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Use of Model-Based Parameter Estimation
for Fast RCS Computation of a Conducting
Body of Revolution over a Frequency Band

Hyunwung Son, Joseph R. Mautz, and Ercument Arvas
Department of Electrical Engineering and Computer Science
Syracuse University, Syracuse, NY 13244
hson@syr.edu, rmautz@syr.edu, earvas@syr.edu

Abstract—Frequency-derivative information incorporated with ~ Specifically, in [4]-{7], the current is approximated by a ratio-
model-based parameter estimation (MBPE) is used to obtain scat- nal function and its coefficients are determined using frequency
tering from a perfectly conducting body of revolution (BOR). The - 5 fraquency-derivative data. In addition to a one-frequency

electric field integral equation (EFIE) is solved using the method L . L
of moments (MoM) to obtain the surface current on the perfectly derivative method, a multi-frequency derivative method has

conducting body. Instead of computing the MoM solution using a Peen presented [4], [7]. As a similar approach, Cauchy’s tech-
pointwise approach, a rational function model is used to approxi- nique is utilized to determine the electromagnetic response of a

mate the current as a function of frequency. The model coefficients conducting cylinder over a frequency band and the coefficients

are computed using both frequency and frequency-derivative in- o the rational function are obtained from the current and its
formation at one frequency in the band or alternatively two or - .

more frequencies in the band. With the rotational symmetry of d€rivatives at a few frequency points [8]. .

BOR, the computational cost can be significantly reduced com-  In this work, MBPE is applied to evaluate scattering from a

pared to that of arbitrary three-dimensional (3-D) objects and conducting body of revolution (BOR) over a certain frequency
more importantly scattering from an electrically large body canbe  range. In fact, the problem of electromagnetic scattering from a
pbtalned. Numerical results for various perfectly conductlng bod- BOR has been studied by lots of researchers for many years [9]
ies are presented. Results show that the MBPE provides excellent . . L2
agreement with the pointwise approach over a limited frequency [15]- With the rotational symmetry of BOR, the original 3-D
band. In addition, the MBPE performs well for predicting sharp  Problem can be reduced to a series of 2-D problems. As aresult,
resonances. electromagnetic scattering from a BOR can be computed with
a significant reduction of computational time and data storage.
However, when the frequency response over a frequency band
|. INTRODUCTION is required, computations involving a BOR can be costly when
Most electromagnetic problems are essentially involved the pointwise approach is used.
determining the response over a certain bandwidth rather tharin this work, instead of using a pointwise approach, a ra-
at one or a few sampling points. Traditionally when the soldional function model is utilized to approximate the current as a
tion over a frequency band is required, a conventional methhction of frequency and the model coefficients are determined
such as the method of moments (MoM) uses a set of discretgng both frequency information and frequency-derivative in-
frequency samples with linear or low order polynomial interpdermation within a frequency band. Consequently, the compu-
lation, which requires a large number of frequency samplestational cost can be dramatically reduced.
obtain an accurate frequency response curve over the frequency
band. In addition, for a response which contains very sharp res-
onances or is high Q, an excessive humber of closely spaced
frequency samples are required. As a result, the computatiopalcomputing model coefficients using frequency-derivative
cost would be very high. samples
In [1]-[2], model-based parameter estimation (MBPE) is in- ) , )
troduced to obtain a frequency response curve from both fre- The fundamental spectral-domain rational function model
quency and frequency-derivative data in a procedure where fif% P€ written as

Il. MODEL-BASED PARAMETER ESTIMATION

moment matrix equation is differentiated. As an application, NX) [, N X7
MBPE is used to evaluate the specialized Green’s function as- F(X)= D) = ;:0 — (1)
sociated with scatterers inside rectangular guided-wave struc- (X) [Zizo D; XI}

tures and cavities [3]. Typically, MBPE is applied to predict the

radar scattering cross section (RCS) of conducting and dielediere X would be the complex frequency (¥ o + jw). Of

tric two-dimensional (2-D) bodies over a frequency band [4¢ourse, polynomials of any orders can be used in the numerator
[5] and of arbitrarily shaped three-dimensional (3-D) perfectlgnd denominator of this model. Th&'s andD,’ s of (1) can be

electric conducting (PEC) objects versus frequency [6], [flound when frequency-derivative samples at a certain frequency
1054-4887 ' 2004 ACES
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are available. To find them, we begin by rewriting (1) as following equation at the first sampling poifi;
No+ N1 X1+ No X7+ -+ + Ny X7

=1+ D1 X1+ Do X7 + -+ + Dg X F(X1)
Starting with (2) and differentiatingtimes with respect td(, =F(X,)+ D F(X1)X1 + Do F(X1)X?
the following results occur

F(X)D(X) = N(X). @)

+ -+ DgF(X1) XY (8)
F'D+FD =N’ Similarly, (2) can be expanded as the following equation at the
F"D+2F' D +FD" = N" second sampling poirXs
- No+ N1 Xy + NoX2 4.4+ N, X3
“ - . e = (1+ D1 Xy + D2 X3 + -+ + Dy X5)F(X3)
t t—1 / m t—m
D D*“*(tn)F b = F(X2) + DyF(X2)Xy + DyF(X2)X3
4+ i g FDW = NO® + o+ DgF(X2) X4 9)

Differentiating (8)n times with respect t&; and differentiat-
where(t_tm) is the binomial coefficient, an&” dependance is ing (9) d — 1 times with respect td{s, we can obtain the fol-
implicit. Equations (2) and (3) form a systemiof 1 equations lowing matrix equation to compute the unknown coefficients

that can be used to determine the model coefficients. A B D
If the frequency derivatives are known at only a single fre- {A]th Bﬁj [Cu) = [D%l] (10)
quency Xy, (2) and (3) can be simplified by replacing by
X — X, whereX — X, represents the frequency deviation fronyvhere
Xo. Then settingDy = 1, settingt = n + d, and defining 1 X X2 .- X7
D =t + 1, we have the following matrix equation for the un- 0o 1 2X; --- nXpt
known coefficients Ay, = | . . : : (11)
Lt
[4] [B] =[] @ 00 0 frV(x)
whereA = 1 Xp X3 - Xy
12Xy, .- nXy !
1 0 -+ -~ 0 0 0o - 0 Ay =1 - . . : (12)
1 -« o 0 —F, 0 0 . : : : ddil-
00 1 0 -R —F 0 0 0 0 axr N (Xe)
oo -+ . 1 = 1 - 9 - _. d d_F(Xl)Xl d—F(Xl)Xfl
n— n— n— o
00 «+ «+ 0 —F, —Foq - —Fnpagn By — —Te AF(X) X1} - =g {(P(X)X{)
: : : o : :
_O 0 0 —FD_2 —FD_g s _FD—d—l_ 7@ {F(Xl)Xl} T dX" {F Xl Xl }
(5) (13)
;F(Xz)Xz e ;F(Xz)Xg
d
B=[No My Ny --- N, Dy -- Dd}T (6) 5 _d_Xz{F(Xz)Xz} g (R (X)X
T M2 = .
C= [Fo P o By Fapo oo FDfl} (7) ’ h
f&wmm}m - (P () X5
where F,,, = (1/m!)F()(0) for m = 0,1,...,D — 1 and (14)
F,, = 0whenm < 0, F' is regarded as a function 6K — X)),
and the superscrigt denotes the transpose of a row vector. By ¢, — [No,. Ny -+ N, Dy Dy -- Dd]T (15)

solving (4), we obtain the unknown coefficients.
If the frequency-derivative information is available at more -
than one frequency, then a more general matrix equation needs,, — {F(Xﬁ ﬁjﬁF(Xl) . d(;;" F(Xl)] (16)
to be taken instead of (4). Let us consider a two-frequency
model and choose sampling points at two frequendiesand .
X5. If we have one frequency sample amdfrequency- _ { _d_ R }
derivative samples aX’; and one frequency sample add- 1 Dasy F(X2) X2 FXs) ax; ! F(X2) (17)
frequency-derivative samples &t then the system of+d+1  where the superscrigt denotes the transpose of a row vector.
equations can be solved. In detail, (2) can be expanded as Byesolving (10), we obtain the unknown coefficients.
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B. Computing frequency derivatives in a method of moments
model

Following the development in [16], one obtains the fol-

lowing moment equation

ZI=V (18)
[EE] e
r= fgg} (20)
V= ‘gq (21)

whereZ, f, andV are theN x N moment matrix and current

o/ N\?[dB]

- - MBPE(n=5,d=4)
— MoM

L
0.65 07 075 08

5 i L L
04 0.45 05 055

aol6 A

Fig. 1.  NormalizedRCS of a conducting sphere of radus a using MBPE
(n = 5andd = 4) andthe MoM solutionfroma /A = 0.4toa/\ = 0.8. The
samging point of MBPE isata/A = 0.6.

and voltageN x 1 column vectors respectively, and they are

all functions of frequency through = w, /i€ wherew is the
angular frequency.

I1l. NUMERICAL RESULTS

In this work, surface currents are modeled by rational func- The results of applying MBPE to BOR using MoM are con-

tions of frequency. In detail we assume that theelement of
I'in (18)isI;(k) modeled by

N(k) _ Z?:o Nk
D(k) 4  Djki

Ii(k) = (22)

in which there arex +- d + 1 coefficients (V;'s andD;’s) to be
determined (assume thaty = 1). The N;'s andD;’s of (22)

sideredbelow. RCScalcuations over frequerncy bands are done
for a conducting sphere, a conducting spherical shell with a5
degree hole and arother with a 30 degree hole, a conducting
finite circular cylinder of radus a and height h(= 2a) with flat
erd faces a conducting cone-sphere structure, and a conduct-
ing cylindrical container. The excitation is a plane wave axially
incidert. The numerical dataobtained using MBPE are com-
paredwith the reaults calcuatedusing the pointwise approach

can be found when frequency and frequency-derivative samplels the computations reported below were done with a Pertium

at a certain frequency are available.
Starting with (18) and differentiatingtimes with respect to
k, there results the following:

2=V
2T+ zI =V’
2'T+272'T + 21" = V"

ZOT 4 170-DF 4.y ( )Z(m)f(t—m)

t—m

I PO (23)

where(, * ) is the binomial coefficient and the dependence
is implicit. Solving the(s + 1)** of matrix equations (23) for
I'®)intermsofl, 7™M ... . T¢=1 we obtain

N s
-l £(0)

m=1
N

x (Z Z§$>I,§S"”)>} s=0,1,....,t
k=1

wherel(*) is the s derivative with respect té of thei*” ele-
ment offandYM is theij*"* element ofZ—!. The summation
with respect ton in (24) is to be omitted whesn = 0. The sum-
mation indexk in (24) is not to be confused with = w,/Jie.

(24)

IV 2.0 Ghz computer.

Triangle ard pulse bads functions are put on the gererating
curve of the conducting sphere in Figures1 ard 2 reallting in
61 unknown currert coefficients.

Figure 1 shows two normalized RCSs, MoM ard MBPE
(n = 5and d = 4). The MoM RCSis calcdatedby MoM at
100 equally spacedpoints froma/A = 0.4to a/\ = 0.8. The
MBPE RCSis obtained by using information only ata/\ =
0.6. The MoM solutionsfor the RCSatthe 100 points took 117
secands of CPU time. On the other hard, the MBPE took 14
secands of CPU timeto obtain the RCSatthe samepoints. The
MBPE reallt ageeswith the MoM reault to within 1% emor
betweena/\ = 0.49 ard a/\ = 0.73. MBPE achieves88% re-
duction comparedto the MoM solution where the % reduction
is defined by

MoM — MBPE

NoM x 100.

% reduction = (25)

In Figure 2 both MBPE'susen = 5 ard d = 4 in (22).
The one{frequency MBPE in Figure 2 uses (22) ard the first
nine derivativesof (22). The two-frequercy MBPE in Figure 2
uses (22) at both /A = 0.5 ard a/XA = 0.7, the first four
derivatives of (22) at /A = 0.5, ard the first four deriva-
tivesof (22) ata/A = 0.7. The onefrequercy MBPE took
14 secands of CPU time to compute the RCS at 100 equally
spacedfrequercieswhereasthe two-frequency MBPE took 27
secands of CPU time to compute the RCSat the same100 fre-

Note that the derivatives of the moment matrix and the excitguercies The MoM solution, however, took 117 secands. The
tion vector have to be expressed analytically before their norefrequency MBPE achieves88% reduction whereasthe two-

merical computation.

frequerncy MBPE does77% reduction. The formerageeswith

67



68 ACES JOURNAL, VOL. 19, NO. 1b, MARCH 2004

5
ar g
b
A
m i o
= B, -
o~ o o~
< <
-~ -
o 1r ©
a2l
al
\ - - One freq. MBPE s
“4r by X --= Two freq. MBPE ] ) - -+ MBPE(n=4,d=5)
A — MoM — MoM
7504 0.45 05 0.55 06 0.65 07 0.75 08 7903 0.35 04 0.45 05
alA alA

Fig. 2. Normalized RCS of a conducting sphere of radiussing the MoM Fig. 4. Normalized RCS of a conducting spherical shell of radiugith
solution, the one-frequency MBPE, and the two-frequency MBPE figln=  a 5 degree hole using MBPE (= 4,d = 5) and the MoM solution from
0.4toa/X = 0.8. The sampling point of the one-frequency MBPE isah =  a/\ = 0.3 t0 0.5. The sampling point is at/\ = 0.4.

0.6 and the sampling points of the two-frequency MBPE are/at = 0.5 and
a/X=0.7.

Einé
Einc w0k ‘%z
\ 5

<

A/

7

o /N2 [dB]

- - MBPE(n=4,d=4)
— MoM

L L
0.75 08 0.85 09 0.95

alA

Fig. 3. Geometry of a conducting spherical shell of radiugith a 5 degree Fig. 5.  Normalized RCS of a conducting spherical shell of radiusith
hole. a 5 degree hole using MBPE (= 4,d = 4) and the MoM solution from
a/X = 0.75toa/X = 0.95. The sampling pointis at/\ = 0.85.

the MoM result to within 1% error betweesy A = 0.49 to
a/X\ = 0.73. On the other hand, the latter agrees with the MoNaken.
result to within 1% error betweew/\ = 0.43 to a/\ = 0.72. Figure 5 shows the normalized RCS in the vicinity of two
In terms of the computational time, the former is less than tletremely sharp resonances. The MBPE sampling point is at
latter, but the latter shows better agreement at the low end of #)e\ = 0.85. Triangle and pulse basis functions are put on the
frequency range. generating curve of the spherical shell resulting in 81 unknown
For the demonstration purpose of indicating extremely shagprrent coefficients. The RCS is calculated at 120 equally
resonances, a conducting spherical shell of radivgth a 5 spaced points from/A = 0.75to a/X = 0.95. The MBPE in-
degree hole is considered in Figure 3. dicates two extremely sharp resonances at araynd= 0.79
In Figure 4, triangle and pulse basis functions are put @ida/A = 0.92. The MBPE curve adequately indicates the
the generating curve of the spherical shell resulting in 61 ufixtremely sharp resonances and agrees to within 1% error be-
known current coefficients. The RCS is calculated at 12ween the extremely sharp resonances, but elsewhere it deviates
equally spaced points from/\ = 0.3 to a/\ = 0.5. Fig- from the MoM curve. MBPE took 26 seconds of CPU time to
ure 4 shows the normalized RCS in the vicinity of an extremefPmpute the RCS at the 120 points whereas MoM took 242 sec-
Sharp resonance and the MBPE Samp"ng po|ntd§/3t: 0.4. onds of CPU time to Compute the RCS at the same pOintS, that
The MBPE indicates the extremely sharp resonance efficientfy MBPE obtains9% reduction.
whereas MoM does not. MoM took 135 seconds of CPU time to Figure 6 shows the geometry of a spherical shell of radius
compute the RCS at the 120 points. On the other hand, MBR#th a 30 degree hole.
took only 15 seconds of CPU time to compute the RCS at theFigure 7 shows the normalized RCS using the one-frequency
120 points. As insinuated earlier, the conventional method ®BPE, the two-frequency MBPE, and MoM. Triangle and
quires an excessive number of closely spaced samples to obaitse basis functions are put on the generating curve of the
the extremely sharp resonance. In this example, although ggherical shell resulting in 41 unknown current coefficients.
took 120 equally spaced sampling points, MoM fails to indithe RCS curves are calculated at 91 equally spaced points from
cate the extremely sharp resonance. Aninsertin Figure 4 shaws = 0.1 to a/A = 0.4. Both MBPE's user = 5 andd = 4
MoM clearly indicates the extremely sharp resonance when 201(22). The sampling point of the one-frequency MBPE is
equally spaced points from/\ = 0.43 to a/\ = 0.44 are ata/X = 0.25 and the sampling points of the two-frequency
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Einc

Fig. 6. Geometry of a conducting spherical shell of radiwgith a 30 degree
hole.

- -+ One freq. MBPE ||
‘== Two freq. MBPE
— MoM

0.55 06 0.65

25 1

10

.30 | | |
0.35 04 0.45 05
alA

Fig. 8. Normalized RCS of a conducting spherical shell of radiusith

a 30 degree hole using the one-frequency MBPE, the two-frequency MBPE,
and MoM froma/\ = 0.35to a/X = 0.65. The sampling point of the one-
frequency MBPE is at/\ = 0.5 and the sampling points of the two-frequency
MBPE are ata/A = 0.44 anda/X\ = 0.59.

Einc
10 i

- - One freq. MBPE

‘== Two freq. MBPE a
— MoM

B L T T
01 0.15 02 0.25 03 0.35 04

alA h

z

Fig. 7. Normalized RCS of a conducting spherical shell of radiwgith a

30 degree hole using the one-frequency MBPE, the two-frequency MBPE, and ) S— =
MoM from a/A = 0.1toa/X = 0.4. The sampling point of the one-frequency
MBPE is ata/X\ = 0.25 and the sampling points of the two-frequency MBPE
are ata/\ = 0.17 anda/A = 0.35.

Fig. 9. Geometry of a conducting finite circular cylinder of radiuend height
h with flat end faces.

MBPE are az/\ = 0.17 anda/\ = 0.35. The one-frequency
MBPE took 8 seconds of CPU tim&3% reduction) and the
two-frequency MBPE took 14 seconds of CPU time (768% Figure 9 shows the geometry of a conducting finite circular
duction), whereas MoM took 47 seconds of CPU time. Theylinder of radius: and heighth.
two-frequency MBPE curve shows better agreement betweerFigure 10 shows the normalized RCS of a conducting finite
a/A = 0.1anda/X = 0.4 than the one-frequency MBPE curvecircular cylinder of radius and height2a with flat end faces
Figure 8 shows the normalized RCS using the one-frequenesing the one-frequency MBPE, the two-frequency MBPE, and
MBPE, the two-frequency MBPE, and MoM. Triangle andioM. Triangle and pulse basis functions are put on the gen-
pulse basis functions are put on the generating curve of theating curve of the cylinder resulting in 81 unknown current
spherical shell resulting in 81 unknown current coefficientgoefficients. The RCS curves are calculated at 100 equally
The RCS curves are calculated at 121 equally spaced poispsced points from/A = 0.02 to a/\ = 0.4. Both MBPE'’s
froma/A = 0.35t0a/A\ = 0.65. Both MBPE's use» = 4and usen = 5 andd = 4 in (22). The sampling point of the one-
d = 5in (22). The sampling point of the one-frequency MBPHErequency MBPE is at/A = 0.2 and the sampling points of
is ata/A = 0.5 and the sampling points of the two-frequencyhe two-frequency MBPE are a A = 0.1 anda/\ = 0.29.
MBPE are az/\ = 0.44 anda/\ = 0.59. The one-frequency The one-frequency MBPE took 25 seconds of CPU i
MBPE took 25 seconds of CPU tim89% reduction) and the reduction) and the two-frequency MBPE took 46 seconds of
two-frequency MBPE took 46 seconds of CPU time (86 CPU time (76%reduction), whereas MoM took 191 seconds of
duction), whereas MoM took 229 seconds of CPU time. It cabPU time. The two-frequency MBPE curve shows slightly bet-
be seen that the two-frequency MBPE curve agrees with Motdr agreement than the one-frequency MBPE curve especially
to within 1% error betweem/A = 0.39 anda/A = 0.64, arounda/\ = 0.02.
whereas the one-frequency MBPE curve agrees with MoM toFigure 11 shows the normalized RCS of the conducting finite
within 1% error only between/\ = 0.44 anda/\ = 0.57. circular cylinder of radius: and heigha with flat end faces
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Fig. 10. Normalized RCS of a conducting finite circular cylinder of radius

a and heigh2a with flat end faces fromu/A = 0.02to a/X = 0.4. The

sampling point of the one-frequency MBPE isaath = 0.2 and the sampling (b)
points of the two-frequency MBPE are@tA = 0.1 anda/\ = 0.29.

Fig. 12. Geometry of a cone-sphere structure illuminated by a plane wave
w which is axially incident and propagates either (a) from the cone tip toward the
Einc = spherical cap or (b) from the spherical cap toward the cone tip.

29
285 -
* Figure 12 shows the geometry of a cone-sphere structure il-
1 luminated by a plane wave which is axially incident and propa-
gates either from the cone tip toward the spherical cap or from
the spherical cap toward the cone tip.

1 Figure 13 shows the normalized RCS of the cone-sphere
in Figure 12(a) using the one-frequency MBPE, the two-
frequency MBPE, and MoM. The incident wave propagates
from the cone tip toward the spherical cap. Triangle and
‘ — pulse basis functions are put on the generating curve of the
ne freq. MBPE . . . .
By —- Twofreq. MBPE ||  COne-sphere resulting in 61 unknown current coefficients. The
s [/ ‘ ‘ ‘ — MoM RCS curves are calculated at 100 equally spaced points from
al;}\ 145 18 ¥ a/A = 0.02toa/X = 0.4. Both MBPE's usen = 5 and
d = 4in (22). The sampling point of the one-frequency MBPE
Fig. 11. Normalized RCS of the conducting finite circular cylinder of radiulS 8ta/A = 0.2 and the sampling points of the two-frequency
Caomoling ot of he e reauenet WSLE g o 5.4'and 6 samping Mo o A/ A = 0.1 anda/ s oo °”e'f;eq“§”ﬁy
mpling poin g =5 too seconds o time (89Fgéduction) and the
points of the two-frequency MBPE are@tA = 1.32 anda/\ = 1.46. two-frequency MBPE took 26 seconds of CPU time (766¢
duction), whereas MoM took 124 seconds of CPU time. The

in a higher frequency band using the one-frequency MBP&yo-frequency MBPE curve agrees with MoM to within 1%
the two-frequency MBPE, and MoM. Triangle and pulse barror betweem/\ = 0.08 anda/A = 0.32, whereas the one-
sis functions are put on the generating curve of the cylindéequency MBPE curve agrees with MoM to within 1% error
resulting in 201 unknown current coefficients. The RCS curvéstweem /) = 0.16 anda/\ = 0.24.

are calculated at 100 equally spaced points fighh = 1.25 Figure 14 shows the normalized RCS of the cone-sphere
to a/A = 1.55. Both MBPE’s usen = 5 andd = 4 in structure in Figure 12(b) using the one-frequency MBPE, the
(22). The sampling point of the one-frequency MBPE is atvo-frequency MBPE, and MoM. The incident wave propa-
a/\ = 1.4 and the sampling points of the two-frequency MBPBates from the spherical cap toward the cone tip. Triangle and
are ata/\ = 1.32 anda/\ = 1.46. The one-frequency MBPE pulse basis functions are put on the generating curve of the
took 153 seconds of CPU tim&§% reduction) and the two- cone-sphere resulting in 61 unknown current coefficients. The
frequency MBPE took 291 seconds of CPU time (7féfuc- RCS curves are calculated at 100 equally spaced points from
tion), whereas MoM took 1289 seconds of CPU time. The/A = 0.02 to a/\ = 0.4. Both MBPE’s usen = 5 and
two-frequency MBPE curve shows slightly better agreemetit= 4 in (22). The sampling point of the one-frequency MBPE
betweena/\ = 1.25 anda/A = 1.55 than the one-frequency is ata/A = 0.2 and the sampling points of the two-frequency
MBPE curve. MBPE are atz/\ = 0.14 anda/\ = 0.26. The one-frequency
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Fig. 13. Normalized RCS of a cone-sphere structure illuminated by a plane
wave which is axially incident and propagates from the cone tip toward the
spherical cap between/\ = 0.02 anda/X = 0.4. The sampling point of
the one-frequency MBPE is a/ A = 0.2 and the sampling points of the two-

frequency MBPE are at/\ = 0.14 anda/X = 0.26. 20
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al\ Fig. 16. Normalized RCS of a conducting cylindrical container frofm =

0.02 to a/X = 0.4. The sampling point of the one-frequency MBPE is at
Fig. 14. Normalized RCS of a cone-sphere structure illuminated by a plaﬁ. z;ng.s/z?\nitgzgémplmg points of the two-frequency MBPE are/at =
wave which is axially incident and propagates from the spherical cap toward the
cone tip between /A = 0.02 anda/A = 0.4. The sampling point of the one-
frequency MBPE is ai/\ = 0.2 and the sampling points of the two-frequency
MBPE are atz/A = 0.14 anda/X\ = 0.26.

functions are put on the generating curve of the container re-

MBPE took 14 seconds of CPU tim89(% reduction) and the sulting in 93 unknown current coefficients. The RCS curves
two-frequency MBPE took 26 seconds of CPU time (786¢ are calculated at 100 equally spaced points fegik = 0.02 to
duction), whereas MoM took 124 seconds of CPU time. The/\ = 0.4. Both MBPE's user = 5 andd = 4 in (22). The
two-frequency MBPE curve agrees with MoM to within 1%sampling point of the one-frequency MBPE is@at\ = 0.2
error betweer/\ = 0.08 anda/\ = 0.34, whereas the one- and the sampling points of the two-frequency MBPE are at
frequency MBPE curve agrees with MoM to within 1% erron/\ = 0.12 anda/\ = 0.28. The one-frequency MBPE
betweeru/\ = 0.15 anda/\ = 0.24. took 34 seconds of CPU time (88%eduction) and the two-

Figure 15 shows the geometry of a conducting cylindricétequency MBPE took 63 seconds of CPU time (78&guc-
container of outside diameter inside diamete€a, height3a, tion), whereas MoM took 289 seconds of CPU time. The two-
and thicknes%a. frequency MBPE curve agrees with MoM to within 1% er-

Figure 16 shows the normalized RCS of the conductingr betweera/A = 0.05 anda/)\ = 0.35, whereas the one-
cylindrical container by using the one-frequency MBPE, thigequency MBPE curve agrees with MoM to within 1% error
two-frequency MBPE, and MoM. Triangle and pulse basisetweeru/\ = 0.14 anda/\ = 0.26.
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IV. CONCLUSIONS [6]

An implementation of MBPE for the BOR using MoM in the
frequency domain is presented. The RCS for various PEC ohs
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Antennas Propagat., vol. 46, no. 8, pp. 1229-1233, Aug. 1998.

