalized
meshes on a circular plate. (a) level-0 mesh, (b)
level-1 mesh, (c) level-2 mesh, (d) level-3 mesh.
B. Generalized RWG basis
Similar to the definition of the RWG basis, a
gRWG basis function is defined on a pair of
adjacent cells of its corresponding level. Denoting a
 
level-l gRWG basis function as Ril (r ) , its
divergence is given as
 l Al
 l   il l,i
 s  Ri (r )    i A,i

0


r  Cl ,i


r  Cl ,i

otherwise,

(1)
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where Al ,i and Al ,i are the areas of the two

where Q il  is the Moore-Penrose pseudoinverse

adjacent cells ( Cl ,i , Cl ,i ), and  li is the length of
the level-l generalize edge shared by the two cells
and is a polygonal line in general.

of Q il  .

C. Inter-mesh reconstruction relationship
The inter-mesh reconstruction relationship can
be derived through the charge matrix. In the intermesh reconstruction relationship, a level-l gRWG

function Ril (r) can be expressed as the linear
combination of the level-(l-1) gRWG functions
 
Rnl 1 (r ) (n = 1,…, N il 1 ) which are completely

defined in the domain Cl ,i  Cl ,i of Ril (r ) , i.e.
l 1

  Ni
 
Ril ( r )   Rnl ,i Rnl 1 (r ) .

(2)

n 1

where Rnl ,i is the reconstruction coefficient.
Applying the surface divergence to both sides of
(2), we have
l 1

  Ni
 
 s  Ril ( r )   Rnl ,i  s  Rnl 1 ( r ),

(3)

n 1

Projecting (3) on the cells C ml  1 (m = 1, …, N cl ,i1 ) in

the domain of Ril (r ) , a linear system can be
obtained as
Qil    Ril    qil  ,
(4)
where Q  is the N
l
i

l 1
c ,i

N

l 1
i

charge matrix

whose element is given by
 
Qil    s  Rnl 1 (r )
m, n

Cml 1

 
 Ril    R1,l i , R2,l i , , RNl l 1 ,i  ,  q    s  Rnl (r )
m
i


T

l
i

Cml 1

.

As will be discussed in the next section, the
maximum number of the linear independent
 
functions Rnl 1 (r ) (n = 1,…, N il 1 ) is N cl ,i1  1
according to Euler’s theorem. Therefore, the rank
of the matrix Qil  is N cl ,i1  1 and a full row rank
matrix Q il  can be obtained by deleting an
arbitrary row of Qil  . When N cl ,i1  1 < N il 1 , the
matrix equation (4) has infinitely many solutions
and the least squares solution can be taken as the
reconstruction coefficients  Ril  , i.e.


 Ril   Q il   qil  ,

(5)

III. MR BASIS GENERATION
For a general 3-D surface (without torus), the
Euler’s theorem states that [9, 19]
(6)
V  F  E  N  2,
where V, E, F, NГ denote the number of vertices,
edges, faces, and separated boundary contours,
respectively. Since the number of vertices and
edges on the boundary contours is equal, we have
(7)
Vint  F  Eint  N  2,
where Vint, Eint is the number of internal vertices
and edges, respectively.
For a domain (e.g. a cell or a pair of cells of
level-l) composed of N cl ,i1 cells of level-(l-1), we
have
N il 1  (Vint  N   1)  N cl ,i1  1 .

(8)

N il 1 is the number of the gRWG functions in the
domain, since the gRWG functions are defined on
the interior edges. If connecting all the cells in a
tree (see e.g. Fig. 2) and avoid forming any loop
on the tree, then the maximum number of edges on
the tree will be N cl ,i1  1 . Obviously, the gRWG

functions corresponding to the edges on the tree
are linear independent. Therefore, the maximum
number of the linear independent gRWG functions
in the domain is equal to N cl ,i1  1 .
If the surface is discretized with triangles, the
number of solenoidal functions NS and the number
of nonsolenoidal functions NX of loop-star basis
are given by [7, 9]
(9)
N S  Vint  N   1

(10)
N X  F 1 .
Their sum is equal to the number of the RWG
functions, i.e.
(11)
NS  N X  N ,
where N is the number of the RWG functions.
Similar to the loop-star/tree basis, the MR
basis can also be split into the solenoidal and
nonsolenoidal parts. It will be shown in the next
section that the solenoidal and nonsolenoidal
functions of the MR basis span the same space as
for the loop-tree/star basis, and the numbers of the
solenoidal and nonsolenoidal functions of the MR
basis can also be given by equations (9)-(11).
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A. Solenoidal basis
It has already been shown in [17] that the use
of a hierarchical decomposition of the
nonsolenoidal part together with a non hierarchical
loop basis suffices to obtain well conditioned
MoM matrices and, hence, quickly convergent
solvers for low-frequency and very dense
discretizations. The difference between the lowfrequency and very dense discretization is
addressed in [11]. Therefore, for simplicity, the
loop basis generated on level-0 mesh is chosen as
the solenoidal part of the MR basis. The detailed
discussion of the loop basis can be found in [7, 9],
whereas the topic of generating the loop basis
functions on the more complex surfaces (e.g. wiresurface structure) can be found in [28].
After generating the loop basis, the solenoidal
basis of the MR basis can be written as


T
 f L   TL   R0  ,
(12)


T







where  f L    f1, L , f 2, L , , f N , L  is the solenoidal
MR basis, TL  is the basis-changing matrix, and
S

 T
 

 R 0    R10 , R20 ,  , RN0  is the RWG basis of level-

0 mesh.
B. Nonsolenoidal basis
The nonsolenoidal basis is defined on the
hierarchical
generalized
meshes.
The
nonsolenoidal basis functions of the highest level
(level-L) are different from the nonsolenoidal basis
functions of other levels (level-l, l = 1, …, L-1).
Therefore, the nonsolenoidal basis functions of
level-L are generated separately from the function
of the other levels.

1). Nonsolenoidal Functions of Level-L
The generation of the nonsolenoidal functions
of level-L is similar to that of the tree basis
functions in the loop-tree basis. The only
difference is that the cells of level-L are replaced
by triangles. An easy procedure of constructing the
nonsolenoidal functions of level-L is to connect
the cells of level-L mesh in a tree, and each gRWG
basis function on the branch of the tree is taken as
a nonsolenoidal function. To demonstrate this
procedure, the nonsolenoidal functions defined on
the level-2 mesh (Fig. 1) are plotted. In this
example, it is assumed that the level-2 mesh is of
the highest level. As shown in Fig. 2 (a), each
black line connecting a pair of cells represents a

generated nonsolenoidal function. It is worth
mentioning that the number of the nonsolenoidal
functions of level-L equals the number of the cells
of level-L minus one.

(a)

(b)

Fig. 2. The nonsolenoidal functions, which are
depicted with black lines, on a circular plate. (a)
Level-2 functions, (b) level-1 functions.
2). Nonsolenoidal Functions of Level- l (l = 1,
…, L-1)
Let the nonsolenoidal functions of level-l
belong to the cell C kl 1 of level-(l+1) denoted with

is the
f kl,i , i  1,, N Cl  1 , in which N Cl





i 1
k

i 1
k

number of the cells of level-l belonging to the cell
C kl 1 , the nonsolenoidal functions of level-l can be
expressed as the union of the nonsolenoidal
functions that belong to all the cells of level-(l+1),
i.e.



l 1
c





N


f jl, X , j  1,  , N cl  N cl 1   f kl,i , i  1,  , N Cl  1 ,



k 1

l
c

l 1
c

i 1
k

(13)
are the numbers of the cells of

where N and N
level-l and level-(l+1) respectively, and N cl  N cl 1
is the number of the nonsolenoidal functions of
level-l. A simple way of generating the level-l
nonsolenoidal functions in the cell C kl 1 is to
connect all the level-l cells which are completely
included in the cell C kl 1 in a tree and taking the
gRWG basis functions on the branches of the tree
as nonsolenoidal functions. An example of level-1
nonsolenoidal functions is shown in Fig. 2 (b). As
can be observed from Fig. 2 (b), the level-2 cells
are bounded with yellow lines and the level-1
nonsolenoidal functions are clustered in each
level-2 cell shown with black lines.
The nonsolenoidal functions (13) can be
written as linear combinations of the gRWG basis
functions of level-l, i.e.
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T
 f Xl   T 'lX   R l  ,
(14)
 
 
l T
l l
l
T
where  f X    f1, X , f 2, X ,, f Ncl  Ncl 1 , X  , T 'lX  is
 T
the basis-changing matrix, and  R l  
 

 R1l , R2l , , RNl l  is the gRWG basis of level-l.

Applying
the
inter-mesh
reconstruction
relationship (2) recurrently, the nonsolenoidal
functions of level-l can then be written as linear
combinations of the RWG basis functions of level0 mesh, i.e.,


T
 f Xl   TXl   R 0  .
(15)
 
 
Then, the nonsolenoidal functions of all levels can
be written as


 f X   TX T  R 0  ,
(16)
 
 
where

TX 

T

 T
 T  T
 T
 f X     f X0  ,  f X1  , ,  f XL  
 
  
    

and

T
T
T
  TX0  , TX1  , , TXL   .



where T   TL  , TX  .

B. The previous MR basis
The previous MR basis functions proposed in
[18, 19] are constructed via SVD on charge
matrices. After applying SVD on a charge matrix,
the right singular vectors associated to non-zero
and null singular values are assigned as the
coefficients of the corresponding gRWG function
to generate the solenoidal and nonsolenoidal MR
functions, respectively. However, the reason is not
explained. In the following, a physical explanation
to the above mathematical operations is given.
Assuming a charge matrix generated by projecting
n level-l gRWG functions onto m level-l cells,
then its SVD result can be written as

Q     R1 ,   R2 , ,   Rn   U       V 
 U1 ,U 2 , ,U m   diag ( 1 ,  2 , ,  m 1 ) , (19)
V1 ,V2 , ,Vn T
where  1   2     m1  0 , since the rank of
[Q] is m-1. The expression (19) can be rewritten as
   R1 , R2 , , Rn  V1 , V2 , , Vn  

IV. PHYSICAL INTERPRETATION OF
MR BASES
Although the generation algorithm of the MR
basis proposed in [18, 19] is clearly given, the
physical meaning behind it is not clearly pointed
out. Readers may also be confused about why the
number of the MR basis functions equals the
number of the RWG basis functions. Therefore,
physic interpretations are tried to give in this
section for both the present MR basis and the
previous MR basis for better understanding of the
MR bases.
A. The present MR basis
From the discussion given in Section III-B, the
total number of the nonsolenoidal functions can be
calculated as
 ( F  N c1 )  ( N c1  N c2 )    ( N cL  1) .

to the loop-tree/star basis, it can be easily proven
that all the solenoidal and nonsolenoidal functions
of the present MR basis are linear independent
from each other. Therefore, the MR basis spans
the same space as for the loop-star/tree basis.

T

Finally, the MR basis functions can be
expressed in terms of the RWG basis functions as
follows


 f MR   T T  R 0  ,
(17)
 



N X  N X0  N 1X    N XL
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(18)

 F 1

Therefore, the numbers of the nonsolenoidal
functions of the MR basis also satisfy (10). Similar

[ 1U1 ,  2U 2 , ,  m 1U m 1 , 0  U m , , 0  U n ]

.

(20)

It can be inferred from (20) that the gRWG
functions multiplies the first m-1 columns of [V]
generates m-1 linear independent functions which
have surface charge and can be taken as the
nonsolenoidal functions. Therefore, the number of
the nonsolenoidal functions generated with the
algorithm in [17, 18] can also be given by (18).
Namely, the numbers of the MR nonsolenoidal
functions in the present paper and in [17, 18] are
equal. It can also be inferred from (20) that the
gRWG functions multiplies the other n-m columns
of [V] generates n-m linear independent functions
which have no surface charge and can be taken as
the solenoidal functions.
It can be inferred from the discussion at the
beginning of section III that the number of the
level-l solenoidal functions in a level-(l+1) cell
(except the level-L cell of closed surfaces which
has no boundary) equals the number of the interior
vertexes shared by the level-l edges inside the
level-(l+1) cell. Furthermore, the number of the
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level-l solenoidal functions added by generating
solenoidal functions across a pair of level-(l+1)
cells equals the number of the interior vertexes
which connecting the level-l edges that coincide
with the common edge of the two level-(l+1) cells.
Therefore, the total number of the MR basis
functions generated in [18, 19] can be finally
described by (21). It can be proven by theorem 1
that the number of the MR basis functions equals
the number of the RWG basis functions of the
input mesh.
Theorem 1 The number of the RWG basis
functions of the input mesh can be written as the
sum of the following elements:
l
L
L  Ne

l
(21)
N   Ne     Nvl ,n ,


l 0
l 1  n 1

where N el (l=L) is the number of the level-L

interior edges and N 
l
e

N cl 1

N
m 1

l
e,m

(0≤ l<L-1) is

the total number of the level-l interior edges inside
all level-(l+1) cells, in which N el ,m is the number
of the level-l edges inside the m-th level-(l+1) cell
and N cl 1 is the number of level-(l+1) cells, and
N vl ,n is the number of the interior vertexes on the
n-th level-l interior edges.
Proof: The expression (21) can be interpreted by
the changes of the interior edges of each level in
the procedure of generating the hierarchical
meshes. In the first step of the mesh generating
procedure, the level-1 mesh is generated from the
input mesh (level-0) and parts of the level-0
interior edges are grouped into the level-1 interior
edges. Since the number of the level-0 interior
edges grouped into one level-1 interior edge
equals the number of the level-0 interior vertexes
on the level-1 interior edge plus one, the total
number of the grouped level-0 interior edges
equals the total number of level-0 interior vertexes
on the level-1 interior edges plus the number of
the level-1 interior edges. Namely, the number of
the level-0 interior edges can be decomposed as
the sum of the total number of the level-0 interior
edges inside all level-1 cells (i.e. the number of the
left level-0 interior edges), the total number of
level-0 interior vertexes on the level-1 interior
edges, and the number of the level-1 interior

edges. Similarly, the number of the level-l (1 ≤
l<L-1) interior edges can be decomposed as the
sum of the total number of the level-l interior
edges inside all level-(l+1) cells, the total number
of level-l interior vertexes on the level-(l+1)
interior edges, and the number of the level-(l+1)
interior edges. As a consequence, the number of
the level-0 interior edges can be finally written as
(21). Since each RWG basis function of the input
mesh is corresponding to a level-0 interior edge,
theorem 1 is proven.
It can be inferred from the above discussion
that the number of the solenoidal and
nonsolenoidal functions of the previous MR basis
functions can also be given by equations (9)-(11).
The level-L functions of the previous MR basis
should be constructed independently if the cells
are not finally grouped into one big cell. The levelL functions of the previous MR basis could be
generated by applying SVD on the charge matrix
generated by projecting the level-L gRWG
functions on the level-L cells or simply taking the
level-L gRWG basis functions as the level-L MR
basis functions. It can also be inferred from
Theorem 1 that the solenoidal part of the present
MR basis can be constructed as a hierarchical
basis in which each solenoidal function is
generated as a linear combination of the gRWG
functions of the same level which constitute a loop
around an interior vertex.

V. COMPUTATIONAL COMPLEXITY
Since the computational complexity of the
loop basis is known as O(N) [28], only the
computational complexity of the nonsolenoidal
MR basis is needed to be analyzed. The
computational complexity of the nonsolenoidal
MR basis can be estimated by estimating the
number of on-zero elements of the basis-changing
matrix [T].
The number of non-zero elements of the basischanging matrix [T] as the functions of the number
of levels of a structure discretized with 19090
unknowns is investigated and shown in Fig. 3. It
can be observed from Fig. 3 that the number of
non-zero elements of matrix [T] increase linearly
with the number of the levels of the MR basis.
Therefore, the computational complexity of the
nonsolenoidal MR basis is of O(NL), where L is
the number of levels. If we keep grouping the cells
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of each level upwards until the cells are finally
grouped into one single cell in the highest level
mesh, the number of levels L will be equal to
LogN and the computational complexity will be of
O(NLogN). The number of non-zero elements and
the generation time of matrix [T] as functions of
the number of the unknowns for the previous MR
basis and present MR basis when the cells are
finally grouped into a single cell are investigated
and shown in Fig. 4 (a) and (b), respectively. It
can be observed from the figure that the
computational complexity of both the previous and
present MR basis is of O(NLogN) and the
computational complexity of the present MR basis
has a smaller constant.
3.0E+5
Number of non-zero elements of [T]

MR

2.5  l  19090

2.5E+5
2.0E+5
1.5E+5
1.0E+5
5.0E+4
0.0E+0
1

2

3
4
Number of levels

5

6

Fig. 3. The number of non-zero elements of the
basis-changing matrix [T] versus the number of
levels of a structure discretized with 19090
unknowns.

VI. NUMERICAL RESULTS
In this section, the MR basis is applied for the
analysis of the EM scattering problems at low
frequencies. In the following examples, the
restarted GMRES(30) algorithm is used as an
iterative method. All simulations were performed
on a PC computer with Intel(R) Core(TM)2 1.86
GHz CPU and 2 GB RAM using single precision.
Zero vector is taken as initial approximate solution
and the iteration process is terminated when the
relative backward error is reduced by 10-4. And all
the results with different bases were obtained after
applying a diagonal preconditioning to the MoM
matrix.

