
Optical Cloak Design Exploiting Efficient Anisotropic Adjoint Sensitivity 

Analysis  
 

 

L. S. Kalantari and M. H. Bakr 
 

Department of Electrical and Computer Engineering  

McMaster University, Hamilton, Ontario, L8S 4K1, Canada 

kalantl@mcmaster.ca, mbakr@mail.ece.mcmaster.ca 

 

 

Abstract ─ We propose in this work a novel optimization-

based wideband invisibility cloaking approach at optical 

frequencies. We exploit the memory efficient anisotropic 

adjoint variable method (AVM) to significantly accelerate 

the sensitivity analysis with respect to the large number 

of parameters. Minimizing the cloaking objective function 

involves the gradients estimation with respect to a 

massive number of parameters at every iteration for 

time-intensive electromagnetic simulations. The AVM 

evaluates the required gradients over one thousand  

time faster than conventional methods. The significant 

reduction in the computational cost enables wideband 

optimization-based cloak design at optical region.  

 

Index Terms ─ Adjoint variable method, computationally 

intensive structures, gradient-based optimization, 

invisibility cloaks, massive parameters, sensitivity 

analysis acceleration. 
 

I. INTRODUCTION 
Recently, hardware acceleration techniques and 

development of novel computational methods were 

utilized to efficiently model electrically large structures 

[1] – [4]. These methods enable the optimization-based 

design of time intensive high frequency electromagnetics 

structures. Several optimization techniques require 

estimating the gradient of an objective function with 

respect to all the design parameters [5]. These methods 

iteratively solve the optimization problem using the 

estimated gradients. 

Some electromagnetics problems such as invisibility 

cloaking may have a massive number of optimizable 

parameters. Calculating the gradient of the objective 

function with respect to all those parameters may be 

prohibitive using conventional sensitivity analysis 

approaches. Gradient estimation is one of the challenges 

of big data analysis [6]. In conventional sensitivity 

analysis methods such as central finite differences 

(CFD), the number of required simulations to estimate 

the gradients scales linearly with the number of 

parameters. For instance, for a problem with N number 

of optimizable parameters, 2N simulations are required 

to find the gradient for only one iteration. This is 

cumbersome for huge N, particularly when the considered 

electromagnetic simulation is time intensive. Adjoint 

sensitivity analysis approaches [7] find the sensitivities 

with respect to all optimizable parameters regardless of 

their number using at most one extra simulation. Using 

the AVM approach, optimization-based design of 

electrically large structures with massive parameters, 

such as invisibility cloak design at optical frequencies, 

becomes feasible.  

Invisibility cloaking have been studied through both 

analytical [8] – [11], scattering cancellation (SC) [8], 

transformation optics (TO) [9] – [11], and optimization-

based [12] – [16] design approaches. Optimization methods 

are utilized to design multi-layered covers for structures 

with geometric symmetry at microwave region [12] – 

[15]. The resultant cloaks are usually narrowband. For 

wider bandwidth, the optimization process is repeated 

for every frequency in the band of interest [14], [15]. 

Optimization-based cloaking utilizes either global 

optimization approaches or gradient-based approaches. 

Global methods require too many simulations. Gradient-

based methods require a possibly large number of 

sensitivities per iteration. This is cumbersome at optical 

frequencies where smaller mesh sizes make the 

simulations even more time intensive. These constraints 

limit optimization-based cloaking to narrowband structures 

[12], [13], [16] at microwave region [12] – [15]. 

Instead of following the traditional layer-based 

cloaks, we recently showed the strength of voxel-by-

voxel cloak design in the microwave frequency regime 

[17], [18]. However, to solve similar problems at optical 

frequencies, the number of required gradients per 

iteration is larger than [17], [18]. Also, each simulation 

takes much longer time and the efficient memory usage 

become more critical. Thus, at optical frequencies, 

wideband optimization-based cloaking using classical 

approaches are computationally formidable. 

In this work, exploiting an AVM method, we 

significantly accelerate the design of optical cloaks. The 

gradient of the cloaking objective function with respect 

to the massive number of parameters is estimated using 
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only one extra simulation. Each voxel of the cloak shell 

is allowed to have its independent constitutive parameters. 