1 C. J. Reddy, “Application of model based parameter estimation for RCS

jects such as a sphere, a spherical shell with a 5 degree hole frequency response calculations using method of moments,” Contrac-

or with a 30 degree hole, a finite cylinder with flat end faces,
a cone-sphere structure, and a conducting cylindrical contain
are computed and compared with the MoM solutions over fre-
quency bands. Instead of using a pointwise approach, a ratio-
nal function model is used to approximate the induced surfa
as a function of frequency. The model coefficients are com-
puted using frequency and frequency-derivative information @&f!
one frequency in the band or alternatively at two frequencies in
the band. Sample results show the MBPE approach gives &4]
cellent results over a limited frequency band, and is much maQes,
efficient than the conventional pointwise approach.

As seen in numerical results, the two-frequency MBPE givés3]
better agreement than the one-frequency MBPE in terms of ac-
curacy although a rational function of the same order is usgty]
But the former requires adjustment at two sampling points to
obtain the best results, whereas the latter does not. [15]

Even though a higher order model generally gives a better ap-
proximation, careful treatment of the model is required. For in-
stance, high ordem(+ d > 7) derivatives in the one-frequency|ig]
MBPE make the sampling matrices ill-conditioned. To avoid
this problem, use of the two-frequency MBPE with the same
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order model is recommended. . . .
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Abstract—The focus of this paper is on the solution of
Maxwell’s equations on triangular orthogonal grids for time-
harmonic fields in cylindrically symmetric resonators and gen-
eral time dependant fields in length-homogeneous waveguides,
respectively. The method is based on the Finite Integration
Technique (FIT) [1], [2]. The 2D simulation on a structured
triangular grid combines the advantages of FIT, as e.g. the
consistency of the method or the numerical advantage of
banded system matrices, with the geometrical flexibility of non-
coordinate grids. FIT on triangular grids was first introduced in
[3], [4]'. This paper presents a review describing the underlying
theory in FIT operator notation first introduced in [2] and puts
this classical approach for FIT on triangular grids in relation
to actual research in the field.

I. CLASSICAL FINITE INTEGRATION TECHNIQUE ON A
STRUCTURED TRIANGULAR GRID

The Finite Integration Technique solves Maxwell’s equations
on a pair of dual grids. Actual implementations generally
work on a rectangular two- or three-dimensional domain ().
Sometimes the field-carrying domain €, is only a sub-domain
of the domain Q: 2 = Q,UQ,. The solution domain might be
composed of several subregions: 0, = U;{),,. Discretization
on () rather than on {2, has the advantage of allowing for
higher topological regularity leading to matrices with regular
(band) pattern. Usually (2,, the overhead, is relatively small.

FIT yields an exact representation of Maxwell’s equations
in integral form on a grid duplet (G, G), denoted as Maxwell-
Grid-Equations:

|
N
l=p))]
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Ce = —2b, 0,

o)

t

- ey

Ch =

&)
u
oB)

03 —
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The linear operators C, (Nj, SandS, the so-called grid voltages
@ and h as well as the grid fluxes b, d and j and the charge
vector q will be introduced below.

Talking of an exact representation relates to the discretiza-
tion error. The topic of errors is treated in more detail in the
next subsection.

'URMEL-T is the resonator and waveguide code based on the classical
FIT on triangular grids described here.

The FIT grid duplet (G, G) is not necessarily coordinate-
bounded, not necessarily orthogonal, not necessarily regular.
Often the solution domain {25 possesses symmetries or some
geometrical invariance such that the 3D problem may be
reduced to a 2D problem by appropriate variable separation.
For example, this is the case for cylindrically symmetric
resonators and longitudinally invariant waveguides as treated
in this paper.

The linear operators C, (Nj, § and S in (1) can be interEreted
as discrete curl operators C, C, discrete divergence S, S and
discrete gradient operators G = —S*, G = —S” The discrete
operators fulfill the following key properties

c = CT, )
SC=SC = o, 3)

as generally shown in [2]. These equations, especially that the
transpose CT of the dual curl operator equals the primary curl
operator C, represent a topological property resulting from
the duality of the grids. For further analytical and algebraic
properties resulting from these basic equations the reader is
referred e.g. to [2], [5] and [6]. Conservation of energy is just
one of the continuous laws for which a proof can be given
for the discrete FIT equations, too.

The vectors €, h, etc. hold scalar state variables defined as
field integrals along edges Li,ﬂi and across facets Ai,fL,
yielding the so-called grid voltages €,h and grid fluxes
IR), ?1? on the primary grid G and the dual grid G, respec-
tively:

ei = [, E-ds, b; = [, B-dA,
hi = [; H-ds, d; = [; D-dA, (4
Ji = Ji,J-dA.

The vector q holds discrete grid charges g; which are al-
located in the points (nodes) of the primary grid G and are
defined as a volume integral over the space charge p contained
in the surrounding dual grid volume V;:

¢ = / pdV. 5)

i
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With these definitions it is straightforward to derive the
discrete form of Maxwell’s equations for a given FIT grid
duplet (G, G). It will be shown for a 2D triangular grid G
with hexagonal dual grid G in subsection I-A.

The choice of a specific grid is mainly influenced by the
following aspects which have to be balanced well:

1) a good approximation of the boundary 0§25 with as few
grid points as possible in order to decrease the spatial
discretization error while keeping memory requirements
as small as possible,

2) a most regular grid in order to decrease the condition
of the resulting linear or eigenvalue systems yielding
a smaller iterative convergence error and/or faster con-
vergence speed,

3) a fast and robust grid generation for arbitrary domains
Q,, especially those with 2, = U;Q,,.

There are many more aspects influencing the solution quality
which are out of the focus of this paper which concentrates
on some basic issues.

Among several types of grids on which FIT has been
implemented until today there were first a 2D [1] and later
a 3D [2] Cartesian grid allowing for diagonal filling in order
to avoid the ’staircase’ approximation still usual in FDTD.
This grid is easy to implement but good convergence can not
always be reached depending on the specific boundary shape
of 0. This gave reason to implement FIT on the regular
triangular grid [3] described in this paper which achieves good
boundary approximations with rather few grid points. Other
examples are the non-orthogonal second order convergent
quadrangular 3D grid described in [6] and the so-called
Conformal FIT (briefly CFIT) [7], on Cartesian grids, also
being second order accurate but numerically less expensive.
All of these specific grids have their pro’s and con’s regarding
the aspects described above.

A. The Triangular Grid and its Dual Grid

In the following, we describe an application of FIT on
a structured 2D triangular grid. The method has been im-
plemented in the URMEL-T code [3]. This may be used
for longitudinal and transversal eigenmode computation in
cylindrically symmetric resonators and for studies of waves
excited in longitudinally invariant waveguides. Often, this 2D
code is used in design studies in combination with a 3D
code, see e.g. [8]. Also, 2D computations may be used for
the simulation of the rf properties of cylindrically symmetric
subsections of complex structures when methods using the
scattering matrix formulations are applied, see e.g. [9] or [10].

Without loss of generality it is assumed that the electric
voltages are allocated on the triangular grid G' and the
magnetic voltages on the dual grid G (see [4] for special
details on the alternative allocation). The mesh generator
starts off with a regular triangulation for {2 which is as
close as possible to an equilateral triangulation (cf. Fig 3
in subsection III-A). Then, grid points are moved onto the
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boundary 925 resp. boundaries 025, for Qs = U;{,, i.e.
for solution domains which consist out of several subregions
s, . Finally the triangulation of () is equilibrated.

For the equilibration all grid points are taken as mass
points and all edges as springs. Then, the goal is to find an
equilibrium, i.e. to minimize the potential which corresponds
to the distance squared. The elastic force of a spring is given
by Hooke’s law F = —kr where r is the displacement from
equilibrium r = 0 and % is the spring constant. The potential
energy of motion on a straight line through r = 0 is given by

1 .
Epor(s) = ks’ ©)

where s corresponds to the distance of two grid points and &
is chosen to k& = 1 for all points. Points on the boundaries 92
of the mesh and 0€; or 9),, respectively, of the solution
domain(s) need a special treatment. The coordinates can be
treated one after the other. For each coordinate, a sparse
linear system of equations results from (6) and is solved
iteratively. Remaining obtuse triangles are searched for. In
some typical cases they can be individually transformed into
acute triangles, too. Details on this algorithm may be found
in [13].

Optimally, the mesh generator can set up the completely
orthogonal dual grid G| composed of the perpendicular
bisectors of the elementary lines L;. The intersections of
the perpendicular bisectors, the circumcenters, give the dual
grid points P;. Its elementary areas A; in the grid plane
are general hexagons, cf. Fig. 1. In the construction of the
material operators also areas normal to the (z,y)-grid plane
are needed thus a virfual mesh extends for +£Az/2 in the
longitudinal z-direction for the waveguide case as displayed
in Fig. 2 and for £A¢/2 in the azimuthal ¢-direction for the
resonator case, respectively.

Fig. 1. Classical triangular FIT grid with its dual (hexagonal) grid, and
some of the electric and magnetic state variables. The two kinds of primary
cells (vertex up and vertex down) associated to each grld point are highlighted
each. (This illustration refers to the waveguide case, i.e. (z, yAz) -coordinates.
For the resonator case, i.e. (1", ¢, z)-coordinates, b .1 and b .o just have to
be replaced by b 1 and b 2, respectively)

G is a Delaunay-Voronoi mesh for the complete domain
Q. For this dual-orthogonal FIT grid the continuity of tangen-
tial electric field and normal magnetic flux is preserved on all
inner boundaries 0€);, of different materials within €2,.

Only if all triangles of the grid G inside {2, are acute or
right-angled all grid points P; of the dual grid G lie inside



the i-th triangle. It may well happen that obtuse triangles
occur near the boundary of {2, some of which remain after
equilibration of the grid. In that case the circumcenters are
chosen for P; in all acute triangles and barycenters in the
(usually very few, cf. subsection III-C) obtuse triangles. Then,
the approximation order p is locally reduced to first order,
overall p typically still has a value close (but smaller than)
two as described below.

B. The Grid Operators on the Triangular Grid

In the previous section the Maxwell-Grid-Equations (1)
were generally defined. Now we will deal with some of the
grid operators on the triangular grid. Special interest is laid
on the material operators.

1) The curl- and divergence operators: As an example
for the derivation of the Maxwell-Grid-Equations on the
orthogonal triangular grid we will first regard Faraday’s law.
With the notations as in Fig. 1 we get:

€,+ep—€e, = —

0
TGS )
a =

o7 ®)

—€,—€ept+te, = ———b.o.
a b c ot z
Since there are only grid voltages and fluxes, the time
derivative and a linear combination with factors 1 this is
an exact representation of Faraday’s law on the primary cell,
i.e. the discretization error is zero per definitionem.

Collecting all voltages and fluxes in the vectors € and b
and the incidences in the matrix C yields Faraday’s equation
on the grid as presented in (1).

Integration of Coulomb’s law takes place over the surface
of a prism the base of which is indicated by the dotted line
in Fig. 1. One of its side faces is depicted in Fig. 2. The flux
QZ is allocated in the middle of the hexagonal’s base while
d... and d..__ lie +Az/2 apart in the virtual grid in z-
direction and may be determined from d . via (17). Then, for
Coulomb’s law we get:

Q)

Qleft + aamght - 8bbottom + 8btop
Chottom + 8Ctop - 8Zback + 8 = gq. (9)

)

w
o
3
o
=4

The fluxes are collected in the vector d, charges in a vector
q and the incidences in the matrix S yielding Coulomb’s law
as presented in (1).

The set-up of C and S is done analogously just on the
other grid, each. The discrete curl operators C and C and the
discrete divergence operators S and S obviously reflect the
topology of the triangular (primary) grid, its dual hexagonal
grid and the enumeration. See [11] for more details.

2) The material operators: In order to derive a discrete
equivalent of the constitutive laws we need to find a linear
map between grid voltages and fluxes:

, b =M,h, j=M,e. (10
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In Q4 we assume loss free material, i.e. €, and o are real.
Here the conductivity is assumed to be equal to zero (except
for the perfect conductor material).

Fig. 2. Classical triangular FIT grid with its dual (hexagonal) grid: Zoom
to some dual grid area A; normal to primary grid plane. The area A; and
the path length L; are used for material averaging.

In classical FIT, the material operators M, M,, and M,
are determined by local averaging of material quantities. This
is motivated as follows: Let us regard the dual grid area
A; depicted in Fig. 2. The primary edge L; perpendicularly
intersects A;. The electric voltage €; along the edge and the
electric flux 22 through the area are defined as in (4). They
are collinear. We may approximate both integrals with help
of some virtual constant mean value e;. For €;, we directly

get

e; E(r) -ds
L;

= (ei+O(Lz’m))/.dS

i

= e-L;+ O(Lim).

o
N
Il

Y

Obviously, this is the moment when the introduction of some
discretization error gets unavoidable. The local approximation
order m is m = 2 if ¢; is exactly allocated in the middle point
of Lz'~

In order to get a similar expression for 22 we have to
deal with the fact that the dual area Ai intersects several
triangles, i.e. primary cells, which all may be filled with
different material. For the topological regular grid treated
here we have the case shown in Fig. 2 where two cells are
intersecting and secondly that one of six intersected triangles
indicated by the dotted lines in Fig. 1. So, we introduce an
effective permittivity

1
eff i — = T) dA. 12
ni=1 [ e (12)
Then, we receive the following expression for di
d; = / D(r)-dA :/ e(r)E(r) - dA

Ai Ai

= (ei +O(A;’)) / e(r) dA (13)

A;

= €eff,i "€ fL + O(A?)

For equal € in all intersected primary cells the local approxi-
mation order n would be n = 4 if A; would be a square and
e; would be exactly allocated in its middle.
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We are searching for the entry M, ; connecting €; and 22
in the constitutive law d = M,@. Since, by orthogonality,
we have the one-to-one relation between €; and d; they are
just connected via multiplication by the diagonal entry M. ;
of the operator M. which is purely diagonal. Thus we regard
the quotient of €; and d ; in order to derive an expression for
the ¢—th diagonal entry of the material operator M. From

(11) and (13) we get

- JiemE() - dA g A

fLiE(r)-ds =T L + O(L*).

(14)

o2

Thus the local discretization error is linear to quadratic.
It depends on the degree of regularity in the mesh: For an
equidistant Cartesian mesh the error is quadratic.

We can proceed similarly for the constitutive law connect-
ing the magnetic voltage h; along a dual edge L; and the
magnetic flux b; through the corresponding primary area
A; (cf. e.g. [12] for more details). Then, the entries of the
permittivity and permeability operator are set to

€eft,i + Aj
L, ~’

-1
M, = M, =B )
i

Thus, the construction of M, is based on area-wise av-
eraging (cf. Fig. 2) and the construction of M, is based
on lengthwise averaging. The conductivity operator M, is
defined in full analogy to M,. These operators are diagonal
and have only positive entries. This is of special importance

for time domain simulations (cf. subsection II-A).

In classical FIT on orthogonal grids the transfer of the
electromagnetic material equations to the grid space generally
results with diagonal material operators M., M, M.

C. Cylindrically Symmetric Resonators
Homogeneous Waveguides

and Length-

As described in [3], [4], classical FIT on triangular grids
was implemented to solve for eigenmodes in cylindrically
symmetric resonant cavities and for fields in translational
waveguides. If € is longitudinally invariant a variable sepa-
ration is possible for the longitudinal coordinate:

E(z,y,7) = Eo(z,y)e"* (16)

with the propagation constant 5. On the discrete level this
can be written as

E(x7y1AZ) = Eo(x’y)e’tﬂAZ = Eo(d?,y)(]. + ’LﬂAZ) (17)

with some virtual step size Az in the third dimension of
space which is only needed ’on paper’ to set up the discrete
equations like (9) or (13).

Furthermore, it is assumed that the fields are time-harmonic
such that a description by a Fourier series is possible. Finally,
the materials are assumed loss free, and non-conducting.

So, additionally normalizing with the root of the wave

impedance Zg = \/po/€o and the admittance Yo = +/€q/ o,
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respectively, where €y and pg are the permittivity and perme-
ability of vacuum, we may write

E =./ZysinwtE', H =+/YcoswtH'

with the normalized fields E’ and H'. Maxwell’s equations
are then discretized with FIT using the normalized fields as
given in (18).

(18)

In the resonator case the variable separation is done for the
azimuthal coordinate ¢ and the normalized fields E' and H'
can then be written as

E'(r,p,z) =3 ,_ [E,. . (rz) cosmpe,
+E§n7(p(r, z)sinmy e,
+E! .(r,z)cosmpe,],
- S (19)
HI(T’ ¥ Z) = Zm:O [ H’:nm (T’ Z) Simnmy ey

+H,, ,(r,z) cosmp e,
+H,, .(r,z)sinmpe. ]

expressing the periodicity with period 27 in the azimuthal
variable . Then Maxwell’s equations are solved for each az-
imuthal mode number m separately. In case of time harmonic
fields the divergence equation is automatically fulfilled as was
shown in [1]. Therefore it is possible to resolve the equation
Sd = 0 for the azimuthal flux density d, and substitute d.,
resp. €, in the remaining field equations. This formulation
reduces the dimension of the system to be solved by the
number of grid points N.

Finally, a linear algebraic eigenvalue problem results. In the
waveguide case it has the squared propagation constants /3>
for a given frequency w as eigenvalues, in the resonator case
the eigenmodes are just the eigenfrequencies of the resonant
monopole (m = 0), dipole (:m = 1) and higher order modes.
The propagation constant 5 may also take complex values, i.e.
all waves including complex modes are found for waveguides.
More details on these equations and on URMEL-T may be
found in [4] and [11] or [13]. Some examples will be given
in section III below.

II. CONSIDERATIONS ON FIT AND FEM WITH
WHITNEY FORMS, FEM ON ORTHOGONAL GRIDS AND
TIME DOMAIN SIMULATIONS

In recent years there have been intensive studies on differ-
ent approaches more or less related to the classical FIT on
triangular grids. In this section, we will try to summarize
some of the results and discuss some aspects which are
important if triangular grids shall be used for time domain
simulations. Of course, this can only touch a few of the wide
variety of recent time-domain approaches with FEM, see [14]
and references therein.

A. Important Aspects for Time Domain Simulation

The stability of any time domain scheme, either FEM
or FIT, is determined by the characteristics of its material
operators. In [15] it was shown that positive definiteness
of the material matrices is a sufficient condition for energy



conservation and stability in Yee’s leap-frog-scheme [16].
Any scheme with diagonal material operators, having only
positive entries ensures this condition.

The second advantage of diagonal material operators is the
possibility to directly invert these matrices and thus to set-up
an explicit iteration scheme which is of great advantage with
regard to the numerical effort compared to implicit schemes.
Thus it is a key point for the construction of a stable explicit
time domain simulation to use a discretization scheme with
diagonal material operators. Classical FIT on orthogonal grids
fulfills these conditions.

Using Yee’s leap-frog-scheme with FIT the equations for €
and b are generally given as (cf. [15] or [12])
B = B - Arcetts,

'ék+% =

(20)
).21)

Here ﬁkH denotes b at time ¢ = to + kAt while ekt s
allocated at time t = to + (k + %)At. The main idea of Yee’s
scheme is to use a staggered grid in time domain, too. For the
time derivatives, central difference approximations are used.

3 ~, =k =k
ety arM(eMh T -5

More details about conditions of spatial stability necessary
for long-time stable simulations are given in [12]. They are
involving eigenvalues of the skew-symmetric matrix which
for a lossless structure (M, = 0,Q, = Q) writes as

Ao o M, fCM; * :< 0 A21>'
M 2CM;, ? 0 —An 0

(22)
This long-time stability is independent of the time-step. The
better known second stability criterion relates to the stable
time discretization. It depends on the step size and the
material distribution. Thus it implies a caveat for triangular
discretizations to take care of avoiding short edges in the
grid(s) in order to avoid small time steps. Instead of the
locally derived well-known form of the Courant-Friedrich-
Levy criterion (CFL-criterion) a generalized form is derived
in [12]. This form implies the eigenvalues of the iteration
matrix G(At)

(1 AtAs
G(At)_<—mpg1 I+At2A2TlA21>' (23)

A stable update scheme is guarantied if all eigenvalues Ag ;
lie within the unit circle of the complex plane while an energy
conserving scheme requires that |Ag ;| = 1 holds for the
chosen time step At.

In [12], also the relation to the FDTD method is discussed
in detail. Both methods are computationally equivalent but,
until recently, only FIT allowed by its linear algebraic for-
mulation for an easy but thorough analysis of properties like
the energy conservation and for clear and elegant derivations
of new developments like local subgridding [17], [18].

B. FEM with Whitney Forms and Mass Lumping

In reference [19] a leap-frog-scheme using the Galerkin
approach is presented. The domain {2 is covered by a
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simplicial mesh consisting of sets of tetrahedra T, facets
F, edges E and nodes N. The degree-of-freedom arrays e
and b on the finite-element mesh represent electromotive
forces along the edges and magnetic fluxes over the facets,
respectively. They are related to the electric fluxes d and
magnetomotive forces h in the dual of the FEM mesh in a
one-to-one relation. The operators in the discrete constitutive
laws

d=M"(ee,

h =M® ®©)b. (24)

are the mass matrices which result from inner products
between the Whitney basis functions (elements): With the
edge elements w") and the facet elements w2 the entries
of ngl) and M'? are given by

ij
/ € wgl) -w;(l),
Q

s

| ovu? w?.
Q

s

M (e) = (25)

(26)
These matrices are non-diagonal but positive-definite, sym-
metric and sparse.

