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Abstract – This paper proposes the application of the
hybrid boundary element method (HBEM) for analysis
of bi-isotropic media of Tellegen type. In previous appli-
cations of this method it was possible to analyze only
the electromagnetic problems in isotropic media. The
main contribution of this paper is the modification of the
method itself, in order to solve a large scale of quasi-
static TEM problems in bi-isotropic media. Detailed the-
oretical analysis and HBEM procedure are described and
applied. Characteristic parameters of a microstrip line
with bi-isotropic substrate are analyzed. Obtained results
have been compared with available numerical and soft-
ware simulation results. A close results match can be
noticed.

Index Terms – bi-isotropic media, characteristic
impedance, effective relative permittivity, finite element
methods, hybrid boundary element method, microstrip
line.

I. INTRODUCTION
Analysis of the microwave transmission lines is

the main subject of researches in the World for more
than seven decades. Since the first publication about a
stripline, back in the 1950s, [1], and its modifications
that followed in the forthcoming years, scientists ana-
lyzed, simplified, and designed new structures. Nowa-
days, these structures have found wide applications in
telecommunication systems, in microwave integrated cir-
cuits, for microwave filters and antennas design, delay
lines, directional couplers, etc., [2]. Various numeri-
cal and analytical methods can be used, with more or
less accuracy, for the microwave transmission lines anal-
ysis [3]. Some of those methods are: the variational
method [4], the boundary element method (BEM) [5],
the finite element method (FEM) [6], the method of
lines [7], etc.

The hybrid boundary element method (HBEM), [8]
is a simple, powerful, and accurate procedure used
to analyze isotropic electric and magnetic multilayered
structures. The method is developed as a combination
of the equivalent electrodes method (EEM) [9] and BEM

[10]. During the previous 10 years, the HBEM is applied
to solve different planar and axisymmetric electromag-
netic problems. In [11], the method is used for elec-
tromagnetic field determination in the vicinity of cable
joints and terminations. The magnetic force of perma-
nent magnet systems is calculated using the HBEM in
[12] and [13]. Different configurations of microwave
transmission lines have been successfully analyzed by
HBEM in [2,14-17]. The method efficiency for electro-
static problems solving is improved in [17].

The real challenge was to extend the method for
the analysis of bi-isotropic (BI) (nonreciprocal chiral)
media and apply it for analysis of microstrip lines with
BI substrate. In [14-17], only the transmission lines with
isotropic substrates have been considered. The HBEM,
described and applied in those papers, took into account
only the free charges placed at perfect electric conductors
(PECs) as well as the polarized electric charges placed at
separating surfaces [14,17].

In order to make a base for this method applica-
tion in bi-isotropic media, it was necessary to intro-
duce a concept of fictitious magnetic polarized charges,
[12,13,18]. Also, it is necessary to determine the rela-
tions between the normal component of the electric as
well as the magnetic field and polarized electric and mag-
netic charges.

The HBEM application is now based on the elec-
tric and magnetic scalar potential determination, so only
static as well as quasi-static analysis can be performed
using this method.

Unlike a wide range of literature and methods that
deals with the analysis of systems in isotropic mate-
rials, the BI media, due to their complexity, are not
so common subject of researches. But, in the last
few years, attention was paid to the bi-isotropic and
anisotropic materials and their application in electro-
magnetics [19-28]. The method of moments and the
point-matching method (PMM) have been used to solve
an integral equation in [22] in order to determine char-
acteristic parameters of multiconductor lines with bi-
isotropic layers. Analysis of shielded microstrip lines
with bi-isotropic substrate have been also done in [23]
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Fig. 1. Geometry of a multiconductor line in a layered
bi-isotropic medium with zero potential plane.

and [24], applying strong FEM formulation and expo-
nential matrix technique, respectively.

The geometry of a system which consists of N PECs
embedded in an arbitrary number of dielectric layers is
depicted in Figure 1.