1.E+7

T ime for generation of [T ]
(seconds)
1.E+2
Present MR
Previous MR
3.2E-5NLogN
1.E+1

Number of non-zero
element s of [T ]

1.E+6

389

P resent MR
P revious MR
16NLogN

1.E+0
1.E+5

1.E-1
1.E+4

1.E-2

(a )
1.E+3
1.E+2

1.E+3

N

1.E+4

1.E-3
1.E+5 1.E+2

(b)
1.E+3

N

1.E+4

1.E+5

Fig. 4. (a) The number of non-zero elements of the
basis-changing matrix [T], (b) the time for
generation of matrix [T], versus the number of
unknowns.
A. Offset bend rectangular cavity
The first example is a metallic offset bend
rectangular cavity with 8.7 cm by 10 cm square
cross section and offset angles 30°. As shown in
Fig. 5, the offset bend rectangular cavity is
discretized with 4317 unknowns. The mesh of the
offset bend rectangular cavity could generate six
levels hierarchical meshes and five levels MR
basis at most. The EM scattering of the offset bend
rectangular cavity is calculated with the EFIE
using the RWG, loop-tree, the previous MR, and
present MR bases. The 2-norm condition numbers
and the convergence behavior of GMRES(30) for
the offset bend rectangular cavity using the above
bases over a frequency range of 0.1-200 MHz is
shown in Fig. 5 and Fig. 6, respectively. The
corresponding total time for applying the MR
bases is depicted in Fig. 7.
With reference to the figures, the RWG basis
performs worse than both the loop-tree basis and
the MR bases in the low frequency range. It can be
also found that the MR bases perform much better
than the loop-tree basis in the low frequency
range. The more levels of the present MR basis,
the better it performs in the low frequency range.
Comparing the previous MR basis with the present
MR basis, it can be found that the present MR
basis performs similar to the previous MR basis at
low frequencies. However, the previous MR basis
performs more stable as the frequency increases.
The corresponding total time which includes the
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250
Present MR, 1 level(LT )

200

Time (seconds)

time of the generation of the basis-changing
matrix, the time of the generation of the diagonal
preconditioning matrix, and the solution time of
the GMRES(30) is depicted in Fig. 6. The result
using the RWG basis is not given in Fig. 6 since
the GMRES(30) solver cannot converge by using
the RWG basis at some frequencies. It also clearly
indicates that the MR bases have better
performance than the loop-tree basis at the lowfrequency range.
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Present MR, 5 levels
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100
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Frequency (MHz)
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Fig. 7. The total time as a function of frequency
for the offset bend rectangular cavity using the
loop-tree and MR bases.
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Fig. 5. The 2-norm condition number as a function
of frequency for the offset bend rectangular cavity
using the RWG, loop-tree, and MR bases.
RWG
Present MR, 1 level(LT )
Present MR, 3 levels
Present MR, 5 levels
Previous MR, 5 levels

10000

Number of iterations

0

The impact of the discretization density to the
performance of different bases is investigated. The
2-norm condition number of the MoM matrices
using the RWG basis, loop-tree basis, and the
present and previous MR bases for the offset bend
rectangular cavity discretized with a different
number of unknowns is shown in Fig. 8. It can be
found from Fig. 8 that the MR bases perform more
stable than the RWG basis and loop-tree basis as
the discretization density increases and this result
agrees with the results in [11].
1.0E+8
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Previous MR

1000

Condition number
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100
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10
0
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100
Frequency (MHz)
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Fig. 6. The convergence behavior of GMRES(30)
as a function of frequency for the offset bend
rectangular cavity using the RWG, loop-tree, and
MR bases.
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100
1000
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10000

Fig. 8. The 2-norm condition number as a function
of discretization density for the offset bend
rectangular cavity using the RWG, loop-tree, and
MR bases.
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VII. CONCLUSION
An alternative MR basis has been proposed for
analyzing low-frequency problems using the
MoM. Contrary to the previous MR basis which is
generated based on mathematical operations, the
present MR basis is generated based on
geometrical operations. The present MR basis is
an extension of the loop-tree basis to hierarchical
basis, and the loop-tree can be treated as a special
one-level MR basis. Therefore, the present MR
basis is easier to construct and comprehend. Also,
the computational complexity of the present MR
basis is lower than that of the previous MR basis
and the basis-changing matrix of the RWG basis to
the present MR basis is sparser. As similar to the
loop-tree basis, the present MR basis functions are
combinations of RWG basis functions. Thus, the
present MR basis can be easily applied to existing
MoM codes. It has been demonstrated by the
numerical results that the MR bases can be used to
solve low-frequency EM scattering problems
efficiently. Compared with the traditional looptree basis, the MR bases converge much faster at
low frequencies for iterative solvers. Although the
present MR basis performs similar to the previous
MR basis at lower frequencies, it should be
pointed out that the present MR basis suffers the

same drawback as the loop-tree basis, i.e. it will be
unstable as the frequency goes higher. Therefore,
the previous MR basis is recommended at higher
frequencies since it performs more stable as the
frequency increases.

RWG
Present MR, 1 level (LT )
Present MR, 2 levels
Present MR, 4 levels
Present MR, 6 levels
Previous MR, 6 levels

1

Residual norm

0.1

0.01

0.001

0.0001
1

10

100
1000
Number of iterations

10000

Fig. 9. The convergence history of the GMRES(30)
for the tank model at 1.0 MHz using the RWG,
loop-tree, and MR bases.
1000
Present MR, 4 levels
Present MR, 6 levels
Previous MR, 6 levels
Number of iterations

B. Tank model
As shown in Fig. 9, the second example is a
tank model discretized with 8706 unknowns. The
length, width, and height of the tank model are
10.3 m, 3.3 m, and 2.3 m, respectively. To
describe the shape of the tank model efficiently,
the parts varying rapidly in geometry are
discretized with relatively small triangular patches
and the other parts are with large patches.
The convergence curves of the GMRES(30)
are compared in Fig. 9 at the low frequency 1.0
MHz using the RWG, loop-tree, and the MR
bases. It can also be found from Fig. 9 that the
convergence of the GMRES(30) using the MR
bases which have higher levels is much faster than
the others. The convergence behavior of
GMRES(30) and the corresponding total time for
applying the MR bases over a frequency range of
0.1-6 MHz is shown in Fig. 10 and Fig. 11,
respectively. From Fig. 10 and Fig. 11, it can
found that both the MR basis performs similar at
lower frequencies and the previous MR performs
more stable as the frequency increases.
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Fig. 10. The convergence behavior of GMRES(30)
as a function of frequency for the tank model
using the MR bases.
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Abstract ─ The development of realistic spatially
and temporally clustered channel models is a
prerequisite to the creation of successful
architectures of the future MIMO wireless
communication systems. IEEE 802.11n channel
models are designed for indoor wireless local area
networks for bandwidths of up to 100 MHz, at
frequencies of 2 and 5 GHz. The channel models
comprise a set of 6 realistic profiles, labeled A to
F, which cover the scenarios of flat fading,
residential, residential/small office, typical office,
large office, and large space. Each channel
scenario is represented by distinct path loss model,
multipath delay profile, number of clusters and
taps with predefined values for angular and power
parameters. These realistic models have been
applied widely for MIMO systems utilizing only
uniform linear array (ULA). In this paper,
modifications to the standard IEEE 802.11n
channel model are applied to include uniform
circular array (UCA) geometries. Characteristics
of spatial fading corrections and the eigenvales
distribution of subchannels for UCA-MIMO
systems are investigated. The effect of the azimuth
orientation and line of sight component existence
on the system capacity for both ULA and UCA
arrays are studied. Also, the water filling power
allocation scheme is investigated under different
realistic conditions. Furthermore, the link
performance of Vertical Bell Laboratories Layered
Space Time (VBLAST) that employs UCA at the
receiver front is presented by utilizing the
developed channel model.

I. INTRODUCTION
Multiple input multiple output (MIMO)
technology offers a spatial diversity that can be
utilized to achieve significant capacity gain as well
as improve system performance [1]. Most of the
studies for the design and performance evaluation
of MIMO wireless communication systems use
simplified statistical channel models that are
idealized abstractions of temporal and spatial
correlations [2-3]. The main limitation of these
channel models is that realistic channel conditions
are not included as they provide simple and
intuitive relations to physical directions and
propagation environments. Various measurements
show that realistic MIMO channels provide
different capacity values [4-5]. Therefore,
developing accurate and realistic correlated
channels is essential and of crucial importance to
predict an accurate performance of MIMO
systems. Some realistic models are proposed as
standardized channel models were unified and
agreed on by many scientific parties worldwide to
be used in the development of modern MIMO
systems. The most commonly used standard
spatial channel models for system level
simulations are the 3GPP/3GPP2 SCM (spatial
channel model) [6] for outdoor cellular wide area
scenarios and the Technical Group of IEEE 802.11
TGn channel model [7] for indoor WLAN short
range scenarios. The two models assume that
transmitter and receiver MIMO antennas are
restricted to uniform linear arrays (ULAs).
However, recently there has been increased
interest in using uniform circular arrays (UCAs)
[8-14], which is perhaps the next most common
array geometries for future generation WLANs

1054-4887 © 2011 ACES
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due to their enhanced azimuth coverage.
Therefore, in this paper, we extend our work in
[14] and develop a more realistic spatially and
temporally clustered channel model to be applied
in the simulation of UCA-MIMO systems for
WLANs. The proposed model accounts for six
different actual propagation scenarios that are
applied in IEEE802.11 TGn channel model.
Numerical simulation examples are performed for
different case studies to investigate system
capacity and BER performance of the pre-set
realistic scenarios. The rest of the paper is
organized as follows. Section 2 describes the
developed channel model and the modifications
proposed to the existing IEEE802.11n standard
model to include UCA configurations. Section 3
provides the temporal properties of the clustered
MIMO channel models. In section 4 numerical
results are discussed and a thorough discussion
about the applicability of the developed model is
presented. Finally, conclusions are given in section
5.
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access point (AP). Figure 1 shows (Mt  Mr)
MIMO WLAN system with Mt -element transmitantenna array at STA and Mr -element receiveantenna array at AP end. We consider the arrays
at STA and AP to be either ULA with interelement spacing Dt and Dr or UCA of radius Rt and
Rr , respectively. The figure also shows a graphical
representation of the clustered channel model
where the angle that each i-th element location
makes with the horizontal axis is denoted as
φ and  for transmitter and the receiver. The
central angle of departure (AoD) and the central
angle of arrival (AoA) are θ and θ , respectively.
Additionally, it is assumed that the channel is
composed of several moving scatterers which are
local to STA. Thus, the received signal is the sum
of multiple plane waves with random phases.
Under this assumption, the channel consists of
multiple sample taps, which are associated with
different clusters. The discrete-time impulse
response of MIMO channel matrix can be written
as in [7]:
( )=∑

( )δ(t − τ ) ,

(1)

where t denotes the discrete time index, L is the
number of effectively nonzero channel taps
(corresponding to the channel clusters), Hl(t) is the
MtMr channel matrix for the l-th tap, δ(t − τ ) is
the Kronecker delta function for τl delay at l-th
tap. For simplicity, notation t will be omitted in
the following equations. The l-th matrix tap Hl at
one instance of time can be written as the sum of a
constant line of sight (LOS) matrix and a variable
Rayleigh non line of sight (NLOS) matrix
=
Fig. 1. MIMO communication system employing
(Mt  Mr) ULA / UCA configurations.

II. MODIFIED SPATIAL CHANNEL
MODELS
Considering an uplink of IEEE802.11n MIMO
WLAN communication system operating in an
indoor environment, where the transmitter is a
wireless station (STA) and the receiver is an

p

e

.



.

,

+
(2)

and the
where the first term represents
, p is the total power
second accounts for
of l-th channel tap that is the sum of the fixed LOS
power and the variable NLOS power of the l-th tap
defined in the power delay profiles, Kl is the
Rician K-factor of l-th tap that represents the
relative strength of the LOS component, S is the
steering matrix,
is spatial fading
correlation shaping matrix, B is a vector that is
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obtained by passing Hiid independent complex
Gaussian random samples with zero mean and unit
variance through a filter that is shaped based on
the Doppler model where the transmitter and
receiver are stationary and the surrounding objects
and people are moving, the exponential term is
used to account for the phase change introduced in
the LOS path due to the movement of scattering
objects with velocity that is assumed to be fixed
at 1.2 kmph. The model is adopted to include
UCA configurations at both STA and AP ends by
defining the steering vector used in (2) as
S=

e

()



(



(

e





(φ



()

,

(3)



()

φ )

( )

,

(4)

where P (θ) is the power azimuth spectrum (PAS)
distribution that has a truncated Laplacian shape,
is either θ or θ the central random variable for
AoD or AoA, where R(m,n) is the complex
correlation coefficients between the m-th and n-th
antennas. Thus, the complex spatial correlation
matrix Rrx at the receiver end with UCA
configuration is obtained by numerically
performing the integral in (4) as in [8]
( , )) =

( )

)

( )

( )

)

[2 (

+ )], (5)

(

∑∞

[(2 + 1)(

)
)

(

.

+ )] ,

(6)

where a is a decay factor which is related to the
angle spread, when a increases the angle spread
decreases, α is the relative angle between the m-th
and n-th antenna elements, Zc is related to the
antenna spacing and is defined as follows
(2

)

where λ is the signal wavelength, is the elevation
angle. For simplicity, only azimuth angles are
considered in the propagation geometry (i.e.,
 = 90 ), however the results can be generalized
to three dimensions by changing the value of .
Note that, the extra distance that the signal has to
travel from adjacent antenna elements at the
transmitter end is cos(θ − φ ) that results in a
phase difference of (2π  )cos(θ − φ ). A similar
phase shift term is included at the receiver. It
should be noted that the AoA and AoD for the
LOS path of the channel are assumed to be fixed at
45 degrees. According to [8] and [14], the
correlation between m-th and n-th element in

{
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=
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e

(
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e
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−

]

+[

−

] }

.

(7)

A similar expression can be obtained for Rtx
coefficients as in (5) and (6) by replacing θ , ,
φ , φ with θ , ,  ,  respectively.

III. TEMPORAL PROPERTIES OF
CHANNEL MODEL
In the temporal domain, the properties of the
proposed MIMO channel models for systems
employing UCA configurations are assumed to be
similar to the clustered model that was first
introduced by Saleh and Valenzuela in [2]. The
model is based on assuming that the received
signal comprises of multiple decayed rays
(clusters) that were reflected from different groups
of scatterers. The received signal is assumed to be
a summation of different exponential functions in
time. For the given assumptions, the impulse
response of the channel can be expressed as:
h(t) = ∑∞ ∑∞

a δ(t − T − τ ),

(8)

where Tl is the arrival time of the first ray of l-th
cluster. kl is the arrival time of the k–th ray within
the l-th cluster. a is the amplitude of each
arriving ray, which is a Rayleigh distributed
random variable with mean square value equal to
a

= a ( , τ )= a (0,0) e

⁄

e

⁄

,

(9)

where a (0,0) is the average power of the first ray
of the first cluster and depends on the distance
between the transmitter and receiver,  is the
cluster power decay time constant and  is the ray
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The system capacity is defined as the maximum
possible transmission rate such that the probability
of error is arbitrarily small. By applying the
singular value decomposition (SVD) theorem, the
ergodic capacity ( ) in the case of the uniform
power scheme is given by
C = E W∑

log

1+




,

(10)

where E{. } Is the expectation operator, is the
rank of the MtMr channel matrix , where
is
the bandwidth of each sub-channel, Pi is the
received signal power in the i-th sub-channel that
is equal to P/ Mt , P is the total power, λi is the
eigenvalue of the sub-channels,  is the noise
power. In this case, the power is equally divided
among the transmit antennas. However, when
applying the water-filling (WF) power scheme that
is the optimal energy allocation algorithm [1]. The
power values Pi are assigned on the basis that the
better the sub-channel gets, the more power is
injected into it and the ergodic capacity in this
case will be
C = E W∑

log

1+




( −




)

,

(11)

where a+ denotes max(a, 0), i= 1, 2, . . . , r and μ is
determined so that ∑
= .
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In this section, we study and compare the
channel capacity and system performance of
UCA-MIMO WLAN systems using the
numerically developed realistic channel model.
Unless specified, the MIMO system (4×4) are
considered, both ends utilize the UCA
configuration with radius 0.5 or 0.75 wavelength
spacing. 10000 channel realizations and NLOS
scenario with SNR=10 dB are considered. If ULA
configuration is being used then the inter-elements
spacing is considered to be 0.5λ. The six standard
TGn channel model profiles (A-F) defined in [7]
are used here to realize realistic scenarios
throughout the following simulation study cases.
Figure 2 shows probability density function (pdf)
of the AoA for model ‘F’ and shows how the
power is distributed among the taps and the
clusters. The model has 5 overlapping clusters
with 18 taps. All taps pdf are considered as
truncated laplacian functions [7].
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Table 1: IEEE802.11n TGn channel models [7]

IV. NUMERICAL RESULTS AND
ANALYSIS

P ower

power decay time constant within a cluster. For
the developed model, the clusters and taps
exponential decays are not used, instead values for
the power delay profiles that will be used
throughout the paper are defined as in [7] for
standard IEEE 802.11n channel models as shown
in Table 1.
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Fig. 2. pdf of the AoA for the taps in model ‘F’.

Figure 3 illustrates the channel spatial
correlation Rs (21, 11) between the links h11 and
h21 for all taps of model ‘F’ versus the UCA radius
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in the receiver. It is obvious that the spatial
correlation decreases as UCA antenna radius
increases. In addition, one can see that the spatial
correlation differs for various taps depending on
AoA and the angular spread (AS) of each tap.
Figure 4 plots the cumulative distribution function
(cdf) of the eigenvalues of channel models ‘A’,
‘B’, and ‘F’ for 4×4 MIMO UCA based system. It
is known that the steeper slope the cdf curve has
the less amplitude of the fluctuation in the signal,
i.e., the fades due to the multipath are less deep,
and therefore a higher degree of diversity is
obtained.
Model F

1

Taps (1,2,3,4)
Taps (5,6,7,8)
Taps (9,10,11,12)
Taps (13,14)
Tap (15)
Tap (16)
Taps (17,18)

Spatial Correlation

0.8
0.6
0.4
0.2
0
0

0.5

1

1.5

Rr/

Fig. 3. Rs(21,11) for different taps of model ‘F’
versus UCA radius in the receiver.
Figure 4 illustrates the impact of each subchannel, identified in, upon the total capacity
available for different channel models. As can be
seen, the largest eigenvalue characteristic (1) is
nearly the same for most of the channel models.
However, the difference increases between models
‘A’, ‘B’ and ‘F’ is more distinguished for 2nd, 3rd,
and 4th eigenvalues, respectively. According to
(10), the higher summation of eigenvalues the
higher capacity, thus as shown in the Fig. model
‘F’ has the highest summation of eignvalues that
leads to the highest capacity. This result was
expected due to the high number of clusters and
multi-paths components that are included in model
‘F’ compared to other models.
The capacity dependence on the azimuth
rotating of the receiver configuration (orientation
of AP) with respect to different channel models is
studied. The rotation is measured by the
orientation angle (θ ) shown in Fig.1 with respect
to a reference angle 1 that is used as a reference

for the prescribed AoAs defined by the TGn
models. Two cases are considered: case (1): 4×4
UCA×UCA based system radii Rt, Rr=0.75 and
case (2): 4×4 ULA×ULA Based system with interelement distance dt=0.5. To have fair comparison
these dimensions are assumed to have identical
largest array dimension equal to 1.5 for both
cases. The results are demonstrated in Fig. 5. The
presented results reveal that the ergodic capacity
in general is more affected by the orientation angle
in the ULA unlike in the UCA. This effect gives a
privilege to the use of the UCA receiver. Also, as
can be observed that the mean capacity for
different models (A, B, C, and F) and
configurations (ULA and UCA) is compared to the
mean 4x4 (i.i.d) MIMO capacity. The independent
and identically distributed (i.i.d) case is considered
for uncorrelated channel case where channel
matrix elements is modeled as i.i.d. zero-mean
unit-variance complex Gaussian random variables.
Capacity for this case is found to be =10.823
b/s/Hz. As expected for Model ‘A’ ULA
configuration, since the Model A has only one tap
one cluster at AoA=45o, then by rotating the ULA
by 45o the signal will impinge the array from the
endfire direction. In this case the correlation will
be highest and the capacity will be minimum. In
contrary, if the ULA is rotated by 135o we get the
maximum capacity because in this case signal
arrives at the broadside of the array. Also it can be
observed that the capacity of model F is almost
constant and it has the highest values for both
configurations. Model B for ULA has the lowest
throughput values. UCA case the mean capacity is
approximately between a minimum of 77% of the
mean 4x4 i.i.d. MIMO capacity (for model C at
angle 135o) and a maximum of 96% of the mean
4x4 i.i.d. MIMO capacity (for model F at angle
67.5o). However, the ULA case, the mean
capacity is approximately between a minimum of
62% of the mean 4x4 i.i.d. MIMO capacity (for
model B at angle 157.5o) and a maximum of 95%
of the mean 4x4 i.i.d. MIMO capacity (for model
F at angle 90). Here, it can be concluded that, the
variations range of ergodic capacity for UCAMIMO configuration over various orientations and
different channel conditions is higher than that for
ULA-MIMO configuration under the same
orientations and channel conditions.