We optimally design the generally anisotropic permittivity 

tensor elements of each voxel to provide sufficient 

invisibility for the whole structure at the two observation 

ports. 

The manuscript is structured as follows: the 

formulation is presented in Section II. A wideband 

version of the structure studied in [11] is cloaked in 

Section III. We suggest a non-magnetic cloak for both 

transverse electric (TE) and transverse magnetic (TM) 

illuminations. The numerical results illustrate the 

efficiency of the method in wideband all-dielectrics 

cloak design within the optical frequency regime. 

 

II. FORMULATION 

A. Cloaking problem formulation 

We aim to match the electric field of an empty 

domain Einc(r,t) (Fig. 1 (a)), to the electric field resulting 

from the optimally cloaked object, E(r,t,p*), (Fig. 1 (b)), 

over the input and output spatial observation ports (Ωin 

and Ωout) and over a time domain window (Tm). Here, r 

is the position vector and t is time. The vector p includes 

all the constitutive parameters of the utilized cloak voxels. 

p* is the optimal cloak constitutive parameters vector  

that makes E(r,t,p*) match Einc(r,t) for all time. The 

following objective function measures the object 

invisibility: 
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Here, G is the corresponding kernel of F. Ideally, if 

E(r,t,p) is matched to Einc(r,t) over all the space and  

time samples, (1) would have the ideal value of zero. 

However, (1) can be minimized by adjusting the vector 

p to reach a minimum that is close to the ideal value. We 

utilize an all-dielectric cloak, as it provides low loss and 

wider band response. Such a cloak can be fabricated at 

optical frequencies [10], [11]. The cloak is divided into 

a number of voxels. Each voxel has an independent 

permittivity tensor, εrj=diag(εrxxj εryyj εrzzj), j=1,2,…, Nv, 

where Nv is the number of cloak voxels. All tensors are 

non-dispersive with diagonal elements greater than one. 

The vector of optimizable parameters is given by: 
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Here, pj=[εrxxj εryyj εrzzj]T, j=1,2,…, Nv and N is the size of 

p. To minimize (1), we utilize the steepest descent 

method with line search [5]. It requires estimating the 

gradient of (1) with respect to the N elements of p at each 

iteration: 
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As the number of cloak voxels may be large, estimating 

(3) using conventional CFD approaches is prohibitive.  
 

 
 (a) 

 
 (b) 
 

Fig. 1. The computational domain where, (a) the object 

is absent, and (b) a cloak shell composed of a number of 

optimally designed voxels covers the object. 
 

B. AVM gradient estimation 
To overcome the massive computational cost of 

estimating gradient vector (3), we developed a fast 

memory efficient anisotropic AVM algorithm. In optical 

frequencies, due to smaller mesh size, the number of 

optimizable parameters are inherently massive. Utilizing 

memory efficient AVM is thus mandatory as compared 

to [17], [18]. It estimates all gradient elements of (3) for 

an arbitrary wideband F, using only one extra simulation 

[7]. The cost of the AVM approach does not scale with 

the number of parameters as in classical techniques. This 

makes AVM well suited for applications with a relatively 

large number of parameters that appear in big data 

problems [4]. We utilize a transmission line modeling 

(TLM)-based AVM approach. TLM replaces the 

computational domain by a network of transmission 

lines. The electric and magnetic field components are 

mapped to circuit voltages and currents, vu and iu, 

u=x,y,z. Also, for each node of the computational 

domain, reflected voltages and currents, vr and –ir, that 

correspond to the reflected electric and magnetic fields 

are defined. The total voltages and current and extra 

storages vectors in the original system are updated at 

each iteration using: 
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Here, z is the time shift operator, e=σe+8I-4εrR3×1, 

Te=(σe+4εr)-1, and σe is the electric conductivity tensor. 