The leap-frog-scheme for FEM with Whitney forms can
then be formulated in full analogy to (20), (21):

bk — At Cer /2, (27)
RN [M(l)(e)—lcTM@) (y)bk] .(28)

bk+1 —

ek+1/2

As in [19] it was assumed here that the current J vanishes
in 5. The main differences between (21) and (28) lie in the
following:

1) With C =ct AT explicitly defines a curl operator
on its dual grid which is applied there to h while the
transpose of the curl operator C on the FEM grid is
applied there to M) (v)b.

2) The material operator related to the magnetic state
variables is M, in FIT and M (v) in the FEM
formulation with the reluctivity v = 1/p.

From the physical meaning both procedures are, of course,
equivalent.

As shown in [20] the first mass matrix M) (e), which
needs to be inverted in each time step according to (28),
can be replaced by some diagonal matrix H(l)(e) under the
constraint that its entries are positive in order to provide
positive-definiteness as necessary condition for the stability:

HY (¢) = — / e gradw” - gradw'”. (29
Qs

J
This mass lumping gathers entries of M) (¢) related to edges
and thus differs from summing up entries of a row as used
in scalar case.

The authors of [19] state that the mass lumping procedure
should be less stringent than the condition of all angles to be
acute as e.g. in the classical FIT on a structured Delaunay-
Voronoi grid as described above. Yet, they found out that the
positiveness of the entries is not easily met in practice. Since,
on the other hand, they observed that a mesh with only 5-10%
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non-positive entries in H(!) (¢) is rather easily to be achieved
they suggest to replace the mass matrix M (1) (¢) by a partially
diagonalized matrix Hg&l) (e) with as many positive entries of
H® (€) as possible. These percentages have to be compared
with the practically found percentages of obtuse triangles in
the classical FIT with structured Delaunay-Voronoi grid given
e.g. in subsection III-C.

Of course, the partial mass lumping implies that no fully
explicit scheme results.

The procedure for the partial diagonalization is described
in detail in [19]. It is stated there that, in practice, the
success of the partial diagonalization is highly dependent on
the mesh generator. For the scheme without mass lumping
the additional numerical effort for the iterative solution of
the mass matrix equation in each time step is estimated as
about 400-fold compared to a fully explicit scheme using a
direct inversion of its diagonal operator. For the scheme with
the partially diagonalized operator the computational load is
about 400p-fold compared to the fully explicit scheme, with
0<p<1[19]

Also, one drawback of non-diagonal mass matrices com-
pared to the classical Yee scheme (underlying the classical
FIT) is pointed out in [19]: More care has to be taken in
order to properly impose boundary conditions.

Allowing for some non-orthogonal regions in an orthogonal
Delaunay-Voronoi grid used with classical FIT usually leads
to only a small percentage of non-orthogonal cells (cf. sub-
section III-C). In consequence, also only a few off-diagonal
entries are introduced in the corresponding material matrix.
Without anticipating a systematic study of this question it
seems that the effort for FIT with non-orthogonal cells and
the partial mass lumping in FEM as described above is more
or less comparable.

C. FEM with Orthogonal Vector Basis Functions

Several authors avoid the mass lumping because instability
can not be excluded a priori, see e.g. [21], [22]. Both schemes
start with the second order vector wave equation. In these
two papers, a diagonal mass matrix is constructed using 2D
and 3D orthogonal vector basis functions, respectively. With
these basis functions a stable explicit scheme is set up. The
2D orthogonal basis presented in [21] ensures diagonality or
positive-definiteness of the employed mass matrices and thus
allows for a stable explicit scheme. The price for this is a
blow up of the factor three in the new set of basis functions,
i.e. in the degrees of freedom, but in numerical experiments
the cpu time nevertheless dropped down by a factor of three
for the same number of cells compared. In some numerical
experiments the 3D orthogonal basis presented in [22] proved
to be nearly about an order of magnitude more efficient in
terms of cpu time than the traditional zeroth- and first-order
vector basis [22].
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D. FIT with Whitney Forms

As already noted above, in classical FIT interpolation gets
necessary in the construction of the material operators on
non-orthogonal grids. This destroys the one-to-one relation
between the allocation of the state variables leading to off-
diagonal entries in the material operators.

In search for a stable FIT scheme for non-orthogonal, non-
coordinate grids an approach is studied in [23] to construct
a discrete constitutive relation compatible with the integral
definition of voltages and fluxes in FIT but using Whitney
forms as interpolating functions.

At arbitrary points inside the cell field values are interpo-

lated from the electric voltages €; using Whitney forms:
E(r)=> ew(r). (30)
i

This is in correspondence to the FE approach with the electric

grid voltage €; corresponding to the degree of freedom e;.

Next, the electric flux components d; are computed ac-
cording to (4) now using the interpolated field values from
(30):

)
I

/~ D(r)-dA:/~ e(r) E(r) - dA
- Z’e‘j/;xve(r)w;l)(r) [dA.

Obviously the new material operator is not diagonal but it
has also off-diagonal entries:

Moy = / e(r)w'(r) - da

i

(€19

(32)

which generally do not vanish - even for orthogonal grid
duplets (G, G).

Next, the authors of [23] investigate a single triangular
cell with the barycenter as dual grid point and the dual
edges intersecting the primary ones at their midpoints, i.e.
the dual edges not being one straight line, but a kinked line.
The resulting non-diagonal material matrix is different from
the FE mass matrices. Unfortunately it is not symmetric in
general.

After all, a 2D grid set up could be presented in [23]
with symmetric material operator. This grid allows for obtuse
triangles with angles up to 120°using the so-called symmetry
points as dual grid points. Using these points as dual grid
points the symmetry of the material operator is enforced. The
symmetry point is located on the connecting line of barycenter
and circumcenter of the triangle and divides this line in a 1:4
ratio. Again, this material operator is different from the one
obtained by classical FIT and from the FE material operator.
Thus, one important result is that the classical FIT scheme on
triangular grids ... cannot be interpreted in terms of Whitney-
type basis functions.” A straightforward extension of this
scheme to 3D tetrahedral grids could not be found.

The new 2D algorithm was implemented and results are
presented in [23]. The numerically determined convergence



rate for eigenmode computations was found to be typically
between 1.3 and 2.5 depending on the grid quality and its
refinement strategy.

E. Classical FIT on Triangular Grids

As described in subsection I-A, the angular limit to ob-
tain an Delaunay-Voronoi grid and thus a diagonal material
operator is 90°. Often the given geometry implies some
unavoidable obtuse angles near the boundary of the meshed
2D cut of the problem domain 2. If a local non-orthogonal
grid is chosen in and neighbouring this triangle interpolation
and projection of components becomes necessary introducing
off-diagonal elements in the material operators.

Regarding the fact that these entries will only occur in a
very small percentage of the matrix (cf. subsection III-C) this
approach seems to be comparable to the FEM approach with
mass lumping described above. Another approach could in
principal follow a methodology presented in [24]. Yet, this
approach based on the use of the longest-edge bisection tech-
nique introduces new points and thus destroys the topological
regularity of the grid. Nevertheless both attempts or other
new ideas, e.g. for FIT on an unstructured Delaunay-Voronoi
diagram, to treat the problem of obtuse triangles seem to be
worth some studies.

III. EXAMPLES

Several examples of simulations with URMEL-T which is
based on the Finite Integration Technique on triangular grids
as described above may be found in earlier publications as
e.g. [3], [4], [11], [25], [8], [26], [27] or [28].

We present three typical specimen for cylindrically sym-
metric resonators and one waveguide example. All simula-
tions in subsections III-A - III-C have been performed on a
SUN Enterprise 450 with 300 MHz, 4 processors and 4 GB
RAM.

A. Cylindrical Resonator

A cylindrical resonator, also denoted as ’pillbox’ cavity,
is suited well for convergence studies since the analytical
solution is available. We chose a pillbox with the dimensions
of 16.5 cm height and 22 cm width as studied in [19], see
Fig. 3.

The authors of [19] computed the resonant frequencies
up to 2.5 GHz with their 3D FEM code on a mesh with
7,038 tetrahedra and compared those with results from the
3D FIT code [15] with 7,293 cells using a rectangular grid
with possibility of diagonal filling. Here, the eigenmodes are
computed in frequency domain with the resonator option in
URMEL-T for different grids. Exploiting all symmetries it is
sufficient to discretize a quarter of the cavity’s cross-section,
an example grid with N = 925 points is displayed in Fig 3.
As ) equals €2, the grid is nearly perfectly equilateral.

v Rienen: Triangular Grids: A Review of Resonator and Waveguide Analysis with Classical FIT and Some Reflections of Y ee-like FIT- and FEM-Schemes

d=22cm
| JAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAV
h =16,5cm KARIRERHIIIIKERIKD
Fig. 3. Left: Cylindrical cavity, also denoted as ’pillbox’ cavity. Right:

Triangular grid with N = 925 grid points, i.e. 1850 triangles, for the right
upper quarter of the pillbox cross-section in (r, z)-plane which only needs
to be computed. In this simple case the final mesh is identical with the start
mesh of the mesh generator since 2 = Q5 holds here.

1.5

log(Af/f)

-3,0 -

log(N)

Fig. 4. Relative frequency error Af/f as function of number N of grid
points for the TEj11-, TM110- and TM111-mode of the pillbox cavity;
logarithmic scale. The convergence goes with N =118 for the TE;11-mode,
with N —1-65 for the TM;19-mode and with N ~1-12 for the TM;1;-mode.

In Fig. 4, a convergence study is presented for three se-
lected modes. The convergence order for these modes ranges
between first and second order. Best convergence is achieved
for the TM;19-mode with O(N~1-95). Also, the CPU time as
function of the number of grid points is presented in Fig. 5. It
scales with O(NN1-28). Note that three unknowns (€, €, €.)
are related to each of the N grid points.

B. Resonator with Nose-Cone

As another cylindrically symmetric geometry where its
cross-section is neither rectangular like for the pillbox de-
scribed in subsection III-A nor having a smooth and simple
to approximate boundary shape like that one shown below in
subsection III-C, we chose also some resonator cavity with a
so-called "nose-cone’ which comes rather close to a re-entrant
corner.

For comparison, an unstructured Delaunay triangulation
obtained by the open source code Triangle [29] is shown in
Fig. 6 together with a FIT grid of comparable number of tri-
angles. The code Triangle generates constrained conforming
Delaunay triangulations while most other codes only generate
conforming, but unconstrained triangulations. In addition to
the Delaunay triangulations, Triangle also offers the related
Voronoi diagram.
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Fig. 5. CPU time ¢/sec as function of number N of grid points for the
pillbox cavity. The cpu time depends as ¢ = 0.0007 - N1-2812,
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Fig. 6. Left: Delaunay triangulation with 1,860 triangles for €25 generated
by the code Triangle [29]. Right: FIT mesh as generated for the right half of
the PETRA cavity by URMEL-T with 1,015 grid points, i.e. 2,030 triangles
for Q (©2\ 5 is modelled as perfect conductor and thus fields are only to be
computed in §25). Again, for symmetry reasons only the upper left or right
quarter of the cross-section in (r,z)-plane needs only to be computed.

The Triangle program informs about important grid charac-
teristics and its construction. In the example shown in Fig. 6
the divide-and-conquer method [30] was used. In the mesh
quality statistics smallest and largest area and edge are given,
each. If we denote their ratio as fotal aspect ratio, the total
area ratio in this example results to 2.5-10? and the total edge
ratio amounts to 1.9-10%. Also, the aspect ratio which relates
the longest edge to the shortest altitude is given; it is 2.9374
in our example. The smallest angle is 34.004°, the largest
angle is 111.5° in the grid displayed in Fig. 6. In total there
are 209 obtuse triangles (11%), of those 145 (8%) have an
angle between 90° and 100°, 61 (3%) an angle between 100°
and 110° and 3 (0.02%) have an angle of 110° to 120°. Much
more information like a list of bad and so on is available, too.

Obviously the structured FIT grid has much smaller total
aspect ratios and much less obtuse triangles (cf. Table I)
thanks to the equilibration algorithm imbedded in the auto-
matic grid generation. So, the FIT grid is most regular which
leads to a better condition of the matrix of the resulting linear
algebraic eigenvalue problem. Also, this greater regularity has
a positive impact on the maximal time step if this mesh
should be used for time domain simulations. It would be
interesting to compare the numerical effort necessary to reach
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the same error for a simulation with both type of grids,
the structured Delaunay grid used in URMEL-T and the
unstructured Delaunay grid. This will be the subject of a
future research project.

C. Multicell Resonators

In the design studies for the future linear collider project
TESLA [31] different multicell superconducting resonator
structures have been investigated. One of them is the 4x7-cell
so-called superstructure [32]. Without the attached couplers
the structure is again a cylindrically symmetric one so that it
can be simulated with the 2D code URMEL-T.

Fig. 7. Geometry of the TESLA 7-cell cavity. For symmetry reasons only
the upper right quarter of the (r, z)-cross-section needs to be computed.
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Fig. 8. Triangular grid in the right end-cell of the TESLA 7-cell cavity.

Here we chose this structure as an example to study the
percentage of obtuse triangles. Fig. 7 shows the part of the
cross-section used for simulation. Fig. 8 displays a zoom
to the grid of the end-cell. The total number of triangles
amounts to 13,366 triangles. Among them, there are 35
(0.26%) triangles with an angle larger than 90°, none of those
has an angle larger than 100°.

Table I also shows the results for coarser grids used for the
full 7-cell structure and a full 9-cell structure (only around
1,500 triangles per cell; ’full’ refers to the complete upper
half of the cross-section, "half’ to its right half as shown in
Fig. 8). The percentage of obtuse triangles only amounts to
0.26% - 0.37%. Triangles with an angle larger than 100° do
not always occur - if so, then they only amount to less than
0.05%. As to be expected, there seems to be a tendency that
finer grids have a smaller percentage of obtuse triangles.

These far less than 1% of obtuse triangles automatically
obtained in the mesh generator of URMEL-T have to be



f triangles | angle > 90° | angle > 100°
9-cell, full 12,150 45 (0.37%) 4-5 (0.04%)
7-cell, full 12,320 43 (0.37%) 4-5 (0.04%)
7-cell, half 13,366 35 (0.26%) 0
TABLE I

PERCENTAGE OF OBTUSE TRIANGLES IN THE MESH OF THE TESLA
7-CELL- AND 9-CELL-RESONATOR.

compared with the 5-10% non-positive entries achieved in the
partial mass lumping, e.g.. This small percentage of obtuse
triangles is achieved by an equilibration procedure with low
computational cost. Of course, more statistics and careful
comparison of the numerical results are necessary before
coming to final statements.

Fig. 9 shows some field plots for the accelerating mode in
one 7-cell cavity of the 4x7-cell superstructure. The TMy; -
mode used for the acceleration” of electrons or positrons,
respectively, passing the cavity on axis with nearly speed of
light has its field maximum of the longitudinal electric field on
axis such that a maximum of energy can be transferred to the
particles while their passage of the structure. The plots also
show that a good field flatness is achieved with the chosen
cavity geometry.

2RISR
8 8@ 88 ® & o - -

Fig. 9. Snap shots of the electric and magnetic field of the TMo1-mode
with frequency 1.3 GHz used to accelerate electrons passing the structure
on axis from left to right. The middle plot shows the azimuthal magnetic
field. The size of the arrows and circles corresponds to the local magnitude
of the field. Their midpoint always lies within Q2 but for large magnitudes
the circles or arrows might partly extend to the outside 2.

D. Dielectrically Filled Rectangular Waveguide

We will show one waveguide example here, others may
be found in earlier publications (see e.g. [11]). We regard
the dispersion relation for a dielectric loaded waveguide.
A rectangular waveguide filled with some dielectrics [4] is
shown in Fig. 10.
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dielectric & =5

f =3 GHz vacuum

Fig. 10. Dielectric waveguide. Mesh for the computational domain.

Its fundamental mode has the frequency 3 GHz. The
dispersion relation between frequency w and propagation
constant J has been computed. For different frequencies the
highest 3’s are displayed in a fit through a few dozen distinct
values in Fig. 11. Note that for each wavenumber kg = w/c
one URMEL-T run has to be performed.
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Fig. 11. Dielectric waveguide. Dispersion relation.

IV. SUMMARY

This paper revisited the application of the Finite Integra-
tion Technique on triangular grids. The corresponding code
URMEL-T is successfully applied in many different loca-
tions, mainly universities and accelerator laboratories. The
underlying method has been reviewed and some example
resonator- and waveguide computations have been shown.
Regarding the question of time domain simulations, some
recent FEM approaches seeking for diagonal or partially
diagonal mass matrices have been cited as well as an approach
for FIT with a Whitney-based material operator.

Starting point was the following: Diagonal material opera-
tors with positive entries ensure energy conservation and sta-
bility in Yee’s leap-frog-scheme for time domain simulations
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(and allow for an explicit scheme). FEM with mass lumping
and classical FIT on a structured Delaunay-Voronoi grid with
acute angles both achieve a diagonal matrix with positive
entries. Yet, both are not easily met in practice. Next best
are positive definite symmetric material operators with only
few off-diagonal entries. For FEM, a partially diagonalized
mass matrix with about 5-10% non-positive entries has been
suggested in literature. This has to be compared with the
maximally 0.5-1% off-diagonal entries in the material matrix
caused by remaining obtuse triangles in classical FIT on
a structured, equilibrated Delaunay-Voronoi grid, as it was
found for the examples presented here. The numerical effort
to achieve a small percentage of obtuse triangles is very
low - probably smaller than that one needed for the partial
diagonalization of the mass matrix. Yet, this question could
not be studied here but still needs more detailed studies in
future.

These first studies let it seem to be worthwhile to invest
some further research on a Yee-like scheme with classical FIT
on structured, equilibrated Delaunay-Voronoi grids.
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Envelope - Finite Element (EVFE) Technique in
Electromagnetics with Perfectly Matched Layer (PML)

Weijun Yao, Yuanxun Wang, and Tatsuo Itoh

Abstract — In this paper, the perfectly matched layer
(PML) has been implemented into the Envelope Finite
Element (EVFE) technique. The PML performance tests
show that it can provide sufficient absorption of the
incident waves both in 2D and 3D cases. The 3D guided
wave structures are efficiently analyzed by the EVFE
technique with the PML boundary condition.
Furthermore, a new plane wave excitation scheme inside
the PML boundary with EVFE technique is also
presented here for the analysis of scattering problems,
and the numerical examples validate the formulations.

I. INTRODUCTION

In modern optical and wireless communication systems,
the digital modulated signals are usually further modulated
with a very high frequency carrier, such that the signal
bandwidth to carrier frequency ratio is very small. To
analyze the transient response of the components and
devices in this kind of system, the traditional time domain
techniques are not efficient and precise enough. The
reasons are: first, although we can develop implicit method
to make the time domain algorithms unconditionally
stable, such as implicit finite element time domain (FETD)
method [1], the time step size is still governed by Nyquist
sampling criterion, which requires that the sampling rate is
at least twice of the simulation bandwidth. As the
simulation bandwidth in FETD ranges from DC to the
highest frequency of the narrowband modulated signal, the
required time step should be very small in order to follow
the variance of high frequency carrier. Second, as FETD is
low pass type of algorithm, the time dispersion error is
smallest at DC, and continually increases as frequency
increases. This characteristic made traditional FETD
unsuitable to simulate narrow band systems because its
time dispersion will be very large at the carrier frequency
[2].

Recently, a new numerical technique called envelope finite
element was proposed in [2]-[5]. In this method, the
carrier information is de-embedded from the narrowband
signal thus only the complex signal envelopes are sampled.
Its simulation bandwidth is much smaller compared with
finite element time domain (FETD) method. Numerical

tests in [2] shows, with same time step size, EVFE has a
much lower time dispersion error than FETD. This is
accomplished while, keeping the same time dispersion
error, suggesting that EVFE can use much larger time step
size than FETD. It can be asserted that EVFE is a
powerful tool to simulate the transient response of
components and devices in the narrowband system. The
concept of envelope simulation itself is not new, which has
been employed into the circuit simulator, such as ADS’s
Circuit Envelope Simulator [6]. It has been proven to be
much more efficient than the regular transient simulator.
EVFE technique makes it possible to do the efficient EM
and circuit co-simulation combining with Circuit Envelope
Simulator.

Previous researchers have already applied EVFE
technique to 2-D guided wave problems [3] and 3-D
microwave passive structures [4] with the first order
absorbing boundary condition (ABC); however, an
alternative and better choice to ABC is perfectly matched
layer (PML) boundary condition, which has wider
bandwidth and can provide more absorption of the
incident waves.  Perfectly matched layer was first
introduced into finite difference time domain (FDTD)
method by Berenger [7], however, it has several
limitations such as the governing equation inside the PML
region is non-Maxwellian. Sacks [8] has suggested a new
PML based on a lossy uniaxial medium and successfully
implemented into frequency domain finite element
method. Gendey [9] further developed the formulation for
the FDTD method with anisotropic perfectly matched
layer and applied it in the analysis of microwave circuits
and antennas. Recently, PML has been successfully
implemented into finite element time domain technique
(FETD) in the analysis of scattering problems [10], and
active nonlinear microwave circuit modeling [11]. Based
on the anisotropic PML concept, we derived the PML
formulations for EVFE technique. Several numerical tests
and examples will be shown to validate our formulations.
This paper is organized as follows. Section II presents the
EVFE formulations for implementing the anisotropic
perfectly matched layer and two examples are presented to
test the PML’s performance both in 2-D and 3-D. Section
IIT presents 3-D examples for the analysis of guided wave
structures with EVFE and PML technique. In section IV a

1054-4887 © 2004 ACES



new plane wave excitation scheme inside the PML
boundary is proposed and scattering problems are
analyzed with this method. Finally, conclusions are made
in section V.

II. PML FOR EVFE FORMULATIONS

In this section, the PML formulation will be derived for
EVFE technique. To make the discussion more general,
we present 3-D formulations here, which can be easily
reduced to 2-D formulations. We would like to start from
the general time-harmonic form of Maxwell equations in
PML regions:

VxH = jowe,e,€E +J,, 1)
VXE =—jouuu,fiH,
where
N
SX
- _ ()
F=g=| 0 = o
Sy
stl
0 0 :
L SZ |

,i=x,9,2 3)
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and s, =1+—

JWE,

Here we assume there is no source in PML region, and the
second-order wave equation from (1), (2), and (3) is:

Vx([A] VxE)-w'e[E]E=joJ" “)
U

Based on the vector finite element method, we can recast

(4) into the following form
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while N7, N/ are the vector basis functions.

To solve equation (5), we need to define another three
variables:
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Equations (3)-(5) are reduced to
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Substituting (9) into (8) we can obtain the differential
equation about the signal envelope
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Using Newmark-Beta formulation to descretize (10), we
can obtain the time recursive formulation
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where R; are the coefficient matrixes. According to (7), we
can obtain the relationship between the y; (§=X,y,z) and u
with Newmark-Beta formulation
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where &=x,y,z and ay are the complex coefficients.
Combining equations (12) and (13), and solving them, the
complex signal envelope vectors u=[u,u,,...,uy/ and ¥
=[ ¥, Yeo ..., ¥en] can be solved in time domain.

In order to reduce the discretization error, we use spatially
variant conductivity along the normal axis [7]

max z- ZO i (14)
\/de

where 7, is the interface between the PML region and non-
PML region, d is the depth of the PML and m is the order
the polynomial variation. The order m =2 is chosen for
better absorption.

Two examples will be presented here to validate our
EVFE formulations with PML boundary conditions. The
first one is a 2-D example with the PML set at the end of a
parallel waveguide. The incident modulated Guassian
pulse’s carrier frequency is 2.91 GHz and the excitation
bandwidth is 0.8 GHz. The second example is a 3-D
rectangle waveguide terminated with PML absorber. The
crossection of the waveguide is 10.16 mm and 22.86 mm.
The excitation’s carrier frequency is about 10 GHz and the
bandwidth is about 4 GHz.