10

14

Model A
Model B
Model F

4

3

2

1

-1

-30

-20

-10
0
Eigenvalues(dB)

10

Fig. 4. Channel singular values CDFs of models
A, B, and F for 4×4 MIMO UCA based system.
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Fig. 5. Ergodic capacity versus azimuth orientation
angle at receiver side cases 1 and 2, NLOS
conditions.
Figure 6 presents the ergodic capacity versus
UCA radius for channel models ‘A’, ‘B’, and ‘F.
For each model, the capacity is investigated at Mr
= 2, 4, and 8. The capacity of model ‘F’ has the
highest value for all cases because of the 18 taps
and 6 clusters arriving to the UCA array from
different AoAs. One tap, one cluster model ‘A’
found to be the lower bound for all cases. As can
be seen, for ‘A’, ‘B’, and ‘F’ models, the values of
mean capacity are, respectively, 5.4, 5.75, and 5.9
(for Mr = 2) and 12.14, 12.95, and 15.13 (for Mr=
8). These results show that as Mr increases, the
capacity values are more affected by the model
selection. This indicates that, the environment
profiles should be carefully modeled and selected
whenever capacity investigations are performed in
particular for higher order MIMO.
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Rr/

1
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Fig. 6. Ergodic capacity versus radius of channel
models ‘A’, ‘B’, and ‘F’ for Mt=4, Mr=2, 4, 8 and
SNR=10 dB.
Next, LOS conditions for UCA based MIMO
systems are examined by assuming that the LOS
component will be included if the separation
between the transmitter mobile unit and the
receiver AP are within breakpoint distance. The
LOS is configured by adding a standard K-factor
reported in [7] to the first tap while all the other
taps K-factor remain at -∞ dB as in IEEE802.11n
model. The LOS component of the first tap is
added on top of the NLOS component so that the
total energy of the first tap for the LOS channels
becomes higher than the value defined in the
power delay profiles (PDP). Figure 7 shows the
capacity CDFs for a 4x4 UCA based MIMO under
A, B, and F channel scenarios for both LOS and
NLOS cases. As noticed from the figure, the LOS
component degrades the capacity of the system
working in all channel scenarios. It is found that in
NLOS conditions, capacity improves by 20%
compared to the case where the LOS component
included. The improvement is less pronounced for
model F than other models due to its many
multipath taps thus the effect of the 1st LOS tap
will be less significant.
Capacity results for the UCA based MIMO
systems that apply the water-filling (WF) scheme
under different channel conditions are shown in
Figs. 8 and 9. In the WF scheme, the power
allocated to each sub-channel is optimized to
maximize the system capacity. Figure 8 shows
ergodic capacities versus SNR for channel models
‘A’, ‘B’, ‘C’, and ‘F’ for 4x4 UCA based MIMO
system. Identical with the results of i.i.d
uncorrelated channel model [1], the capacity
delivered by the WF power allocation scheme is
superior to the one achieved with uniform power
specifically for low SNRs. As shown, the capacity
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16
14

Capacity (bits/s/Hz)

increase by applying the WF scheme is found to
be in ‘A’ and ‘C’ models more than that for ‘B’
and ‘F’ models. Figure 9 shows the capacity
versus the number of elements of the UCA (Mr) at
the receiver for 4Mr MIMO system both uniform
and WF schemes values when varying the channel
models. As seen, when the number of receiver
elements is greater than 3 the capacity becomes
more dependent on the environment profiles. It is
noticed that in general as the number of received
antennas increases the capacity increases for the
uniform scheme. However, for models ‘A’ and ‘C’
the WF algorithm gets its best performance at Mr =
4 and in general when the numbers of antennas at
the transmitter and at the receiver are equal, i.e.
the channel matrix is full rank.
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Fig. 9. Ergodic capacities of channels ‘A’, ‘B’,
‘C’, and ‘F’ versus the number of received
antennas, for 4xMr UCA based system with
uniform and water-filling power schemes.

1
0.9

10

0

0.8
0.7

10

0.5
0.4
A,NLOS

0.3

B,NLOS
F,NLOS

0.2

A,LOS
B,LOS

0.1
0

F,LOS
iid

4

5

6

7

8

9

10

11

12

13

14

15

Fig. 7. Cumulative distribution functions (CDFs)
of capacity for models 4x4 UCA based MIMO in
‘A’, ‘B’, and ‘F’ channel models with and LOS
and NLOS conditions.
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Fig. 8. Ergodic capacity versus SNR of channel
models ‘A’, ‘B’, ‘C’, and ‘F’ for 4x4 UCAMIMO.
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Fig. 10. BER performance of VBLAST MIMO
system for three models ‘A’, ‘C’ and ‘F’ compared
to uncorrelated channel model with BPSK and
various 4x4 UCA radii.
Finally, the diversity gain measured by bit error
rate (BER) performance is examined for WLAN
802.11n system utilizing minimum mean squares
estimation- VBLAST (MMSE-VBLAST) system
[15] with UCA configurations. Two radii R=0.5
and 0.75 are considered at the AP receiver.
Figure 10 illustrates a comparison of BER
performance curves under different TGn models.
Corresponding BER of an i.i.d. channel
(uncorrelated fading channel) is also included for
comparison. As can be seen that the link has its
best performance for Model ‘F’ conditions, in this
case it is the nearest performance curve to the
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uncorrelated fading channel ‘i.i.d’ curve. Model
‘F’ performance curve is followed by model ‘B’
then model ‘A’ with the lowest performance.
Also, as expected that the link performance
improves as the radius of the UCA at the AP end
increases from 0.5 to 0.75. In general, the
results show that the BER performance of uniform
circular diversity array depends on the main AoA.

V. CONCLUSION
In this paper, a modification to IEEE 802.11n
channel model has been proposed to consider the
application of using the UCA configurations in
MIMO WLAN systems. Realistic spatio-temporal
channel model has been developed and includes
spatial fading correlation for six different
environment profiles. Each profile is distinguished
by its predefined parameters such as number of
clusters, number of taps within each cluster, power
delay profile of the taps, and angle of incidence of
each tap. The impact of the selection of realistic
channel profile on the eignvalue of each subchannel and the total system capacity values has
been studied. The capacity dependence on the used
ULA or UCA geometries and their orientations at
both ends of the MIMO system has been studied
and compared. It has been found that, the variation
range of ergodic capacity for UCA-MIMO
configuration over various orientations and
different channel conditions is higher than that for
ULA-MIMO configuration under the same
orientations and channel conditions. The influence
of the LOS component on the link performance
was presented for UCA based systems and it is
shown that LOS component existence is not
preferable for MIMO systems. The improvement
is less pronounced for large space model F
environments. Both uniform and none uniform
WF power allocation schemes have been
simulated for UCA based systems and it can be
said that the WF relocation power scheme is best
applied for MIMO UCA based systems working in
residential models A and C environments.
Moreover, VBLAST system BER performance has
been investigated under different channel
scenarios and the results show that its best
conditions for having the best UCA-MIMO system
performance are model F conditions. Finally, the
realistic channel model that is introduced in this
paper could be effectively utilized to provide an

accurate capacity and system performance analysis
for the next generation WLANs.
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Abstract ─ Several methods for estimating the
local (cell-by-cell) error associated with a method
of moments solution of the electric field integral
equation are investigated. Three different residual
error estimators are used with a variety of
prototype structures. The global error estimates
show reasonable correlation with the actual current
density errors, and all three local error estimators
correctly identify the high-error regions. Utility of
the proposed error estimators is presented through
a simple h-refinement technique.
Index Terms ─ Adaptive refinement, boundary
element method, method of moments, residual
error.

I. INTRODUCTION
Electromagnetic field problems often involve
the prediction of fields in the presence of
complicated structures, and the solution of these
problems usually rests upon computational
procedures. Integral equation formulations have
been widespread, and are discussed in several texts
[1-3]. The typical numerical solution process
involves creating a subsectional mesh model for
the surface of any structures, representing the
equivalent surface currents on that surface by a
piecewise-polynomial basis, and imposing
boundary conditions on the fields to construct a
large linear system of equations. The solution of
that system produces the coefficients of those
polynomial basis functions. That process is known
as the method of moments or the boundary element
method. Although the numerical treatment of
integral equations has steadily advanced for

decades, adaptive refinement procedures have
lagged behind other developments. Adaptive
refinement is an approach where either (a) the
mesh density, or (b) the polynomial degree
employed in certain regions of the mesh, is
automatically modified as required to improve the
accuracy of the approach, without user
intervention. Such modification must be based on
an estimate of the local error [4-11].
In the present study, we consider the
transverse-electric (TE)-to-z electric field integral
equation (EFIE) for two-dimensional conducting
structures. The continuous equation being solved
can be expressed as

L J tan  gtan ,

(1)

where J , the electric current density, is the
quantity of interest, and
1
L J  
  k 2 
j
(2)
1 (2)
 J (t ) 4 j H 0 (k r  r  )dt  ,

g  E inc (r ) ,

(3)

(2)
where E inc is the given excitation, H 0 is the
zero-order Hankel function of the second kind, t
and t  denote parametric variables along the
contour of the structure, and r is the position
vector from t  to t on the contour.
The numerical solution for the current density
is obtained in terms of a representation in N basis
functions
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N

J N (t)   J n Bn (t) .

(4)

n 1

The surface of the conducting scatterer is
represented by flat facets, while the current density
is represented by an expansion using piecewiselinear or “triangle” basis functions {Bn (t)} that
are tangential to the surface. Each triangle function
straddles two of the facets in the surface model. A
weighted-residual approach is employed using
piecewise-constant or pulse testing functions
{Tm (t)} , also tangential to the surface and
partially straddling adjacent cells, to construct a
system of equations that may be expressed in
matrix form as
ZJ = E .
(5)
The entries of the N by N system matrix and
the N by 1 excitation vector are given by

Z mn 

T

m

 L Bn dt ,

Em 

T

m

 g dt .

(6)
(7)

Other details of the numerical solution
procedure, including approximations that were
used in the computation of Zmn, are described in
section 2.4 of [3].
Local error estimators are often based on
residual error computations. Once the coefficients
in (2) have been determined, the tangential
residual associated with this numerical result can
be written as
(8)
Rtan (t )  L J N
 gtan .

 

tan

The residual error is known to correlate with
the actual error e  J  J N [12], and has formed
the basis for determining solution error in various
integral equation formulations [13-14]. However,
it is relatively expensive to compute, since it
usually must be evaluated using an approach that
is independent from that used to construct the
original linear system.
In the following, we consider several different
error estimators related to (8), and compare their
performance and computational efficiency on a
number of canonical scattering targets.

II. TANGENTIAL RESIDUAL ERROR
ESTIMATOR
The TE EFIE imposes the tangential-field
boundary condition

tot
E tan
 0,

(9)
indirectly, by equating the average value of the
residual in (8) over the domain of the testing
function to zero. In other words, in the
construction of the linear system in (5), equation
(9) is imposed in an average sense by integrating it
with a piecewise-constant testing function from
the center of one cell to the center of the adjacent
cell. In the preceding notation, this is equivalent to
imposing

R

tan

(t)dt  0 ,

(10)

over the domain of each pulse testing function.
The residual in (10) provides a means to
measure the error in a particular result, and is
directly computable since it does not depend
directly on the exact solution. However, if we
compute the residual error in the same manner as
was used to construct the linear system in (5), we
do not obtain useful information since the
equations are exactly satisfied. However, we could
re-compute the residual error in a variety of ways
to obtain an independent measure of the residual
error.
Consider the use of weighting functions that
are centered within each cell with their widths
made relatively small (1/5 of the cell width in this
case). In that case, the residual error at the center
of cell i may be obtained as

Rt (ti ) 



small domain at center of cell i

Rtan (t)dt , (11)

where Rtan is computed from the previouslyobtained numerical values for the current density,
using essentially the same subroutines as used to
compute the matrix entries Z mn .
The normalized tangential residual error in the
ith cell may be defined as

TRiloc 

Rt (t i )
,
g max

(12)

to provide a local measure of the error. In (12),
g max denotes the maximum magnitude of the
excitation (3) used in the residual calculation of
(11). For a global measure of the error, we employ
the 2-norm error obtained by summing (12) over
all the cells in the model:

TR2glo 

1 N
(TRiloc )2 .

N i 1

(13)
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As a consequence of the definition of the residual
in (11), these error measures are relatively
independent of the system of equations that led to
the specific numerical solution being evaluated.

III. NORMAL RESIDUAL ERROR
ESTIMATOR
In the preceding section, a residual error
estimator was constructed based on enforcing the
tangential field boundary condition. An additional
boundary condition should be satisfied by the
normal component of the total electric field at the
surface of a perfect conductor, namely

n̂  E tot 

s
,


(14)

where s denotes the surface charge density at a
point on the surface,  denotes the permittivity of
the exterior medium, and n̂ is an outward-directed
unit vector perpendicular to the surface. The
boundary condition of (14) may be expressed in
the form of an alternative residual





N (t )  nˆ (t )  L  J N   g 
1 d {tˆ(t )  J N }
,
j
dt

(15)

which uses

s  

S  J N
1 d{tˆ(t)  J N }

. (16)
j
j
dt

For ease of computation and employing the same
subroutines used to build the matrix in (5), we
orient the testing functions so that they are now
normal to the cells, at the cell center, and compute
the normal residual in the ith cell using

NRiloc 

1
g max



perpendicular to cell i

N(t)dn , (17)

where the testing domain is typically on the order
of the cell size, and g max denotes the maximum
magnitude of the excitation used in the residual
glo
calculation of (15). The global error NR2 is
obtained in the same manner as equation (13).

IV. ERROR ESTIMATION BASED ON
AN OVER-DETERMINED SYSTEM OF
EQUATIONS
A third way to compute a residual is to set up
and solve an overdetermined system of equations

405

representing (1), by employing more testing
functions (over smaller domains) than basis
functions when constructing equation (5) [13-15].
A least-squares approach can be used to obtain a
solution that minimizes the error in the residual
equations. Since the equations will not be exactly
satisfied, the residual can be computed from the
equations and used directly as a measure of the
error in the numerical result [14].
We use an implementation where the cells are
divided in half, each with a tangential testing
function centrally located, to yield a 2N by N
system
Z 2 N  N J N  E2 N .
(18)
Unlike [13], these equations are equally weighted.
After the current coefficients are determined by a
least-square solution, the residual function is
computed as the matrix column vector
ROD (t i )  Z 2 N N J N  E 2incN .
(19)
The normalized tangential residual error at
location i may be defined as

ODRiloc 

ROD (ti )
E2incN

.

(20)

max

A global function is obtained by summing over the
2N locations in accordance with (13). We note that
one could alternatively mix tangential and normal
testing functions.

V. SIMULATION RESULTS
In the following, we compare the performance
of the preceding three error estimators on several
geometries. We also estimate the actual error in
each numerical result by comparison to a
numerical result obtained with a finer
discretization of the target. A local value for the
normalized error in the i-th cell is obtained as

NEiloc 

J ref (ti )  J N (t i )
max J ref (t i )

,

(21)

with the global estimate obtained following (13).
Figure 1a shows the geometry of the first
problem, which is a circular cylinder of 5λ
circumference illuminated with two line sources
placed (as shown) a distance of 0.1λ from the
cylinder surface. For one of the line sources, the
expression used for the incident E-field is given by

 y  y
x  xˆ 
E inc  j 2 H1(2) (k  )  xˆ
. (22)
 yˆ
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current density error decreases. These rates agree
with those observed in [14–15] for the TE EFIE
and linear basis functions.
-1

10

Tan Based
OD Based
NBC Based
Ref Sol

2-norm of Local Error

The region of the cylinder that is nearer to the
line sources (φ = 180°) is expected to have more
error in a typical numerical result for current
density than the regions far away, since the current
is more rapidly varying there. This is also
observed, for example, in antennas near their feed
region (and often motivates a higher discretization
density in that region). Figure 1b shows the
performance of the three residual-based error
estimators for cylinder of figure 1a modeled with
200 cells. The reference solution in this case is the
result obtained with 400 cells, and all three
estimators predict a similar error pattern as the
reference. All the estimators correctly identify the
highest error region near φ = 180°.
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Fig. 1c. Global error for the problem of Figure 1a.

Fig. 1a. Geometry of the problem.
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Fig. 1b. Local error for the problem of Figure 1a.
Figure 1c shows a plot of the global error
produced by the same estimators, as a function of
the number of unknowns or cells used in the
computations. The global residual error levels
decrease at approximately an O(h) rate as the
cylinder model is refined. As discussed below,
this is different from the rate at which the actual

Figure 2a shows a keyhole-shaped cylinder,
consisting of sections of two circular cylinders
connected by a region with parallel walls. Figure
2b compares the performance of the three residualbased error estimators for a keyhole-shaped
cylinder of 4.15λ total perimeter, modeled with
300 cells, for the same double line source
excitation used in Figure 1. The larger end of the
target has a radius of 0.32λ, while the smaller end
has a radius of 0.14λ. The circular segments have
centers separated by 1.32λ. The reference solution
is obtained using 600 cells. There is a relatively
large error level near the junction where the large
circle meets the planar region (at 90° and 270°),
and a larger error where the smaller circle meets
the planar region (near 10° and 350°). The
expected higher-error region at φ = 180° is
correctly identified by the three estimators. Figure
2c shows a plot of the global error, as the number
of unknowns used in the computations is varied.
The global residual error levels decrease at
approximately an O(h) rate as the cylinder model
is refined.

SAEED, PETERSON: LOCAL RESIDUAL ERROR ESTIMATORS FOR THE MOM SOLUTION OF EM INTEGRAL EQUATIONS

correspond to curvature discontinuities where the
circular regions meet the planar region of the
surface. The higher spike corresponds to the
sharper corner. Another interesting observation is
that the error level gradually rolls off with
increasing distance from the corner cells. The
global error behavior is similar to that shown in
Figure 2c and is not repeated here.
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VI. h-REFINEMENT
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Fig. 3. Local error for the problem of Figure 2a for
plane wave illumination.
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Fig. 2c. Global error for the problem of Figure 2a.
Figure 3 shows the local error computed by
the three estimators for the same keyhole-shaped
cylinder as shown previously in Figure 2a, but
with a uniform plane wave excitation instead of
line sources. The plane wave impinges
symmetrically upon the larger end of the scatterer.
It is expected that the error will be uniform except
near discontinuities in the surface, as is confirmed
by Figure 3. Error peaks near 10° and 90° angles

In this section, we demonstrate the utility of
the tangential residual estimator presented in
Section II to carry out adaptive h-refinement. This
approach requires the cell size to be adaptively
adjusted to control the error. The details of our hrefinement scheme are as follows. First, an initial
coarse solution for the current density J is
computed. That solution is used to compute the
local error using the tangential residual error
estimator. Once the local error values have been
computed, they are sorted in descending order to
identify the cells with the largest error levels. The
20% of those cells with the largest error are each
divided into 3 cells, while each of the next 20%
are divided into two cells. The remaining cells are
left at their original size. After re-meshing, the
problem is solved again to obtain a new solution
for J, and a new local error estimate is obtained
from the residual error. If the local error is still
high or does not meet the user’s criteria, the above
procedure may be repeated recursively.
We implemented one iteration of the above
procedure for a 5λ circumference cylinder
illuminated with a pair of line sources as shown in
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Figure 1a. The initial coarse solution was
calculated for 100 cells and local error was
computed. Based on the estimated local error
values, a new mesh was created according to
above scheme and is shown in Figure 4. The local
error estimate computed before and after the
adaptive refinement step is shown in Figure 5.
The tangential residual estimator identified the
region of largest error to be that near the line
source excitation, as expected, and the hrefinement step results in a large reduction of the
tangential residual error in the refined region of
the problem. Figure 6 shows the actual error in J,
both before and after the adaptive refinement step,
using (21) with a 600-cell solution for J as a
reference.
Figure 6 shows that the error in J is reduced
by a factor of more than 3 in the refined regions.
After only one step of adaptive refinement, the
combination of the tangential residual estimator
and the h-refinement procedure produces a more
uniform error level across the problem domain
than originally obtained with a uniform mesh.

the residual error decreases at a rate that is one
order less, an O(h) rate. This is apparently due to
the TE EFIE operator, which contains one integral
and two derivatives. We note that for the
transverse-magnetic (TM) polarization, where the
operator involves one integration and no
derivatives, the EFIE residual error appears to
decrease at a rate that is one degree faster than the
current error. It appears that each integral
increases the rate by one order while each
derivative decreases the rate by one order, relative
to that of the current density. It has been observed
that the residual error associated with the magnetic
field integral equation (MFIE) decreases at the
same rate as the current density error [14-15],
while error in far field quantities may decrease at
different rates from the current density for all these
integral operators [14].
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Fig. 4. Mesh density after the refinement.

