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Abstract ─ Many modern radio-frequency devices
comprise both lumped-element components and complex
geometries. Simulation of such a device requires
modeling the electromagnetic interactions with both
geometric features and lumped components. We present
a method for including arbitrary lumped-element
components into finite-difference time-domain (FDTD)
simulations. The lumped-element components, which
are described by their scattering parameters, are modeled
in the Yee grid as dependent voltage sources. The
mathematical formulation is described, along with its
implementation into a FDTD simulator. For verification,
simulation results of resistive, capacitive, and inductive
loads are presented, and are compared to simulation
results from previous lumped-element FDTD methods.
This represents a first-step in modeling multiport
networks described by their scattering parameters.
Index Terms ─ Circuit analysis, computational
electromagnetics, fast Fourier transform, finitedifference time-domain (FDTD), linear lumped circuit,
scattering parameters, stripline circuit.

I. INTRODUCTION
The finite-difference time-domain (FDTD) technique
is used to simulate the behavior of electric and magnetic
fields in regions comprising arbitrary materials and
geometries. In addition to modelling basic materials and
geometries, the FDTD technique has been extended to
model voltage and current sources, lumped-elements [1],
active devices [2], and arbitrary impedances [3]. Such
extensions to the fundamental FDTD method increase
its utility in modelling real-world electronic devices. In
this work, we present a new approach to the simulation
of arbitrary impedances based on their S-parameter
representation.
Several descriptions exist for the representation of
S-parameter defined loads in the FDTD grid [4]–[8],
which utilize a transformation from S-parameters to
admittance (Y) parameters. The method we describe here
is most similar to the voltage-source based approaches
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described by Kuo et al. [9], which describes a network
through its impedance (Z) parameters, and uses a
dependant voltage source to simulate the arbitrary
impedance. We extend the technique of [9] by providing
a model which easily integrates into an existing FDTD
code [1], and naturally extends to the simulation of
networks spanning multiple cells. An impedance-based
formulation was selected because it allows for the use
of a current probe and dependent voltage source, two
commonplace FDTD simulation elements, without the
need to write a specialized electric field updating
equation.
Commonly available commercial and open-source
FDTD packages implement varying capabilities for
simulation of arbitrary impedances. While formulations
for arbitrary one- and two-port impedances are described
in the literature, these are not commonly implemented in
FDTD packages. The commercial packages Remcom’s
XFDTD [10] and Keysight’s EMPro [11] allow the
embedding of RLC impedances into a domain, but not
arbitrary S-Parameters. Similarly, CEMS software [12]
allows the incorporation of RLC impedances as well
as diodes into FDTD domains. The open-source MEEP
[13] and OpenEMS [14] packages do not have support
for embedding either S-parameter nor RLC impedances
into FDTD domains.
The formulation we describe in this paper is
applicable to situations where an FDTD simulation
domain contains a one-port passive circuit element
which is defined by its S-parameter representation. In
this case, the S-parameters may be applied directly to the
simulation, without a need to approximate the circuit
component with a combination of lumped-elements or
geometric features.

II. FORMULATION
In the FDTD time-marching loop, electric fields
are updated by means of the Maxwell’s equation for
magnetic field:
 H 

E
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Calculated magnetic fields are in-turn used to update
electric fields:
H
(2)
 E  
  m H  Mi .
t
⃗ represent the electric and magnetic fields,
Here, 𝐸⃗ and 𝐻
respectively, as vector quantities. We denote the electrical
conductivity of the medium as 𝜎 𝑒 , and the induced
current as 𝐽𝑖 . The value for magnetic current, M i need
not be considered in the simulations below.
By expanding the curl (   ) operator, we may
separate (1) and (2) into 6 separate equations. Taking
equation (1) and considering the calculation for only the
Z component of the electric field, we get the equation:

Ez 1  H y H x
 

  ze Ez  J iz  .
(3)
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The FDTD method requires that equations be
discretised for computation in a 3D rectangular grid.
Following the formulation of [1], we re-formulate (3)
with spatial coordinates discretised to cell indices i, j,
and k, and time discretised into time-steps denoted as
n. With this modification, the derivatives are translated
into central differences. For a Z-directed electric field at
time-step n  1/ 2 , we get:
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Equation (4) generally describes the updating of the
electric field within the FDTD grid. However, a specific
behavior is required for a region defined by an Sparameter. Specifically, we create a region which exerts
a voltage in response to the current passing through it
in the Z direction. The measurement of this current,
calculation of the voltage, and application to the FDTD
cell are presented below.
For a region designated as a voltage source with
voltage Vs at time n  1 / 2 , we may write the conducted
current J iz as:
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where V is the potential difference which may already
exist across the cell, which is calculated by:
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In (6), we use the time average of two electric field
values, because the electric field at time-step n is not
precisely known. Combining (6) with (5) and (4), we get
a general equation for a cell containing a voltage source:
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In the case of this work, a voltage source with
internal resistance is generally not needed. By taking
the limit of (7) as Rs approaches zero, we get the
formulation for a hard voltage source:
2 n 1
n 1
n
(8)
Ez i , j ,k   Ez i , j ,k  Vs i , j ,2k .
z
We attempt to simulate a linear lumped network
by means of this voltage source. Therefore, we must
calculate the value of Vs at each time-step, in response
to the current through the network. The frequency
response of a one-port RF network may be defined by
its reflection coefficient  , which is obtained from the
S-parameter S11 . For a network excited by a sinusoidal
voltage at frequency f ( V ( f ) ), the relationship between
voltage and current at a given frequency is described as
[15]:
1  S11 ( f )
V( f )
Z( f ) 
 Z0
.
(9)
1  S11 ( f )
I( f )
For clarity, we may rewrite (9) as:
V ( f )  I ( f )Z11 ( f ).
(10)
Equation (10) describes the relationship of
frequency-domain quantities of voltage and current.
However, for FDTD simulation, we require voltage to
be calculated in the time-domain. Taking the inverse
Fourier transform of (10), we find that the operation
of multiplication has transformed into convolution of

KAST, ELSHERBENI: FDTD SIMULATION OF ARBITRARY IMPEDANCE USING ONE PORT S-PARAMETER

current and impedance:
V (t )  I (t )  1 Z11 ( f ).
(11)
While other methods [4-6], [8-9] make use of
polynomial approximations of the circuit impedance, the
use of convolution allows truly arbitrary impedances
to be simulated, at a moderate cost in computation time.
We will define the symbol z11 (t ) as the inverse Fourier
transform of Z11 ( f ) , giving:
V (t )  I (t )  z11 (t ).
(12)
To calculate voltage, it is necessary to measure
the current through the cell at each time-step. This is
accomplished by the integral form of Ampere’s law:
I free   H  dl.
(13)
Applied to the Yee grid, (13) becomes:
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For accurate calculation of the current through the cell,
the values of is, js, ie, and je are chosen to bound the cell
containing the hard voltage source, with an additional
margin of 1 cell in each direction. At each time-step, (14)
is evaluated and the result saved in an array with current
values for previous time-steps, enabling the convolution
in (12) to be computed:
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The complete updating equation for the S-parameter
defined cell may now be written as:
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It is important to note that the notation I s is:ie2, js: je, k in (16)
refers to the array containing all computed values of
current from the beginning of the simulation to the
current time-step.

III. SIMULATION CONFIGURATION
To test this formulation, an FDTD simulation was
created using the MATLAB codes presented in [1], with
modifications to support a voltage-source controlled
by the formulation described in Section II. The
configuration of the computational domain is illustrated
in Fig. 1.
The circuit comprises a 20 mm length of conductive

stripline suspended in a dielectric material with a
permittivity of r  3.2 . Above and below the dielectric
material are thin sheets modelled as perfect electric
conductors. The stripline width of 1.2 mm, and the
separation between the top and bottom PEC plates of 2.0
mm, was optimized in previous FDTD simulations to give
an 50Ω characteristic impedance for the transmission line.
For simulation, a uniform cell size of
x  y  z  0.1mm was chosen. The simulation was
performed with a time step of Δ𝑡 = 173.325 fs, and the
domain was excited with a Gaussian pulse chosen
to give a minimum of 40 cells per wavelength. For all
simulations, 20000 time-steps were carried out. The
domain is excited by a single voltage source in the plane
of the stripline conductor, producing a Gaussian pulse of
with a 1V amplitude.