Figs 1 and 2 show the results of PML tests. Both in 2-D
and 3-D cases, PML can provide about -40dB absorption
when four layers of PML are set. As the layers of PML
increase, the absorption to the incident increases quickly.

0.(2)=

III. WAVEGUIDE PROBLEM SOLUTION WITH THE
3-D EVFE AND PML

Two numerical examples will be shown here to verify the
precision and efficiency of EVFE technique with PML.
The first simulation structure is a rectangular waveguide
with a dielectric post discontinuity shown in Fig. 3. The
same geometry was analyzed by J-S Wang using FEM
[12]. The waveguide has a width a = 22.86 mm (y-
direction) and height b = 10.16 mm (x-direction). The
dielectric slab has a height equal to that of the guide, width
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¢ = 12 mm, and length d = 6 mm. The relative dielectric
constant of the slab is 8.2. In order to avoid the influence
of the higher order modes, we set the observation point far
enough from the discontinuity. TE;y mode is excited inside
the waveguide with the center frequency 10 GHz and
bandwidth 4 GHz. The excitation of EVFE in equation is
represented as

J(t)= j(t) e’ = exp{_([;—?)z} Y (15)

where 7= 4dt, ty = 12dt and dt = 25 ps.
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Fig. 3. Dielectric post discontinuity in a rectangular
waveguide.

In FETD or FDTD case, CFL condition requires the time
step to be less than 2ps. The total steps are about 12.5
times as many as what EVFE requires. In this example, 10
layers of PML are set at the each end of the waveguide.
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Fig. 4. Incident, reflection and transmission waves.

e
— [ST1EVFE
+ [S11[HFSS
I e S e S SRS & [S21/EVFE
[S21HFSS

1S11] and |521]

i i i i
%8 0.85 09 0.95 1 1.05 1.1 1.15 1.2
frequency{Hz) . mm

Fig. 5. Magnitudes of S;; and S,;.

Yao, et a.: Envelope - Finite Element (EVFE) Technique in Electromagnetics with Perfectly Matched Layer (PML)

Numerical Results for the time domain fields and
magnitudes of S;; and S,; are shown in Fig. 4 and Fig. 5
respectively. The magnitudes of S;; and S,; are compared
with the results calculated using HFSS, and they agree
with each other very well.

The second example is a waveguide with a rectangle
corner bend, filled with air, shown in Fig. 6. The
waveguide has a width a = 20 mm and height b = 4 mm,
with 10 layers PML set in two ends. In order to avoid the
influence of the high order modes, we set the observation
point far enough from the discontinuity. TE;, mode is
excited inside the waveguide with a center frequency, f; =
13 GHz and bandwidth Af = 4 GHz. Numerical results of
magnitudes of S;; and S,; are shown in Fig. 7. S;; and S,
are compared with the results calculated using HFSS, and
they agree very well.

A

Fig. 6. Waveguide with right-angel corner band. a = 20
mm, b =4 mm.

14 v ; v
i — [s1EVFE
; | | | i e [S21JEVFE
L P g ISTHFSS
i : : : [S21HFSS

|S11] and [S21]

i i i i S
115 12 125 13 135 14 145
frequency(Hz) w10'®

Fig. 7. Magnitudes of S;; and S,
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IV. ANALYSIS OF 2-D SCATTERING PROBLEMS
WITH EVFE & PML

Finite element methods have been extensively applied for
scattering problem analysis with absorbing boundary
conditions (ABCs). The plane wave excitation is
straightforward for traditional Mur’s ABCs. However, how
to excite a plane wave in finite element analysis coupled
with Perfect Matching Layer (PML) efficiently has not
been thoroughly studied. In [13], a scattered field
formulation is used for the entire computational domain.
Therefore the applicability is limited for conductor only
cases. In [10] and [14] the first effective approach
addressing the excitation problem is proposed. The wave
equation for the total field is used for the computational
region while in PML region the incident field is switched
to that in free space. To solve the unknown scattered field,
however, it involves the updating of incident fields over
the entire computational domain. Here, a simple and
physically clear way to excite the plane wave is proposed
based on the equivalence principle. The essential idea is to
use both equivalent electric and magnetic currents on the
virtual surface between these two regions. Though this
concept has been well accepted for finite difference time
domain (FDTD) simulations with PML [15], the
implementation to the finite element approach has not
been reported in literature yet. The main reason is that
FEM is based on the single field (E-field) formulation,
while both equivalent electric and magnetic currents need
to be used to satisfy equivalence principle. In this paper,
we shall present the implementation of the equivalence
principle for plane wave incidence. With the proposed
approach, this technique is applied to solve the scattering
problems using finite element time domain (FETD) or
envelope-finite element (EVFE) techniques, as the final
performance of these techniques are strongly dependent on
the perfect implementation of the PML boundary
condition.

ML POIML

PML

Fig. 8. Geometry of the 2-D scattering problem.
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To derive the EVFE PML formulations for the 2-D
scattering problems, we start from the general wave
equation in PML region

VX((UA])"-VXE)-@’e[AJE =0- (16)

This formulation can be extended to the whole
computational area by defining s,=s,=s,~1 in the non-PML
region. Use testing function T to test the wave equation
(16), we can obtain

jﬂje,[A]ETds = J' TV X[(1,[A])"' VX Elds
" C s
(17)

where S is the surface of the whole 2-D computational
domain. Defining an inner boundary C, S is separated into
the inner region S, and outer region S;, as shown in Fig. 8.
It should be noted that the equivalent sources are placed
on C and the inner boundary should be selected in the free
space area enclosed by PML. Therefore, we represent the
field in S;and S, by £, E-and H*, H ™, Rewriting (17) in
the region S; and S, yields,

fizg,[A]E*TdH [VI X[, [AD VX E* Jds
C

S

~JT[AT" VX E*~dl =0.

(18)
jizgr[A]E'Tds + [VT X[ [A]) ' VXE Jds
Jc
—q T[A]'VXE «dl =0.
(19)

Furthermore, the field can be expanded using finite
element basis functions by letting

~ N
T=N,, E'=):Ne, . (20)
j=1

Substituting (1), (2), (20) into (18) and (19), for 2-D TM
wave incidence, it yields

y 1|s, 0N, 9N, s ON, 9N,

N (02
—&SS NNelds—) e} d
jzl.y'l[cz #Ox0, VIV ;€ dS ;e]!,ur s, o ox s, > oy S
—<§Nl(—ja),ur,uoﬁ+)-dl~ =0,
€2y



Yao, et a.: Envelope - Finite Element (EVFE) Technique in Electromagnetics with Perfectly Matched Layer (PML) 89

SBN oN,
s, dx Ox

ZJA—E,SXSVNNe ds— Ze j

Ilvz

~ N (= jat, p, H yedll =

s, dy dy

(22)
Adding (21) and (22) together, we can obtain
s, ON; oN,
S ox ox
Z.ﬁ—sSSNNem zejl_” N
Tl sp+s, j=1 S aNj aN
siesy | 20 7 ) Y
s, dy dy
~J N [~ jouuy(H ~H Yedi =
(23)

In (23), e represents e inside region S, and ¢ inside S,.
The loop integral in (23) shows the contribution of the
equivalent electric current on C. The relation between the
fields in region 1 and region 2 can be expressed as

—inc

H -H =H

24
(25)

Because the electric field on the boundary C is not
continuous due to the magnetic current excitation, it needs
to be defined. Here we assume e=e¢ on C, thus ¢
unknowns on the excitation boundary can be eliminated by
using (24). Substituting (24) and (25) into (23) yields a
general equation for E fields

s, ON; 9N,
N o’ N 1|s, ox ox
|\ —-€.S.S NN ds— = d
;e/;'-cz rexTyn i /S ;e/;[ﬂr SxaN/aNi S
+_—_
s, dy 9y

=N [ jou o (H" Yol =y j—g S,S,N,N,E"ds

c J=ls

NI
+2Eim J-i &aiﬂ+s_‘ai% ds.

. s, Ox ox s, dy dy

(26)

In (26), both electric and magnetic currents are included in
the right hand side. N; denotes the element numbering
which are related with the excitation boundary C.
Thus we can obtain the matrix equation

. w inc inc
=ja),uof+c—2sxsyE, [A]—E,

Cx

Sx inc Sv
—[B]-ET —[C]
Sy \}

@7

ON . ON.
9N 5 —’aN’ }ds

where
y = js NN ;ds >
] 1 ON, aN s,
T, ay
JdN . )
[c1, = [—2 aN' ds,
7 du, dx Odx

[fl=dH"Nu, dl.

Notice that E™ is zero except on the excitation boundary
C. The internal boundary integral terms inside PML vanish
because of the continuity of tangential H field. If we define
another variable ® and @™

@, = (ts;5,)

and o =E"/ (-'s,s,) (28)

and substitute (28) into (27), we get
(:,jsxs)e][ 1-®,0’s}[B]-® s, [C]
2

_w @Y Em([A]+®Imw2S2[B]+¢lma)2S [C ]+]a¥10f

c2 XUy
(29)
So far, (29) is the derived frequency domain wave
equation in PML medium. A transformation is needed in
order to change (29) to time/envelope domain. First we
define the complex signal envelope of the fields as

e =u,(e™, @ ()=y,(1)e™,
= (e, J(1)= ()™,
Qt,m‘(t) — l//t;nc (t)e'fw‘t,

(30)
where o, is the carrier frequency and u, ¥, j, are the
complex envelopes. Further incorporating the Fourier
transform relationship between frequency domain and time
domain, the transform between the frequency domain
operators and envelope domain operators are:

Jjo.t

jo— ie + jw,e’™, (31

ot

jwt 2 _jo.t

+2j0, — o e —wle
ot

It is evident that setting ®. as zero in the above formulas
leads to the conventional Fourier transform. Therefore,
(29) is converted into envelope domain:

2 9
-0 > —
¢



d’u, du, d’w, dy,
L1+ TS 7, + 1) 1)
af dZMI;lur dui,lu' e
+[Ti ]y, :§+[Tl]7+[Tz]7+[Ts]“,
d Zl//[')w dl//['m inc
HI) a7y,
(32)
where
[4],
[Tl]i/‘ = czl >
(4], (. .10,
(L] =—5|2j0.+ ’
c &
Al.. o +0, OO0
[Ts],,-[ 2]" [—wfﬂaz — ’“/j’
¢ ) &
(7,1, =[B], +[C],>
o, ..o,
(751, = 2[]@ +j[B]i,- +2{J@ +’j[C],-,’
gO 80
2 o 2
.o, , ,
[Tﬁ],,:(JwL-JrJ [B], +{Jw£+}] [Cl;-
80 80
(33)

For the same reason, equation (28) results in,

L v (o
ul = E)tz/ +| 2ja, +

o,+0, oy
ot

o, +0, o;o-y] ,

&

e &)
2
u,= I yz// +(2ja), &9 jay/’+[—af +j@ %1% +Gx0y]y/..
ot ’ A ot YA g )’
(34)
Using Newmark-Beta formulations [3] to discretize (32)
and (34) in time domain yields two difference equations.
The “Mutual Difference” scheme [5] can then be used to
solve these two equations jointly to update the complex
signal envelope vector u=[u,,u,,...,uy] and Y=/ ¥, ¥,,...,
¥,/ in time.
Two numerical examples are presented to validate the
proposed scheme. The scattering problem about the
cylindrical perfect electric conductor (PEC) is first solved
using EVFE technique. Here we define the incident plane
wave in the form of modulated Gaussian pulse. For
simplicity, we assume the incident wave impinges in x
direction, and the carrier frequency is @, the envelopes of
the incident fields thus become

2
I t—t,—x/
Ee =Zexp[_|:2txv:| _ijX/V]
1

{—wf +j,
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1
u

. 2
j[{t_tz ZX/V}—MJCXP[—{I_IZ_X/V} —ja)px/v]dt.
' vt v 4

Him‘ — _Jf}

=
=
h
—_
—_
h
ra

distancenua welength

Fig.9. Magnitude of surface current on upper half cylinder
at =2 GHz.

Fig.10. Normalized RCS of the cylinder in Fig. 9 at
different observation angles at =2 GHz.

Consider a perfectly conducting square cylinder with the
side length 0.15 m. Six PML layers are set 2.5 cm away
from the PEC cylinder’s surface. The incidence wave is a
modulated Gaussian pulse (35) with a center frequency 2
GHz and a bandwidth of 1 GHz. The polarization is TM.
The excitation boundary C is only 1.5 cm away from the



PEC object and 1 cm away from the PML region. The
result for the surface current on the upper half of the
cylinder is plotted in Fig. 9, where the frequency is 2 GHz.
The result of the normalized RCS is presented in Fig. 10.
The results agree well with those obtained using Method
of Moments (MoM).

Another example is a square two-dimensional
homogeneous anisotropic dielectric scatterer. The scatterer
to be simulated is a square anisotropic cylinder with
£,=1.5, pu=1.5, ny,=3 and k¢s=10, where k, is set
according to the center frequency of the Gaussian incident
plane wave, and s is the side length of the square cylinder.
In this case, the excitation boundary C is only 0.1\, away
from the scatter and 0.1\, away from the ten layers PML
region, where N\, is according to the center frequency.
The result about the magnitude of the magnetic current on
center frequency is plotted in Fig. 11 which agrees well
with the result of FDTD [16].

25

Pt

=
- ih

hagnitude of hlagretic Current hEED)
=)
i

MNormakzed Conbowr Length

Fig. 11. Surface magnetic current distribution of square
anisotropic cylinder with &,,=1.5, n=1.5, py,=3
and kys=10.

V. CONCLUSION

In this paper, anisotropic PML has been implemented into
the 2-D and 3-D EVFE formulations. Numerical examples
have been presented to evaluate the PML’s performance
and about 40dB absorption is achieved when a 4-layer
absorber is used in both 2-D and 3-D cases. The EVFE
technique with PML is validated through the simulation of
the guided wave structures. The new method for exciting a
plane wave inside the PML boundary has been proposed
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and the numerical examples of scattering problems are
also presented to show the validity of the formulations.
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Abstract - A three-dimensional transmission-line matrix (TLM) model
was developed to simulate microwave-scanning microscopy. A TLM
algorithm that allows the simulation of the scanning was developed.
Numerical modeling was carried out for frequencies that are commonly
used in microwave nondestructive testing (1GHz — 20GHz). Structures
with local discontinuities in the electric permittivity are modeled
numerically. The excitation parameters used in numerical modeling of
scanning microwave microscopy were determined based on an initial
frequency experimental response obtained from a plate with known
permittivity. The numerical model developed in this paper is based on
the symmetric condensed node. The description of the TLM algorithm is
given in a Hilbert space using a three-index notation.

[. INTRODUCTION

Microwave scanning microscopy is now one of the
fastest growing areas among nondestructive methods. This
method is applied in very different areas: aircraft industry,
biological investigation, semiconductor industry and civil
engineering. All these applications are based on the fact that
microwave propagation is affected by a large number of
material properties: composition, structure, moisture,
delamination and presence of discontinuities. To make the
microwave inspection a powerful tool in quantitative
characterization of materials it is necessary to have a well-
defined mathematical model of the testing problem. Because
of the complexity of the problems, numerical methods were
proven to give more appropriate models than analytical
methods [1]. Microwave probes are robust enough to be
placed in a hand-held configuration, which is the main
advantage of microwave microscopy. Very high resolution

can be achieved with probes that can work in-situ and on line.

By comparison with other methods, currently used in

nondestructive evaluation of materials, the advantages of the

microwave microscopy are:

e Possibility to detect subsurface discontinuities.

e There are no problems related to material contamination
caused by coupling.

e No physical contact is required between the probe and
the material to be investigated; therefore the surface can
be surveyed rapidly.

e No changes are caused in the material; the measurement
is entirely nondestructive.

e In the microwave frequency region, variation of
dielectric permittivity for dielectric materials is
significantly larger than the contrast due to density.

The Transmission Line Matrix (TLM) as a time domain
technique that can deal with complex geometries is one of the
most suitable numerical methods to model microwave testing.
Unlike some other numerical techniques, the TLM algorithm
does not involve any convergence criteria, a property that
makes it an inherently stable method. This stability is
reflected in the flexibility of the TLM method when dealing
with various types of input signals and boundaries. These
advantages can be exploited for nondestructive investigation
in several ways:

e A configuration can be numerically modeled in order to
improve the experiment design and for a better
understanding of the results obtained.

1054-4887 © 2004 ACES



e The TLM method offers a versatile tool to reconstruct
the initial signal based on the actual digitized signal, for
homogeneous media.

e The TLM method can easily generate a time or
frequency domain signal for known configurations.
Based on this, a multi-layer structure can be fully
characterized using an iterative process. The material
parameters, of the multi-layer structure under
investigation can be changed in the TLM model, so that
the numerically generated signal fits the experimental
signal.

The first published account of TLM method dates back
to 1971 [2]. This and following publications demonstrated
that TLM could be used in a wide range of applications.
Almost 30 years after the first article was published, the
method is considered to be “a modeling process rather than a
numerical method for solving differential equations” [3]. The
advantage of TLM is that it provides a direct simulation of
the phenomenon and not of the equation governing it [4].

Il. ALGORITHM DESCRIPTION

The TLM algorithm developed in this paper is based on
Symmetrical Condensed Node (SCN) [5]. A description of
the algorithm is given in a Hilbert space and it is based on a
previous work [6]. This description was adapted to the three-
index notation used  consistently in  numerical
implementation. The use of this notation has two immediate
advantages:

e A physical interpretation for the scattering matrix written

in symmetrical notation is revealed [7].

e The equivalence between the classical notation and the
three-index notation is obtained directly.

In Table 1 the first two rows and the last two columns
were added in order to show the correspondence between the
voltages used in the three-index notation (first row, last
column) and the classical notation (second row, 13" column).
The scattering matrix in symmetrical notation is obtained by
changing the positions of rows and columns respectively in
such a way that the initial scattering matrix is rewritten as a
system of three four by four matrices [8]. The first two rows
and last two columns in Table 1 show how the permutations
between lines and columns, respectively, took place. The
three-index notation shows that these permutations group
together the voltages corresponding to each polarization. The
factor of 1/2 that multiplies each element of the scattering
matrix was omitted in Table 1 for space reasons. In Table 1,
the constitutive matrices were colored in dark gray, light gray
and white. The light gray matrix is the transpose of the dark
gray matrix. These matrices can be rewritten in a symmetrical
form by putting together the voltages (in the three-index
notation) corresponding to each link line and polarization
(Figure 1).
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Table 1. Elements of scattering matrix in symmetrical notation.

Viny VQV Vinz | Vo | Vynz | Vypz | Vymed Vyox | Van | Voo Vany Vzgv

sfulefwols 7122l 4a]s
0[o0]o0]oO 0lo 113V
olofo]o olofl1]a]u]v,
o[oJo]o 1 alolo]l6 ]V
olofo]o 11100/ 0]v.
ojoflrl1]ofofo]o 5 Vi
oJofltrlafofofo]o 7 Vi
1laloflofofoo]o 1 [Vyn
1lolofofofo]o 12 [Vy,,
olol1l1/ofofo]o]2]V
ololalalofofo]o]9]Ve
1 |aloflofofofofo]a]v.,
al1lolofofofofo|8]Vy

Having this formulation for the scattering matrix, TLM can
be represented by a numerable set of real quantities. A
Hilbert space representation of the field state and evolution
was introduced in [9]. Using this representation, the
scattering matrix can be expressed by an operator as shown
below. Considering the scattering matrix in symmetrical
notation as given by Table 1, the scattering matrix operator,

S, is a real, symmetric and hermitian operator and it is
written as

;V ypx Vzny
vypz/
Vanx
TVXI"Y TVXPV
Vxnz/ Vi
\Vi Xpz

fpy
Vsz

> YNX
y vynz/
I—) X

Figure 1. A schematic of SCN node.

z

0 S S
s=|S 0 S )
S S 0

with the matrix éo given by
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00 1 -1
- 1{0 0 -1 1
S == @)
2111 0
110 0

Consider the node with the discrete space coordinates (I, m,
n). This corresponds to the space point of coordinates (X, ,
2), with: x=14x, y=m4y and z=nAz. At the discrete time
coordinate k, corresponding to the time t=k4t, all the incident
and scattered wave amplitudes can be described using the 12-
|

imn and

. . 12
dimensional complex vectors of space C™°, K

Y

dimensional complex vector space C", and are related,
using the indices I, m n and k respectively, to the node with
the discrete spatial coordinates (I, m, n) and to the temporal
coordinate k. A Hilbert space, H,, is introduced [8], having a

r .
mn respectively. These vectors belong to a twelve

system of orthonormal space domain vectors |I,m,n) assigned

to each node positioned at (I, m, n). In a similar way a Hilbert
space, H, is introduced by associating the time coordinate k

with the base vector |K). The Hilbert space where the TLM

algorithm can be described is the Cartesian product of the
previously introduced Hilbert spaces

H,=C*"®H,_A ®H,. (3)

In this space the incident and reflected amplitudes are written
as

|vi>=kv|§&kﬁ|k;|,m,n), 4)
|V’> = k,mglﬁ'k; l,m,n). (5)
In the H,, space the foIIoviing operators are defined:
e  Time shift operator T ,
T|k;1,m,n)=|k+1;1,mn). (6)

o  X-shift operator ( )7) and its Hermitian conjugate ( X" ),

X[k;l,mn) =|k;| +1,mn),
X°[k;1,mn) = |k;| —=1,m,n).

()
(8)
e Y-shift operator (V) and its Hermitian conjugate (Y_*),

Y|k;l,m,n) = |k;I,m+1,n), 9)
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Y'|kil.mn) =[k;l,m=1,n). (10)

e Z-shift operator (Z ) and its Hermitian conjugate (Z"),

Z|k;1,mn) =|k;l,mn+1), (11)
Z'[k;1,m,n) =|k;I,mn-1). (12)

e Connection operator (1),
V=TT, (13)

The connection operator shows that the reflected amplitudes
are incident into the neighboring nodes and it is defined as

T=X(B0 + D)+ X (A, +A, )+
+V (Zynz,ypz Kynx,ypx ) + V* (Kypz,ynz Kynax,ynx ) + (14)
+Z(Kznx‘sz _zny,zpy ) + Z* (Zsz,znx Zzpy‘my )

In Eq. (14) the matrices A_D_p (o, p are each three- index

notations defined in row 1 of Table 1) are 12 by 12 matrices
and each element of these matrices (4] )o,p is defined as

(4 il )o,p = é‘lné‘hp ' (15)

The connection operator (77) is a hermitian and unitary
operator and therefore
r=r'=r". (16)

The simultaneous scattering matrix at all TLM mesh nodes is
described as

V) =TgV'). (17)
Eq. (17) shows that scattering by a TLM node causes a unit
time delay At. The voltages defined in Figure 1 can be related
to the tangential field components at the TLM node boundary
by introducing the following vectors for each of the six faces
of the TLM node:

o Reflected wave vectors,

V, = =[nex(nxE)+znixH ], =16,

- (18)
2

¢ Incident wave vectors,



Vi = =[-nx(nixE)+znixH ], 1-1s.