VII. COMMENT ON THE GLOBAL
ERROR RATES
In practice, the error in moment method
results is usually dominated by the ability of the
basis functions to represent the actual current
density. For a piecewise-linear representation of a
smoother function, this error should decrease at an
O(h2) rate, where h is the nominal mesh size [3].
The reference solution error plotted in Figures 1c
and 2c appears to decrease at approximately that
rate. It has been observed in [14-15], and in
Figures 1c and 2c, that for the TE EFIE operator,

Fig. 5: Local error estimate before and after hrefinement.
The different error rates may limit our ability
to use residual error estimators to determine the
absolute global level of current density error in a
particular result. Additional research is needed to
address that issue. Despite this limitation, the
residual estimators appear to be able to provide a
local error distribution suitable for an adaptive
refinement algorithm.
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Fig. 6. Error in J before and after h-refinement.

VIII. COMPUTATIONAL COST OF
ESTIMATORS
The relative computational cost of the
estimators can be estimated as follows. The
baseline cost without error estimation is
C0   N 2   N 3 ,
(23)
where α and β are the constants associated with
matrix fill and solve times, respectively. The
tangential and normal estimators add an
approximate cost of
Ct  Cn   N 2 ,
(24)
since the residual computation in each case is
comparable to an additional matrix fill.
The overdetermined error estimator has an
approximate cost of
Cover  2 N 2  5 N 3 ,
(25)
since the matrix has twice as many entries, and
since the least-square solution of a 2:1 rectangular
system is reported to require about 5 times the
operations of the LU factorization of a square
system [16].
Thus, all three estimators add a cost of αN2
operations, but the overdetermined estimator
requires an additional 4N3 operations beyond
that. Thus, the overdetermined estimator is more
expensive than the others, especially for large N.

IX. CONCLUSION
Three residual-based error estimators were
considered for providing a local error estimate in
conjunction with the method of moments solution
of electromagnetic integral equations. All three

estimators successfully located higher-error
regions in test problems. All appear to be suitable
for use in adaptive refinement schemes. The
tangential residual and normal residual estimators
have comparable cost and generally gave
comparable results. The overdetermined estimator
also gave similar results, but requires additional
computation compared to the others. An example
employing h-refinement was presented for
illustration.
It was noted that for the EFIE the residual
error decreases at a different rate than the current
density error as a function of the nominal cell size.
At the present time, this limits the use of simple
residual error estimators for predicting the
absolute error associated with a particular result.
Additional research is warranted to better
understand the behavior of the various errors and
determine more cost-effective ways of estimating
those errors.
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Abstract ─ For efficiently solving large dense
complex linear systems that arise in the electric
field integral equation (EFIE) formulation of
electromagnetic scattering problems, a new
adaptive preconditioning technique using fuzzy
controller (FC) is introduced and used in the
context of the generalized minimal residual
iterative method (GMRES) accelerated with the
multilevel fast multipole method (MLFMM). The
key idea is to control the choice of the
preconditioner to be used in an iterative solver by
using fuzzy controller. This approach allows the
expert knowledge to be taken into account on the
controller design and utilizes feedback to tune the
cores of the fuzzy set. Numerical results show that
the best preconditioner can be selected while
maintaining low cost for adaptive procedures.
Index
Terms ─ Adaptive
preconditioning
technique, electric field integral equation, fuzzy
controller, multilevel fast multipole method.

I. INTRODUCTION
In
electromagnetic
wave
scattering
calculations, a classic problem is to compute the
induced currents on the surface of an object
illuminated by a given incident plane wave. Such
calculations, relying on Maxwell’s equations, are
crucial to the simulations of many industrial
processes
ranging
from
electromagnetic
compatibility, antenna design, calculation of radar
cross section (RCS), and so on. All of these
simulations are very demanding in terms of

computer resources, and require fast and efficient
numerical methods, and approximate solution of
Maxwell’s equations. Using the equivalence
principle, Maxwell’s equations can be recast in the
form of integral equations that relate the electric
and magnetic fields to the equivalent electric and
magnetic currents on the surface of the object.
The integral formulation considered in this
paper is electric integral equation (EFIE) [1]. It is
widely used for electromagnetic wave scattering
problems as it can handle the most general
geometries without any assumption. However, the
matrix associated with the resulting linear systems
is large and dense for electrically large targets in
electromagnetic scattering. It is basically
impractical to solve EFIE matrix equations using
direct methods because they have a memory
requirement of O(N2) and computational
complexity of O(N3), where N refers to the number
of unknowns. This difficulty can be circumvented
by using Krylov iterative methods, and the
required matrix-vector product operation can be
efficiently evaluated by multilevel fast multipole
mehthod (MLFMM) [2]. The use of MLFMM
accelerated Krylov methods reduce the memory
requirement to O(N) and the computational
complexity to O(NlogN).
It is well-known that EFIE provides a firstkind integral equation which is ill-conditioned and
gives rise to linear systems that are challenging to
solve by Krylov methods. Therefore, a variety of
preconditioning techniques have been used to
improve the conditioning of the system before the
iterative solution. Simple preconditioners like the
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412

ACES JOURNAL, VOL. 26, NO. 5, MAY 2011

diagonal or diagonal blocks of the coefficient
matrix can be effective only when the matrix has
some degree of diagonal dominance [3]. The
symmetric successive over-relaxation (SSOR)
preconditioner shows good performance in the
conjugate gradient (CG) iterative method [4], but
becomes poor for nonsysmmetric systems.
Incomplete LU (ILU) decomposed preconditioners
have been successfully used on nonsysmmetric
dense systems in [5], but the factors of the ILU
preconditioner may become very ill-conditioned.
Approximate inverse methods are generally less
prone to instabilities on indefinite systems [6], and
several preconditioners of this type have been
proposed in electromagnetism. It has been shown
in [7] that this technique outperforms more
classical
approaches
like
incomplete
factorizations.
In this paper, we consider the performance of
different predonditioners used in different
problems. The choice of preconditioning methods
suitable for one problem may not be the best for
another one [13, 14]. Arbitrary selection in some
cases lead to numerical problems like loss of
convergence due to those initial choices. As an
attempt for a possible remedy, a good choice of
the preconditioner is made adaptively by a fuzzy
controller after several iterations while
maintaining low requirement for computer
resource [8]. As a result, the idea of this work is to
develop a general framework to dynamically
change the parameters by taking into account the
modeler knowledge. And the choices related to
those preconditioning methods are considered as a
control problem.
This paper is organized as follows. Section II
gives a brief introduction to the EFIE formulation
and MLFMM. Section III describes the
construction and implementation of the fuzzy
controller in more details. Numerical experiments
with a few electromagnetic scattering problems are
presented to show the efficiency of the adaptive
preconditioner by FC in Section IV. Section V
gives some conclusions.

II. EFIE Formulation and MLFMM
The EFIE formulation of electromagnetic
wave scattering problems using planar RaoWilton-Glisson (RWG) basis functions for surface
modeling is presented in [1]. The resulting linear

systems from EFIE formulation after Galerkin’s
testing are briefly outlined as follows:
N

Z
n 1

a  Vm ,

mn n

m  1, 2,..., N

(1)

where
Z mn  jk  f m (r )  ( I 
s

s'

Vm 

1
)[G (r, r ')f n (r ')]dsds '
k2

1

f

s

m

(r )Ei (r )ds.

Here, G(r, r′) refers to the Green’s function in free
space and {αn} is the column vector containing the
unknown coefficients of the surface current
expansion with RWG basis functions. Also, as
usual, r and r′denote the observation and source
point locations. Ei(r) is the incident excitation
plane wave, and η and k denote the free space
impendence and wave number, respectively. Once
the matrix equation (1) is solved by numerical
matrix equation solvers, the expansion coefficients
{αn} can be used to calculate the scattered field
and RCS. In the following, we use A to denote
the coefficient matrix in equation (1), x = {αn},
and b = {Vm} for simplicity. Then, the EFIE
matrix equation (1) can be symbolically rewritten
as:
Ax = b.
(2)
To solve the above matrix equation by an
iterative method, the matrix-vector products are
needed at each iteration. Physically, a matrixvector product corresponds to one cycle of
iteractions between the basis functions. The basic
idea of the fast multipole method (FMM) is to
convert the interaction of element-to-element to
the interaction of group-to-group. Here a group
includes the elements residing in a spatial box.
The mathematical foundation of the FMM is the
addition theorem for the scalar Green’s function in
free space. Using the FMM, the matrix-vector
product Ax can be written as:

Ax = ANx + AFx.
(3)
Here, AN is the near part of A and AF is the far
part of A.
In the FMM, the calculation of matrix
elements in AN remains the same as in the MoM
procedure. However, those elements in AF are not
explicitly computed and stored. Hence, they are
not numerically available in the FMM. It has been
shown that the operation complexity of FMM to
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perform Ax is 0(N1.5). If the FMM is implemented
in multilevel, the total cost can be reduced further
to 0(NlogN) [2].

III. ADAPTIVE PRECONDITIONER
USING FUZZY CONTROLLER
In this section, we show how fuzzy logic
provides a methodology for representing and
implementing the expert knowledge about how to
control the process. In particular, we apply this
methodology to control the process of
preconditioner of an iterative solver. We first
underline the main components and characteristic
mechanisms of a FC. Afterwards, we present how
to control the choice of the preconditioner using
FC.
First of all, the “early steps” is defined as the
first several steps of the iterative solver. If the
convergence rate of the iterative solver can be
evaluated approximately by the early steps. Using
this information, we could decide which
preconditioner is the most suitable one to
accelerate solution of the linear system. The key
problem is how to evaluate the convergence rate
from the early steps. In this paper, the residual of
the iterative solver and the difference of the
residual between two steps are used to evaluate
this information.
Generally, a preconditioner corresponding to
the smallest residual at the first step can be
considered as the best preconditioner. However,
the largest difference of the residual between first
two steps can be considered as the best
precondioner. High order difference can also be
used to describe the property of a preconditioner.
Therefore, a fuzzy controller is used and shown in
Figure 1. The process block is the object to be
controlled. u(t) is the process input and y(t) is the
process output. r(t) represents the desired target
for the output of the process. The controller block
is for changing the value of u(t) based on the
controller input y(t) and the target r(t). The error as
well as the rate of change-in-error defined as

e(t) = r(t) – y(t),
e  t   e  t  t 

e t  
,
t
t

(4)
(5)

where ∆t is the time between two consecutive
data captured by the controller. In particular,
∆t is set equal to one in an iterative solver.

Fig. 1. Block diagram of a feedback fuzzy control.
As a controller for the choice of the
preconditioner when solving equation (2), the
feedback fuzzy control system takes advantage of
residual at each iterative step. u(t) is the
preconditioner selected by controller, y(t) is the
approximate solution and r(t) represents the righthand-side of the equation (2). As a result, e (t ) is
the residual defined by
e(t) = b – Ax(t).
(6)
Therefore, e  t  / t is the rate of change-inresidual which means the difference of residual
between two iterative steps.
This fuzzy-logic-based approach allows expert
knowledge to be taken into account on the
controller design. A preconditioning method is
selected by controller with the principle that the
best preconditioner performs highest convergence
rate for a given problem. After several iterations,
the approximate convergence rate can be defined
by using the high order difference of residual
which shown as

1
rate  e  e / t   2 e / t 2  (7)
2
Obviously, if the order equal to the total number of
iterations, the rate can describe the convergence
exactly. Due to the finite computer resource, we
often use two or three iterative steps to compute
the approximate rate. The formulations can be
defined by
rate  e  e / t ,
(8)
1 2
rate  e  e / t   e / t 2 .
(9)
2
As a result, we choose the preconditoner with the
largest convergence rate as a suitable
preconditioning method.
Assume that three preconditioning methods
are available ranging from Jacobi, SSOR, and SAI
(sparse approximate inverse). The main steps of
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In this section, we show some numerical
results that illustrate the effectiveness of the
proposed adaptive preconditioning method for the
solution of large dense linear systems arising from
the discretization of the EFIE formulation in
electromagnetic scattering problems. In our
experiments, the restarted version of GMRES(m)
[9] algorithm is used as an iterative method, where
m is the dimension size of Krylov subspace for
GMRES. Additional details and comments on the
implementation are given below:
(1) Zero vector is taken as initial approximate
solution for all examples.
(2) The maximum number of iterations is
limited to be 2000.
(3) The iteration process is terminated when
the normwise backward error is reduced by 103
for all examples.
We investigate the performance of the
adaptive preconditioner using a fuzzy controller on
four examples, which is shown in Figs. 2-5. They
consist of an almond with 1815 unknowns at
3GHz, a double ogive with 2574 unknowns at
5GHz, a cube with 3366 unknowns at 350MHz,
and a sphere with 3972 at 200MHz. The first two
geometries come from [10], the side length of the
cube is 1m and the radius of the sphere is also 1m.
The numerical results of bistatic RCS for
horizontal polarization are also displayed in Figs.
2-5 for these four geometries. All experiments are
performed on a Pentium 4 with 2.66 GHz CPU
and 960MB RAM in single precision.

Fig. 2. Bistatic RCS for horizontal polarization at
3GHz for NASA Almond.
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Fig. 3. Bistatic RCS for horizontal polarization at
5GHz for double-ogive.
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Fig. 4. Bistatic RCS for horizontal polarization at
350MHz for PEC cube.
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Figures 6-9 show convergence history of
GMRES(m)
algorithms
with
different
preconditioners for all examples. It can be
observed that the adaptive preconditioned GMRES
has almost the same convergence history as that of
the optimal preconditioner.
Since a good preconditioner depends not only
on its effect on convergence but also on its
construction and implementation time. Tables 1-4
list the construction time and total solution time of
GMRES algorithms with different preconditioners
on all examples. According to these results, we
can easily find that the proposed adaptive
preconditioning method using FC requires more
construction time than other preconditioners. As a
control method for the choice of preconditioners,
the adaptive preconditioner has to prepare all of
the preconditioners for choice. Therefore, large
time costs during the process of construction of all
the preconditioners. However, the new method
shows its efficiency on convergence in these
examples. Furthermore, the initial time of an
adaptive preconditioner is negligible when
compared with the total CPU time cost in
monostatic RCS computation. Therefore, this
proposed method is suitable for analysis of
monostatic scattering.
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Fig. 6. Convergence history of GMRES algorithms
with different preconditioners on the almond
example.
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Fig. 7. Convergence history of GMRES algorithms
with different preconditioners on the double-ogive
example.
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Fig. 5. Bistatic RCS for horizontal polarization at
200MHz for PEC sphere.
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Fig. 8. Convergence history of GMRES algorithms
with different preconditioners on the cube example.
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Table 4: Comparison of the cost and performance
of different preconditioners on the sphere example
(Time: Second)
Number
ConstrucSolTotalof
Sphere
time
time
time
Iterations
Jacobi
/
195
31.44 31.44
SSOR
/
241
42.02 42.02
SAI
17.33
31
5.48
22.81
FC-AP
24.72
35
5.98
30.70

Residual Norm
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Fig. 9. Convergence history of GMRES algorithms
with different preconditioners on the sphere
example.
Table 1: Comparison of the cost and performance
of different preconditioners on the almond
example (Time: Second)
Number
ConstrucSolTotal
of
Almond
time
-time
time
Iterations
Jacobi
/
552
31.73 31.73
SSOR
/
449
28.25 28.25
SAI
18.42
23
1.61 20.03
FC-AP
25.45
27
1.77 27.32
Table 2: Comparison of the cost and performance
of different preconditioners on the double-ogive
example (Time: Second)
Number
SolTotalDouble Construcof
time
time
time
ogive
Iterations
Jacobi
/
229
22.94 22.94
SSOR
/
187
20.56 20.56
SAI
11.61
26
2.86
14.47
FC-AP
16.77
30
3.19
19.96
Table 3: Comparison of the cost and performance
of different preconditioners on the cube example
(Time: Second)
Number
ConstrucSolTotal
of
Cube
time
time
-time
Iterations
Jacobi
/
308
33.38 33.38
SSOR
/
249
29.91 29.91
SAI
23.02
31
3.17
26.19
FC-AP
33.45
35
3.48
36.93

V. CONCLUSIONS AND COMMENTS
In this paper, a fuzzy controller is presented
and used for building robust adaptive
preconditioning method for efficiently solving
large dense linear systems that arise in EFIE
formulation
of
electromagnetic
scattering
problems. The main idea is to make a choice of
preconditioners which performs the highest
convergence rate. Numerical experiments on
several examples are preformed and comparison
with general preconditioners are made, which
shows the new method is more efficient.
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Abstract ─ In this paper, a multilevel Green’s
function interpolation method (MLGFIM)
combined with multilevel fast multipole method
(MLFMM) is presented for solving the
electromagnetic scattering from the objects with
fine structures. In the conventional MLFMM, the
size of the finest cube must be larger than a
definite value, which is typically 0.2 λ; it often
generates a large number of unknowns in each
finest cube especially for objects with fine
structures. Accordingly, it requires a lot of
memory to store the near-field impedance matrix
in MLFMM. In order to decrease the memory
requirement of the near-field matrix in the
MLFMM, the MLGFIM is introduced to calculate
the near-field interactions. The number of
unknowns in each cube can be less than a required
number regardless of the size of the cube in the
MLGFIM. To further reduce the computational
complexity, many recompressed techniques, such
as the adaptive cross approximation (ACA), QR
factorization, and singular value decomposition
(SVD), are applied to compress the low rank
Green’s function matrix for speeding up the
matrix-vector multiplication. Numerical results are
given to demonstrate the accuracy and efficiency
of the proposed method.
Index Terms - Multilevel fast multipole method
(MLFMM),
multilevel
Green’s
function
interpolation
method(MLGFIM),
QR
factorization.