IV. SIMULATION RESULTS
For the resistive circuit described below, a
simulation was carried out using the lumped-element
(LE-FDTD) formulation described in [1], [16], [17].
For capacitive (RC) and inductive (RL) circuits, the
appropriate formulation described in [3] was simulated
using the CEMS software [12].
Then the LE-FDTD, RL, or RC representation of the
circuit component was replaced with a voltage source,
which was updated at each time-step according to the
formulation in Section II. For each simulation, voltage
and current were recorded at points indicated in Fig. 1.
These values are plotted in the time and frequency
domain for comparison.
A. Resistive 50𝛀 load
To test the formulation described in Section II
a simulation was carried out using an ideal 50Ω load
terminating the stripline shown in Fig. 1. For a structure
with 𝑍0 = 50Ω , terminated in a 50Ω load, the 𝑆11 is
expected to be 0 for all frequencies. Using (9), we
find 𝑍11 = 50Ω across all frequencies. The simulated
S- parameter defined load was compared to a LE-FDTD
simulated 50Ω resistor in place of the 1 port 𝑆11 element.
Time domain results from the simulation are plotted
in Fig. 2 as voltage and current through the probes
illustrated in Fig. 1. At the beginning of the simulation,
the Gaussian pulse excitation pulse may be seen followed
by several reflections. There is a good agreement both in
magnitude and timing between the S-parameter defined
load (port) of Section II and of the LE-FDTD simulation.
The time-domain results were converted to
frequency-domain S-parameters for comparison, as
plotted in Fig. 3. As with the time-domain results, we
see good agreement between the S-parameters, both in
magnitude and in phase.
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Fig. 1. Stripline configuration for FDTD simulation.
plotted in Fig. 4. As with the resistive 50Ω load case,
good agreement is seen between the S-parameter defined
load (port) and the LE-FDTD representations of the RC
circuit. Similarly, the frequency-domain results plotted
in Fig. 5 align well: at low frequencies, the impedance
of the capacitor is large, and the effect of the 50Ω load
dominates. At higher frequencies, the impedance of the
capacitor decreases, and the reflection of the RC load
decreases.

Fig. 2. Computed time-domain voltage and current
based on results for lumped-element and S-parameter
simulation with 50Ω resistive load.
B. Capacitive (RC) load
To further test the simulation, a lumped-load
comprising a 10 μF capacitor in parallel with a 50 Ω
resistor was simulated using both the S-parameter defined
load and the LE-FDTD method. The S-parameters for
this configuration were calculated as described in [18].
Time-domain results from this simulation are

Fig. 3. Frequency-domain results from the resistive load
simulation.
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Fig. 4. Time-domain results from the RC load
simulation.

Fig. 7. Frequency domain results from the RL load
simulation.

Fig. 5. Frequency-domain results from the RC load
simulation.

Fig. 8. Frequency-domain results from parallel RLC
circuit.
C. Inductive (RL) load
An RL load comprising 50Ω resistor in parallel
with a 10 nH inductor was simulated. As in the previous
simulations, an LE-FDTD model was compared with
an S-parameter defined load. The results from this
simulation are plotted in Fig. 6 and transformed to
frequency domain in Fig. 7. From the frequency-domain
results, we observe the effect of the RL circuit: as
frequency is increased, it becomes increasingly wellmatched as the impedance of the inductor decreases.

Fig. 6. Time-domain results from the RL load
simulation.

D. Resonant (Parallel RLC) load
As a final test of the formulation, the stripline was
terminated with a network comprising a 50Ω resistor, 10
nH inductor, and a 1 pF capacitor connected in parallel.
Frequency-domain results from this simulation are plotted
in Fig. 8. Again good agreement is obtained from the LEFDTD model and the S-parameter simulation based on
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the formulation described in this paper.

[6]

V. DISCUSSION
The formulation developed in this paper for a one
port S-parameter model is used to represent resistive,
capacitive, inductive, and RLC loads as terminations
for a stripline transmission line FDTD simulation.
These simulation results were compared to LE-FDTD
simulations of the same geometries, where existing
formulations for resistive capacitive, and inductive
networks were used [1,3]. In all cases, good agreement
is observed from the two different model simulations.
It is important to note that the agreement between
the simulation results did not diminish when the
complexity of the network was increased. The parallel
RLC network contains two reactive components: an
inductor and capacitor. This suggests that this technique
may be applicable even for passive loads comprising
many components in different configurations.

VI. CONCLUSION
In this work, we present an application of voltage
sources and current probes, widely implemented in
FDTD packages, to model arbitrary loads defined by Sparameters. By converting S-parameters to time-domain
Z (impedance) parameters, it is possible to simulate
the arbitrary impedance as a dependant voltage source
within the FDTD grid. The method described in this
paper therefore allows for embedding of an arbitrary
one-port impedance into an FDTD domain, where the
impedance is described in the form of its S-parameters.

[7]
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