The HBEM application for solving and analyzing
bi-isotropic medium is described in detail in Section III.
The electric and magnetic polarized surface charge dis-
tributions of a line charge placed above boundary surface
of two bi-isotropic layers of Tellegen type is consid-
ered. These results will be compared with the analyt-
ical solution and used to verify the HBEM procedure.
The next step is to analyze a microstrip with a ground
plane of infinite width and a bi-isotropic substrate of
finite width. Obtained HBEM results have been com-
pared with results given by other researchers.

II. CONSTITUTIVE RELATIONS FOR
BI-ISOTROPIC MEDIUM

A bi-isotropic medium consists of elements with
electric and magnetic dipoles. The constitutive relations
for bi-isotropic materials are, [29],

DDD = εEEE +ξ HHH and (1)

BBB = ζ EEE +µHHH, (2)

where ξ and ζ are the magnetoelectric coupling coeffi-
cients, ε is the permittivity and µ is the permeability of
medium. The parameters ξ and ζ are usually given in
the form

ζ = (χ + jκ)
√

ε0µ0 and (3)

ξ = (χ− jκ)
√

ε0µ0. (4)

Replacing these parameters into eqns (1) and (2),

DDD = εEEE +(χ− jκ)
√

ε0µ0HHH and (5)

BBB = (χ + jκ)
√

ε0µ0EEE +µHHH. (6)

Parameter κ describes the degree of chirality, ε0
and µ0 are the permittivity and permeability of the air.

Parameter χ is a dimensionless quantity for the degree
of inherent nonreciprocity. Nonreciprocal nonchiral
medium (χ 6= 0, κ = 0) is so-called Tellegen material,
[29]. Such kind of media will be analyzed in this paper.

For Tellegen medium, it is satisfied ζ = ξ , so the
constitutive relations have the following form,

DDD = εEEE +ξ HHH and (7)

BBB = ξ EEE +µHHH. (8)

The parameter p = ξ 2/(εµ), 0 < p < 1, describes
the level of bi-isotropic effect, [18]. For example, if p =
0.1, the media is with less expressed bi-isotropic effect.
For p = 0.9, the media has high level of bi-isotropy.

III. HBEM APPLICATION
In order to apply the HBEM, the system given in

Figure 2 is considered. A line charge q′ is placed at
height h above the separating surface of two BI layers
with parameters ε1, µ1, ξ1 for the layer 1, and ε2, µ2, ξ2
for the layer 2.

The boundary surface between two BI layers of
finite width 2L can be discretized as it is presented in
Figure 3.

The surface is divided into N strips (segments) of
width ∆l = 2L/N. According to the HBEM applica-
tion for the isotropic layers, [14], each of those segments
should be replaced with equivalent electrodes (EEs) of
radius ae =∆l/π , placed along the segment’s axis. Those
EEs are polarized line charges q′vi (i= 1, 2, ..., N), placed
in the air.

In order to apply HBEM for the BI layers, the neces-
sary modification of the method includes an introduction
of fictitious magnetic line charges q′mi (i = 1, 2, ..., N).
The positions and radii of these charges are the same as
for the electric charges. Those charges are also placed in
the air.

Based on the described procedure, a HBEM model,
shown in Figure 3, is formed.

Fig. 2. Line charge placed above the boundary surface of
two bi-isotropic layers.
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Fig. 3. HBEM application model.

The electric and magnetic scalar potentials at any
point M (x, y) for the considered system given in Figure
3, are

ϕ =− q′

2πε1(1− p1)
ln
√

x2 +(y−h)2−

−
N

∑
i=1

q′vi
2πε0

ln
√
(x− xi)2 +(y− yi)2,

(9)

ϕm =
ξ1q′

2πε1µ1(1− p1)
ln
√

x2 +(y−h)2−

−
N

∑
i=1

q′mi
2π

ln
√
(x− xi)2 +(y− yi)2,

(10)

where xi =−L+(2i−1)∆l/2 and yi = 0 (i = 1, 2, ..., N)
are the line charges positions. The parameter p1 is p1 =
ξ 2

1 /(ε1µ1).
In order to determine the unknown values of the line

charges, according to the HBEM procedure, [14], it is
necessary to form a system of linear equations using the
boundary condition, i.e. a relation between the normal
component of the electric field and total surface charges.
The HBEM application for BI materials needs a modifi-
cation. It is necessary to use the relations between nor-
mal component of electric as well as magnetic field and
total surface charges, i.e. electric and fictitious magnetic
charges.