I. INTRODUCTION
The method of moment (MoM) [1-2] has
found wide-spread application in a variety of
electromagnetic radiation and scattering problems,
When the number of unknowns is small, the
resultant matrix equations in MoM can be solved
directly with computational complexity of O(N3),
where N is the number of unknowns. For moderate
scale problems, the matrix equations are often
solved by iterative solvers, such as the conjugate
gradient method (CG), and the biconjugate
gradient method (BiCG), with O(N2) operation for
each matrix-vector product (MVP). The memory
requirement is O(N2) for both the direct and the
iterative solvers. The complexity of the direct or
iterative solvers mentioned above blocks their
application to the analysis of scattering from
electrically large objects, the MoM can only be
used for small scale problems. In recent years, the
fast multipole method (FMM) [3-5] has been
developed to accelerate the MVP with complexity
of O(N1.5). With the multilevel fast multipole
algorithm (MLFMM) [6-10], the complexity is
further reduced to O(NlogN); this represents an
impressive improvement as compared with
conventional O(N3) or O(N2) techniques. By using
the MLFMM, a common PC can solve problems
which only can be solved by supercomputer in the
past.
The MLFMM can be applied to almost all
electromagnetic problems, such as microwave
circuits, antennas, scattering targets, etc. However,
it is still very challenging to apply the method to
objects
with
fine
structures.
Accurate

1054-4887 © 2011 ACES
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discretization produces a large number of
unknowns in each of the finest cubes.
Accordingly, the near-field interaction matrices
grow rapidly with the surface discretization
density. The time used to calculate the near-field
impedance matrix is also very long. Therefore, for
the objects with fine structures, the MLFMM still
challenged by the CPU time and memory
requirement. It is necessary to further improve the
efficiency of the MLFMM.
In order to overcome the bottleneck of
conventional MLFMM in the near-field for the
objects with fine structure, a multilevel Green’s
function interpolation method (MLGFIM) [11-16]
combined with the MLFMM (MLGFIMMLFMM) is proposed in this paper. The
MLGFIM enables a highly compact representation
and efficient numerical computation of the dense
matrices when the source and observation cubes
are well separated. The complexity of storage
requirements and the MVP of the MLGFIM is
approximately O (C1 N ) as shown in [16] while the
complexity is O (C2 N log( N )) for the MLFMM as
shown in [6]. By comparing the numerical results
of [6] and [16], the coefficient of C1 is much
larger than C2 . This is because when applying the
MLGFIM into a full wave electromagnetic
problem, the number of interpolation points must
be enlarged to keep the accuracy of the Green’s
function when the cube size increases. A large
number of interpolation points drastically reduce
the efficiency of the MLGFIM. However, the
MLGFIM has its own merit. Compared with
MLFMM, the octree in MLGFIM can be split until
the number of unknowns in each cube is less than
a required number regardless of the cube size. The
octree structure is the same as in the lowfrequency fast multipole method (LF-FMM) [17].
In this paper, the MLGFIM is used to calculate
part of the near-field interaction for reducing the
memory requirement of the near-field while the
MLFMM is used to calculate the far-field
interaction. In contrast to the conventional
MLFMM, the augmented MLFMM make the
near-field memory requirement reduce greatly, this
idea makes the objects with fine structure
problems solvable by MLGFIM-MLFMM.
The remainder of this paper is organized as
follows. Section II gives a brief introduction to the
electric field integral equation (EFIE) and the
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Lagrange interpolation in MLGFIM. The ACA
technique,
QR
factorization,
and
SVD
factorization is employed to compress the low
rank Green’s function matrix to accelerate the
MVP. Section III presents the numerical results
that demonstrate the accuracy and efficiency of the
proposed method. Finally, some conclusions are
given in section IV.

II. THEORY
Consider a three-dimensional electromagnetic
problem; the object is illuminated by an incident


wave Ei that induces current J s on the
conducting surface. The current satisfies the
following
electric-field
integral equation:

   
Ei |tan   [ j J s ( r ') g (r , r ')
s



j



 

( ' J s (r ')) ' g (r , r ')]tan ds '

(1)
 

 jk r  r '
 
e
In which Green’s function g (r , r ') 
  , ω is
4 r  r '

the angular frequency, and k is the wave number
which is   .  ,  are the free space
permeability and permittivity, respectively. The
second “tan” denotes the component that is
tangential to the conducting surface S . By

expanding the unknown surface current density J s
using Rao-Wilton-Glisson (RWG) basis functions
and applying Galerkin’s method on (1) gives a
MoM equation:
Zx V

(2)

where
   
Zmn   ds ds '[ j Jm (r) Jn (r ')
sm

sn



and

j



 
 

(  J m (r ))( ' J m (r '))]g (r , r ') (3)

   
Vm   J m (r ) Ei (r )ds
sm

(4)

Here, Z is the impedance matrix, x are the
coefficients of the induced current expanded in
RWG basis functions, and V is the vector of
incident field. The dimension of Z is often as high
as millions for electrically large EM scattering
problems. This blocks the MoM application to the
analysis of scattering from electrically large
objects. The FMM and its multilevel version,
MLFMM has been developed to accelerate the
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MVP, lower the memory requirement to O(N1.5)
and O(NlogN). The process of the MVP in
MLFMM is splitted in two parts as
(5)
Z x  Z NF x  Z FF x.
Here, the first term Z NF is the interactions from
the nearby cubes, and is calculated directly by
MoM. While the second term Z FF is the
interactions from the well-separated cubes which
are computed in a group-by-group manner by
MLFMM. The computation of Z NF x is done
directly, while the computation of Z FF x is done in
three stages called the aggregation phase, the
translation phase, and the disaggregation phase
which are contributions from far-field interaction
computation. These steps are now well
documented and we refer the reader to consult the
literature [6-8] for more details.
For the objects with fine structures, a
straightforward MoM for computing the near-field
Z NF is very expensive. Our approach is to
approximate part of Z NF by a matrix which can be
stored in a data-sparse format; The MLGFIM is
introduced in MLFMM to descript part of the
near-field matrix by a sparse matrix format leading
to a significant reduction in the near-field memory
requirement.

generated from interpolation point r ' n , q in cube n
to interpolation point rm , p in cube m ,substituting
(6) into (3) gives :
Z mn 
j
4

j
4
k

k

 

k



 



  G ( rm , p , r ' n , q ) sm J m ( r ) m , p ( r ) ds sn J n ( r ') n ,q ( r ') ds ' 
p 1 q 1

 

k



 



  G ( rm , p , r ' n , q ) sm   J m ( r ) m , p ( r )ds  sn  ' J n ( r ') n , q ( r ')ds '
p 1 q 1

(7)

The submatrix Z mn can be represented in a
factorized form
t,s

Z

t

t ,s

W G W

s

T

(8)

where W t  W1t W2t  ， W s  W1s W2 s 
 t ,s

G1
0 
t,s

G 
t,s 

G2 
0
W1t , W2 t   M m  K
t ,s

(9)

W1s W2 s   M n  K

t ,s

G1 , G 2   K  K

And

t
 

W 1mp   J m (r )m , p ( r )ds
sm

 

W 2mp    J m (r )m , p ( r )ds
t

sm

 

W 1nq   J n (r ')n,q (r ')ds '
s

sn

 

W 2nq    ' J n (r ')n, q ( r ') ds '
s

sn

j
G (rm , p , r ' n , q )
4
t ,s
j
G 2 pq 
G (rm , p , r ' n , q )
4
where M m and M n denote
t ,s

A. Data-sparse representation of the low-rank
matrix
Here, the

free

space

Green

function

 


 
 jk r  r '
g (r, r ')  e
/ 4 r  r ' is considered. r means

the field point located in cube m and r ' means the
source point located in cube n . If cube m and cube
n are two well-separated cubes, the Green function
 

 
 jk r  r '
G(r , r ')  e
/ r  r ' can be interpolated using

Lagrange interpolation technique, it can be written
as
K K
 


G (r , r ')   m, p (r )n, q (r ')G (rGm , p , r 'Gn , q )
p 1 q 1



(6)



where m , p (r ) and n, q (r ') are the pth Lagrange
interpolation points in cube m and qth Lagrange
interpolation points in cube n , rm , p denotes the
Lagrange interpolation in cube m . K is the
number of interpolation points in cube m or n ,
G ( rm , p , r ' n , q ) is the Green’s function matrix

G1 pq 

(10)

the number of
unknowns in cube m and n . p is the number of
interpolation points along each direction, in
which d  1, 2, 3 , for 1-, 2-, and 3-D problems,
t ,s

respectively. Clearly, the rank of matrix Z is at
most 2×K regardless of the cardinality of t and s ,
it is obvious that if K  min(M m , M n ) , the
computing of W m , W n and G mn will be significantly
faster than that of Z mn . Both the memory
requirement and the matrix filling time are greatly
reduced.
From above, we know that the MLGFIM is a
rank-based method; it is realized by using the
Lagrange interpolation technique in Green’s
function when the source and observation cubes
are well separated. Applying the MLGFIM to the
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low-ranked impedance matrix will result in
significant memory reduction and computational
time savings. For this, a cube tree is first needed to
construct. We first enclose the entire object in a
large cube, and then the cube is partitioned into
eight smaller cubes. Each subcube is recursively
subdivided into eight smaller cubes until the finest
cubes satisfy the termination criterion. For
MLFMM, the finest cube size is about half a
wavelength. After constructing a tree, numerical
operations can be performed on it. Two cubes are
well separated if the ratio of the cube-centerdistance to the cube size is greater than or equal 2.
The impedance matrix between them is lowranked. Otherwise, they are near each other, share
at least one edge point, and the impedance matrix
is full-ranked. This will cost a lot of CPU time and
memory for the near-field computation if the
number of unknowns contained in every cube is
large. By the MLGFIM technique in the near-field
computation, we can continue to subdivide the
cube tree until the number of unknowns in each
cube is less than or equal to a given number which
is a parameter to control the tree depth. Therefore,
the number of basis functions contained in every
cube is reduced a lot, the MoM for the near-field
computation is reduced; part of the near-field in
MLFMM now can be computed by MLGFIM. In
order to explain the implementation of the
MLGFIM in the near-field computation in the
MLFMM clearly, a brief description of its
workflow is presented in the following.
As a simple example, a PEC plate is considered
as shown in Fig. 1; it is a 1 λ wide square plate.
With MLFMM, a 2-level division is used. The
finest cube size is 0.25 λ, the line-filled cubes are
the neighbors of cube 5, and the interaction
between them is computed by MoM and stored in
memory. The other cubes are the far-field of cube
5, the interaction between them is computed by the
MLFMM. With the MLGFIM in the near-field
computation, the cubes at level-2 are subdivided
into cubes at level-3. Therefore the number of
basis functions contained in every cube at level-3
reduced to about one-fourth of the original
compared with the cube at level-2. Cube 5 at level2 is the parent of cube 6 at level-3, with the
MLFMM all the line-filled and the darkened cubes
at level-3 are the near-field of cube 5 at level-2.
While with MLGFIM at level-3, the interaction
between the Cube 6, and the darkened cubes are
computed by MoM; the interaction between the

Cube 6 and the line-filled cubes are computed by
MLGFIM. Therefore, the total near-field
computation in the MLFMM is decomposed into
two parts by using MLGFIM. One part of the nearfield is computed directly by the MoM, the other is
computed by MLGFIM. From above, we know
that the MLGFIM is a rank-based method;
applying the MLGFIM to the low-ranked
impedance matrix will result in significant
memory reduction and saves computing time.
Therefore,
the
total
near-field memory
requirement is reduced in MLFMM.
B. Lagrange interpolation technique in the
Green’s function
The rank-deficiency of the proposed method is
realized by the interpolation of the Green’s
function technique. Therefore, the accuracy
analysis of the Green function interpolation
technique is very important. From [11], it can be
seen that for static problems or problems having
small electric sizes, the number of interpolation
points K in every cube keeping constant at all
levels can keep the accuracy across all levels of a
cluster tree. However, for full-wave problems, the
use of constant rank cannot keep the accuracy to
the same order when the size of the cube increases.
This can be analyzed as below.
In MLFMM, we known that the lower the tree
is, the larger the cube size is. The phase of the
Green’s function oscillates rapidly when the
separation between the cubes increases. Obviously
to accurately compute the Green’s function
between two points in two well separated cubes,
the number of interpolation points should be
increased when the frequency increases or when
the sizes of the cubes increase. Consequently, to
employ the MLGFIM to the full-wave problem,
K should be replaced by K l , in which subscript l
denotes the level index. K l means the number of
interpolation points in every cube at level l . Since
increasing frequency is equivalent to increasing
the tree depth, in order to keep the same order of
the accuracy across all tree levels, the interpolation
points K l should be increased when the size of the
cubes increase. From paper [12], we observe that
when the electric sizes of the cubes are smaller
than 0.2λ, for each variable, only 3 points are used
as the interpolation points, a total of 27
interpolation points in a cube are sufficient to get a
higher accuracy. While the size of the cube
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increases to 2 λ, to constrain the error to 0.0135,
1000 interpolation points should be used, a large
number that will drastically reduce the efficiency
of the MLGFIM. Hence in this paper, the Green’s
function interpolation technique is just used in the
near-field computation where the electric size of
the cube is small. Few interpolation points can get
a higher accuracy and efficiency. The accuracy
and efficiency retains the same in a wide range
when the electric size of the cube is smaller than
0.2 λ;
3

l 



Level-2

2

cube GmL 1 , L 1 and cube GnL , L is the child of

(11)

Cn

L 1 , L 1; nL , L

is part of the near-field which is calculated

by the MLGFIM. These two terms combined
together form the total near-field in MLFMM. L is
the number of levels which the MLGFIM
technique is used for computing the near-field ,
The core in MLGFIM is to calculate the second
term defined in equation (11). According to the
tree structure used in MLFMM-MLGFIM, the



( Z mL , L;nL , L  xnL , L )

the

 GmL 1 , L 1; nL 1 , L 1

L 1 , L 1; m L , L

(12-a)

(14)

L 1 , L 1; n L , L

is the lower-to-upper interpolation

GmL , L;nL , L  C mT

L 1 , L 1; mL , L

Cn

l ,l ; nl 1 ,l

 C mT ,l ;m
l

Cn

l 1 ,l 1

 Gml ,l ;nl ,l 

(15)

L 1 , L 1; n L , L

Substituting (15) and (13) into (12-b) gives (16)
Let

SnL , L  WnTL , L  xnL , L and
Snl ,l 



Gn
G
l 1,l 1 nl ,l

C n ,l ; n
l

l 1 ,l

 Snl 1,l 1

(17)

S nl ,l here is just a symbol for recurrence without

any means, Hence (16) can be rewritten as
 l  W m L , L  C mT

L 1 , L 1; m L , L



 C mT

Gn Interaction
l ,l
List of Gm
l ,l

l , l ; m l 1 , l  1

Gml ,l ;nl ,l  Snl ,l



(18)

Let
 ml ,l 

near-field Z NF L in (11) can be expressed as
Gn , L 
L
Neighbors
of Gm , L
L

using

matrix defined in [11], performing the Green’s
function interpolation recursively, (14) becomes

The first term Z NF L denotes part of the near-field in
MLFMM which is calculated by MoM at the finest
level of the MLFMM-MLGFIM, the second term

Z NF L 

interpolated

C n

In (11), the term Z NF denotes the total near-field
in the MLFMM which are calculated by MoM.

l

be

GmL , L ; nL , L  C mT

l L

lL

can

interpolation matrix GmL 1 , L 1; nL 1 , L 1 .

C. Lower-to-upper level interpolation
The MLGFIM is used in this paper to calculate
part of the near-field defined in equation (5).
Therefore, the near-field part in (5) can be written
as the following form:

1

(13)

GnL 1 , L 1 at level L  1 , cube GmL , L is the child of

Fig. 1. A three level octree structure.



(12-b)

For two well-separated cubes GmL 1 , L 1 and

Level-1

1

AmL , L;nL , L  xnL , L

the following for
AmL , L ; nL , L  WmL , L  GmL , L; nL , L  WnTL , L

Gm

Z NF x    l  Z NF L x



Gn
L, L

Gn
L 1 , L 1

The term AmL , L; nL , L in (12-b) can be written as

L , L ; nL , L

Level-3



cube GnL 1 , L 1 , the Green’s function matrix

4

5
1



Gn 
Gn
l ,l
l 1,l 1
Interaction List 
Gn ,l
of Gm
l ,l
l



Gn Interaction
l ,l
List of Gm
l ,l

Gml ,l ; nl ,l  S nl ,l

(19)

Hence
 l  WmL , L  C mT

L 1 , L 1;mL , L

T
C m
,l ; m
l

l 1 ,l 1

  ml ,l (20)
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Substituting (20) into (11) and let
Bml ,l   ml ,l  C mT ,l 1;m ,l  Bml 1,l 1 , Bm ,1   m ,1 (21)
l 1
l
1

1

Substituting (21) into (20) recursively gives (22).
Hence the formula for MLGFIM algorithm is
derived, what we want is to compute BmL , L , which
can be obtained using recurrence (22) from the top
level to the finest level of the cluster tree. At the
top level of the MLGFIM Bm ,1   m ,1 is obtained
1

1

using (22) from the finest level to the top level of
the tree. Thus the procedure of the MVP of
MLGFIM is similar to the MVP of MLFMM. (17)
Is similar to the procedure in upward pass of
MLFMM, (19) is similar to the procedure of
shifting phase of MLFMM and (22) is similar to
the procedure in downward pass of MLFMM. The
difference is that our method uses Green’s
function interpolation instead of multipole
expansion in each step. Equation (15) indicates
that the Lagrange interpolation matrix of a cube
can be interpolated using the Lagrange
interpolation matrix of its child. For any other
non-leaf cluster, we can directly use the
contribution from its eight sons to obtain the result
of MVP without any additional operations. This
property is an important factor that enables us to
reduce the complexity of MLGFIM.
T
  WmL ,L  (mL ,L  Cm

L1, L1;mL

 (mL1,L1  CmT ,l;m
,L

l

l

2

T
 WmL ,L  (mL , L  Cm
L1, L1;mL ,L

T
 (m2 ,2  Cm
m1,1)))))
,2;m ,3
1,1;m2,2
3

T
 (mL1,L1  Cm

l ,l ;ml 1,l 1

(ml 1,l 1  CTm ,l;m 1,l 1  (ml ,l  CmT
l

2 ,2;m3,3

l

T
 WmL , L  (mL , L  Cm

L1, L1;mL ,L

l

 (m2 ,2  CTm1,1;m2,2  Bm1,1 )))))

T
 (mL1,L1  Cm
,l ;m
l

(ml 1,l 1  CTm ,l;m 1,l 1  (ml ,l  CmT
l

l 1

l

(ml 1,l 1  CTm ,l;m 1,l 1  (ml ,l  CmT


,l 1

2 ,2;m3,3

l 1,l 1



Bm2 ,2 ))))



 WmL , L  BmL , L

(22)

D. Compression of the Green’s function
matrices using ACA, QR factorization, SVD
For any two well-separated cubes m and n at
the same level, the Green’s function matrix
G ( rm , rn ) is a K  K full matrix. Since, the Green’s
function matrix represents interactions between
the interpolation points of two well-separated
cubes, it is low rank. In order to reduce the
computational complexity of MLGFIM, the ACA
[13-14], QR factorization [15-16], and SVD, are
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used to compress the Green’s function matrix as
data sparse representation, which brings a great
advantage in the MVP operation Gml ,l ;nl ,l  Snl ,l .
Let the K  K rectangular matrix G ( rm , rn )
represent
the
interactions
between
the
interpolation points of two well-separated cubes
m and n , the ACA allows the low rank Green’s
function matrix G ( rm , rn ) to be represented by only
a few rows and columns of G ( rm , rn ) to obtain the
numerical representation from namely,
 K  K  AK r ( B K r ) H
G

(23)
where the number of terms r is much less than K ,
AK  r and B K  r are two dense rectangular matrices.
The goal of the ACA is to achieve

R K K  G K K  G

K K

  G K K

for

a

given

tolerance  , where R is termed as the error
matrix. . refer to the matrix Frobenus norm. If
r  min(m, n) , then a significant reduction in MVP

can be accomplished. For the matrix U and V , we
can continue to use QR decomposition technique
to compress it
AK r  Q1K r R1r r
(24-1)
K r
K r
r r
B  Q2 R2
(24-2)
 K  K can be expressed as the
Then, the matrix G
following form

 K K  AK r ( B rr ) H  Q K r R rr (Q K r R r r ) H
G
1
1
2
2

(25)

 Q1K r R1rr ( R2r r ) H (Q2 K r ) H

Here, we let W rr  R1r r ( R2 r r ) H , using singular
value decomposition (SVD),
W rr  U r r S rrV r r
(26)
where U and V are orthonormal matrices, and S
is the diagonal matrix whose elements are the
nonnegligible singular values of W r  r , it can be
written as S  diag ( 1 ,  2 ,  3  ,  r ) . We discard
those normalized values which fall below the
threshold; typically chosen threshold to be 10 3 ,
the columns of U and V corresponding to
negligible singular values of S are discarded.
 K  K can be written as the
Then, the matrix G
following
 K  K  Q K r R r r ( R r r ) H (Q K r ) H
G
1
1
2
2

 Q1K rU rr1S r1r1V r1r (Q2 K r ) H (27)
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Let
K r1

A

K r
1

Q

r r1
1

R

S

r1 r1

and B

r1 K

V

r1 r

(Q2

K r H

)

then
 K  K  AK r1  B r1 K
G

(28)
Usually the compressed matrices rank r1 is much
smaller than the number of interpolation points K .
This brings a great advantage in the MVP because
K

G K  K  S  AK r1  B r1 K  S

K

(29)
K  r1

r1 K

K

When r1  K , to calculate A  B  S
is
K K
K
much faster than to calculate G  S . Table 1
lists the corresponding average numerical ranks of
Green’s function matrices with different sizes of
the cube. We can see that the corresponding
numerical ranks are very small. Thus, a high
compression of the Green’s function matrices is
obtained.