-= (19)
2

The correspondence between the node cube faces denoted by

fin Egs. (18) and (19), and the three-index notation is given

in Table 2:

Table 2. The correspondence between the TLM node face notation (f
index) and the three-index notation.

f index 11234 6
Corresponding xn|xp|yn|yp|n| zp
plane in three index
notation

(6]

As an example, the plane xp (corresponding to f=2) from
Table 2 is that located on the positive half of the x axis. This
plane contains the voltages Vy,, and Vi, The normal to this
plane is given by,

n,=L o of. (20)

The field components in this plane are given by [6],

JE] s |
E=| [E] ,

k ydi+1/2mn

k [EZ] I+1/2mn |

(21)

k [H X] I+1/2,m,n_

k ydi+1/2mn

[H.]

zJd1+1/2mn i

H = (22)

Substituting Egs. (20) - (22) into Egs. (18) and (19) the local
reflected and incident wave vectors for a node located at
(I,m,n) at moment k are given by [10]

A (23)

):[0 Vx;:y erpz]T’

Vimn =0 V5, VL] (24)

1,m,n) =

The field quantities can be written in a more intuitive fashion
in the three-index notation. For example, considering the
notations in Figure 1, the components of the electric and
magnetic fields are given by

E = —i( LAV 4V

©T 24 =

+V! )

i
7px nx

E =—i( AV AV V),

Y 24 (26)
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1 i i i i
Ez = _ﬂ( Xnz +prz +Vypz +Vynz)’ (27)
V) -V, +V' -V
H="—" = = (28)
2Z A
V., +V, -V_ -V
, e 7px Xpz nx ' (29)
2Z A
vV, -V, -V, +V
HZ — Xxpy ypX Xxyz ynx (30)
2Z A

The numerical implementation of a desired model is
performed in three steps: pre-processing, computation and
post-processing.
The pre-processing step includes determining the excitation
signal parameters and generating the boundary coordinates of
complex geometries. The excitation parameters in the TLM
model are changed until a good fit is obtained between the
experimental and numerical generated curves for a simple
geometry. For instance, one experimental response was
obtained from a bakelite plate. An appropriate numerical
excitation that can give the same response as that obtained
from this reflector was a Gaussian pulse with central
frequency 1.6 GHz.
The processing step is made mainly of the TLM algorithm.
The main steps of this algorithm are [11]: initialization,
scattering and connection. An additional step called scanning
was added to these components. This step involves changing
the position of excitation according to the experimental
scanning pattern whereby he TLM algorithm is repeated for
each new position. The time response for each position is
saved in an output file for further processing.
The programs developed for the post-processing part perform
the following tasks:
e Reading the data input files generated by the processing
program.
o Data visualization in two or three dimensions for each
iteration considered.

e Signal processing of the numerically generated signal in
time and frequency domain.

I1l. ALGORITHM IMPLEMENTATION

The scattering matrix implementation of the SCN used for
this application is based on an algorithm that explores the
symmetry of the scattering matrix [12]. The voltages in the
port model for SCN can be assigned using a three-character
name [13]. A representation for this node is given in Figure 1.
In Figure 1 the first index denotes polarization (x, y or 2), the
second is related to position on the link line, positive or
negative ( p or n) and the last index is related to link line ( X,
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y or 2). The voltages at all ports can be obtained considering
all circular permutations of indices (x,y,2) denoted in general
form as (i,j,K). These voltages are obtained according to the
scattering matrix. To minimize the number of operations the
reflected voltages at any port are obtained using the following
scheme [14]

\/irr\j =V = Vit » (31)
In Egs. (31) and (32) the following notations were used
1
Vten’p :E Kni +Vkpi +Vdif )’ (33)
Vi :\/im _\/inj : (34)

The parameter used to obtain a microwave image is Sy;. This
parameter cannot be obtained directly from the TLM
algorithm because an incident field cannot be separated. To
solve this problem, two successive runs of the program are
needed. The first run is performed with excitation without a
reflecting object. This run will provide data for the reference
port. A second run of the program will be performed

considering boundary conditions for objects to be
investigated. The Sy; parameter is given by
F-F,
= 35
S, = (35

In relation (35) Foand F; are the frequency response obtained
for the same position of excitation source without reflecting
object and with reflector respectively.

IV. RESULTS

To validate the numerical model, the experimental set-up
for microwave microscopy depicted schematically in Figure 2
was used. It consisted of a microwave resonator (open-ended
coaxial line sensor) connected to a network analyzer. The
probe was mounted horizontally over an x-y table. During the
scanning process, the probe was held at a constant height
over the sample (typically 10 um) Stepper motors controlled
via a serial interface by computer assured the positioning of
the sample (the minimum step size was 1um).

ACESJOURNAL, VOL. 19, NO. 1b, MARCH 2004

Network
Analyzer

Stepper Motors
(x,y directions)

Personal Computer

GPIB
Interface

SERIAL
Interface

Figure 2. The experimental set-up used in microwave microscopy
experiments.

Figure 3 shows the plot of the S;; parameter for three
different materials: metal, bakelite (g, =5) and teflon (g, =2).
The plot demonstrates the capability of the proposed TLM
model to differentiate between materials with different
electric permittivities. The frequency response was obtained
after two intermediary signal - processing steps: filtering and
windowing. The same signal processing process was applied
to the reference and to the reflected signals.

—~
o
§ 8 ‘ B
e '
» .
-10 b 3 )
'
N metal
e 3 etal
—teflon
14 . - - bakelite
-16
12E+09 13E+09 14E+09 15E+09 16E+09 17E+09 18E+09 19E+09 2.0E+09
Frequency (Hz)

Figure 3. Sy; parameter extracted from the TLM generated signals
for different materials.

Figure 4 shows the numerical results for simulation of
scanning over two small pieces of bakelite and teflon
respectively. The length of the dielectric pieces was 1.6 mm
and the step size in scanning was 0.033 mm. The dielectric
profiles were obtained by selecting the corresponding
computed S;; parameter for 1.72 GHz. This procedure is



identical to that used in experimental microwave microscopy
[15].

= = Bakelite profile
—— Teflon profile

05 T T T
0 05 1 15 2
Distance (mm)

Figure 4. Results of numerical scanning for two pieces of dielectric.

The results obtained prove that the TLM algorithm can be
used to model detection of local variation in permitivity.
Furthermore, the TLM algorithm presented in this paper can
be implemented as the forward solution subroutine for the
reconstruction of the permitivity profile. A reconstruction
process of inhomogenities in permitivity based on a Newton’s
iterative scheme for microwave imaging was proposed
before [16]. This reconstruction code will involve the
following steps:

1. Computing the electric fields using the TLM
algorithm described here for each of the different
excitations, initially assuming a homogeneous
sample.

2. Obtaining the difference between the measured and
computed fields (determined in step 1) at a finite
number of locations for a finite number of incident
fields.

3. Constructing the Jacobian matrix required in the
Newton’s method [17].

4. Computing a perturbation of complex valued wave
number squared, AK>.

5. Modifying the values of k* based on the computed
AK? and repeating steps 1-4 until a convergence
criteria is satisfied.
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VI. CONCLUSIONS

A numerical model for scanning microwave
microscopy was implemented. The model is based on the
TLM algorithm. The results shown in this paper demonstrate
that the models can be applied to the dimensional
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characterization of structures with different electric
permittivities. The scanning process was also implemented in
the numerical model. The results obtained show that the
numerical model can be run in parallel with the experimental
scanning. This allows a better characterization of reflectors
detected by microwave microscopy. Using TLM algorithm in
reconstruction of permittivity profiles based on microwave
measurements is proposed in this article.
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Abstract—We consider a double-periodic slab which is char-
acterized by two lattice vectors a and & on the (x,y)—plane,
the thickness h, and a three-dimensional scalar function
£(x,Y, 2) specifying the dielectric constitution of the slab. Above

or, dielectrically or magnetically open, or, a combination

of both. In the case of open boundaries we require that
the cladding media satisfy the following conditions: a) the

dielectric media are independent of thecoordinate; i.e.

and below the slab is free space. These assumptions imply that d€(X,y,2z)/d; = 0, and b) the media possess the same peri-

the z—direction is special in this problem. Therefore, follow-

odicity properties as in the slab along the lattice vector di-

ing a general scheme we diagonalize the Maxwell’'s equations rections.

with respect to this direction. The periodicity in two direc-

The periodicity property in two directions suggests the

tions suggests the use of spatially harmonic functions as a ba- use of spatially harmonic basis functions in the transversal

sis. We exploit this property; however, contrary to the tradi-

(x,y)—plane. Obviously the—direction in our slab prob-

tional schemes, we propose an expansion of the fields in the lem, suggests the diagonalization of the Maxwell's equa-

form W(r,z) = 3, fa(z) exp(jkn - r) allowing fn(2) to be a fairly
general function of the z-coordinate, rather than an exponen-
tial function. In this expression r is the position vector in the
(x,y—) transversal plane. To guarantee maximum flexibility we
discretize f in terms of finite differences. We demonstrate the
superiority of our method by discussing the following proper-
ties: i) Diagonalization only involves the transversal field com-
ponents, ii) Diagonalization allows us easily to construct and
implement various boundary conditions at the bounding sur-
facesz =0 and z = hy, iii) The resulting discretized system is
extraordinarily stable and robust, and facilitates fast compu-
tations; from the computational performance point of view it
compares well with existing methods, while it by far applies to
larger class of problemsijv) It allows to use both the radian fre-
quency w and the wavevector K as input parameters. There-
fore, the resulting discrete system can be solved at individual
(w,K)-points of interest, v) Finally, the method is applicable to
both the eigenstate end the excitation problems.

I. INTRODUCTION

tions with respect to this “normal” direction. We ex-
ploit these properties and expand the fields in terms of a
sum of products of separable functions in the fo#n=
Snfa(2 exp(jkn-r). In order to determine various func-
tions fn(z), we discretize them in terms of finite differences
(FD) which leads to a simple yet powerful implementation.
Standard FD techniques involve all the three components
of the electric fieldE and the magnetic fieletH. On con-
trary, in the proposed diagonalized form only an optimized
subset of field components are involved: It turns out that
only those field components which enter the interface- and
boundary conditions on= constplanes have to included in
our formalism. In the next section it is shown that, once the
transversal field componengs= (e1,e2) andh = (hy,hy)

are known on & = constplane, the remaining components
in the normal (diagonalization) direction can be derived eas-
ily, straightforwardly and inexpensively.

II. PLANEWAVE FD IN 3D

A. Constructing the diagonalized operator

We consider a doubly-periodic slab which is character- The curl operator can be written in the form

ized by a dielectric functior(x,y,z) satisfying the condi-
tion € (r + may + nap,z) = £(r, ) for arbitrary negative or
positive whole numbersn andn. Herer is the position
vector andy; anday are lattice vectors in théc y)—plane.

Above and below the slab, which is bounded by the planes
z= 0 andz = h,, various boundary conditions can be ac-
commodated, e.g. electrically or magnetically conducting,

Ox = 0Ny + dyN2 + 9;N3, Q)
where
0O 0 O
No=|0 0 -1 |, (2a)
01 O

1054-4887 © 2004 ACES
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0 0 1
No=| 0 O O], (2b) the aforementioned relationships just simply by inspection.
| -1 0 0] We have
[0 -1 0] 0 €3 hy
| 0 0 0] & —e hs
Adopting this notation the Maxwell’s equations are NG
pung q -6, & |, (5a)
(8«N1 + N2+ 3;N3) E = jwpH, (3a) 0
(0XN1+(9yN2—|-02N3)H = —jweE. (3b) 0 hs e
ok| —hs | +4 0 + jwe
In what follows we describe a simple recipe for the diago- X h 3 Y _h : ©2
. , - . . 2 1 €3
nalization of Maxwell’'s equations as written in (3). Thereby,
we arbitrarily choose any of the directiorsy, or z. How- —hy
ever, we reference to our discussion in the introduction and =—0;| (5b)
select thez—direction as our diagonalization direction. To 0
this Qnd,_ we Conside_r the decomposition of 3he3 identity Due to the properties of the Maxwell's equations' (5b)
matrix | in the following form can be obtained from (5a) simply by the replaceménts
"1 0 g (i=1,2,3) ande «» —u. Therefore, it is sufficient to
0 1 8 8 8 8 restrict our manipulations only to one set of these equations.
I= 00 0 + 00 1 (4a) We consider (5a). Obviously these equations split into the
L equations
0 10 0 -1 0 & 0 h e
= -1 00 1 0 O 0)({ :|+0y|: }ﬁ—jwu[ 2 }—02{ },(6)
0o 000 0 O 0 & —h €2
[0 0 0 and 1 1
+(0 0O 4b hs = ——dver — ——adyer. @)
P (4b) jopu " jou ™
- The counterpart of (7) is
v 1 1
_NT - _ il
= N3Nz +Us, (4c) &= e okhp +- (e dyhy. (8)

where the matrixtJs in (4b) has been introduced in the ob-Substitutinges from (8) into (6) we obtain
vious manner. The superscriptdenotes transposition. h

Recognizing the form afi N3 (Egs. (4)) and the orthog- d{ hl ] = dz[ . ] , 9
onality property ofN3 andUs, and thusNg andUs, the di- 2 €2
agonalization procedure amounts to the following steps: (Where
Multiply (3a), from the left, successively uyg andUs, (i) AL a
multiply (3b), from the left, successively By} andUs. (i) [ XJwe ™Y
It is immediately seen that the equations obtained from the
Us—multiplication allow us to express the transversal field
componenty, €, hy andhy in terms of the normal field performing the aforementioned replacements we obtain the
componentss, hs. Furthermore, it can be seen that thesgorresponding counterpart
equations do not involve argr-derivatives at all. Substitut-
ing the resulting matrix equation in the combined systems of B { €1 } =0, { ot ] ’ (11)
equations, obtained from the multiplicationéf, results in € hy
the desired diagonalized form. In the following we providgyhere
examples by discussing several special cases. 1

In the present case, considering isotropic media only, the _axwdy
equations (3) are extraordinarily simple: Once the equations B = . (12
are written out explicitly the reader can easily recognize all — Oy Oy + jwe By e O

—dxj-ﬁdx +jou
(10)

®ﬁ§®4¢wu f@ﬁ§@

dxﬁdx—jwe
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Therefore, we have transformed the Maxwell's curl equafor a discreteM x N set of reciprocal lattice. The expansion
tions into the following two sets of equations coefficientsfmn(2) are generally functions a-coordinate.
e The next section is devoted to the discretization of the fields
€1 in thez—direction, followed by a thorough discussion of the
0 W & & - N -
=0 (13) specifics of the numerical implementation.
A 0 hy . ) :
The choice of the harmonic dependence in the
ha hy S _
- (x,y)—plane has been inspired by two reasong:opera-
and tors.«Z and# only involve derivatives with respect toand
1 1 — y which can be evaluated efficiently arig) the implemen-
0 0 Toe % 7J'Wax & tation of the Bloch periodic boundaries is straightforward.
h 2) Discretization in the orthogonalization directioAc-
L 1 5 0 0 1 . . o -
jou joou 9% I cording to our diagonalization formula, the application of
the matrix operator, as defined in (10), to the transversal
= [ ? } ) (14) magnetich-field on a certain plane = 7y = const, results
3 in the normal derivative of the transversal eleckifield on
Equation (13) is the desired diagonalized form with théhe same plane. This property can be utilized in establishing
aforementioned properties: This equation only involvea relationship between fields which are defined on consecu-
variables which enter into thimterface conditiondf we tive z= constlayers. In this section we develop the general
cross az = z = constplane at a pointx,Vi,z) in the idea and briefly address issues concerning the accuracy of
z—direction. This property implies that if we are giventhe numerical results. In the next section we will focus on
the field distribution on the —plane, we obtain the rate of procedural details.
change of the field distribution in tre-direction by apply- To communicate the basic idea, we start with probably
ing the matrix operator at the LHS of (13). Consequentlythe simplest assumption: Assume taat= 0 andh; = 0and
by having the information about the field distribution on thethath; is given on the plane= 0. Our goal is to establish a
z—plane, and its rate of change we can approximate ttrelationship betweeg; on planez = —-A/2andz=A/2to
field distribution on a neighboring plare= zo+=A. We hy on the planez = 0. Using Taylor's series expansion we
would like to point out that by repeated application of thecan write
matrix operator at the LHS of (13) to this equation, and us-

ing (13), we obtain higher-order derivatives of the field vec- e (A) =e(0)+ A { (del) (oﬂ}
tor in (13). Having computed higher-order derivatives, and 22 , 2 0z
using Taylor series expansions we can construct approxima- A J<e; 3
tions to the fields to any order of accuracy desired. tg { (dzz) (O+)} +0%(4), (172)
We wish to conclude this section with the following com-
ment: TheNormal componentss andhs can be computed
from the transversal field distribution by using operators A A Jde; _
and material parameters which only depend onxtend & (_2> =e(0) - 2 { (dz) (0 )}
y transversal coordinates as seen in (14). A2 02e,
5 { (aZZ) (0)} +03%(1), (17b)

B. Discretization

1) Field expansionsThe periodicity in two dimensions where the symbols- and —, respectively, indicate that the

suggests the following expansion for the fields z—derivatives have to be computed®t- & and0 — ¢ for
Wix V.2 = S f(z)elkmnT 15 arbitrarily gmall but positive. The _denvatlves can be .cal—
xy.2) mzn mn(2) ’ (15) culated using (9) and the information about the functign

. on thez= 0 plane. Subtracting (17b) from (17a), and keep-
whereW represents any of the transversal field componenFﬁg the first order terms only, we obtain

andr is the position vector on a= constplane. The re-
ciprocal vectorky,n denotes a certain lattice vector super- <A) ( A)
€1 —€

2

imposed by a Bloch phasing vectér= K;k; + Kxk, which 2

can be conveniently written in the following form A (/e dey
_2) (%) o+ €1\ o
Kmn = (M+Kp)ka+ (n+Kz)kz, (16) 2 {( ﬁz) (07)+ ( dz) (© )}' (18)
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In view of the operatox7 in (10) we recognize that if the unknowns into one vectdrand all multipliers into one ma-
material parameters on the two sides of the- 0)—plane trix M leads to
are the same, the involved derivatives are equal to an ar- Mf = 0. (21)
bitrary order. In present case the second order derivatives
cancel out and the error term in this expression i€dn
term in A. If the material parameters on the two sides o
the (z= 0)—plane are different, then they have to be aver- .
aged, leading to an accuracy of only or@in A. Similar C- Boundary conditions
results can be obtained for the remaining three transversaloyr goal is to interrelate the electric- and magnetic fields

field components. on the lowest- and most upper bounding planes.

3) Construction of the system matriba our formula-  various boundary conditions can arise in the applica-
tion we have adopted the following notation: Assume a baions: In the case of electrically- or magnetically conducting
sis consisting oM x N plane waves. Leg andho, re-  poundaries, e.g. we merely need to require that the electric
spectively, be2 x M x N coefficient vectors representing or the magnetic field, respectively, vanishes. In this paper
the electric and magnetic fields, which are defined on thge address a slightly more complex problem with mixed-
z= oA—plane. (Note thaM x N coefficients are required type boundary conditions by assuming free space above
for each of thex— andy—directions.) Letth@ xM x Nby  (z> h,) and beneathz(< 0) our slab. Generally speaking
2x M x N sub-matrixAo, be the discrete version of , mul-  our formulation is valid whenever the following conditions
tiplied by A, and evaluated on the plaze= oA. Similarly,  are met: () d£(x,y,z)/d, = 0for z< 0 andz > h,. (Material
let B, represent. Using this notation we can establish re-is homogeneous in thedirection). (i) The materials above
lationships between the electric fields on the plamesl/2  and below the slab share the lattice periodicity with the slab.

ando+1/2, and the magnetic field on the interleaved plane These conditions suggest slightly different field expan-
0. Likewise we can establish relationships between the magions for the fields in regions outside the slab:

netic fields on the planesando—+ 1, and the electric field on

The efficient solution of this homogeneous equation will
Pe discussed below.

the interleaved plane+1/2. Keeping first order expansion Pxy.z)= ) o fnn,o€'0%elkmaT, (22)
terms only, we obtain the result given in (19), mn,o
An Here A, represents the complex-valued propagation con-
eo—% - eo+% +Aoho =0, (19a) stant inz—direction associated with one of tdex M x N
ho_ho+1+Bo+%eo+% —0. (19b) €igenvectors, andmno is the corresponding coefficient.

Substituting (22) into (13) and utilizing the orthogonal prop-

We recognize that the equation in (19) comprise a finite dif"ty of the basis functions involved results in the eigenvalue

ference implementation. However, in contrast to the staffduationin (23),

dard formulations, the present formulation is based on a 0 o e

finite difference discretization of the Fourier coefficients, { Z 0 ] [ h ] =A { h } : (23)
rather than of the fields in the spatial domain [1].

The dielectric function characterizing the slab is defined For e varying in the &, y)-plane, we need to solve the sys-
between layerf), OA], whereO is the index of the last layer. tem numerically fodd x M x N eigenpairs. Restricting our-
Furthermore, in order to incorporate the boundary conditioselves to constart, the generaft x M x N eigenvalue sys-
equations in our system of equations, we need to define them decouples intM x N (analytically solvable) eigenvalue
electric fields on two layers;0.5A and(O+ 0.5)A, outside  systems of dimension 4. For constanthe system has two
the slab doubly degenerate eigenvalues for egmom| pair

CD| €5 — hO = 07 (20a)

— — 2 2 W
ho+ ®ueo105 = 0. (20b) Amn = £Wmn = i\/dx(m, n)+dg(mn) —wep, (24)

The following section is devoted to the construction of thes\évherew.IS the magnitude of th_e eigenvalue. The _symbol
(M, n) is related to the numerical value of the basis func-

equations. . R , .
The general system equation can be created by formulatlltc—)n derivative as defined in (25).

ing equations (19) for each of tle-layer in the slab and 0 kot Kt
incorporating the boundary conditions (20). Collecting all E M= jdx(m, n)eltrm (25)
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A similar definition holds fordy(m,n). These values de- which describe the boundary conditions
pend on the reciprocal lattice geometry and will considered

in more detail later. (M) 058w u(mn) @)
Lu(Mn) = ————————
The corresponding eigenvectors can also be solved ana- Wi u(m, n) o
lytically, which are summarized below dyx(m, n)dy(m,n) —d2(m,n) + w?e yu
X
[jod ] [ e T dZ(m,n) — w?e; —dy(m, n)dy(m, n)
WwE J WWE
5 Here the subindicet and u, respectively, indicate the
L 02— w?ep - ddy . L .
e > Woos lower and the upper semispaces. We can obtain discretized
Yiw= v Wlw= ) versions of this equation by replacing the matrix entries by
1 0 diagonal submatrices, whose elements individually corre-
spond to differentrf, n)-pairs. For semispaces with non-
i 0 ] i 1 i constante, these submatrices will become dense since the
(26a) eigenvectors of (23) will in general havex M x N non-
zero elements.
i —] didy ] i i d2—oPep ]
wee wooe D. Solving the equation system
L 02— w?ep . dydy L . . .
1 o T ) Weor Ordinarily system matrices for three dimensional prob-
wl — W2 — -
w » Tw lems can be prohibitively large. Therefore, we recom-
-1 0 mend the use of iterative solvers. Most solvers operate only
on matrix vector products which frees us from construct-
L 0 | | -1 ] ing the matrix; only a routine constructing vector prod-

(26b) ucts is needed. Our choise for iterative solver has been
the transpose free quasi minimal residual method (TFQMR)
[2], which is efficient, handles non-symmetric and non-
Since eigenvectors are known up to a constant multipligdermitian matrices well, and even manages to solve nearly
the normalization of the eigenvectors is arbitrary. Here weingular matrices.
have chosen a multiplier which producels-field with unity 1) Numerical evaluation of operatordhe operators in
length as depicted in (20). our problem generally involve derivatives and spatial func-

A few remarks are in placei) If w becomes complex- tions appearing in multiplicative form. We discretize the
valued for anym, n pair, then the corresponding eigenmode2quations by treating the derivatives in Fourier domain and
radiates energy away from the slab into infinity, preventinghe spatial functions in real domain. To perform the cal-
the formation of bounded modes) Forz > h, we have to culations we Fourier transform the trial vectors back and
discard half of the eigenvectors which correspond to posforth from spatial domain to spectral domain and vice versa.
tive eigenvalues in order to satisfy the Sommerfeld’s radiThis is justified because derivation in Fourier domain, and
ation condition (Inclusion of the fields with finite energy.).multiplication by a function, i.e.¢, in real domain are both

Similarly we have to discard eigenvectors corresponding t@(N) operations for a trial vector witN elements. The pro-
A < 0inthez< 0Oregion. hibitive factor is the FFT, which is a@(NIn(N)) operation.

Alternatively, we could operate exclusively in Fourier do-
main, by treating multiplications by by means of discrete
convolution, which is a costl(N®) operation.