Qe and Qm are the electric and magnetic extra storages 

vector, respectively. AVM finds the sensitivities of (1) 

with respect to the elements of (2), using the formula: 
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represent the AVM original responses. They are evaluated 

during original simulation for the ith parameter, the jth 

cloak voxel, and the kth time-step. For all dielectric 

cloaks, the responses ζi and mQ  are zero. The responses 

ζv and eQ are given by: 
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adjoint responses. They are evaluated during adjoint 

simulation. vr,Λ and −ir,Λ are the adjoint vector of 

reflected field voltages and currents. 
e

  and 
m

  are the 

adjoint electric and magnetic extra storages. They are 

updated backward in time using the adjoint simulation: 
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In the adjoint simulation the vector of nodal excitation 

depend on the objective function [7]. In our cloaking 

problem G in (1), is composed of 2 surface integrals over 

Ωin and Ωout. Thus, in the adjoint simulation, 2 excitation 

ports, located at Ωin and Ωout, are applied. This is in 

contrast to the case of [17], [18] where the objective 

function matches the electric fields at one observation 

plane only.  

 

C. Possible fabrication 
The effective medium theory (EMT) and alternating 

layered structures [10], [11] have been applied to 

fabricate all dielectric cloaks at optical frequencies. 

Mixing different dielectrics with proper filling factors 

produce anisotropic materials with desired anisotropy 

tensor. For instance, consider a composite that is made 

of dielectrics ε1 and ε2 with filling factors f1 and f2. The 

EMT formula is [11]: 
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where εeff is the isotropic effective permittivity and κ is 

the screening factor [11]. The desired anisotropic 

permittivity tensor can be written as [10]: 
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Here, index || and ┴ show the cases with the electric field 

polarized parallel and perpendicular to the interfaces of 

the ε1 and ε2 layers. Thus, by properly selecting the 

dielectrics components, changing the filling factors and 

orientation of the composite components, the desired 

cloak parameters are generated using (9) and (10). 

 

III. NUMERICAL EXAMPLE 
We design a wideband dielectric cloak for the 

example presented in [11] for both the TE and TM 

illuminations. The cloaked object is a copper cylinder 

with a radius R0=21.5l and electric conductivity 

σe=5.6×107 Sm-1. The object is placed at the center of a 

waveguide with dimension d1×d2, where d1=758l and 

d2=380l (see Fig. 2). l=21.09 nm is the TLM space 

step [7]. The object invisibility is measured by (1), where 

Ωin and Ωout, are located at 5l and 750l from the 

starting edge of the waveguide in x direction. For x  

and y boundaries, 70 layers of a perfectly matched layer  

are utilized. The excitation is a wideband Gaussian 

modulated sinusoidal (wavelength 632.8 nm and 127 nm 

bandwidth). The simulations are conducted on an 

Intel®Xeon® CPU×5670 @ 2.93 GHz (48.0 GB of RAM). 

 

 
 

Fig. 2. The copper cylinder is covered by a cloak shell 

composed of a number of voxels. 

 

A. TE illumination 

We cover the object with a shell of thickness 5l 

(Rc=26.5l in Fig. 2). The shell is composed of 1320 

voxels. To force TE illumination, Ez (electric field 

polarized along z-axis) incident field is applied combined 

with electric wall in z boundaries. Here, Ez is the only 

electric field in the domain and (1) is only sensitive to 

εrzzj, j=1,2,…,1320. The vector p has thus 1320 elements, 

εrzzj. Setting εrxxj=εryyj=εrzzj, the cloak uses dielectric 

materials with isotropic permittivities greater than 1. 
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To minimize (1), the gradient vector (3), which is 

composed of 1320 components is estimated per iteration. 

The AVM calculates (3) using only 2 simulations in 118 

minutes. The CFD requires 2640 simulations where each 

simulation takes 50.5 minutes. Therefore, in total it takes 

92.5 days to estimate (3) for only one iteration using 

CFD! For this example at each iteration, AVM is 1129 

times faster than CFD. Thus, minimizing (1) without 

AVM is simply prohibitive because of the large number 

of parameters and the intensive simulation time. 

For the bare and cloaked object, the F has the  

values 1843 and 273 [V2m-2s], respectively. Figure 3 (a) 

illustrates the reduction of (1) per iteration. The optimal 

cloak parameters are within the range 1< εrzzj <18, j. 