III. NUMERICAL RESULTS
In this section, three examples are presented to
demonstrate the benefits of the proposed method.
All the simulations are performed on a computer
with 2.8GHz CPU and 2 GB RAM. The
terminating tolerances of the ACA and SVD are
set as   0.001 and   0.001 , respectively. The
resulting linear systems are solved iteratively by
the GMRES (30) solver with a relative residual
of 103 .
First, the proposed method is used to analyse
scattering from a PEC sphere of radius 0.5 λ, its
surface is discretized with 6312, 11649, and 25944
unknowns, respectively. The finest cube size is
0.25 λ in MLFMM, two-level MLGFIM are added
to calculate part of the near-field of the MLFMM.
The finest cube size is 0.0625 λ in MLFMMMLGFIM. Figure 2 shows the bistatic radar crosssection (RCS) results obtained from the MIE
series and the MLFMM-MLGFIM. It can be seen
from Fig. 2, that the result from the MLFMMMLGFIM has good agreement with the MIE
series. Table II lists the near-field memory
requirement, the matrix filling time and MVP time
of MLFMM and MLFMM-MLGFIM for different
discretizations. The time and memory requirement
in computing the near-field impedance matrix in
MLFMM-MLGFIM includes two parts. The first
part denotes the time and memory requirement in
computing the part of the near-field matrix by
MoM, while the second part denotes the time and

memory requirement in computing part of the
near-field matrix by MLGFIM. It can be seen
from Table 2 that the memory requirement and
filling time of the near-field matrix in MLFMMMLGFIM is significantly reduced as the number
of unknowns increases compared with MLFMM.
The second example is a PEC ogive, whose
length and maximum radius is 2λ and 0.5 λ. The
ogive is discretized with 11874 and 18876
unknowns, respectively. 1-level MLGFIM is
added to calculate part of the near-field interaction
when the number of unknowns is 11874, the finest
cube size is 0.125 λ. 2-level MLGFIM is added to
calculate part of the near-field interaction when
the number of unknowns is 18876, the finest cube
size is 0.0625 λ. Figure 3 is the bistatic RCS of the
ogive computed by MLFMM and MLFMMMLGFIM. It can be seen from Fig. 3 that the
proposed method agrees well with the MLFMM
results. Table 3 lists the near-field memory
requirement, the near-filed impedance matrix
filling time, and the MVP time needed by
MLFMM-MLGFIM and MLFMM for different
discretizations. It can be seen from Table 3 that the
memory requirement by the MLFMM-MLGFIM
can be saved by a factor of 4.1 with one-level
MLGFIM when the number of unknowns is
11874. The flaw for the MLFMM-MLGFIM is
that the MVP time is 1.9 while the MLFMM is
1.07s. The near-filed matrix filling time and
memory requirement can be saved by a factor of
16.8 and 14.2 with two-level MLGFIM when the
number of unknowns is 18876. Again, it can be
seen that the MLFMM-MLGFIM can greatly
reduce the near-filed memory requirement and the
matrix filling time compared with MLFMM.
The last example is a VIAS structure as shown
in Fig.4, the electric size of the VIAS structure
is 1.2 1 1 , it is discretized with 10609 and
15305 unknowns, respectively. For MLFMM, a 2level division is used since the finest cube size is
0.30 λ. For MLFMM-MLGFIM, a 4-level division
is used. The finest cube size is 0.075 λ. A 2-level
MLGFIM is added to calculate part of the nearfield interaction. Good agreement is achieved as
shown in Fig. 4. Table 4 lists the comparison of
the near-field memory requirement, the near-filed
matrix filling time, and the MVP time between the
MLFMM-MLGFIM and MLFMM for the two
above discretizations. It can be found that the
MLGFIM can extremely decrease the near-filed
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6
4
2
0
-2
-4
-6
-8
-10

15
MLFMM

10

1 level MLGFIM-11874
2 level MLGFIM-18876

5
RCS(dB)

matrix filling time when compared with MLFMM,
MLFMM-MLGFIM can save much of the memory
requirement by a factor of 9.9 with 10609
unknowns and 10.3 with 15305 unknowns for the
near-field. When the number of unknowns is
15305, the MVP time in each iteration step in the
MLFMM-MLGFIM is less than that in MLFMM.
This is because the number of elements in the
near-field impendence matrix is greatly reduced by
the MLGFIM. The result of Table 4 indicates
again that the matrix filing time and memory
requirement can be greatly reduced with the
MLGFIM in MLFMM in the near-field
computation.
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Fig. 3. The bistatic RCS from MLFMM and
MLFMM-MLGFIM for the PEC ogive example.
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Fig. 2. RCS of a PEC sphere obtained from the
MIE series and the MLFMM-MLGFIM.

IV. CONCLUSIONS
In this paper, the MLGFIM is introduced in
MLFMM to solve electromagnetic scattering
problems of the objects with fine structures. It is
found that with MLGFIM we can continue to
subdivide the cube until the number of unknowns
in each cube is less or equal to a required number
regardless of the cube size. Several examples have
demonstrated that with MLGFIM the near-field
memory requirement is greatly reduced in
MLFMM-MLGFIM compared with MLFMM
without compromising the accuracy. Moreover,
the ACA, QR factorization, SVD are applied to
compress the low rank Green’s function matrix for
speeding up the MVP in MLFMM-MLGFIM.
Therefore, the MLGFIM is an efficient augment
for MLFMM.
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Fig. 4. RCS of a VIAS structure obtained from
MLFMM and MLFMM-MLGFIM.
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l ,l

Gn

l 1,l 1

 WmL , L  C m
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L 1 , L 1
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T
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C n ,l ; n

T

L 1 , L 1;mL , L

 C m ,l ;m
l

l 1 ,l

l

Cn

 WnL , L  xnL , L
T

L 1 , L 1;nL , L

L ,L

(16)

 Gn

L 1 , L 1

T

T

L 1 , L 1;mL , L

 C m ,l ;m
l

l 1 ,l 1




Gn

l ,l

Interaction

Gml , l ; nl , l 

List of Gm

l ,l

l

Gn

l 1 ,l




Gn

l 1,l 1

 Gn ,l
l

Cn

 WnL , L  xnL , L
T

L 1 , L 1;nL , L

L ,L

 Gn

L 1 , L 1

Table 1: Corresponding rank of the Green’s function with different size of the cube
Cube size

d=1.0

d=0.5

d=0.25

d=0.125

Interpolation points

8×8×8

6×6×6

4×4×4

3×3×3

262144

47524

4096

729

Threshold
  0.01
  0.01

Numerical rank

11

6

5

4

﹟of entries in Q and R

11264

2616

640

216

Threshold
  0.01
  0.001

Numerical rank

17

11

9

8

﹟of entries in Q and R

17408

4752

1152

432

Threshold
  0.001
  0.01

Numerical rank

11

8

5

4

﹟of entries in Q and R

11264

3456

640

216

Numerical rank

17

12

9

8

﹟of entries in Q and R

17408

5184

1152

432

﹟of entries in G

Threshold
  0.001
  0.001

Table 2: The near-field memory, the matrix filling time and one MVP time of MLFMM、MLFMMMLGFIM for different numbers of unknowns
Unknowns
6312
11649

Methods

CPU time for
Matrix filling

CPU time for each
MVP

Memory

MLFMM

35.2 s

0.22 s

70 Mb

MLFMM-MLGFIM

2.1 s+0.57 s

3.65 s

4.1 Mb+ 2.5 Mb

MLFMM

124.3 s

0.81 s

240 Mb

MLFMM-MLGFIM

6.9 s+0.96 s

3.9 s

14 Mb+ 4.7 Mb

641.1 s

3.1 s

MLFMM

25944

MLFMM-MLGFIM

32.5s+2.0 s

1191 Mb

4.4 s

69 Mb+ 10 Mb

Table 3: The near-field memory, the matrix filling time and one MVP time of MLFMA、MLFMMMLGFIM for different numbers of unknowns
Unknowns
11874

18876

level

Methods

CPU time for
Matrix filling

CPU time for each MVP

Memory

3

MLFMM

206.9s

1.07s

404Mb

4

MLFMM-MLGFIM

46.5s+0.32s

1.9s

89Mb + 9Mb

3

MLFMM

533.5s

2.5s

5

MLFMM-MLGFIM

31.2s+0.56s

2.9s

1019 Mb
56 Mb + 15.5
Mb

Table 4: The near-field memory, the matrix filling time and one MVP time of MLFMA, MLFMMMLGFIM for different numbers of unknowns
Unknowns
10609

15305

level

Methods

CPU time for
Matrix filling

CPU time for each
MVP

Memory

2

MLFMM

214.2s

1s

388Mb

4

MLFMM-MLGFIM

20.9s+0.33s

1.48s

35Mb + 4 Mb

2

MLFMM

451.4s

2.04s

805Mb

4

MLFMM-MLGFIM

42s+0.43s

1.59s

72Mb+6Mb
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Abstract ─ In this paper, a modified marching-onin-order time-domain integral equation method is
utilized to analyze transient electromagnetic
scattering from arbitrarily shaped objects. The
spatial and temporal testing procedures are
separate, and both of them are performed with the
Galerkin’s method. The curvilinear RWG basis
functions are used as spatial basis functions with
curved triangular patch modeling. It gives a
remarkable reduction to the number of unknowns,
also the memory requirement and CPU time,
without sacrificing the accuracy. The use of the
weighted Laguerre polynomials as temporal basis
functions ensures an absolutely stable solution
even in late time. Several numerical results,
including the single ogive and NASA almond, are
given to demonstrate the accuracy and efficiency
of the proposed method.
Index Terms ─ Curvilinear RWG basis functions,
Laguerre polynomials, marching-on-in-order timedomain integral equation, transient scattering.

I. INTRODUCTION
Accurate and efficient transient simulation has
drawn great interest in the past decades for its
important applications in the ultra wide band
(UWB) technology, electromagnetic compatibility
(EMC), radar imaging, etc. Numerical techniques
in time domain falls mainly within the scope of the
finite difference time-domain (FDTD) [1], the
time-domain finite element method (TD-FEM) [2],
and the time-domain integral equation (TDIE) [3],
which can overcome the drawbacks encountered in
the partial differential equation (PDE) methods.

The most popular method to solve TDIE is the
marching-on-in-time (MOT) procedure [4], but it
may suffer from late-time oscillation and
inaccuracy. Some progresses seem to eliminate the
drawback [5, 6].
In the realm of the integral equation method,
the RWG basis function defined over the planar
triangular patches was proposed to model the
behavior of the induced surface current [7, 8].
Afterwards, the curvilinear counterpart with
curved triangular patch modeling was developed,
and much less unknowns are required without a
loss of accuracy [9, 10].
References [11-13] used the curvilinear RWG
(CRWG) basis functions and other techniques to
analyze transient scattering based on the timedomain magnetic field integral equation (TDMFIE) with MOT procedure. For closed bodies,
because using the time-domain electric field
integral equation (TD-EFIE) or TD-MFIE alone
would lead to wrong results near the resonant
frequencies, the time-domain combined field
integral equation (TD-CFIE) is preferred [14].
Recently, the marching-on-in-order (MOO)
TDIE solver with weighted Laguerre polynomials
as temporal basis functions was introduced, which
can obtain unconditionally stable solution [15-18].
In this scheme, accurate results near the resonant
frequencies can be ensured with only TD-EFIE or
TD-MFIE [18]. However, the conventional MOO
TDIE method is not efficient in terms of RAM and
CPU time. To circumvent the bottleneck, in this
paper CRWG basis functions are utilized with
MOO TD-EFIE to analyze the electromagnetic
scattering from conducting objects.
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This paper is organized as follows. Section II
presents the formulation of MOO TD-EFIE and
the CRWG basis functions. This is followed, in
Section III, by giving several numerical results to
demonstrate the accuracy and efficiency of the
proposed method. The conclusion is drawn in
Section IV.

j 1



Jn  t   s   0.5 J n, j   J n ,k  j  t
j 0 
k 0



 s J  j  t
j 0

R

first derivative of the electric surface current
density J with respect to time t, c, μ0, and ε0 are
light speed, permeability, and permittivity in free
space, respectively.
J can be expanded using N spatial basis
functions and M temporal basis functions as
N  M 1

J  r ,t      J n , j j ( t ) fn  r  ,
(2)
n 1  j  0

and fn  r  is the spatial basis function and
specifically the CRWG in this paper.  j ( t ) is the
temporal basis function, i.e. the weighted Laguerre
polynomial, defined as
 j ( t )  e  st / 2 L j  st  ,
(3)
where s is a temporal scaling factor and L j is the jth order Laguerre polynomial with the form
et d j j  t
Lj t  
 t e  , 0  t   . (4)
j ! dt j
The temporal derivative and integration terms
in (1) are given as [17]

(5)



 J n  d 

II. FORMULATION

R  r  r' is the distance between the observation
point r and source point r' , t  R/c , J is the

,

j 1
2  
jk 

 J n, j  2 J n , k  1  j  t 
s j 0 
k 0

, (6)

2
  J nI, j j  t 
s j 0

t

0

A. MOO TD-EFIE
With the boundary condition on the surface of
the conducting scatterers, the time-domain electric
field equation (TD-EFIE) is
J  r' ,t  t R 
1 
Ei  r, t  |tan 
dS' 
 0 
4 
R
, (1)
t t R

'  J  r' , 

d dS'  |tan
 0  0
R

i
where E  r, t  is the incident electric field,

D
n, j



After the spatial and temporal testing procedure
with the Galerkin’s method, for the i-th order case
we obtain
2
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s



 s t R
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Rewrite (7) into a matrix equation
 Z E mn   J n ,i    V E m ,i    V 'E m ,i  , (12)
where
Z E mn 

2


 sAmn 0.5   mn  e
s



 st R
2

,

(13)
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(14)
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s


j 0
i 1
i 1
2

k i 
 sAmn  J n ,k  s  mn  2 J n , k  1  e
k 0
k 0



 s t R
2

. (15)

We can solve the matrix equation recursively to
get the temporal coefficients order by order. Then
the surface current density can be obtained from
(2).
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B. CRWG basis function
The CRWG basis functions are defined over
curved triangular patches. Compared with planar
triangular patches, the curved ones give a
significant reduction to the mesh density, and
hence the number of spatial unknowns, without a
loss of the accuracy of the geometry modeling and
the numerical solution.
As shown in Fig. 1, a curved triangular patch is
defined by six nodes, and a position in the ( 1 ,  2 )
parameter space is described by
6

r 1 ,  2     j 1 ,  2  rj ,

(16)

j 1

where rj is the Cartesian coordinate,  j  1 ,  2  is
the shape function with the form
 2 j  j  1/ 2 , j  1,2,3
,
 j  1 ,2   
j  4,5,6
4 j 3 j 5 ,
and
1   2   3  1 .
3
2

6

(18)

4

2

4

2

3

6

1

z

(a)
(b)
Fig. 1. (a) A curved triangular patch with six nodes
in the Cartesian coordinate system, (b) The
triangular patch in the 1 ,  2  parametric space.
The CRWG basis function is defined as
1

f1  r   J [ 2  3  (1  1   2 ) 2 ]

1

f2  r    (1  1   2 )1  1 3  , (19)
J

1

f3  r   J 1 2   2 1 

where
r
r
r r

1  
, 2 
, 3 
, (20)
 2
1
 2 1
and J is the Jacobi factor
J (1 ,  2 ) 

III. NUMERICAL EXAMPLES

1

1
x

The surface divergence of the CRWG basis
function is
2
 s f   r  
(  =1,2,3) . (22)
J
The differential tangent vector and normal
surface element are given below, respectively,
r
r
dr 
d 1 
d2 ,
(23)
1
 2
r r

dS 
d 1d  2 .
(24)
1  2
The surface normal unit vector is
1 r r
,
(25)
nˆ (1 ,  2 ) 

g 1  2
where
g  g11 g 22  g 212 ,
(26)
r r

gij 
.
(27)
1  2

This section gives several numerical results
obtained using an implementation described above
to validate the proposed method. All CPU times
are taken on a 3.0GHz processor.

5
5

y

(17)
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r r
.

1  2

(21)

A. Sphere
As the first example, we consider a metallic
sphere centered at the origin with a radius of 0.5
meter. The problem is discretized into 219 CRWG
basis functions and 50 temporal basis functions
(i.e., the weighted Laguerre polynomials). The
incident Gaussian pulse is with the form of
4  2
(28)
E i  r, t   xˆ
e ,
πT
4
ˆc ,
(29)
  t  t0  r  k/
T
where k̂ is the unit vector in the direction of the
wave propagation and is along zˆ direction in this
example. t0 = 12 lm represents a time delay of the
pulse peak from the time origin, and T = 8 lm is
the pulse width. In this work, we use lm as time
unit, which is the short form of light meter. One
light meter is the time taken by the
electromagnetic wave to travel one meter in free
space. This pulse has a frequency spectrum of 125
MHz. The scaling factor s is with the value of
1.0×109.
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The θ component of the backward far field
response (   0 ,   0 ) from the sphere is shown
in Fig. 2 (labeled C 219). For the sake of
comparison, results obtained in Reference [18]
(labeled Ref) and that via 795 conventional planar
RWG (PRWG) basis functions (labeled P 795) are
also shown. Good agreement can be observed.
15
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rE [mV]

5
0
-5

Ref
C 219
P 795

-10
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-20
-25
0
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15

20
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35

40

The problem is discretized into 444 CRWG
basis functions and 100 temporal basis functions.
The scaling factor s is with the value of 1.5×109.
After the solution procedure in time domain,
the far-field signals are Fourier transformed into
the frequency domain and then the bistatic radar
cross section (RCS) in   0 plane at several
representative frequencies are calculated. These
frequencies are chosen near the lowest, the middle
and the highest frequency of the frequency band,
and in this example they are 20 MHz, 160 MHz
and 300 MHz. The results (labeled CRWG 444
DFT) are compared with those obtained via
frequency domain MoM using 444 CRWGs
(labeled C 444) and TD-EFIE using 648 PRWGs
(labeled P 648 DFT) in Fig. 3. The results are in
good agreement with each other. It’s worth
mentioning that 648 is the minimum number of
PRWGs
through
exhaustive
numerical
experiments with increasing spatial unknowns.

ct-r [lm]
-30

Fig. 2. θ component of transient backward far field
response from a sphere.
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B. Single ogive
Another example is a metallic single ogive.
The analytical expression for this target is as
follows:
for –1.27 m < x < 1.27 m and –π < φ < π,
define
x
f ( x)  1  ( )2 sin 2 22.62  cos 22.62
5
f ( x) cos 
y
. (30)
1  cos 22.62
f ( x)sin 
z
1  cos 22.62
The incident wave used in this example is a
modulated Gaussian pulse given by
   t 2 
p
i
 , (31)
E  r, t   xˆ cos  2 f 0  exp  
2


2


where the central frequency f 0 is 160 MHz,
ˆ c , k̂ is along zˆ direction,
  t  r  k/
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transform, the bistatic RCS in   0 plane at 20
MHz, 110 MHz and 200 MHz are given.
The result (labeled C 626 DFT) is compared
with those obtained via frequency domain MoM
using 626 CRWGs (labeled C 626) and TD-EFIE
using 985 PRWGs (labeled P 985 DFT) in Fig. 4.
985 is found to be the minimum number of
PRWGs for an almost indistinguishable result,
which are more than that of the CRWGs.
The efficiency of the proposed method is
further compared in Table 1. Considerable
reduction to both memory requirement and total
CPU time are achieved.