We illustrate the aforementioned ideas by an example:
The application of the operatio® {1/ (jwe(x,y))}dy to a
H@I vectorf consists of the following steps:

Finally, it should be pointed out that in our finite differ-
ence implementation we have defined ¢higelds at discrete
z= (0+ 0.5)A—layers, while theh— fields have been de-
fined atz = oA—layers. We should be aware of this fact
whenever a shift of the fields by a distan@®A becomes
necessary, e.g. in establishing a relationship between t
field components. In present case this relationship can be es- . s . '
tablished fairly easily since we know tzedirectional prop- * lmultlply f by ay—derivative matrix, to be defined be-
agation constant of the eigenvectors. oW,

Taking into account these details we obtain the matrices e inverse Fourier transform the result,
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e multiply the result by a sampled version ofThe Bloch vectolK and angular frequencg are written
1/ (jwe(x,y)), explicitly in (32) to emphasize their role as input parameters.
It should be pointed out that using the Bloch-wave basis
not only we can solve phased-periodic excitation problems,
e perform thex—derivative. but also we can tackle elementary excitation problems: The
latter are defined as elementary non-periodic excitations of
The computation of derivatives is fairly straightforward.geometrically periodic structures.
Once the reciprocal lattice vectoks and k, have been 3) Solving eigenproblemEquation (21) is a homoge-
chosen, differentiation with respect)tecoordinates y|E|dS neous system and has non trivial solutions if and onM if
multiplication by a diagonal matrix with elements being s singular. Therefore, the eigenmodes of the system for a
ORI KK - (R Ko K 2 g|ven|§ can be fognd by'deflnlng a swtaple measure for the
M+ Kokt +(A+ K)leg, (28) detection of the singularity dfl as a function otv. A pos-
me [O,M—1],ne[0,N-1], sible measure for singularity is, e.g. the magnitude of the

wherek; andK; are Bloch phasing factors akfiandk are determinant. However, solving determinants iteratively is
projections of reciprocal lattice vectors on theaxis. The Ccomputationally costly and complicated. Instead, we pro-

e Fourier transform, and, finally,

whole numbefiis defined as follows pose a method which is more physics-based: We assume a
current distribution to excite the system under consideration,
m 0<m< % and compute the square norm of the resulting field coeffi-
m= . (29) cients. FoM near the singularity, the norm grows - ideally
m—M % <m<M-1 - without bounds. Furthermore, the solution approaches the

eigenvector corresponding to the eigenvaduérhe formal

B oo ' fyctonfor s aproach s g i 3]t we i
9 e important steps here:

the set of basis functions in order to make it complete. The Consider the following svstem of equations
ordering of harmonics is irrelevant, however, this choice is gsy g
implemented in most FFT algorithms. The matrix for the Ay =b. (33)
—derivative can be obtained from (28) by replacing the pro-
Jyections onx—axis with projections E)ryzaiis.p gmhep Both sides of this equation can be expanded in terms of the
2) Solving excitation problem&he interface condition eigenvectors; of A as
for the magnetic field can be written as follows Z ajAjv; = Z Bv;. (34)
] ]

. o o
(ls'Tth <ZO+ 2> —hx (ZO 2> =p(@).  (30) Herea; is the coefficient set foy and ;| is the eigenvalue
of A corresponding to eigenvectwgy. Due to the linear in-

wherehy(z) is thex—directional magnetic field component dependence of the eigenvectors, we can write

and py is ay—directional current element. Consider (19b)
and insert a new layer, designatedlidy ,, at the location
z=(0+1)A— d whered represents an infinitesimally small
distance.

Assume that there is a horizontal current filamgrgo- Frqm this form it is easy to see thgt. if one of th_e e?genvalues
sitioned at plang = (0+ 1)A — % Using the above infor- Aj is close to zero, the only significant contribution to the

mation and (30) we can rewrite (19b) in order to include th&0lution comes from the corresponding eigenveejofur-
assumed excitation, thermore, as\; approaches zero, the norm of the solution

vector approaches infinity.
€0+ = "Poti- (31) This behaviour can be understood from physical reason-
ing as well: If the system is in resonance with the excitation,
We specify the excitation bty+% since it is inserted be- the energy in the system grows indefinitely as time elapses
tween the layers ando+ 1. The incorporation of this con- rendering the eigensolution an infinite energy.
dition into the system equation (21) can be achieved by sim- Instead of seeking the maximum of the solution norm, we
ply replacing the RHS zero vector by the Fourier transfornalternatively, seek the minimum of its inverse
of the assumed excitation current function 1

M (w)fk (@) = px (). (32) VI (@),

y=§xﬁy (35)

ho - ho+1 + B;+%

Gk (w) = (36)
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wherefk is the solution to (32). The introduction of the Comments:
square root is to smoothen out the curve. We have a great
flexibility in choosing the current distribution for eigenmode
computations but practise has shown that with a few ran-
domly placed and oriented dipoles the functioGdiehaves
smoothly between the singular points. One should be aware
of the fact if < vj,b >=0in (33), thenB; = 0 and the solu-

tion norm does not grow evenAf; = 0. As an example, this
happens if the system is excited with a singledirectional

dipole positioned exactly at a nodetgffor the correspond- o proposition: Let p be a rotation oRN. We define
ing eigenmode. Numerically this means tadoes not nec- pf(x) = f(p(x)). Then we have the formulaﬁ _

e Invariance and symmetry properties of the Fourier
transform: A significant part of the utility of the
Fourier transform is due to the fact that it has natural
invariance properties under the actions of rotations, di-
lations, and translations. In particular, a rotation is an
orthogonal matrix with determinaf(a special orthog-
onal matrix).

essarily possess a minimum eveMifis singular for a given 0 F
.
4) Preconditioning:Typically, iterative solvers converge Proof: Remember thap is orthogonal and has deter-

poorly for non-preconditioned systems, and very often they ~Minantl. We then have

even completely fail to converge. Therefore, the implemen- o _te

tation of a good preconditioner is a prerequisite for perfor- pi(&) = /dt(pf) (te (38a)

mance enhancement. Instead of solving (32), we suggest B _te

solving the modified system in (37) o /dtf (p(t)e (38D)
- —ip ()€

Py IMP, 1 (Pof) = P lp, (37) - / dsf(s)e " ¢ (38¢)

_ —isp(&

for the new unknown vectoy = P,f. The problem is to = /dsf(s)e (&) (38d)

find suitable preconditioner matricBg andP, such that the _ fA(PE) (38¢)

solver converges faster for the new matéix= P; *MP; . 7

It can be shown that the convergence is quické i§ near =pf(&). (38f)

diagonal.

In the above we have used the variable substitution
s=p(t), and the fact thap—! = p' for an orthogonal
matrix, with the superscript denoting the transposi-
tion.

We construcP; out of submatrices which we encounter
in the main block diagonal of the matri. More precisely,
we discretize the matrix operator elememt$ o, o ¢,
PBewo and Be ¢ defined in (10) and (12) for alt—layers
in the system, from which we can construct a block diago- We now are in a position to continue with our example.
nal matrix. In place of boundary condition matricesMn  Consider a rectangular lattice with reciprocal lattice vec-
we use diagonal unity matrices . Due to the block di- tors k; = kyux andkz = kouy. The projections ok, and
agonal propertyP; is fairly easy to invert, as each block k», respectively, onto the—axis arek; x = k1 andkyx = 0.
can be inverted individually. However, it should be notedAssuming for the components of the Bloch phasing factor
that in practiceP; is never actually constructed nor inverted:K; = 0 and K, # 0 results in a zero element in (28) for
Instead we first invert the operators analytically in a sens@ = 0. A simple yet very effective solution to this problem
that.#~1(Zf) = f for a suitably chosen test functioh  can be obtained by rotating the original y)—coordinate
and then carry out their discretized versions as outlined eagystem around the—axis about an anglé. Denote the
lier. As an example, the inverse 8f{1/ (jweo(x,y))} dyis  new coordinate system bk y,7). Projections ofk; and
ly(jwes(x,y)) I1x wherel s denotes integration with respectk,, respectively, onto th&—axis arek; x = kicog—6) and
to &. In Fourier domain, integrals can be computed by thk, s = kocog /2 — 6) # 0. The angled can easily be se-
application of the inverse of the derivative matrix (28). lected in such a manner that there are no zero elements in

It should be noted that (28) may contain zero elementsither of the derivative matrices. The solution to the prob-
and, therefore, prevent inversion. However, there is a sinem remains unaltered as the choice of the coordinate system
ple remedy to circumvent this problenselect a suitable is arbitrary.
orientation for the lattice vector relative to the coordinate It should be noted that there is still the pol[it, K] =
system We illustrate this idea with an example. However|0,0] at which the singularity cannot be removed by chang-
before doing so, we summarize a few facts from the theorng the coordinate system. (The polt= 0 corresponds to
of Fourier analysis which will be of help to our discussion. strictly periodic field distributions without any phase change
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in two consecutive cells. The field is static and no wave
propagation takes place.) Therefafe= 0 does not cause a
serious problem: All bounded fields in the slab have- 0

at this point.

Additional improvements can be achieved by appropri-
ately choosing the matriR,. Our approach is to use the ©4|
system matrix for a simpler auxiliary problem for which 5 A
OxE(X,Y,2) = dye(X,Y,2) =0, and, & = ave&(X,y)) where 30-3; 7 ) OC)”:)CCCC/DCQ\J\, Dhg %
ave means averaging in tlie y)—plane over one unit cell. el
Since¥€y is constant in our auxiliary problem, the resulting 0.2
system matrixV will have nonzero elements only on five
diagonals. This matrix can be constructed explicitly. Our o.1
goal is thatP,* diagonalizes®;'M as closely as possible.
Therefore, we set 0 w w

0.5F

P, = diagP; )M, (39)

where “diag (q)” means the main diagona| . Instead Fig. 1. Shows the dispersion diagram for a triangular lattice of cylindri-

St ; _ P cal holes (voids) in a dielectric slab. Curves marked with ‘0’ have been
of epr|C|tIy invertingP; we perform an LU decomposmon computed with our method, and those marked with with ‘+’ have been

?—nd use the.resulting coefficients tO. ?0}‘/@: I32]:-_ Inlour computed with the planewave method. The thick black line represents the
implementation of the LU-decomposition we omit pivoting.light-line along which the modes become guided in free space. Modes lo-

This omission enables us to store the coefficients in loc&ated above this line are not guided by the slab, and are artifacts due to
tions of nonzero elements of the original matrix, instead Ozsrrtificial periodization of the structure required by the planewave method.
occupying a general banded matrix. Fortunately, it appears
as if pivoting is not necessary in first place: In our sys-
tematic and comprehensive testings we never encounterefinewave method is not fully adapted to slab problems, be-
a vanishingly small pivot element. cause it assumes the structure to be periodic in all spatial
In summary, the application &, *MP,* to a certain test directions. It can be used though, by introducing a long lat-
vectorf consists of the following steps} Computez = Pgl? tice vector inz—direction. This extended unit cell, a super-
by solvingf = P,z using the LU-coefficientsij) compute Cell, is first filled with the background material and the slab
x = Mz, and, finally,iii) apply P; * to x. Once the iterative is then inserted i|_’1to it. This approach is justified as long
solver reports convergence, the non-preconditioned soluti@$ the modes of interest are well confined around the slab
can be obtained frorh= pgl?_ in z—direction, and thus the interaction between neighbour-

We conclude this section with the following remarky: ing supercells can be assumed to be negligibly small. If the
SettingP; = | andP, = M is sufficient to solve the system. modes are not well localized, the solutions will interfere,
However, defining®; as described above seems to improvémd we can expect a significant deterioration of the results.
the iterative procedure by a significant factor in most probEurthermore, modes that are not guided by the slab, will ap-
lems and not worsen it in any problems we have solved R£ar guided due to this artificial periodization. Results can
far. i) We also experimented with a diagonal preconditiong® Verified by increasing tie-directional lattice vector un-
in which P; = | andP, = diag’/M). However, the results til convergence is reached.
were not satisfying. For most problems the system did not
converge f"‘t a.I.I_, and.even if it did, thousand_s of lterationg Dispersion diagram of equilateral triangular lattices
were requirediii) Typically, convergence requird®— 300
iterations, depending on the specific value&aindw, and Our first test case is an equilateral triangular lattice of

the functione(x,y, z), and the singularity oi. cylindrical air holes (voids) in a dielectric slab. The thick-
ness of the slab iB, = 0.4, and the dielectric constant is
I11. NUMERICAL RESULTS € = 12. The radius of the air holes is= 0.38, and the

lattice constana= 1.0. The cladding material above and
We have computed a variety of test examples with oupelow the slab is free space.
method and compared them, whenever possible, to the cor-Dispersion diagram computed with our method and with
responding results obtained by the planewave method [4he planewave method is shown in Fig. (1).
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Fig. 2. Convergence as a function of grid size for the lowest order mode s ' e
K = [0, 0.5]. Relative error compared to the result obtained wifrgrid 0.8~ : - ‘
points in all directions. The curve with marker ‘+' is computed with the
planewave method, while the curve with marker ‘o’ with our method. It car 0.6
be seen that our method provides accurate results with comparatively f
grid points. The difference between the two methods at finest discretizatic N 04

is 0.0205%
0.2
0
In both methods we use8? planewaves in both lattice
vector directions. In our method, we usg8 electric field 0z
layers and24 magnetic field layers iz—direction. In the 0.4
planewave method we used a super-cell with the periodi
ity length in z— direction beingl10a, with a denoting the 1
lattice constant. Thereby, we employ884 planewaves. 1
This results in15.36 planewaves for a slab with the thick- 0.5
nessh, = 0.4.
Quite often the lowest bands are the most significar y 0 o N

ones; therefore, we conducted a convergence analysis iu

the first mode at th&!—point (K = [0, 0.5]) (see Fig. (1)).

We So_lved .the_ problem utilizing both methods with S€VFEig. 3. Geometry of test case 2. Spheres with 0.45 are positioned

eral discretizations and compared the results as shown dna dielectric substrate with a rectangular lattice specified byl. The

Fig. (2). Problem parameters were as above except that weheres, having the dielectric constaginere= 12, are immersed in free

used the same number of grid points in all directions |§pace- The dielectric constant of the substra®,jgsrate= 5. Fields are
i . " plotted on the plane marked wish= 0.5.

the planewave method this means uslfig0.4 = 25 times

more planewaves in—direction in order to compensate for

the larger super-cell size.

B. Fields in an array of dielectric spheres

Our second test case consists of a rectangular lattice of
dielectric spheres positioned on a dielectric substrate. The
structure is shown in Fig. (3).

The fields shown in Figs. (4) and (5) are solved for the
lowest order eigenmode, at the frequenay= 0.2982c)
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and the poinfKy,Kz] = [0.5,0.5]. The eigenfrequency has
been determined iteratively using the technique described
in Section 3); when the result converged, we Fourier trans-
formed the solution to get the real space fields.

In the solution we used8 planewaves irk—direction,
and48 planewaves iry—direction. Inz—direction we used
48 and 47 layers for the electric and magnetic fields, re-
spectively. The electromagnetic field outside the stab
and z > 0.9) has been computed using the eigenpairs for
Maxwell's equations in free space. Note that we already
have constructed these eigenpairs for the implementation
of boundary conditions. Note also that having imposed e
the interface- and boundary conditions the unknowns in our v X
problem, and, therefore, field distributions in the slab as well
as in free space are uniquely determined. Finally, note that
while the transversal fields;, e, h; andh, have been ob-
tained from the solution of (37), the orthogonal field compo-
nentses andhs are computed as a postprocessing step using
(14).

IV. ACKNOWLEDGEMENTS

One of the authors (K. Varis) thanks the Finnish Graduate
School of Modern Optics and Photonics, and the Aussenin-
stitute at Vienna University of Technology for providing re-
search scholarships which made possible a visit to Vienna,
Austria for finalizing the current project.

This work was partially done while the second author (A.
R. Baghai-Wadji) was visiting the Institute for Mathematical
Sciences, National University of Singapore and Institute for
High Performance Computing (IHPC) in 2003. This visit 20
was supported by the Institute and IHPC.

Re(e3)

REFERENCES -20

[1] K. Varis, and A. R. Baghai-Wadji, “A Novel 2D Pseudo-spectral
Analysis of Photonic Crystals,” submitted for publication (ACES
Journal 2004).

[2] R.W. Freund, N. M. Nachtigal, “A Transpose-Free Quasi-Minimal
Residual Algorithm for Non-Hermitian Linear Systems,” SIAM
Journal on Scientific Computing. 14 (1993) pp. 470-482

[3] W. H. Press, S. A. Teukolsky, W. T. Wetterling, and B. P. Flannery,
“Numerical Recipes in C: the Art of Scientific Computing,”, Cam-

bridge University Press, Cambridge, pp. 493-495, 2nd edition, 2002. 06 o X

[4] S.G.Johnson, and J. D. Joannopoulos, “Block-Iterative Frequency-
domain Methods for Maxwell's Equations in a Planewave Basis,”
Optics Express 8, no., 173-190, 2001.

Fig. 4. Electrical field distributions for test case 2, which consists of di-

] ) electric spheres on a dielectric surface. Spheres are centeped, dt=
Karri Varis was born in Espoo, Finland, in 1974. He received0.5,0.5,0.45) and forz < O the dielectric constant ips;= 5. The spheres

a M.Sc. degree in Electrical Engineering from Helsinki Universityare immersed in free space. Ripplesegrare most likely due the proper-

of Technology in 1999. Since then, he has been a doctoral studélﬁts of Fourier transform. However, the amplitude of this field component

. . . “is'negligibly small.
in the Finnish Graduate School of Modern Optics and Photonics



Varis and Baghai-Wadji: A Novel 3D Pseudo-spectral Analysis of Photonic Crystal Slabs 111

-06 o

Re(h,)

-5000 ,
0
Y,

Fig. 5. Magnetic fields for testcase 2.

and working in the Optoelectronics Laboratory, Helsinki Univer-
sity of Technology. His current research interest includes the en-
hancement and development of computational techniques for the
analysis of periodic and non-periodic systems, with an emphasis
on photonic crystals and optical devices.

Ali R. Baghai-Wadji was born in Marand, Iran, on May 6,
1953. He has been with the Electrical Engineering and Informa-
tion Technology Department at Vienna University of Technology
(VUT), Vienna, Austria, since 1979. From 1979 to 1984 he was an
associate researcher in Physical Electronics and Applied Electron-
ics Groups, where he developed computer models for microelec-
tronic and microacoustic devices. He earned his M.Sc. and Ph.D.
in electrical engineering in 1984 and 1987, respectively, and ob-
tained hisvenia docendin physical electronics in 1994, all from
VUT. Since 1997 he has been an associate professor at VUT. Cur-
rently he is heading the Accelerated Computational Technology
(ACT) Group at the Institute for Fundamental and Theory of Elec-
trical Engineering at VUT. Three times he was awarded the Kurt
Godel research scholarship from Austria, allowing him to spend
a total of 10 months at UCI, University of California, Irvine, dur-
ing the years 1990, 1991, and 1992. From 1994 to 1999 he was,
on leave of absence from VUT, a principal engineer consultant in
the United States serving more than four years for Motorola, Gov-
ernment System and Technology Group, Scottsdale, Arizona, and
nearly one year for CTS-Wireless components in Albuquerque,
New Mexico. In 1999 and 2000 he was (15 months) a visiting
professor at Materials Science Laboratory, Helsinki University of
Technology (HUT). That professorship was awarded by Nokia Re-
search Foundation, and TEKES, a national science foundation in
Finland. In addition, in the Fall 2000 he was awarded a Nokia
Visiting Fellowship. In 2003 he was awarded/i@nia docendfor
modeling and simulation of classical and quantum electronic de-
vices and materials at HUT for an initial period of 6 six years. In
2003 he was four months an invited senior member of the Institute
for Mathematical Sciences, and a visiting professor at the Insti-
tute for High Performance Computing, in Singapore. Since 1995
he has also been affiliated with Arizona State University as an ad-
junct professor at the Department for Mathematics and Statistics.
In 2002 he was elected an honorary member of the Electromag-
netics Academy, Massachusetts, USA. He has supervised five PhD
dissertations, and eleven Masters’ theses. He has lectured 12 short
courses at various IEEE conferences internationally. He has au-
thored more than 120 publications in reviewed journals and confer-
ence proceedings, and has one patent. His current research interest
includes the development of accelerated computational modeling
techniques, quantum mechanics, photonic crystals, and molecular
electronics. Since 1995 he has been a senior member of the IEEE,
an IEEE-UFFC associate editor, and an IEEE-UFFC technical pro-
gram committee member. He was the guest editor for a special is-
sue onModeling, Optimization, and Design of Surface and Bulk
Acoustic Wave Devican |IEEE Transactions on Ultrasonics, Fer-
roelectrics, and Frequency Control (Sept. 2001, Vol. 48, Num. 5).
He will serve as the general chairman of the PIERS’05 conference.



112

ACESJOURNAL, VOL. 19, NO. 1b, MARCH 2004

A hybrid full MAS and Combined MAS/TSA Algorithm for
Electromagnetic Induction Sensing

F. Shubitidze ", K. O’Neill ", K. Sun‘", I. Shamatava ", and K. D. Paulsen "
D Thayer School of Engineering, Dartmouth College,
Cummings Hall, HB 8000, Hanover NH, 03755, USA

@ USA ERDC Cold Regions Research and Engineering Laboratory,
72, Lyme Road, Hanover NH, 03755, USA

Abstract —Electromagnetic induction (EMI) sensing, in both
frequency and time domains, is emerging as one of the most
promising remote sensing technologies for detection and
discrimination of buried metallic objects, particularly unexploded
ordinance (UXO). UXO sites are highly contaminated with metallic
clutter so that the major problem is discrimination not detection. This
requires high fidelity forward modeling for successful inversion and
classification. Recently, the method of auxiliary sources (MAS) has
been applied for solving a large range of ultra-wideband (1 Hz- 300
kHz) electromagnetic induction problems [1] - [6]. For a highly
conducting and permeable metallic object, when the skin depth
becomes small (at high frequency, i.e. induction number >100) the
efficiency of the MAS is reduced significantly [6]. Other methods are
stressed in this region as well. At the same time the Thin Skin
Approximation (TSA) [7] - [9], which is based on the divergence free
Maxwell's equation in a thin layer, infinitely close to the boundary
interior, has shown very accurate results at high frequency/induction
number. In this paper a hybrid algorithm, with standard MAS and
also the MAS with TSA, is introduced and applied for solving the
electromagnetic induction forward problem. Once the broadband
frequency domain (FD) electromagnetic response is found it is
translated into time domain (TD) using an inverse Fourier transform
specialized for the characteristic TD input form. Numerical
experiments are performed for highly conducting and permeable
canonical objects, illuminated by a magnetic dipole or a loop antenna.
These tests indicate that an algorithm using either the full MAS or
MAS-TSA formulation, where appropriate, should provide a
simulator that is applicable and efficient enough for fast 3-D
solutions on a PC, under all conditions across the EMI band in both
frequency and time domains.

Keywords:  Hybrid, method of auxiliary sources,
electromagnetic induction, skin-depth, time domain, frequency
domain.

I. Introduction

Efficient and accurate numerical modeling of
electromagnetic induction (EMI) responses by metallic objects
finds application in many fields and has been a subject of
research for some time [10 and references therein]. Recently,
interest has been driven in part by the necessity for cleaning
up buried unexploded ordnance (UXO). This is a potential
problem in perhaps 10,000,000 to 15,000,000 acres within the
United States, and is an even more severe problem in other
parts of the world where military conflicts have taken place.
Even rather distant history, e.g. World War I, has left a large
legacy of dangerous and possibly polluting UXO in populated
areas [11]. Use of remote sensing for UXO clearance is greatly
limited by the fact that it is not possible to detect remotely the

explosive contained within a more or less intact metal casing.
Therefore, we are left having to interpret signals produced by
the metal body itself. These bodies can be quite complex in
both geometry and composition. Furthermore, widespread
metallic clutter at UXO sites and possibly multiple UXO near
one another enormously complicate signal interpretation. For
effective target inversion or classification algorithms, one
requires very high fidelity, efficient forward models to apply
in data processing schemes.