A. Relations between normal components of electric
as well as magnetic field at boundary surface of two
BI media and total surface charges

Using eqns (7) and (8), the relations between the
electromagnetic field components in the layer 1 and 2,
for the system visible in the Figure 2 are, respectively,

DDD1 = ε1EEE1 +ξ1HHH1, (11)

DDD2 = ε2EEE2 +ξ2HHH2, (12)

BBB1 = µ1HHH1 +ξ1EEE1, (13)

BBB2 = µ2HHH2 +ξ2EEE2. (14)

Replacing those expressions into boundary condi-
tions for the normal components of electric and magnetic
fields, the following relations are obtained:

ε1E1n +ξ1H1n = ε2E2n +ξ2H2n and (15)

µ1H1n +ξ1E1n = µ2H2n +ξ2E2n. (16)

From those equations, it can be written

E2n =
ε1µ2−ξ1ξ2

ε2µ2−ξ 2
2

E1n +
ξ1µ2−ξ2µ1

ε2µ2−ξ 2
2

H1n, (17)

H2n =
ξ1ε2−ξ2ε1

ε2µ2−ξ 2
2

E1n +
ε2µ1−ξ1ξ2

ε2µ2−ξ 2
2

H1n. (18)

The electric polarized surface charge density, ηv, at
the boundary surface between any two layers is, [18]

ηv = P2n−P1n, (19)

where P1n and P2n are normal components of polarization
vector in layers 1 and 2, respectively, defined as

P1n = (ε1− ε0)E1n +ξ1H1n and (20)

P2n = (ε2− ε0)E2n +ξ2H2n. (21)

Replacing eqns. (17) and (18) into (21), the expres-
sion (19) is

ηv =
ε0[µ2(ε2− ε1)−ξ 2

2 +ξ1ξ2]

ε2µ2−ξ 2
2

E(0+)
1n +

+
ε0[ξ2µ1−ξ1µ2]

ε2µ2−ξ 2
2

H(0+)
1n .

(22)

The label (0+) indicates the electric and magnetic
field components in layer 1 for y = 0.

The magnetic polarized surface charge can be calcu-
lated as

ηm = M2n−M1n, (23)

where the normal components of magnetization vector in
layers 1 and 2, M1n and M2n, are defined as

M1n =

(
µ1

µ0
−1
)

H1n +
ξ1

µ0
E1n, (24)

M2n =

(
µ2

µ0
−1
)

H2n +
ξ2

µ0
E2n. (25)

Replacing eqns. (17) and (18) into (25), the expres-
sion (23) is

ηm =
ξ2ε1−ξ1ε2

ε2µ2−ξ 2
2

E(0+)
1n +

+
ε2(µ2−µ1)−ξ 2

2 +ξ1ξ2

ε2µ2−ξ 2
2

H(0+)
1n .

(26)

Using eqns (22) and (26), it is possible to express
the relations between the normal components of electric
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as well as magnetic field and electric and magnetic polar-
ized surface charges,

n̂EEE(0+)
i0 =

ε2(µ1−µ2)−ξ1ξ2 +ξ 2
2

ε0[(ε1− ε2)(µ2−µ1)+(ξ1−ξ2)2]
ηvi+

+
µ1ξ2−µ2ξ1

(ε1− ε2)(µ2−µ1)+(ξ1−ξ2)2 ηmi, (27)

n̂HHH(0+)
i0 =

ε1ξ2− ε2ξ1

ε0[(ε1− ε2)(µ2−µ1)+(ξ1−ξ2)2]
ηvi+

+
µ2(ε1− ε2)−ξ1ξ2 +ξ 2

2
(ε1− ε2)(µ2−µ1)+(ξ1−ξ2)2 ηmi, (28)

where ηvi = q′vi/∆l and ηmi = q′mi/∆l (i = 1, 2, ..., N)
are electric and magnetic polarized surface charges for
i−th segment. n̂ = ŷ is a unit normal vector. q′vi and q′mi
expressed over the normal components of electric and
magnetic fields are

q′vi =
ε0[µ2(ε2− ε1)−ξ 2

2 +ξ1ξ2]