(c)

-35

Fig. 3. Bistatic RCS of the single ogive: (a) 20
MHz, (b) 160 MHz, and (c) 300 MHz.

-45
RCS [dB]

C. NASA almond
A metallic NASA almond is referred to as the
last structure. The mathematical description used
for this target is as follows:
for –0.41667 < l < 0 and –π < φ < π, define

-40
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x  dl m
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2
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y  0.193333d 1  
 cos  , (32)
0.416667
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for 0 < l < 0.58333 and –π < φ < π

5

x  dl m

0

where d=2.52374 m.
The incident wave used in this example is a
modulated Gaussian pulse with the form of (31).
The problem is discretized into 626 CRWG basis
functions and 100 temporal basis functions. The
central frequency of the incident modulated
Gaussian pulse is 110 MHz and the frequency
bandwidth is 220 MHz. The scaling factor s is
with the value of 1.5×109. After a Fourier
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Table 1: Comparison of memory requirement and
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VI. CONCLUSION
In this paper, the marching-on-in-order timedomain integral equation method with curvilinear
RWG spatial basis functions is presented to
analyze transient electromagnetic scattering from
arbitrarily shaped objects. Stable solutions can be
ensured, and the memory requirement and CPU
time are reduced without sacrificing the accuracy.
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Abstract ─ A numerical study for the
electromagnetic detection of buried objects is
presented. The whole GPR set-up is simulated
through an integral formulation solved by means
of the Method of Moments and a new
discrimination process based on the 2D-Wavelet
decomposition of computed electric field maps is
proposed. The new wavelet methodology proves
to be an effective tool for discrimination even in
presence of noise.
Index Terms ─ 2D wavelet decomposition, GPR,
MoM.

I. INTRODUCTION
Electromagnetic induction sensors (EMIS) and
ground penetrating radars (GPR) are tools
commonly used to find buried objects, such as
antipersonnel landmines (APM) [1-3]. The basic
concept they are based on is to illuminate the
target with an incident field (low-frequency
magnetic or high-frequency electric field) and
measure the broadband spectrum of the scattered
field. Different sources, antennas ,and sensors
have been proposed in the past, such as horns,
spirals, loaded-dipoles, or dielectric rods, loops [17].
The main issue is not the simple detection but
the recognition of unknown buried objects,
allowing to classify them as potential known
targets or to discard them as clutters [1,2]. The
recognition process necessarily needs the accurate
design of the source system, detection sensors, and
the development of post-processing algorithms

[7,8]. Moreover it is worth noting that the
recognition problem becomes deeply more
difficult in the presence of plastic landmines, when
reflections greatly surpass and hide the weak field
scattered by the buried plastic targets.
In this work, the behavior of a new high
frequency system for the detection of buried
objects is numerically investigated by an integral
approach in conjunction with a method of
moments (MoM) numerical tool. The key feature
of the system lies in the fact that both the
magnitude and phase of all the components of the
scattered electric field are used to collect
information about the EM behavior of the buried
object [9]. Furthermore, the potentiality of a two
dimensional post processing of the collected data
based on a wavelet decomposition approach is
investigated. The purpose is to highlight the
features of the two-dimensional signature of the
buried object significantly, facilitating its
discrimination.
The MoM code proves to be a suitable and
efficient tool for the study of these configurations,
allowing a sensitivity analysis on the influence of
material and shape variations.
In order to assess the robustness of the
proposed technique, a Gaussian white noise has
been added to the collected data before post
processing. By adding the noise we try to simulate
the uncertainties and the so called “physical noise"
normally encountered in practical measurements;
even in this case, the signature detection is
satisfactory.

1054-4887 © 2011 ACES
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II. EXPOSURE SET-UP
The set-up configuration is shown in Fig. 1. It
consists of a double-ridged antenna which is used
as a field source and an observation plane where
the total field (incident plus scattered) is observed.

Fig. 1. Set-up configuration with a buried APM
(units in cm).
The performances of the GPR are mainly
affected by two key-points that must be accounted
for in the optimization of the set-up.
The working frequency range must be a tradeoff between penetration and resolution [2,5]. The
direction and intensity of the reflection which
occurs at the ground surface (ground bounce)
depends on the electrical properties of the ground
itself and the roughness of the surface while the
penetration depth of the transmitted wave into the
soil mainly depends on the ground humidity and
the wavelength of the field. Lowering the working
frequency of the GPR reduces the ground bounce
and increases the penetration depth, but on the
other side, it causes a loss of resolution in the
received maps, which is necessary for an accurate
detection of the buried object.
The height of the transmitting antenna must be
a trade-off between transmitting antenna
performance and enhancement of the received data
[2,5]. A transmitting antenna closer to the ground
surface shows better energy coupling with the
target and reduced ground bounce, but the strong
antenna-ground interaction can significantly
change the antenna radiation properties, leading to

a large number of false alarms. Anyway, if
elevating the transmitting antenna reduces the
antenna interaction with the target and the ground,
on the other hand, due to the roughness of the
ground surface, it makes the observation plane
receive the field scattered by a larger portion of
the ground, loading to a more difficult target
detection. To reduce the superposition of the field
scattered by the soil, the ground is usually
illuminated with an oblique angle.
In light of these remarks, the set-up shown in
Fig. 1 has been chosen. The double ridge antenna
is the Electrometrics EM-6961 model, which
shows efficient performance characteristics in the
frequency range 1-6 GHz. It has been chosen since
it constitutes a good tradeoff between penetration
and resolution [2-8]. The antenna has been tilted
20° around the y-axis and has been oriented with
his E-plane on the xz-plane, as shown in Fig. 1.
The total electric field (i.e. electric field radiated
by the antenna plus that scattered by the soil and
the target), is computed on the observation plane
showed in Fig. 1. As for the measurement
procedure of this field, the photorefractive effect
of thin ferroelectric films [10] can be used and is
now under investigation.

III. NUMERICAL MODELING
A. Integral equations
The whole GPR configuration has been
studied through a standard integral formulation.
The set of equations which solve the problem can
be derived through a customary application of the
equivalence principle [11]. First an equivalent
electric current density J a is introduced over the
PEC surface Sa of the antenna which is excited
with a delta-gap voltage source. Next, equivalent
electric J s and magnetic M s current densities are
introduced on the surface Ss of the buried
scattering object, which is considered penetrable.
The boundary conditions at the surfaces Sa and
Ss dictate a set of integral equations that can be
written as
(1a)
u n   Einc  Ea  Es   0 r  Sa
u n  Einc  u n  Ea  Es  Esd  r  Ss (1b)
u n  H inc  u n   H a  H s  H sd  r  Ss , (1c)
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where Einc , H inc





is the incident field, Ea , H a



is the field scattered from the PEC antenna,
Es , H s and Esd , H sd are, respectively, the field









scattered by the currents  J s , M s  outside and
inside the homogeneous penetrable target [11,12],
u n is the outward unit vector normal to the
surface. Equations (1a-1c) can be cast into coupled
integral equations by expressing all fields as
superposition integrals (symbol  ) between the
sources and the relevant dyadic Green functions
(GFs):
EJ
Einc
0  G 00  J a 
(2a)
EJ
EM
 G 0g
 J s  G 0g
 M s  0 r  Sa
EJ
EJ
EM
Einc
g  G g0  J a  G gg  J s  G gg  M s 

 G dEJ  J s  G dEM  M s  0 r  Ss
HJ
HJ
HM
H inc
g  G g0  J a  G gg  J s  G gg  M s 

 G dHJ  J s  G dHM  M s  0 r  Ss

(2b)
,(2c)

where the cross product with u n is suppressed for
the sake of simplicity. In eqs (2), the incident
inc
and Einc
fields Einc
0 are, respectively, those
g , Hg





inside the ground and in free space due to the
PQ
voltage source of the antenna, G lm
 r, r ' is the
dyadic GF relating the P-type field at the
observation point r in the medium l with the Qtype current source at source point r  in the
medium m, and G dPQ  r , r ' is the PQ-type GF in
the homogeneous dielectric space (inside the
penetrable target). Obviously, when the target is a
PEC object, M s  0 and eq. (2c) is not necessary
anymore.
B. Solution of the integral equations
To efficiently solve the system of equations
(2) by means of the MoM technique, it is better to
recast it in a mixed potential form [11,12].
Anyway, since in a layered medium the scalar
potentials of a point charges associated with
horizontal and vertical current dipoles are in
general different [13,14], it is necessary to modify
either the scalar or the vector potential kernel.
Choosing the so-called Formulation C in [13]
leads to
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EJ
E  J  G lm
 J   j0 G lm  J 
A



1
j 0





V
V
 K lm
  J  Clm
u z J

EM
E  M   G lm
M

EJ  G

HJ
lm

(3a)
(3b)

J

(3c)

HM
H  M  G lm
 M   j 0 G lm  M 
F



1
j0





W
W
 K lm
  M  Clm
u z M

, (3d)

A/F
where G lm
 r, r ' are the magnetic/electric vector
V/W
potential GFs , K lm
are the corresponding scalar
V/W
potentials and Clm
are the so called correction
factors [13,14]. All the expressions of the GFs can
be obtained through a transmission line analogy in
the transformed spectral domain as in [14].
A standard MoM procedure has been used to
solve the integral equations system (2), once it has
been cast in an MPIE form. In particular, the
antenna and the target surfaces have been
discretized through nonoverlapping triangles, and
the unknown current densities have been expanded
by a set of second-order subdomain basis
functions,
which
provide
a
linearnormal/quadratic-tangent (LN/QT) representation
of the vector quantities [15]. All encountered
singular terms in the source integrals (proportional
to 1/R) have been extracted and integrated
analytically [16], while the remaining (source and
testing) integrals have been computed by means of
standard Gaussian formulas [17]. For an efficient
computation of the Sommerfeld integrals
necessary to transform the GFs from the spectral
to the spatial domain, the weighted-averages
method has been used [18].

C. Discretization of the problem
The antenna mesh is shown in Fig. 2a. The
antenna is constituted of two exponentially shaped
ridges, two lower and upper flares placed parallel
to the H-plane (plane xz of Figs. 2) and thin
copper straps placed parallel to the E-plane (plane
yz of Figs. 2) [19,20]. The radiated field can be
considered meanly linearly polarized with the Efield parallel to the y-axis and the H-field aligned
with the x-axis.
The surface three-dimensional model of the
antenna was entirely constructed with a

440

ACES JOURNAL, VOL. 26, NO. 5, MAY 2011

commercial CAD program and discretized with a
professional mesh generator. The model is
constituted of 3976 triangle patches, whose
maximum edge length was forced to be below
 / 10 at the frequency of 6 GHz. The coaxial type
N input connector was not simulated as in [19],
and the scheme was excited with a lumped deltagap voltage source placed between the two ridges
in the lower cavity.

field has been computed on the observation plane
on a grid of 64×64 points ( 26 ), in order to allow
the wavelet decomposition to the fifth level. The
number of MoM unknowns is 2350; the CPU time
and memory requirement for solving the described
problem are, respectively, five minutes and 3 Gb
on a four-core 3 GHz 64-bit desktop workstation.
0
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90

0

-3

-10

-20

-30
270

120

240
H-plane
E-plane
150

210
180

(a)
(b)
Fig. 2. Simulation model of the double-ridged
antenna (a) and E-field radiation pattern (b).
The computed three dimensional pattern of the
radiated E-field at 2 GHz, in the near field region
( 2 D 2 /  = 52 cm, with D maximum dimension of
the radiating structure) at a distance of 50 cm, is
shown in Fig. 2b, together with a magnification of
the antenna (for the sake of clarity). Furthermore
the electric field radiation patterns in the E- and Hplanes are shown in Fig. 3. The 3dB beamwidth is
around 52° and 40° in the E- and H- plane,
respectively.
To test the effectiveness of the groundpenetrating system to distinguish between clutters
and mines and to recognize the signature of a
particular mine, the landmines and clutters shown
in Fig. 4 have been considered [21]: the PMN
(r=112 mm, h=56 mm) considered completely
metallic, the PMA-1 (L=140 mm, H=30 mm,
W=70 mm) made of plastic with dielectric
constant  r = 4.8, a cylindrical clutter (r=10 mm,
L= 100 mm) and a spherical one (R=20 mm), both
considered perfectly conductive.
A realistic dielectric constant of 11.8 and loss
tangent of 0.084 have been chosen for the ground
in the frequency range of interest. The electric

Fig. 3. E- and H- plane amplitude patterns of the
double ridged antenna.

(1)

(2)

(3)

(4)

Fig. 4. Considered landmines – PMN (1) and
PMA-1 (2) – and clutters – cylindrical (3) and
spherical (4).

IV. IMAGE PROCESSING
As mentioned in the previous sections, both
the magnitude and phase of all the components of
the scattered electric field are used to collect
information about the EM behavior of the buried
object. This big amount of data can be easily
represented by the use of two dimensional maps.
The capability of the wavelet expansion tool in
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signal processing is well established [22], and has
been used also in electrical engineering in order to
evidence special behavior of the analyzed
quantities, which cannot be evidenced by a simple
analysis of the signal in its unprocessed form [23,
24]. Furthermore, some attempts of wavelet based
post processing in the area of discrimination of
buried objects have been previously presented
[25].
It is well-known that a multiresolution
analysis is characterized by wavelet bases
composed by the scaling functions   x  and
wavelet functions   x  , the former being a low
pass filter and the latter a high pass filter. A single
dimension wavelet expansion yields a set of
coefficients related to the correlation between a
general function f  x  and the scaling and
wavelet functions. In particular filtering performed
by   x  leads to what is called a “blurred
version” of the original signal, while filtering with
  x  gives a signal containing the higher
frequencies, called “detail”. Iteratively performing
this sub band filtering (on the blurred version)
leads to the multi – resolution decomposition of a
signal in sum between a smooth signal
(qualitatively an averaged signal) and a set of
details.
In this case, we deal with 2D signals (the
value of electric field on a plane) which can be
easily organized in 2D color maps, i.e. figures to
be analyzed by a proper technique.
The construction of two dimensional bases,
necessary for image processing, is performed by
using the so called separable wavelet bases, i.e.
using the following basis functions

 1  x, y     x    y 

 1  x, y     x   y 

(4)

 2  x, y     x    y 
 3  x, y     x   y  ,

in which functions at the same level of
decomposition are used. Thinking about the
frequency characteristics of the functions   x 
and   x  , it is evident that ˆ1  ,   is a low
x

y

pass filter in two dimensions, hence performing
the role of extracting the average of the map; on



the other hand ˆ 1  x ,  y
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is a low pass filter for

the x-direction and a high pass filter for the ydirection, responding to variations in the vertical
direction. In a similar way ˆ 2 x ,  y responds





to variations on the horizontal direction, while

 3 x ,  y 

is a high pass filter both for

horizontal and vertical frequencies, hence
responding to variations along diagonals.
Each image is consequently decomposed
following the same scheme of the multiresolution
analysis into a set of blurred versions plus a set of
details. The only difference is that at each level of
decomposition a set of 3 matrices of details are
obtained, called vertical, horizontal, and diagonal.
Considering that this analysis can be performed on
each field component, this results in a considerable
amount of data to be analyzed.
Two main issues arise at this point: the first
one comes from the previous consideration, since
it is not always easy to deal with big amount of
data. An efficient way to treat them is needed, and
it should be characterized by a highly synthetic
approach. This issue is addressed in the next
section.
Furthermore, there is the need of a proper
choice of the wavelet family to be used: after
several different tests, the authors’ choice is to use
biorthogonal wavelets, since they are symmetric
and are the best choice for image processing.

V. NUMERICAL RESULTS
A. Data post processing
A careful analysis of the whole set of data –
i.e. E field in each direction decomposed at
different levels – has been performed, with the aim
of determining their most significant subset and
define a simple technique which is able to solve
our problem.
A simple 1-level wavelet decomposition is
enough to evidence the signatures of the bombs
and the clutters.
Furthermore, through numerous tests, it has been
observed that the most significant information is
given by the z component of the electric field.
Figure 5 shows the color maps relative to the
magnitude of the z component of the total electric
field on the observation plane of two targets, PMA
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and PMN, and of the two clutters, cylindrical (#1)
and spherical (#2).
The wavelet expansion of the total field on the
observation plane when the soil is absent is
necessary to construct a first level signature of the
considered target. The signature is a crucial
parameter in the discrimination of the unknown
object as a target or as a simple clutter.
Figure 6 reports the diagonal coefficients of
the 1-level wavelet expansion performed on the
previous map of the Ez-component of a PMN
mine, respectively in vacuum and buried.
Figure 7 reports the diagonal coefficient of the
1-level wavelet expansion of the Ez-component of
a PMA mine. Finally, Fig. 8 reports the diagonal
coefficients of the 1-level wavelet expansion of
the Ez-maps of the two considered buried clutters.
In all the previous figures, brighter colors are
related to higher magnitudes on a scale of 255
tones.
At first sight, it is obvious how the use of the
wavelet expansion allows determining the
characteristic behavior of the different objects,
which is not visible by simply analyzing the
electric field maps.

(a)

(b)
Fig. 6. Diagonal coefficients of the wavelet
expansion of the Ez electric field related to the
PMN bomb a) in vacuum , b) buried.

Fig. 5. z-component of the total electric field on
the observation plane for the two targets and the
two clutters.
(a)
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(b)
Fig. 7. Diagonal coefficients of the wavelet
expansion of the Ez electric field related to the
PMA bomb a) in vacuum, b) buried.

It is also easy to note how the signatures of the
two clutters are very similar to each other and very
different from the signatures of the bombs in
empty spaces. On the other hand, the signatures of
the buried bombs can be easily recognized in the
figures, comparing them with the signature of the
bombs in empty space.
The conclusion drawn by simply looking at
the color maps of the details can also be obtained
by calculating the correlation between the single
maps. The correlation between two matrices yields
a coefficient which gives information about how
the two matrices are correlated: a higher
coefficient means highly correlated matrices,
while a lower coefficient substantially means two
different matrices.
We start from the knowledge of the diagonal
details for 4 levels of decomposition of the two
bombs in free space. For each single level the
correlation between the diagonal details of the
unknown object and the two bombs in free space
is calculated and the coefficients of all the levels
of decomposition are added up to obtain a single
coefficient. The results are shown in Table 1. It is
worth noting that the 5-level decomposition is
possible on a grid of 64 points but it is useless
since it does not add any information content.
Table 1: Correlation coefficients of the unknown
target (clutter or bomb) with the two bombs

(a)

PMA buried
PMN buried
Clutter1
Clutter2

PMA
2.2
-0.4
2.1
2.2

PMN
-3
1.5
-2.2
-1.9

The grey cells show a high correlation, which
means that the two bombs can be recognized, but
at the same time the clutters would lead to a false
alarm since they would be related to a PMA bomb.
In this case, a visual analysis of the color maps is
necessary to definitely discern the clutters from
the real bomb.