Ultra-wideband (~ 20 Hz to 100's of kHz) electromagnetic
induction (EMI) sensors are among the most promising tools
for the detection and discrimination of buried UXO [1] - [9],
[11] - [30]. Most metallic objects produce broadband
responses; different metals also produce different responses in
the EMI band; and clutter is prominent. Therefore, one must
resort to processing broadband data from many different looks
at an unseen object, to achieve sufficient information diversity
to classify targets successfully. This places a great burden on
processing and the associated modeling, which has driven the
development of new analyses and analytical tools for studying
EMI scattering problems. The only well established analytical
solutions to date for broadband EMI scattering are for the case
of the sphere in both frequency and time domain [31], [32]
and cylinder of infinite length oriented transverse to the
primary field [33]. Recently progress has been reported for
analytical solution of EMI scattering from spheroids [34],
[35], including specialization to treat high frequency
conditions, when penetration of the object is slight [35] using
the small penetration approximation (SPA). Remaining
evaluation problems for the spheroidal shapes in the mid-
induction number region of the EMI band have recently been
solved using asymptotic methods [36], so that a relatively
complete analytical solutions for spheroids are now available.
Particularly for arbitrary 3-D geometries, one must usually
resort to numerical models to obtain results most relevant to
the variety of target types that must be considered. Targets of
arbitrary shape have been attacked using the Method of
Moments (MoM) with an impedance boundary condition
(IBC) [19]. More recently, bodies of revolution (BOR) have
been modeled using the MoM with full, rigorous boundary
conditions, requiring substantial computation times [14].
Hybrid finite element method (FEM) —boundary element
method (BEM approaches not reliant on the IBC have also
been developed [23] — [24]. In the FD, a compact numerical
formulation has been produced for arbitrary shapes using the
Thin Skin Approximation (TSA) [7] - [9], which only applies
the divergence equation for magnetic field inside the target.

1054-4887 © 2004 ACES
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This performs very well for the difficult realm of high
frequency conditions, and for high permeability cases has
remarkably broadband applicability. The decision whether to
apply a full numerical treatment of the problem or one of the
small penetration formulations (TSA, SPA) is most easily
made in FD approaches, where skin depth is fixed for a given
material and frequency. However a parallel system has also
succeeded in direct TD formulations [37]. In what follows, we
will pursue only the FD-TSA, converting to TD by inverse
Fourier transform (FT).

Most recently, the authors have developed the Method of
Auxiliary Sources (MAS [1] - [6]) for numerical solution of
the full EMI problem for penetrable, highly conducting and
permeable metallic targets. The MAS was originally designed
for solving various electromagnetic radiations and scattering
problems [38 and references therein]. Later, it was
successfully combined with the SPA [6] and TSA [39] for
analysis of EMI scattering phenomena. In the standard MAS
for EMI [1], boundary value problems are solved numerically
by representing the electromagnetic fields in each domain of
the structure under investigation by a finite linear combination
of analytical solutions of the relevant field equations,
corresponding to sources situated at some distance away from
the boundaries of each domain. The "auxiliary sources"
producing these analytical solutions are chosen to be
elementary currents/charges located on fictitious auxiliary
surface(s), usually conforming to the actual surface(s) of the
structure. In practice, at least as the method is realized here,
we only require points on the auxiliary and actual surfaces,
without resorting to the detailed mesh structures as required by
other methods (FEM, BEM, etc).

EMI scattering responses are often expressed relative to the
induction number y = ./gey a, where a (m) is a

characteristic dimension of the object (usually the smallest
one), V = frequency (Hz), pu=p p, is magnetic permeability

[H/m] and O (S/m) is the scatterer’s electrical conductivity.

(The time dependence expression € is assumed and its
expression suppressed in all FD equations that follow, where
J is the square root of minus one, t is time (s), and w is 2T

times frequency in Hz). The quantity X is proportional to a/d,
where & is the skin depth, and serves as a dimensionless,
scaled frequency.

While we have shown various advantages of the MAS for
the EMI scattering problem, its main limitation is reduced
accuracy and efficiency at the high frequency end of the EMI
band [9]. This is because the influence of source entities
sought in the solution decays over a distance of a few 0, which
becomes very small at high frequencies (induction numbers).
That distance becomes much smaller than the mesh spacing,
when the numerical resolution is only fine enough to represent
the object shape accurately. This means that without
intolerably fine meshing the source quantities sought cannot
interact; many matrix elements become almost zero (within
the accuracy of the computer); the matrix becomes ill-
conditioned and the solution unstable. The same problem
arises whether one places the unknown sources

mathematically on auxiliary surfaces, or on the physical
surfaces, as in popular integral equation techniques.

To avoid this kind of difficulty, several types of
approximations were developed recently, including the TSA
and SPA, which are related to impedance boundary
conditions. The accuracy and wvalidity of the TSA in
conjunction with the BEM have been studied previously [9],
in application to highly conducting and permeable (e.g. steel)
metallic objects with regular geometries, such as the sphere,
ellipsoid, prolate, and oblate spheroid, subject to a uniform
primary magnetic field. Under these constraints it has been
shown that, for a wide class of EMI scattering problems, the
TSA is very accurate and efficient over the entire broadband
EMI frequency range [9]. It is easy to implement for an
arbitrary geometry. At the same time, the BEM-TSA cannot
treat low induction number cases reliably, particularly for non-
permeable materials. Recently, a hybrid MAS-SPA algorithm
was developed in [6]. It has been shown that MAS-SPA is
very efficient for analyzing EMI responses at high induction
numbers for spheroidal objects. The algorithm employs a
factor f (see eq. 56 in [35]) that can readily be obtained for
spheroidal shapes. However, it is very difficult to extend this
algorithm for arbitrary geometries. Later the combined
MAS/TSA algorithm was introduced and tested for highly
permeable and conducting regular shapes under highly
variable primary (transmitted) fields as well non-regular
geometries [39]. Here we introduce a hybrid MAS -
MAS/TSA system, in which the algorithm switches between
the full MAS and the MAS/TSA as needed.

Many EMI sensors operate in the time domain (TD), with
transmitted signals that are approximately step functions. They
are designed to record only during the time immediately after
the steady transmitted field has been shut off (the “turn oft”
case). Here an inverse Fourier transform is used to obtain
transient TD response from the FD MAS — MAS/TSA solution
for a highly conducting and permeable metallic object, for
both turn-on and turn-off cases. A fast and reliable algorithm
for the inverse transform has been developed, specialized for
the step function input. It treats a singularity in the integrand
effectively, even for relatively sparse data points. Because the
MAS — MAS/TSA algorithm can operate stably, accurately,
and efficiently from the lowest (~static) to the highest (~PEC)
EMI frequencies, sufficient bandwidth is achieved in the
numerical solutions so that FD results can be inverted into TD
without perturbations, even in the most extreme time ranges.

The full MAS formulation applied at low frequencies only
requires modest numerical resolution, on the order of that to
define the geometry. In the combined MAS/TSA algorithm
applied at higher frequencies, only about the same order of
resolution is required, while the number of unknowns is
reduced by a factor of 3 in 3-D problems. Single frequency
computations are approximately four times faster. For multi-
frequency cases, the matrices expressing magnetic fields
produced by auxiliary magnetic charges do not depend on
frequency and can be stored for use, without recalculation,
over an extended band. Most important, the thorough
investigation of numerical experiments clearly shows superior
stability, computational speed, and robustness of the hybrid
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MAS — MAS/TSA algorithm relative to the standard MAS
method at high induction number.

II. Governing equations

2.1 The magneto-quasistatic assumption

All solutions in this study are based in part on two
reasonable assumptions. The first is that, throughout the entire
UWB EMI frequency band, electromagnetic phenomena are
magneto-quasistatic. While this may be taken as something of
a foregone conclusion in low frequency EMI, we examine the
assumption explicitly here because recent developments have
raised the upper frequency limits for EMI practice to about
300 kHz. This makes the magneto-quasistatic assumption
more suspects. The second assumption, also examined here, is
that electrical currents induced in surrounding soil have a
negligible effect compared to those in the (substantial) metal

target.
Consider a highly conducting and permeable metallic
scattering object, with permeability W=H M, and

conductivity O [S/m] embedded in a uniform background.

The time dependence expression of e is suppressed
subsequently. The governing equations that form the basis for
any pertinent analysis of EMI scattering physics are Maxwell's
equations. In both static and transient fields, Maxwell's
magnetic field divergence equation must be satisfied

MH 0. (1)

This form of the equation assumes spatially uniform (. In
practice here we will assume that g may vary between
different portions of an object of interest, but that it is constant
within any given section or sub-region. Thus (1) applies
within every (sub)region, except on boundaries, where we
apply a boundary condition instead.

The particular equations in Maxwell's complete set that
pertain most directly to induction are Faraday's and Ampere’s
Laws,

x E= - juwH, (2)
(X HFo B+ §wE. 3)

Here E is the electric field (V/m) and H is magnetic field
(A/m). The quantity jOEE is called the displacement current,

where £ is the permittivity of the medium (farad/m). Note that,
even in the frequency domain, £€as used here does not include
any portion resulting from the electrical conductivity of the
medium, 0, the effects of which will always be expressed
separately. The term OE represents conduction electric
currents in the medium. We wish to examine the magnitudes
of these terms, relative to each other and also relative to the
various derivatives on the left side of the equation. We will do
this by tracing the influence of each of the terms on the right
hand side within an equation entirely in H, obtained by
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combining (3) with other of Maxwell’s equations. Taking the
curl of (3) and performing manipulations yields
'H= ¢o uH - guH. 4)

The first and second terms on the right in (4) descend from
the first and second terms on the right in (3), respectively.
Specifically, the relative magnitude of the first (second) term
on the right hand side of (3) corresponds to the relative
magnitude of the first (second) term on the right hand side of,
(4) and we will analyze them latter. The three parameter
regions where this equation will be examined are those for air
(free space), the soil, and the metallic scatterers.

The situation is different in each of the three parameter
regions. In the air we assume that o is approximately zero, so
that the second term in (4) drops out. This leaves a classical
wave equation with wavenumber & defined as

k:2_7-[:0)\/a %)

A

where A is the wavelength.

At the top of the MF-EMI band (300 kHz), this expression
indicates that the electromagnetic wavelength is one
kilometer. Typical distances over which we are concerned
about electromagnetic interactions are on the order of 1 m.
Thus there is negligible phase difference between different
points within the domain of consideration in the air. Fields
change essentially in unison throughout, with the structure of
static fields, gaining time dependence only through the action
of sources and boundary conditions. This results in the

uniform time factor €', and a quasi-static phenomenology.
The ultimate significance of this in connection with the
equations above is that both terms on the right hand side of
(4) are negligible, as both are FD expressions for time
derivatives. Thus the corresponding terms in (3) are also

negligible, and the H field is irrotational (LIXHE 0). An
irrotational field may be represented as the gradient of a scalar
potential, P (A)
H = - (6)
Substituting (6) in (1) produces the governing equation for
the air region

o = o (7)

Within the soil, gis nonzero and the ratio of the magnitude
of the third to the second term in (4) is w&o. As a “worst”
case, i.e. the one that most threatens the MQS assumption, we
assume @ ~10° rad/s, o /7102 S/m, and € ~ 10" F/m. This
combination of parameters means that we would be operating
at the extreme upper limit of the MF-EMI band and
presupposes a particularly unlucky set of soil properties, with
low conductivity but rather high dielectric constant. Even this
combination of parameters implies that the third (displacement
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current) term is not larger than the second (electric current)
term. To estimate the significance of the electric currents in
the soil, compare their magnitude to those induced in the
metallic target. By general continuity conditions, the electric
field E will be on the same order in the soil immediately
surrounding the target and in the parts of the metal where the
most significant currents are flowing. As the currents are equal
to OE, the ratio of currents in metal and soil will be
approximately equal to the ratio of their conductivities.
A reasonable upper bound on soil conductivity is o~ 107 S/m.
A typical metal of interest has o~ 10" S/m. Thus the currents
in the metal are about nine orders of magnitude stronger than
those in the soil. Unless the metal scatterer is extremely small
and simultaneously the sensor samples an enormously larger
volume of soil (not the case here), the fields in the soil will be
dominated by those produced by currents in the metal. That
is, the electric currents in the soil will not be a significant
factor in determining the fields in the soil. Thus we conclude
that the term containing the soil currents may be dropped (first
term on the right in (4). We have already concluded that the
second term is not more significant than the first; therefore the
entire right hand side of (4) is again negligible. Thus, in the
soil as in the air, we conclude that the magnetic fields are
irrotational and can be represented using a scalar potential, i.e
with the governing equation (7). Representing of the magnetic
field by the scalar potential |, instead of a vector potential,
has two main advantages: first the calculation of Greens
function related to the Laplace equation (7) is very simple and
fast, and second the scattered magnetic field can be
represented as summation of the fields produced by a set of
magnetic charges. This reduces number of unknowns at least a
factor of 2 relative to the vector potential representation.

Within the metal, we again examine the quantity we&o.
Using the typical values cited above we immediately conclude
that the displacement current term is negligible compared to
the electric current term. However, the electric currents within
the metal are by no means negligible; rather, they are a
fundamental source of the scattered signals. Thus two terms
remain in (4), which may be constructed as a Helmholtz
equation

OB K°H= 0, k=400 . (8)

Here k is sometimes referred to as a wavenumber, by analogy
with higher frequency solutions to the equation. However,
note that (8) is mot a wave equation, as the second term

-JWOUH is the frequency domain equivalent of gy times the

first derivative of H with respect to time, not the second
derivative. We can generate traveling undulations within the
metal by imposing sinusoidal behavior on its surface.
However these are not true waves, e.g. they do not reflect. As
in the wave case, fundamental solutions of (8) can be
expressed as

KR

H~S—k = y+iy, y=
R y+iy, y

—“w\/gu, R=r-r. 9

I

Because the real and imaginary parts of k are equal, the

spatially oscillating factor e’ decays by 1/e in less than one
sixth of its spatial period.

2.2 The method of auxiliary sources

In the EMI frequency regime the EM fields penetrate the
scatterer, at least to some degree. Internal and external fields
at the surface of the object must satisfy the continuity of
tangential components of H and normal component of B

nx(H+H™) = nxH,, (10)
n[(H+H") = n[uLH,. (11)

Here MNis a unit normal vector on the real surface, H™ is the
primary (transmitted) magnetic field, H}" is the scattered
magnetic field which we consider to be radiated by the
auxiliary magnetic charges, which are distributed over the
inner auxiliary surface [1]; H, is the total magnetic field

inside the object, produced mathematically by the auxiliary
magnetic sources placed on the outer auxiliary surface. Using
conventional MAS [1] the boundary conditions (10) and (11)
can be written in the following compact matrix form:

Gy nGy uG|[Q HyY
GY G GXY| P |=-H"|. @2
G!  G! Gy P, HY

Here Q is a vector containing the amplitude of auxiliary
magnetic charges, P, k=u,v is a vector containing the
amplitudes of auxiliary magnetic dipoles oriented along u and
v, which are orthogonal directions on an auxiliary surface,

G? is exterior field expressed with Green’s function

1/(4TR) where R=|r-r'| and GEPy is the interior solution

expressed ultimately in terms of dipole sources distributed
over an exterior auxiliary surface, together with a Green

function of the form e} / 41R . More explicit forms of the

P . 2 A A A _
G2, and Gzymatrlces, where &=n, 0, V;y =u,v, are

presented in [1]. When the skin depth becomes small so that
both real and imaginary parts of k become high, the

Glg“ matrix’s elements become very small compared to

G? matrix elements. At relatively high frequency (more that
10 kHz for common steel, copper, aluminum, brass etc), the
G}gk matrix elements decay very rapidly in space and the

system (12) becomes unstable.
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2.3 Combination of MAS with TSA

To avoid this problem it is desirable to establish an
alternative formulation that would be applicable for high
frequencies. It is well known that at high induction numbers
the fields in the interior of the scatterer are non-zero only in a
thin layer close the surface (Fig. 1). Under this condition, we
exploit the divergence free Maxwell’s equation applied in that
near surface region. That equation and the thinness of the
surface layer provide a boundary condition on the external
field, obviating the necessity for complete solution of the
internal field. We will proceed in a manner analogous to that
in [8], [9]. In those references linear interpolation of
unknowns is used over piecewise flat surface elements, in a
Galerkin integral treatment of the governing relation. Here
consider a general curvilinear surface, with completely
continuous tangents and normals, and a subdomain integration
of the governing equation. Gauss’s Law (the magnetic field
divergence equation) is integrated over a thin finite volume
just below the object’s surface, to produce the relation

O, =0 = ¢H,[@A=0, (13)
A

or

H,, A, -H,, A, +H, A -H, A

2"ty

(14)
+H2,VZAVZ _H 2,v]Avl = O

where A = Anz +Anl +Ale +ALll '*'AV2 +AVl is a total
area of the thin volume. Dividing (14) equation by the layer
thickness d and take limitas d — O yields

OH,

n 0A +H
on

;n on 2u, "u,

+H2,v2 va _H 2,vlLv] = O

A -H, L

2y

+H
2 (15)

Here On = dd. The basic tenet of the TSA is that fields just

B AN
Y, Ap

Luz/,,,

/

An | /V Av 1

/ T
/ An2
Av2
Aul
Fig. 1. Geometry of volume just below the

real surface A.
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below the surface within the thin layer vary approximately
one-dimensionally, normal to the surface. Thus, as d -> 0 the
normal component of the magnetic field H,, and it’s

OoH -
derivative 3 2n along normal N are related to each other
n
through [9]:
oH
—2 = jkH,,(0,u,v) (16)
on '

where H, _ (0,u, V) is the value as n->0 on the interior of

the surface. Based on the boundary conditions (10) and (11)
together with the TSA condition (16), equation (15) can be
rewritten for external magnetic field on boundary in a form
involving only quantities on the surface:

o 2
TH, on

(17)
[Hy, L, -HY L, +HY L -HY L, |= Y]
or, in matrix form:
[Z[d = Y. (1)
Here
[Z] = |:G§ i(]]QAH + aAnj +G82 Luz -GS L“li| +
H, n 1 (19)
[GL,-GYL, ],
and
[Y]= {Hﬁr i(jkAn + aA“ H +
H, On (20)

[Hgg L, -H'L, +H"L, -H'L, ]

When the near-surface layer of electromagnetic activity is
sufficiently thin relative to object dimensions (a/d ~ 0.1 or
less), the equations above are completely sufficient to include
the interior response of the target and to connect it to the
exterior fields. To apply MAS to the exterior region, a set of
magnetic charges is placed mathematically inside the physical
surface, on the auxiliary surface S, shown in Fig. 2. The
secondary magnetic field due to the target is expressed as a
superposition of the fields generated from a finite number (N)
of point charges, {Qi}, 1=1,2,3,...,N placed on the
surface S;™*. The total secondary magnetic field at the

position T, due to the auxiliary charges is expressed as Eq.
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Physical surface dD

Free space €,, U,

Fig. 2. Combined MAS-TSA.
(21) in [1]. By applying equation (17) at M collocation point
on S and expressing H]° using the {Ql} , we cast into an

NxM linear system of equations, where normally we set M=N.

The significance of all this is that TSA together with
standard boundary conditions across the boundary allows us to
write the entire problem strictly in terms of exterior field
quantities (17). These in turn can be solved for in terms of a
simple set of scalar auxiliary source strengths, distributed
relatively sparsely over an auxiliary surface. We term this
formulation the combined MAS-TSA algorithm, because it
retains an MAS formulation for the exterior field, but treats
the interior field only through the TSA. The "full MAS"
designates an MAS formulation applied to both interior and
exterior regions. One can also mix MAS and TSA in another
sense, namely applying the full MAS under conditions where
it is appropriate, and easily switching to the combined
MAS/TSA where it is appropriate, e.g. at higher frequencies.
This provides a full EMI band simulator, essentially from the
magneto-static lower limit to the upper PEC limit at some
100’s of kHz.

2.4 Transient response of a highly conducting and
permeable object

TD EMI instruments have been very prominent in localized
subsurface surveying, particularly for detection and
discrimination of UXO [40 and references therein]. The
transient response can be obtained from the MAS —-MAS/TSA
FD solutions by an inverse Fourier transform

15 ;
H(t) = — j HwH"(0e®d(@). 1)
21,
Here w is angular frequency and H(w) is the FD solution.
In measurement practice, the primary magnetic field is
typically a downward step function

H™(t) = HYu(t) (22)
where
© 1, t<0
u =
0,t=0

which corresponds to the “turn off” case. In the FD

H”(w) =H§‘\/E (L + u)j (23)
2 mw

III. Numerical Results

In this section the hybrid standard MAS and combined
MAS/TSA method are applied to the analysis of broadband
electromagnetic  scattering by highly conducting and
permeable metallic objects. The validity and sensitivity of
TSA in conjunction with the BEM method has been widely
tested for canonical geometries under time varying uniform
field [9]. While we expect the underlying approximation to
produce an accurate system at sufficiently high induction
numbers, past BEM/TSA experience suggests that
applicability may be wider than that, depending on the
scatterer’s permeability. Therefore, we will perform numerical
tests of the new method across the entire EMI band. The
results are compared with a solution obtained by full
(conventional) MAS and experimental data obtained using the

40

Ground

O Free space

20

Re{Hz} and Im(Hz)

Frequency [Hz]

Fig. 3. Scattered magnetic field versus frequency, for a
spheroid.

GEM-3 sensor [41]. All MAS calculations described below
were done with the simplest point matching, point source code
[1]. Finally, transient TD EMI responses are simulated and
analyzed for highly conducing, permeable and non-permeable
spheroidal objects.
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Validity of MQS assumption

First we perform calculations to check the validity of the
MQS assumption over the entire EMI band. A prolate
spheroid, with minor axis ¢=10 c¢cm, major axis b=50cm, and
conductivity ¢ = 10" S/m and relative permeability . = 100, is
excited by a magnetic dipole placed above it. The distance
between the center of the spheroid and dipole is 60 cm. Fig. 3
shows the scattered magnetic fields versus frequency for three
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permeable and non-permeable spheres, illuminated by an
oscillating magnetic field from a loop antenna. The radius of
the sphere is a =10 cm, with electromagnetic parameters
0=4x10° [S/m] and W, = 1 or 150. The field produced by the
multi-loop antenna is described in detail elsewhere [41], [5].
The distance between the antenna’s center and top part of the
sphere is Scm. The observation point is at the center of the
antenna. The co-planar, concentric inner and outer loop radii
are 10 cm and 20 cm, respectively. The current amplitudes and

TABLE I: MAS and hybrid MAS-TSA complexity for the generation of the results in Fig.4 Computation was done on Pentium IV,

2 GHz speed.
Induction number | Standard MAS Standard MAS Combined MAS-TSA
range u =1 M =150 any M,
Number of CPU Time Number of CPU Time Number of CPU Time
unknowns (secs) unknowns (secs) unknowns (secs)
0< ka<10 40 0.15 60 0.25 14 0.015
11<ka<100 60 0.25 120 1.12 14 0.015
101< ka<1000 80 0.52 280 5.8 14 0.015

cases. In the first case, the spheroid is placed in a uniform
ground with conductivity ¢ = 10 S/m and simulation is done
including a displacement and electric currents, both within the
object and outside it (no MQS assumption, solid line in the
figure). The second case assumes that the spheroid is placed in
free space and again simulation is done without MQS
assumption (circles). Finally, a third case employs the MQS
assumption throughout (no electric currents in surrounding
space, no displacement currents throughout: diamonds). In all
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their directions on the loops are chosen in such way that at the
centers of the loops the primary field is zero. Fig. 4 shows
comparisons of scattered magnetic field calculated by standard
MAS [1] with number of sources N and by the combined
MAS-TSA [39], both with formulations assuming a body-of-
revolution (BOR). The figure shows the “full” range of
induction numbers in that the problem ranges from lowest
values of interest, in which the primary field penetrates the
object completely (~ magnetostatic case), up to asymptotic
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Fig. 4. The scattered magnetic field versus induction number for sphere subject to a realistic sensor: a) non-permeable, b) permeable

case.

three cases the scattered magnetic fields for the spheroid are
the virtually the same, i.e the MQS assumption is very
accurate across the entire EMI frequency range.