ε2µ2−ξ 2
2

∆lE(0+)
y +

+
ε0[ξ2µ1−ξ1µ2]

ε2µ2−ξ 2
2

∆lH(0+)
y ,

(29)

q′mi =
ξ2ε1−ξ1ε2

ε2µ2−ξ 2
2

∆lE(0+)
y +

+
ε2(µ2−µ1)−ξ 2

2 +ξ1ξ2

ε2µ2−ξ 2
2

∆lH(0+)
y .

(30)

B. System of linear equations formulation
Unlike the HBEM, applied for modeling configura-

tions presented in [14-17], where the PMM is applied
only on the surfaces of electric charges (only those
charges exist at separating surfaces), here it is neces-
sary to apply the PMM on the surface of i-th magnetic
line charge as well as on i-th electric line charge. So,
the total number of unknowns is 2N and the formed
system of equations has a dimension 2N × 2N. Dur-
ing this method application, it should be taken into
account:

• An influence of the charge itself (electric or mag-
netic), with matching points: xp = xi, yp = ae;

• An influence of other charge which is placed at
the same position (magnetic or electric), with the
matching points: xp = xi, yp = ae;

• Influences of all the other electric and magnetic
line charges, with the matching points: xp = xi,
yp = 0,

• An influence of primary line charge, with the
matching points: xp = xi, yp = 0.

Application of this procedure using eqns (29) and
(30), gives the system of linear equations:

q′vi =A∆l
[

q′

2πε1(1− p1)

−h
x2

i +h2 +
q′v1

2πε0
·0+

+
q′v2

2πε0
·0+ ...+

q′vi
2πε0

1
ae

+ ...+
q′vN

2πε0
·0
]
+

+B∆l
[

ξ1q′

2πε1µ1(1− p1)

h
x2

i +h2 +
q′m1
2π
·0+

+
q′m2
2π
·0+ ...+

q′mi
2π

1
ae

+ ...+
q′mN
2π
·0
]
,

(31)

q′mi =C∆l
[

q′

2πε1(1− p1)

−h
x2

i +h2 +
q′v1

2πε0
·0+

+
q′v2

2πε0
·0+ ...+

q′vi
2πε0

1
ae

+ ...+
q′vN

2πε0
·0
]
+

+D∆l
[

ξ1q′

2πε1µ1(1− p1)

h
x2

i +h2 +
q′m1
2π
·0+

+
q′m2
2π
·0+ ...+

q′mi
2π

1
ae

+ ...+
q′mN
2π
·0
]
,

(32)
for i = 1, 2, ..., N.

The constants A, B, C, and D are

A =
ε0[µ2(ε2− ε1)−ξ 2

2 +ξ1ξ2]

ε2µ2−ξ 2
2

, (33)

B =
ε0[ξ2µ1−ξ1µ2]

ε2µ2−ξ 2
2

, (34)

C =
ξ2ε1−ξ1ε2

ε2µ2−ξ 2
2

and (35)

D =
ε2(µ2−µ1)−ξ 2

2 +ξ1ξ2

ε2µ2−ξ 2
2

. (36)

The expressions (31) and (32), after normalizations
q′vi’/q′, q′mi

√
ε0µ0/q′ and xi/h, as well as using that ae =

∆l/π = 2L/πN, have a form

q′vi
q′

(
1− A

ε02

)
−

q′mi
√

ε0µ0

q′
B

2
√

ε0µ0
=

=

(
−A+B

ξ1

µ1

) L
h

πε1(1− p1)N
(

1+
( xi

h

)2
) (37)

− q′vi
q′

C
ε02

+
q′mi
√

ε0µ0

q′
1

√
ε0µ0

(
1− D

2

)
=

=

(
−C+D

ξ1

µ1

) L
h

πε1(1− p1)N
(

1+
( xi

h

)2
) , (38)

i = 1, 2, ..., N.