Their distributions are presented in Fig. 3 (b). The 

snapshots of time-dependent Ez distributions throughout 

the waveguide, at the same time sample, for the bare 

object, empty space, and clocked object are shown in 

Figs. 4 (a), (b), and (c), respectively. Applying the 

optimally designed cloak matches the Ez distribution of 

the cloaked object (Fig. 4 (c)) to that of the empty space 

(Fig. 4 (b)) at Ωin and Ωout. Also, for the bare object (Fig. 

4 (a)), field distortions are observed at both Ωin and Ωout. 

However, those distortions have been significantly 

reduced for the cloaked cylinder (Fig. 4 (c)). 

 

 
   (a) 

 
  (b) 

 

Fig. 3. TE illumination: (a) objective function per 

iteration, and (b) the distributions of εrzzj of the cloak 

voxels. 

 

 
 (a) 

 
 (b) 

 
 (c) 

 

Fig. 4. TE illumination; the snapshots of Ez distributions 

throughout the waveguide for the: (a) bare object, (b) 

empty waveguide, and (c) cloaked object. Dashed lines 

locate Ωin and Ωout. 

 

B. TM illumination  
Here, the object is covered by a shell with thickness 

3l (Rc=24.5l) which is composed of 768 voxels. To 

provide TM illumination, an incident magnetic field Hz 

(polarized along z-axis) is applied combined with 

magnetic wall boundary condition in z-direction. The 

electric fields in the domain are Ex and Ey. Applying  

the optimally designed cloak matches the Ex and Ey 

distributions of the cloaked object to that of the empty 

space. Therefore, (1) is only sensitive to εrxxj and εryyj for 

j=1, 2,…,768. For simplicity, εrzzj are set equal to any of 

εrxxj or εryyj. The vector p has 1536 parameters comprised 

of εrxxj and εryyj, j. Finally, the anisotropic cloak material 

is simplified to uniaxial crystals with diagonal tensor 

elements greater than one. In optimization process, the 

gradient vector (3), with 1536 components, is calculated 

per iteration. AVM approximate all those gradients by 

running only 2 simulations in 107 minutes. CFD would 

require 3072 simulations where each simulation takes 

50.4 minutes. In total, using CFD, estimation of (3) takes 

107.5 days per iteration! For this example AVM is 1449  
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times faster than CFD. Thus, minimizing (1) without 

AVM is simply not possible, due to the massive 

computation cost. 

For the bare and cloaked object, F is 403.7 and  

51.7 [V2m-2s], respectively. The optimal cloak parameters 

are within the range 1< εrxxj <18.2 and 1< εryyj <19.2, j. 

Figures 5 (a) and (b) show the optimal εrxxj and εryyj 

distributions of the cloak voxels. Figure 5 (c) illustrates 

the reduction of (1) per iteration. Snapshots of the time-

dependent Hz distributions throughout the waveguide for 

the bare object, empty space, and cloaked object, at a 

same time sample, are shown in Figs. 6 (a), (b), and (c), 

respectively. It illustrates that the cloaked object Hz 

distribution (Fig. 6 (c)) is well matched to that of the 

empty space (Fig. 6 (b)) at Ωin and Ωout. Also, the field 

distortions at Ωin and Ωout are reduced for the cloaked 

object (Fig. 6 (c)) as compared to the bare object (Fig.  

6 (a)). 

 

 
 (a) 

 
 (b) 

 
 (c) 

 

Fig. 5. TM illumination; the distributions of the optimal: 

(a) εrxxj and (b) εryyj of the cloak voxels. (c) Objective 

function per iteration. 

 
 (a) 

 
 (b) 

 
 (c) 

 

Fig. 6. TM illumination; the snapshots of the Hz 

distributions throughout the waveguide for the: (a) bare 

object, (b) empty space, and (c) cloaked object. 

 

IV. CONCLUSION 
Exploiting a fast anisotropic memory efficient AVM 

simulator, an all-dielectric wideband cloaks are designed 

at optical frequency region for both TE and TM 

illuminations. Designing such cloaks using classical 

approaches is prohibitive at optical frequencies due to 

the formidable computation cost. The sensitivities of  

a cost function with respect to a huge number of 

parameters are required per iteration. Our anisotropic 

AVM simulator significantly accelerates the sensitivities 

computation cost enables wideband invisibility cloaking 

at optical frequencies. 
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