(b)
Fig. 8. Diagonal coefficients of the wavelet
expansion of the Ez electric field related to a) the
buried cylindrical, b) spherical clutters.

B. Robustness analysis
In order to take into account the typical errors
present in practical measurements, a Gaussian
white noise has been added to all the simulations
relative to buried objects (PMA, PMN, Clutter 1
and Clutter 2), while the vacuum simulations of
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the PMA and PMN have been kept as in the
previous subsection.
The procedure previously explained for the
calculation of the correlation has been performed
again for a statistically significant set of cases. The
results are reported in Table 2, which shows the
probability of positive correlation.
The results are in accordance with Table 1; the
same grey cells show the highest probability of
positive correlations, meaning that the two bombs
can be recognized, but at the same time the clutters
would lead to a false alarm since they would be
related to a PMA bomb. At the same time, there is
a 29% percent of probability that a PMN bomb
would be recognized as PMA, which is of course
not an exact detection but it doesn’t lead to any
risky situation.
Table 2: Correlation coefficients of the unknown
target (clutter or bomb) with the two bombs when
noise is added
PMA buried
PMN buried
Clutter1
Clutter2

PMA
0.97
0.29
0.97
0.97

PMN
0.00
0.90
0.02
0.05

VI. CONCLUSION
The paper presents the numerical study of a
GPR set-up for the electromagnetic detection of
buried objects. The MoM method is used for the
full-wave simulation of the whole set-up with
targets and clutters. A post-processing based on
the Wavelet decomposition of 2D electric field
maps is proposed. The Wavelet decomposition
makes easy the discrimination between targets and
clutters
but
further
investigations
and
improvements are necessary to reduce the false
alarms.

REFERENCES
[1] I. J. Won, D. A. Keiswetter, and T. H. Bell,
“Electromagnetic Induction Spectroscopy for
Clearing Landmines,” IEEE Trans. Geosci.
Remote Sensing, vol. 39, no. 4, pp. 703-709,
April 2001.
[2] D. J. Daniels, Ground Penetrating Radar 2nd
Edition. IEE Radar, Sonar, Navigation and
Avionics Series 15, Institution of Electrical
Engineers, London 2004.

[3] K. P. Prokopidis, T. D. Tsiboukis, “Modeling
of Ground-Penetrating Radar for Detecting
Buried Objects in Dispersive Soils,” Applied
Computational
Electromagnetic
Society
(ACES) Journal, vol. 22, no. 2, pp. 287–294,
July 2007.
[4] C. H. Huang, C. C. Chiu, C. J. Lin, and Y. F.
Chen, “Inverse Scattering of Inhomogeneous
Dielectric Cylinders Buried in a Slab Medium
by TE Wave Illumination,” Applied
Computational
Electromagnetic
Society
(ACES) Journal, vol. 22, no. 2, pp. 295–301,
July 2007.
[5] C. C. Chen, S. Nag, W. D. Burnside, J. I.
Halman, K. A .Shubert, and L. Peters, “A
Standoff Focused-Beam Land Mine Radar”,
IEEE Trans. Geosci. Remote Sensing, vol. 38,
no. 1, pp. 507-514, Jan. 2000.
[6] C. C. Chen, K. R. Rao, R. Lee, “A New
Ultrawide-Bandwidth
Dielectric-Rod
Antenna for Ground-Penetrating Radar
Applications,” IEEE Trans. Antennas
Propagat., vol. 51, no. 3, pp. 371-377, March
2003.
[7] P. Van Genderen, L. Nicolaescu, and J.
Zijderveld, “Some Experience with the Use
of Spiral Antennas for a GPR for Landmine
Detection,” Proc. Int. 2003 Radar
Conference, pp. 219-223.
[8] C. Huang, C. Chen, C. Chiu, and C. Li,
“Reconstruction of the Buried Homogenous
Dielectric Cylinder by FDTD and
Asynchronous Particle Swarm Optimization,”
Applied Computational Electromagnetic
Society (ACES) Journal, vol. 25, no. 8, pp.
672–681, August 2010.
[9] R. Araneo and S. Celozzi, “Numerical
Analysis
of
Subsurface
Objects
Discrimination Systems,” IEEE Transactions
on Magnetics, vol. 39, no. 3, pp. 1219-1222,
May 2003.
[10] S. C. Abrahams and K. Nassau, Encyclopedia
of Materials Science and Engineering,
Pergamon Press, 1986.
[11] A. F. Peterson, S. L. Roy, and R. Mittra,
Computational
Methods
for
Electromagnetics, IEEE Press, Piscataway,
NJ, 1997.
[12] E. Miller, L. Medgyesi-Mitschang, and E. H.
Newman, Computational Electromagnetics,

ARANEO, BARMADA: ADVANCED IMAGE PROCESSING TECHNIQUES FOR THE DISCRIMINATION OF BURIED OBJECTS

Frequency-Domain Method of Moments,
Piscataway, NJ, IEEE Press, 1992.
[13] K. A. Michalski and D. Zheng,
“Electromagnetic Scattering and Radiation by
Surfaces of Arbitrary Shape in Layered
Media, Part I: Theory,” IEEE Trans.
Antennas Propagat., vol. 38, no. 3, pp. 335344, March 1990.
[14] K. A. Michalski, J. R. Mosig, “Mulilayered
media Green’s Functions in Integral Equation
Formulations”, IEEE Trans. Antennas
Propagat., vol. 45, no. 3, pp. 508-519, March
1997.
[15] K. R. Aberegg, A. Taguchi, and A. F.
Peterson, “Application of Higherorder Vector
Basis Functions to Surface Integral Equation
Formulations,” Radio Sci., vol. 31, no. 5, pp.
1207–1213, Sep. 1996.
[16] R. D. Graglia, “On the Numerical Integration
of the Linear Shape Functions Times the 3-D
Green’s Function or its Gradient on a Plane
Triangle,” IEEE Trans. Antennas Propagat.,
vol. 41, no. 10, pp. 1448–1455, Oct. 1993.
[17] D. A. Dunavant, “High Degree Efficient
Symmetrical Gaussian Quadrature Rules for
the Triangle,” Intern. J. Num. Meth. Engin.,
vol. 21, pp. 1129– 1148, Jun. 1985.
[18] K. A. Michalski, “Extrapolation Methods for
Sommerfeld Integral Tails,” IEEE Trans.
Antennas Propagat., vol. 46, no. 10, pp.
1405–1418, Oct. 1998.
[19] C. Bruns, P. Leuchtmann, and R. Vahldieck,
“Analysis and Simulation of a 1–18 GHz
Broadband Double-Ridged Horn Antenna”,
IEEE Trans. Electromagn. Compatibil., vol.
45, no. 1, pp. 55-60, Feb. 2003.
[20] Z. Zhang and R. E. Diaz, “Simulation of
Broadband Double-Ridged Horn in HighFidelity Material Characterization using
Finite-Difference Time-Domain Method,”
2005 IEEE Antennas and Propagation
Society Int. Symp., vol. 1B, pp. 561-564.
[21] MIMEVA: Study of generic Mine-like
Objects for R&D in Systems for
Humanitarian Demining, http://humanitariansecurity.jrc.it/.
[22] S. G: Mallat, A Wavelet Tour of Signal
Processing, Academic Press.
[23] W. Chen, X. Yang, and Z. Wang,
“Application of Wavelets and AutoCorrelation-Function For Cancellation of

High-Frequency EMI Noise,” Applied
Computational
Electromagnetic
Society
(ACES) Journal, vol. 24, no. 3, pp. 332–336,
June 2009.
[24] S. Barmada, A. Landi, M. Papi, and L. Sani,
“Wavelet Multi-Resolution Analysis for
Monitoring the Occurrence of Arcing on
Overhead Electrified Railways,” Proc. Instn
Mech. Engrs, vol. 217, part. F: J. Rail and
Rapid Transit, pp. 177-187.
[25] S. Perrin, A. Bibaut, E. Duflos, and P.
Vanheeghe, “Use of Wavelets for GroundPenetrating Radar Signal Analysis and
Multisensor Fusion in the Frame of Land
Mine Detection,” 2000 IEEE International
Conference on Systems, Man, and
Cybernetics, vol. 4, pp. 2940-2945.
Rodolfo Araneo was born in
Rome, Italy, on October 29,
1975. He received the M.S. (cum
laude) and Ph.D. degrees in
Electrical Engineering from the
University
of
Rome
“La
Sapienza”, Rome, in 1999 and
2002, respectively.
During the master thesis in 1999, he was a
Visiting Student at the National Institute of
Standards and Technology (NIST) Boulder, CO
where he worked on TEM cells and shielding.
During the second semester of the year 2000, he
was a Visiting Researcher of the Department of
Electrical and Computer Engineering of
University of Missouri–Rolla (UMR) where he
worked on printed circuit boards and finite
difference time-domain techniques.
Dr. Araneo received the Past President’s Memorial
Awards in 1999 from IEEE EMC Society. His
research activity is mainly in the field of
electromagnetic compatibility (EMC) and includes
numerical and analytical techniques for modeling
high-speed printed circuit boards, shielding, and
transmission line analysis.
Sami Barmada was born in
Livorno, Italy, in 1970. He
received the Master (cum
laude) and Ph.D. degrees in
Electrical Engineering from the
University of Pisa, Italy, in
1995 and 2001, respectively.

445

446

ACES JOURNAL, VOL. 26, NO. 5, MAY 2011

From 1995 to 1997, he was with ABB Teknologi,
Oslo, Norway, where he was involved with
distribution network analysis and optimization. He
is currently an Associate Professor with the
Department of Energy and Systems Engineering,
University of Pisa, where he is involved with
numerical computation of electromagnetic fields,
modeling of multiconductor transmission lines,
powerline communications.
He is author of about 100 papers published on
international journals and peer reviewed
conference proceedings.
Prof. Barmada was the technical chairman of the
Progress in Electromagnetic Research Symposium
(PIERS), Pisa, Italy, 2004 and the general
chairman of the ACES 2007 conference in Verona,
Italy.
He was the recipient of the 2003 J F Alcock
Memorial Prize, presented by The Institution of
Mechanical Engineering, Railway Division, for
the best paper in technical innovation and he
currently is IEEE Senior Member and ACES
member.

ACES JOURNAL, VOL. 26, NO. 5, MAY 2011

447

Design of a Half-Mode SIW High-Pass Filter
Wei Shao and Jia-Lin Li
Institute of Applied Physics
University of Electronic Science and Technology of China, Chengdu, 610054, P. R. China

weishao@uestc.edu.cn, jialinuestc@yahoo.com.cn
Abstract ─ A planar high-pass filter with simple
topology, low insertion loss and high power
handling is presented in this paper. It is based on
the half-mode substrate-integrated waveguide
(SIW) structure whose shorting wall is
implemented
with
periodical
via-holes.
Meanwhile, bevel edges are embedded to achieve
good impedance matching. Parameter studies are
also performed to give design insights for practical
applications. A planar waveguide filter with cutoff
frequency of 10 GHz is designed and built. The
measured data have a good agreement with the
simulated responses, and demonstrate practical
utility of the proposed topology.
Index Terms ─ Half-mode, high-pass filter,

impedance matching, waveguide.
I. INTRODUCTION
Microwave filters, including low-pass, bandpass, band-stop and high-pass types, play a key
role in modern wireless systems. Recent studies
introduce some waveguide-based or other
bandpass filter structures [1-6]. The design of high
performance high-pass filters (HPFs) seems to be
more challenging because the series connected
capacitors from lumped prototype filters introduce
extra loss by using distributed components.
Waveguide-based
structures
characterize
inherently high-pass responses [7], but its three
dimensional (3-D) configuration is not easy to be
integrated with planar circuits.
An HPF with planar structures based on an
exponentially tapered nonuniform transmission
line [8], but its size may be bulky. Using high
performance inductors in advanced high resistivity
SOI CMOS technology, [9] develops an ultra

wideband HPF integrated into the silicon-based
substrate. Based on complementary split ring
resonators, HPFs can also obtain compact sizes,
but the double-sided configuration leads to a
relatively complicated circuit topology and
assembly problems [10-11]. A filter in [12] based
on modified double-sided parallel strip lines shows
good electric performance, but it has a multilayerbased structure.
Using the conventional microstrip line with
short-circuited edge for planar filter applications is
an effective way to design HPFs since it is
compatible with most of planar circuits with good
performance [13-14]. By using an electric wall
placed at the edge of wide microstrip line, the
structure is analyzed and confirmed from
measurements [13]. Further, it is incorporated with
other circuits to demonstrate a practical
application of a 20-40 GHz subharmonically
pumped mixer [14]. A transmission line loaded at
regular intervals with closely-spaced shorted stubs
[15]. Such a periodic structure exhibits
waveguide-like behavior with a first pass-band
whose width is a function of the characteristic
impedance and pitch of the stubs. It also shows
that the structure degenerates into a planar
waveguide whose cutoff frequency corresponds to
a short-circuited stub length when the stub pitch
vanishes. To achieve good impedance matching,
on the other hand, the extra matching networks
lead to a large circuit size.
In this paper, a planar HPF with simple
topology, low insertion loss and high power
handling is studied. It is a waveguide-based
structure, specifically, a half-mode substrateintegrated waveguide (SIW) structure [16]. To
obtain good impedance matching, a pair of bevel
edges is adopted. Measurement results with cutoff
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frequency of 10 GHz agree well with simulated
characteristics, and demonstrate practical utility of
the developed planar HPF topology.

r
h

II. DESIGN OF THE SIW FILTER
Figure 1 shows the 3-D view of the proposed
filter structure. Basically, it can be treated as a
section of the main transmission line with width wf
loaded unsymmetrically with a stepped microstrip
line. The length of the stepped transmission line is
L, and far away from the main line, a series of
metalized via-holes with radius r and periodicity p
are parallelly etched on the stepped edge. The
distance from the hole center to another edge of the
line is denoted as w. Meanwhile, a pair of tilting
edges with an angle α and a length a are etched on
the corners. The structure is etched on the upper
side of a Rogers RT/Duroid 5870 substrate that has
a relative permittivity of 2.33 with a thickness of 31
mils.

w

weff

 eff

l

h

 eff

2weff

magnetic wall

h
Fig. 2. Transition from the structure to an
equivalent rectangular waveguide.

wf


w

Fig. 3. Simulation results (by HFSS Software [17])
of electric field distribution in the structure.

p

a
r
L

Fig. 1. 3-D view of the proposed filter.
Such a structure supports the microstrip higherorder field modes. The first HE1 mode is similar to
TE10 mode in a rectangular waveguide. Figure 2
illustrates the transition from a half-mode SIW
mode to an equivalent TE10 mode. Fringe electric
fields from the line to the ground plane are
equivalent to a supplementary capacitor, which can
be replaced with a slightly widened strip. Thus, the
effective line width weff is observed with the needed
line extension l for compensating the open-end
effect. At the same time, the initial relative
permittivity of the substrate is represented by an
effective one εeff in this case. Finally, the equivalent
result corresponding to TE10 mode of a rectangular
waveguide is obtained by introducing a magnetic
wall. Figure 3 shows that the electric field
distribution in the proposed structure is similar to
those in a rectangular waveguide.

Therefore, the half-mode SIW exhibits a cutoff
frequency and high-pass filtering characteristic. It
also exhibits low insertion loss and high power
handling capacity like waveguides. Its cutoff
frequency fc can be evaluated from the equivalent
rectangular waveguide model
c0
fc 
,
(1)
4weff  eff
where c0 is the light velocity in free space. The
microstrip effective width weff is given by [18]
r2
weff  w 
.
(2)
0.24 p
The radius r and periodicity p of via-holes can
be determined as follows [19]

p

g

 0.25 ,

(3)

and

r
 0.5 ,
p

(4)

where λg is the guided wavelength at the cutoff
frequency.
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To simplify the design of an HPF with
fc=10GHz, εeff in (1) is approximated to εr.
Therefore, weff should be 4.91 mm from (1). Viaholes with r=0.25mm and p=0.8mm, which satisfy
design rules of (3) and (4), are adopted.
Meanwhile, w is calculated from (2) to be 5.17
mm. After performing optimal electromagnetic
design with junction discontinuities, the filter is
designed with its physical parameters as:
L=12mm, w=5mm, a=2.6 mm, α=30, and wf
=2.2mm for a 50Ω microstrip line. Figure 4 shows
the achieved performance of this filter.

From these results, it is seen that the measured
data reasonably match the predictions.
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III. PARAMETER STUDIES
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Fig. 5. Photograph of the fabricated circuit.
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Fig. 4. Frequency responses of the filter.
To validate our design, a demonstrator filter
shown in Fig. 5 is built. Measurements are
performed by using a vector network analyzer
[20]. The measured frequency responses are also
recorded in Fig. 4, where the measured insertion
loss involves the circuit loss and effects of SMA
connectors (i.e., non-ideal coaxial/ microstrip-line
transitions). Measurements indicate that the
insertion loss is gradually increased with the
increase of the operation frequency. This can be
attributed to the following possible reasons: the
substrate utilized in this demonstration generally
works below 18GHz. Thus, its dielectric loss
beyond this frequency may be relatively high.
Another reason is due to the Ku-band SMA
connectors employed in the measurement. A
higher loss associated with the connectors is
suffered from at the higher operation frequency
band. It is found that the measured maximum
insertion loss within the passband is approximately
3dB. Within the pass-band, the minimum return
loss is better than 10dB. Figure 4 also plots the
measured pass-band group delay variation of the
fabricated circuit, and its value is less than 0.5ns.

Purposes of parameter studies in this section
are to provide some design insights for practical
applications. It can be seen from above
presentations that the metalized via-holes (r and p)
are empirically predetermined based on (3) and
(4). Although the parameter w needs fine tuning
from optimal EM simulations, it is basically
determined from (1) and (2). Hence, the first key
parameter that needs studying is the length L of
the short-circuited planar waveguide. By sweeping
L (other parameters a, α, w, r, p, and wf keep
constant as mentioned before), it is interesting to
find that L primarily affects the roll-off of the
filter, as illustrated in Fig. 6(a). A shorter L
corresponds to a more compact design at the cost
of slightly poor roll-off or filter selectivity. Hence,
L=12mm is utilized in this design for compactness
considerations.
Results from sweeping simulations with the
angle α indicate that α is not sensitive to filter
selectivity or stop-band roll-off, but α primarily
affects the pass-band return loss. A smaller angle
cannot improve the lower pass-band return loss,
while a larger α deteriorates the whole pass-band
return loss, as shown in Fig. 6(b). Therefore,
α=20 is adopted to obtain good return-loss
performance.
Figure 6(c) shows that the bevel length a also
influences the pass-band return loss. The lower
pass-band return loss can achieve good
performance under a small value of a. On the other
hand, a larger bevel length a can worsen the whole
pass-band performance when referring to a 20dB
return loss. Consequently, a=2.6mm is selected
from optimal simulations in our design.
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field distribution, a half-mode structure is
employed to get a compact circuit topology. A pair
of bevel edges is embedded into the planar
waveguide to obtain good impedance matching.
Parameter studies have been performed to give
more insights to design such a kind of filters. An
example filter with cutoff frequency of 10 GHz
has been designed, built, and experimentally
examined, and results validate the predications
well.
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VI. CONCLUSION
By replacing electric walls in a rectangular
waveguide with metalized via-holes, a planar
waveguide-based HPF has been developed in this
paper. Further, based on the symmetry of mode-
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