After solving this system using Mathematica, the
electric and magnetic polarized line charges are calcu-
lated. Also, it is possible to determine the electric and
magnetic polarized surface charges.
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IV. RESULTS AND DISCUSSION
The normalized electric and magnetic polarized sur-

face charges distributions along the boundary surface
between two bi-isotropic layers for the system presented
in Figure 2 are shown in Figures 4–7. Different types of
bi-isotropic materials are analyzed.

The values for εr1, µr1, p1 as well as εr2, µr2, p2 are
denoted in the figures. The other parameters, necessary
for the HBEM application, are:

L/h = 20, ξ1 =
√

p1ε0µ0εr1µr1,

ξ2 =
√

p2ε0µ0εr2µr2, ε0 = 8.85 ·10−12 F/m,

µ0 = 4π ·10−7 H/m and N = 100.

In those figures, analytical solution results are also
shown. These results have been calculated using eqns
(22) and (26) as well as the expressions for the electric
and magnetic fields in the bi-isotropic media, obtained
using image theorem, [19].

Fig. 4. Normalized electric polarized surface charges
distribution on boundary surface of two layers with low
and high bi-isotropic effects.

Fig. 5. Normalized magnetic polarized surface charges
distribution on boundary surface of two layers with low
and high bi-isotropic effects.

The total number of unknown EEs for the HBEM
calculation is Ntot = 2N = 200. The computation time is
less than a second. Increasing the number of unknowns,
the computation time increases too.

Analyzing the figures, where different types of BI
effects are given, it can be concluded that the verification
of HBEM procedure is successful. An excellent results
match is obtained. So, there is no need for modification
of used number of unknowns.

When both layers are isotropic, which is achieved
for p1 = p2 = 0, only electric polarized surface charges
exists as it shown in Figures 6 and 7.

A. Microstrip line with bi-isotropic substrate
According to the procedures described in Section III

for bi-isotropic layers and in [15] for the isotropic media,
a quasi-static analysis of microstrip line with a BI sub-
strate of Tellegen type (Figure 8), is performed.

In order to form an equivalent HBEM model, it was
necessary to apply the image theorem, considering that
the substrate is placed on the zero potential plane of infi-
nite width. That system is shown in Figure 9. With q′vi,
q′mi (i = 1, ...,N) and q′f j ( j = 1, ...,M) are denoted polar-
ized electric (v), fictitious magnetic (m) and free (f) line
charges, respectively. All those charges are placed in the
air, according to the HBEM.

Fig. 6. Normalized electric polarized surface charges
distribution on boundary surface of two isotropic layers.

Fig. 7. Normalized magnetic polarized surface charges
distribution on boundary surface of two isotropic layers.
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Fig. 8. Microstrip line with bi-isotropic substrate.

Fig. 9. HBEM application model.

The electric scalar as well as magnetic scalar poten-
tials at any point of the system are:

ϕ =
M

∑
j=1

q′f j

2πε0
ln

√
(x− xf j)2 +(y+ yf j)2

(x− xf j)2 +(y− yf j)2+

+
N

∑
i=1

q′vi
2πε0

ln

√
(x− xvi)2 +(y+ yvi)2

(x− xvi)2 +(y− yvi)2 ,

(39)

ϕm =
N

∑
i=1

q′mi
2π

ln

√
(x− xmi)2 +(y+ ymi)2

(x− xmi)2 +(y− ymi)2 . (40)

The total number of unknowns is Ntot = M+2N.
Applying the procedure described in Section III, the

unknown line charges are calculated, so the capacitance
per unit length can be obtained using,

C′ =
M

∑
j=1

q′f j

U
. (41)

Fig. 10. Results convergence and computation time.

Table 1: Characteristic impedance and effective relative
permittivity values of microstrip line

Zc [Ω] εeff
r

p HBEM FlexPDE HBEM FlexPDE

0 76.359 76.578 2.0890 2.0921
0.2 81.346 81.137 1.8410 1.8470
0.6 95.550 95.389 1.3341 1.3360
0.9 114.080 113.694 0.9360 0.9359

The characteristic impedance is determined as Zc =

Zc0

/√
εeff

r , with εeff
r = C′

/
C′0 the effective dielec-

tric permittivity is denoted. Zc0 is the characteris-
tic impedance of the stripline without dielectrics (free
space). An optimal number of unknowns is determined
according to the characteristic impedance results conver-
gence, shown in Figure 10. In the same figure, with
a dotted red line, the computation time for parameters:
h
/

w = s/w = 1,t/w = 0.3, εr = 3, µr = 2 and p = 0.2, is
also given.

For all following calculations, the total number of
unknowns will be Ntot = 1800.

The results for characteristic impedance and effec-
tive relative permittivity have been compared with the
results obtained using FlexPDE software, [30], in Table
1, for different values of parameter p.

The microstrip dimensions and parameters are:

h
/

w = 1.0, s/w = 1, t/w = 0.3, εr = 3 and µr = 2.

In this table, the values obtained for an isotropic sub-
strate, for p = 0, are also included. The characteristic
parameters of a microstrip line with an isotropic sub-
strate was analyzed separately in [15] and compared with
available results. From Table 1, it can be concluded that
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Table 2: CPU time
Number of unknowns Computation

(CPU) time [s]
HBEM 1800 EEs 93

FlexPDE 151,162 finite elements 345

Fig. 11. Characteristic impedance as a function of
parameter χ for different values of εr.

a close results match is obtained. The error rate is less
than 0.5%. The computation (CPU) time for both meth-
ods is given in Table 2. All calculations are performed
on a quad-core CPU (Intel i5) running at 3.1 GHz and 4
GB RAM in double precision.

The CPU time in the HBEM application includes the
time necessary to determine the positions of EEs, to fill
the matrix, solve a formed system of linear equations as
well as to calculate the characteristic parameters. On the
other side, the FlexPDE CPU time consists of the time to
run the problem, observe the output results, and calculate
characteristic parameters.

The analysis of microstrip lines with a BI substrate
is not so common in practice, as it is mentioned in the
introduction of this paper. In [22], the characteristic
impedance distribution of microstrip line with infinitely
ground plane and BI substrate of Tellegen type is given.
Those results as well as the results presented in [20] have
been compared in Figure 11 with the HBEM results, for
different values of relative permittivity and parameter χ ,
where χ = ξ/

√
ε0µ0.

The dimensions and parameters of analyzed
microstrip line are: h/w = 1.0, s/w = 3, t/w = 0.05,
µr = 1, and N = 1800.

In [22], it is mentioned that in [20] the authors made
an assumption that electric charges do not create the
magnetic flux, as well as the magnetic dipoles do not
have any influence on the electric potential distribution.
That is the main reason of large results disagreement in
those two results, especially for larger values of parame-
ter χ . Significantly smaller disagreement can be noticed
between HBEM results and those from [22]. It should
be emphasized that HBEM analysis has been done for
a configuration where the substrate has finite width and
finite thickness, since in [20] and [22] the substrate has
an infinite width as well as thickness.

V. CONCLUSION
A development and implementation of HBEM, that

started 10 years ago, have continued in this paper through
the method extension for the analysis of BI media. It is
now possible to analyze not only transmission lines, but
also the other electromagnetic systems where BI mate-
rials are used. The HBEM’s application has been illus-
trated through the examples showing its generality and
accuracy.
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“Hybrid boundary element method and quasi TEM
analysis of 2D transmission lines – generalization,”
Electromagnetics, vol. 33, no. 4, pp. 292-310, Apr.
2013.
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Nebojša Raičević received his
Dipl.-Ing., M. Sc., and Ph.D.
degrees at the Faculty of Electronic
Engineering (FEE) of Niš, Serbia,
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