1. Accuracy and Complexity of combined MAS-TSA
algorithm for non-uniform excitation

Next we examine the performance of the two formulations
for simulating EMI scattering from highly conducting,

high frequency limits, with arbitrarily small skin depth (~ PEC
case). At low induction numbers the full MAS gives high
accuracy results compared to the combined MAS/TSA method
for the non-permeable sphere. As induction number increases,
this difference becomes insignificant (in these cases, as in the
BEM-TSA [7] — [9] in cases with uniform fields, when the
induction number is more than about 20). For the highly
permeable sphere the full MAS with relatively dense
distribution of sources and combined MAS/TSA algorithm are



in very good agreement over the entire band. However, the
standard MAS with small number of sources becomes
unstable (Fig. 4 b) after induction number 100, which is not
the case for non-permeable sphere (Fig. 4 a). This means that,
at any particular resolution, the stability of the full MAS is
determined by two factors: induction number and
permeability. Both these parameters affect the matrix elements

G}gk in equation (12) in approximately the same way. Thus,
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8000 with no apparent difficulties associated with change in
skin depth and associated resolution requirements.
Comparisons between CPU time and source density for two
standard MAS and combined MAS/TSA solutions are given in
table 1. For full MAS solution of the same problem at high
induction number (single frequency) approximately from 6 to
12 times more unknowns were required. However, depending
on the object geometry, a much higher number of unknowns
may be necessary to achieve convergence of the solutions
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Fig. 5. The scattered magnetic field versus induction number for a prolate spheroid.

when these parameters increase, the total magnetic field H,
inside the object decays steeply, interaction between the
discretized quantities degenerates, and the system (12)
becomes unstable. At the same time, the accuracy of
combined MAS/TSA algorithm significantly increases at low
induction numbers for high permeability (Fig. 4 b), as in the
BEM-TSA [7] — [9] in cases with uniform fields. For the
highly permeable case, the MAS/TSA covers the whole band
from induction number 0.01 up through induction number

from the standard MAS. In the comparisons between CPU
time shown, it is obvious that the reduction in complexity
resulting from use of MAS/TSA for this problem is dramatic
and becomes more significant as: 1) the induction number
increases, and 2) the permeability of the object increases. Note
here that results in Table I show two very significant facts,
applicable at least to spherical scatterers:
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1. For the high permeability objects the accuracy of the
MAS/TSA method is reasonably good over entire

broadband electromagnetic induction range.

2. To obtain highly accurate results for high permeability
objects, the full MAS method requires a very dense
distribution of unknowns, which dramatically increases
computational time and computer resource requirements.

Compared to conventional MAS, the MAS/TSA algorithm
has several features that make it attractive to a wide range of
EMI problems. The number of unknowns in MAS/TSA is
reduced by a factor of 3 in general 3D EMI problems (see
equations (12) and (18)). In the MQS regime, the scattered
field is very smooth. This allows the MAS/TSA method, with
very low computational cost requirement, to get highly
accurate results with a point source/point matching technique,
with only the mesh density that is required to represent the
geometry accurately. The matrix that produces the scattered
field associated with magnetic charges in (17) does not depend
on the frequency. Within its realm of validity, MAS/TSA
should be much more attractive compared to other numerical
techniques such as MoM [14] and FEM, e.g. [23], [24]). The
greatest advantages of combining the MAS and MAS/TSA is
accuracy over all EMI frequencies for all electromagnetic
parameters, with quite simple programming, especially
relative to sophisticated MoM type techniques such as the Fast

10 10 £
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in b), e), h); and 120 cm in c), f), i) The solid line
corresponds to full MAS with N=500 number of sources and
dashed line to MAS/TSA algorithm. These figures
demonstrate in cases that, when the induction number is more
than about 20, both techniques produce virtually the same
results. However, at low frequency for non-permeable cases,
the MAS/TSA algorithm produces significantly different
results (Fig. 5 a-c). These errors are reduced as the dipole
moves from the object. Again, as permeability increases the
differences between standard MAS and MAS/TSA algorithm
become insignificant over the entire EMI frequency range,
particularly for w=100, e.g. Fig. 5 g. As the dipole moves
from the object with permeability 100, the error between MAS
and MAS/TSA become slightly worse, but not significantly.
These results also show that depending on the distance
between the target and sources of excitation the frequency
spectrum of the scatterer is different. This contrasts with the
observation in [8], where frequency response is independent of
observation point, but under a uniform primary field. For
example, for the highest permeability spheroid the peak of the
quadrature or imaginary part, associated with volume currents,
moves from induction number 100 to 10. It is obvious, that
when dipole is close to the object it excites strong eddy
currents within the closest part, and in turn these currents will
dominate the received signal. When the source is close to the
end of the spheroid, its response is reminiscent of that from a
sphere, both in terms of performance of the MAS/TSA and in
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Fig. 6. Error criteria a,, versus distance along surface of the spheroid for permeability a) 1=1, b) W=25, and c) y=100.

Multi-pole Method [42].

To check the accuracy of the MAS/TSA algorithm in non-
spherical cases, we examine EMI scattering from both non-
permeable and permeable prolate spheroids. The spheroid’s
major to minor axis aspect ratio is four (b/a = 4) and minor
axis is @ = 10 cm. It is excited by an axially oriented magnetic
dipole placed outside the spheroid on its axis of the symmetry.
EM parameters are [, = 1, 25, 100. Results are shown relative
to induction number |kla, so that ¢ = 4x10° S/m does not
appear explicitly.

Fig. 5 shows results for p=1 ( a-c); W=25 ( d-f); and
=100 (g-i). The dipole sources are placed at three different
distances from the spheroid’s center: 45cm in a) d), g); 60 cm

location of peak response. As the source moves away, the
geometrical heterogeneity of the object has more effect on the
accuracy of the MAS/TSA, and the overall response is more
like what we should expect from an elongated magnetic
object, axially oriented relative to the primary field [1].

2. Error analysis

To analyze the performance of the MA/TSA code we
studied the accuracy of the TS assumption within the object,
infinitely close to the surface. In [9], the ratio of TSA
approximation to the actual derivative of the normal
component of the magnetic field H, , was denoted
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a _ ij2,n
"~ oH,, /o @9

and provided an error criterion on the surface of the scatterer.
A theoretical analysis showed error patterns in both the basic
approximation and, sometimes contrastingly, in the resulting
scattered field. Analytical relations produced formulas for
both the level of error and the sensitivity of the numerical
system to error. The analysis was carried out only for spheres
and transverse infinite cylinders, in uniform primary fields, for
which the analytical relations could be obtained. Here both

H,, and OH,,/0n are obtained along the surface of a

spheroidal scatterer, using the conventional MAS code, when
the source of the primary field is a magnetic dipole. The
source is situated on the rotational axis 45 cm from the center
of the spheroid.

Fig. 6 shows the ratio of the TSA values and the numerical
derivative values as a function of distance along the (interior)
surface. For all three permeabilities, at very low induction
numbers (jkla = 0.01 and 2) the difference between

JkH,, and OH,, /0On is very significant. They are in fact

different orders of magnitude. However the comparisons
between scattered
fields obtained by
combined MAS/TSA
and standard MAS
show different error
patterns, relative to
the value of g,
(Fig. 5). To some
extent, one sees the
same trends as in [9],
despite the difference
in object geometry
and non-uniformity of
excitation: high permeability diminishes the consequences of
inaccuracy in the TSA. In order to understand this numerical
behavior here, let us examine the expressions in (17). The
expression in brackets can be divided into two parts: the first
part is associated with the normal component of the magnetic
field and with the TSA, while second part is related to the
tangential components. Examination of solutions shows that
the both normal and tangential components of the scattered
magnetic field on the boundary of the scatterer become
saturated at very low induction numbers (e.g |kla <0.1) and at
correspondingly low frequencies. That is, however much L, is

Fig. 7. UXO.

increased, the value of H}* and its magnitude relative to the

other components cease to change significantly. This means
that, as W, increases, the contribution of the first part in
brackets to the whole system (18) decreases relative to the
contribution from the second part. Thus the quality of our
approximation of the normal derivative has reduced effect.

For all values of [, the TSA and actual 0H 2 /On values

almost coincide with each other at induction number [kla=10
and 30. Obviously at these induction numbers the combined
MAS/TSA and full MAS agree very well in the far fields of
Fig. 5.

The error pattern observed here differs from that in [9] in
one important respect, namely here we do not see reduced
error at the very lowest induction numbers when there is
significant error in the middle range of induction numbers. To
understand this, note that at very low induction numbers both

0H,,/Onand jkH,,
uniform primary field excitation. Therefore, while the ratio of
0H,,/Onand jkH,, may not be correct, the latter still

approach zero for the spheroid

approximates the former adequately in that both become
negligible.  However in the non-uniform primary field

considered here, 0H 2 /On does not approach zero at low

induction numbers, even in the static condition. For the non-
magnetic case, the internal static fields will show the same
complexity of spatial variation as the primary field. The
assumption of approximately 1-D gradients below the surface,
on which (16) is based, will not hold. Overall, while in certain
cases high [, values may suppress the effects of errors in the
TSA at low induction numbers, in general the TSA is designed
for high induction numbers. It does not take into account
spatial distribution of the normal component of the magnetic
field at low frequencies, and neglects its tangential gradients.
See also [39] for additional illustrations of low induction
number TSA error, caused by more variable geometry.

The most secure general strategy for obtaining very accurate
results over entire broadband EMI frequency range is to use
the full MAS and for induction numbers less than about 20
and then switch to the MAS/TSA method for higher induction
numbers. Alternatively, we can use the validity of the full
MAS solution in the interior to check the accuracy of TSA as
we proceed upwards in frequency. When we see that (16) has
become valid, we can proceed with the combined MAS/TSA
for all higher frequencies.

Having established the accuracy and range of validity of the
hybrid full MAS - MAS/TSA, we will use it to investigate
EMI response for a real UXO, consisting of two parts: a tail
with fins (length 8 cm, diameter 3.15 cm), and main part
(largest diameter 8 cm, smallest diameter 3.15 cm). The total
length of UXO is 26 cm Fig. 7. The primary magnetic field is
generated by a GEM-3 sensor [5,41]. Two excitations were
considered: 1) Axial, i.e. when the coil axis of GEM-3 is
aligned with the axis of symmetry of the UXO, and 2)
transverse, when the GEM-3 axis is orthogonal to its axis. For
determination of the EM parameters of each section, the UXO
was disassembled. For each part the EMI response was
measured separately and a recently developed inverse EMI
algorithm [43] was used for inferring their EM parameters.
Inverted parameters are: for the main part o = 1.6 x10° S/m, .
= 85; for tail 0 = 2x10° S/m, W, = 130. The numerical solution
shown as a solid line in Fig. 4 was obtained by combination of
conventional MAS at low induction number [k|a<20, and
MAS/TSA for [k|a>20. The comparison between measured
and simulated data for the UXO is shown in Fig. 8, with
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Fig. 8. Scattered magnetic fields versus frequency for real UXO oriented with (a) the nose up, (b) the tail up, and c) horizontal.

different target orientations. Again agreement is very good.
These results clearly show that, depending on the target
orientation relative to the sensor's of point of view, the EM
responses are quite different. As shown in Fig. 8 a), when the
nose is close to the sensor the response behaves like a sphere,
whereas when the tail is up Fig. 8 b) the scattered field
spectrum suggests the object is elongated (quadrature peak
shifted lower, see (5). In the transverse case (Fig. 8 c) the
response is more like that of an elongated target in transverse
orientation, with quadrature peak at high frequency.

0.0004 —

Numerical
- -O- - Analytical

Foo ‘ Tu
0.0002 |-t e

H(t) (A/m)
o

-0.0002

-0.0004 =
10° 10® 107 10° 10° 10" 10® 10% 10" 10° 10

Time [sec]

....... : : : : Numerical
SSSSSssase | - -O- - Analytical
0.0008
0.0004 |mebemmboi NG
0 N A i
-0.0004

representative of most TD instruments in current use is the
"Turn off" case: The initial condition is essentially the steady
state solution (unvarying primary field normalized here to
unity); at t = 0" the primary field is shut off and the scattered
field is measured. In this case, the calculated response begins
at a finite value and decays eventually to zero. For the "turn
on" case, the initial condition is zero both inside and outside
the object. Att= 0", the primary field is switched on and the
scattered field recorded. A new version of the Geophex
GEM-3 sensor will record this case as well as the "turn off."
The former may be more revealing than the turn-off case,
0.0012

10° 10% 107 10° 10° 10* 10°® 10% 10" 10° 10

Time [sec]

Fig. 9. Transient response for ;=1 non-permeable a) and permeable b) 1, =50 spheres.

3. Transient response for spheroids

In this section a transient TD EMI response is analyzed for
highly conducting and permeable metallic objects, beginning
with spheres in both the "Turn on" and "Turn off" TD cases.
For checking the accuracy of the numerical method, data are
compared against available analytical results. The case

converging in late time to a steady-state value that depends on
the object's permeability. The following figure shows example
turn-on and turn-off results for a sphere, 5 cm in radius, with
electrical conductivity 0 = 10’ S/m and relative permeabilities
1 and 50, and observation point 1 m distant. Numerical results
are compared to analytical values obtained from analytical
solutions by James Wait [32].
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Note that the beginning value of the turn-off case and the
ending value in the turn-on case are not the same. This is
because the first response of the object to an imposed change
in the surrounding (primary) field is to generate surface
currents that oppose the change (Lentz' Law). Thus, in the
turn-on case, in which a positive primary field value is
suddenly imposed, the initial response is negative. (See early

b/a=0.25). Fig. 10 shows the scattered magnetic field versus
time for turn on and turn off cases, for different permeabilities.
Figs. 10a and 10b are for the prolate spheroid illuminated by
axial and transverse oriented primary magnetic field,
respectively. Depending on the primary magnetic field
orientation and spheroid’s EM parameters, the decay
characteristics are different. The results show that, as
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Fig. 10. Transient response for oblate and prolate spheroids, a, ¢) axial and b, d) transverse excitations.

time in turn-on curve in the Fig. 9). Conversely, in the turn-off
case, a negative change in the surrounding field is imposed, so
the first response of the object is positive. In other words, the
very early time values seen at the beginning of the turn-off
curve (figure above) are not the true steady state response, but
are rather steady state augmented by an initial positive
response. For the non-magnetic object (U, = 1, Fig. 9 a) there
is no (non-zero) static response, so the only early time
response is the initial jump in response to the imposed field.
Note that, reassuringly, the change in magnitude of the
response from very early to very late time is the same in both
turn-on and turn-off cases, for both magnetic (Fig. 9 b) and
non-magnetic materials (Fig. 9 a).

Next the transient responses are investigated for highly
conducting, permeable and non-permeable  prolate
(Fig. 10 a,b) and oblate spheroids (Fig. 10. c,d), illuminated by
an axial and transverse primary magnetic field. Axis aspect
ratios are 4 for both spheroids (prolate b/a=4, a=5cm, oblate

permeability increases, the principal transient response activity
(decay curve) shifts earlier in time in both the turn on and turn
off cases. Similar behavior of the transient field is observed
for the oblate spheroid.

IV. Conclusion

In the paper, an innovative hybrid standard MAS and
combined MAS/TSA algorithm is presented for efficiently and
accurately analyzing EMI responses by highly conducting and
permeable metallic targets. It has been shown that combined
MAS/TSA algorithm works most reliably at high induction
numbers, where skin depths are very small and more general
methods are most stressed. Numerical experiments for a
prolate spheroid under highly non-uniform, time varying
primary magnetic field have shown that the combined
MAS/TSA algorithm is inaccurate at low induction numbers
for a non-permeable object. For a highly permeable object, the
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MAS/TSA accuracy depends on the primary field, but only
slightly, with relatively small errors in the scattered field over
the entire band.

These studies suggest that for high accuracy broadband EMI
simulation requiring low CPU resources it is necessary to use
the standard MAS in low frequencies (induction number less
than about 20), and the combined MAS/TSA algorithm at high
frequencies (induction number greater than about 20).
Accounting for non-uniformity effects at low frequency is
particularly important for analyzing near field EMI responses
for targets under highly non-uniform primary fields or for
multiple, interacting objects, or for objects with very non-
uniform geometries. Such cases occur frequently in
subsurface unexploded ordinances discrimination problems.

To speed up calculation time it is possible to estimate the
accuracy of the TSA via standard MAS, as one proceeds up
through the lower frequencies. Then, when it has become
valid, we can proceed with the MAS/TSA for all higher
frequencies beyond the near static region.

Ultra wideband EMI frequency domain (FD) responses,
obtained by the proposed hybrid MAS - MAS/TSA algorithm,
are translated in time domain (TD) using a specialized inverse
Fourier transform. To validate the FD to TD algorithm, the
transient responses for permeable and non-permeable spheres
are compared against analytical solutions for both turn on and
turn off cases. Numerical TD experiments show that decay
characteristics in the transient responses depend of the object
geometry, primary field orientation, and EM parameters. For
both flattened and elongated shapes, in both axial and
transverse excitation, increasing permeability appears to shift
the onset of signal decay earlier. From the point of view of
discrimination, the turn-on case has the advantage that it may
arrive at a non-zero steady state depending on permeability.
This may be a more accessible indicator of permeability than
signal characteristics near the onset of decay.
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Abstract: The electrical properties of IC interconnects at
multi-GHz frequencies must be described with Max-
well’s equations. We have created an entirely new float-
ing random-walk (RW) algorithm to solve the time-
harmonic Maxwell-Helmholtz equations. Traditional
RW algorithms for Maxwell-Helmholtz equations are
constrained to length scales that are less than a quarter-
wavelength. This is because of the problem of resonance
in finite-domain Green’s function for Helmholtz equa-
tion at multiple quarter-wavelength length scales. In this
paper, we report the major discovery of extending our
floating RW algorithm beyond a quarter-wavelength.
The problem of Green’s function resonance has been
eliminated by the use of an infinite-domain Green’s
function. In this work, we formulate this algorithm and
describe its successful application to homogeneous and
heterogeneous 1D problems and homogeneous 2D prob-
lems. We believe, that with additional work, this RW
algorithm will prove useful in the development of CAD
tools for electromagnetic analysis of IC interconnect
systems. It can be noted that the algorithm exhibits full
parallelism, requiring minimal interprocessor communi-
cation. Thus, significant performance enhancement can
be expected in any future parallel software or hardware
implementation.

Keywords: Floating random-walk method/algorithm,
Dirichlet-Neumann  algorithm, = Maxwell-Helmholtz
equation.

1. Introduction

Fundamentally, the electrical properties of advanced
multilevel IC interconnects at present multi-GHz fre-
quencies must be described with Maxwell’s equations.
Traditional numerical methods[1-3] require, usually, a
discretization mesh. Mesh size and resultant difficulty
of solution become somewhat unmanageable in compli-
cated 3D problem domains. The RW algorithm that we

present here does not involve the use of a mesh. In es-
sence, the algorithm executes a Monte Carlo integration
[4] of an infinite series of multi-dimensional integrals [5]
by means of random walks (RWs) through the problem
domain. These integrals contain both “surface” and
“volume” Green’s function kernels. Conventional RW
algorithms for Maxwell-Helmholtz equation are con-
strained to sub-quarter-wavelength length scales. This is
due to the mathematical difficulties associated with un-
wanted multiple quarter-wavelength resonances [6] in
finite-domain Green’s functions. In this work, the prob-
lem of finite-domain Green’s function resonance has
been eliminated by the use of an infinite-domain Green’s
function. The additional complexity of having now to
propagate RWs for both the field and its derivative pre-
sents little practical difficulty. In the next section, we
present the RW equations for the time-harmonic Max-
well-Helmholtz equations in 1D and 2D.

2. Random-Walk Equations

Consider the 1D time-harmonic Maxwell-Helmholtz
equation with a source term on the right-hand side

2
d Az(x)+k2A(x): /(). (1)
dx

The quantity A is the field variable of interest and & is a
constant wave vector whose magnitude is determined by
the frequency and material properties of the problem
domain. Both the boundary value and derivative are as-
sumed to be known at the two endpoints of the 1D prob-
lem domain. Now, one may wonder why we want to
solve an “over-specified” problem. This criticism can be
countered by observing that in IC-interconnect struc-
tures, the current is specified at certain conducting re-
gions. These currents appear as source terms in the right
hand side of the Helmholtz equation given in (1). Inte-
grals involving these source terms will appear in our RW
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formulation and the RWs will terminate at infinity, that
is, at large distances from the interconnect structure,
where the field vector of interest and its spatial deriva-
tives are known to be zero from physical considerations.
The non-zero contributions to the RW solution will come
from integrals involving source terms. So, having estab-
lished the motivation for solving the 1D problem of in-
terest, we can write the Green’s function differential
equation associated with (1)

5%Glx|x,)

e +k2G(x|x,)=5(x—x,), 2)

where d (x—x,) is the Dirac delta function centered at x =
X, . There can be any number of Green’s functions satis-
fying equation (2), depending on the arbitrary nature of
boundary conditions applied to (2). In a previous
work[6], we have employed one such finite-domain
Green’s function that vanishes at problem-domain
boundaries For instance, over —L < x < L, such a Green’s
function has the form

G(x| xo):#sin[kﬂ x—x,|-L)] 3)

0oSkL

The use of a finite-domain Green’s function like the one
in (3) produces the most economical set of RW equa-
tions, and is traditional in RW literature. On the other
hand, it is precisely this form of the finite-domain
Green’s function that generates unwanted multiple quar-
ter-wavelength resonance, produced by the zeros in the
denominator of (3).

In this work, we suggest the use of an infinite-domain
Green’s function, where both the boundary value and the
boundary derivative never simultaneously vanish at do-
main boundaries. One such Green’s function satisfying
(2) is, for example,

G(x|x,) :ﬁsin(k |x—x, |). (4)

Using (4), the problem of quarter-wavelength resonance
can be avoided, at the minimal expense of now propagat-
ing, by RWs, both field values and derivatives through
the problem domain. We therefore call this new modifi-
cation a D-N floating RW algorithm, where “D-N" sig-
nifies “Dirichlet-Neumann”. To obtain the RW equa-
tions, we multiply (1) by G(x|x,)and (2) by A(x)and
subtract one from the other, which yields
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d’G  .d*4
e —G? = A8(x—x,)- f()G(x|x,). (5)

A

Integrating (5) from —L to +L, yields

A)= e 5o+

G(L]x,)A(L)-G (- L|x,)A(-L)- (6)
G(L | x,)4,(L)+G(L | x,)4.(- L).

In the zero-centered notation, meaning x, =0, (6) can
be written as

A= TG(x)f(x)dx@x(L)A(L)- (7)

G, (-L)A(-L1)-G(L)4,(L)+G(L)A,(- L),
where G,(L)=G,(L|0),G(L)=G(L|0), and so forth.

Taking a derivative of (6) with respect to x,, , and writing
in zero-centered notation, gives

7, = [, (/e + G, (L)alo)-
G, (LACL)-G, (14(1)+5, ()4 (1)

Equations (7) and (8) can be written in the vector-matrix
form

i TG(x) £ (o )x
Al
A 6, W)tk

G (L) -G(L) |[4
{@xo(m —GVO(L)HAX(L)
-G(-1)  G(-1) |[4(-L)
-G, (-L) G, (-L) Lx(—L)}’

where 4 and 4, at the center of the domain x = x,, re-

lates to the hop-interval endpoint values at x = +L. The
different derivatives of the infinite-domain Green’s func-
tion in (4), which shows up in the matrix-equation (9) are
given by



G (x)= %cos(k|x|)sgn(x),
~1,x<0 (10a)
x #0,sgn(x) = { 1,’x N 0:
G, (x)= —%cos(k|x|)sgn(x), x#0, (10b)
- k.
Gy, (=73 sin(k|x]) x # 0. (10c)

In the 2D case, the infinite-domain Green’s function
chosen is

G(r|r0)=%Y0(k|r—r0|). (11)

Above, Y, represents Neumann function of zeroth order.

Using the Green’s function in (11), we can solve for the
2D Helmholtz equation with an arbitrary forcing func-
tion f'(7,@). Following a procedure identical to the one

that led to the derivation of (7) and (8), the field variable
A of interest, and its derivative at the center (r,= 0) of a
circular domain of radius R are given by

R27

A=[[rep6lg17, 6, pdrdg+
0

0

jRGr(R,qﬁ [6,)A(r),_pd - (12.1)
0

2z
[R4,(R.19,)5(r IT,), 9
0

O'—.kz

j (r.9)G,, (6| 1, g, pdrds +
0
jRGWU (Rg19,)A(), dg—  (122)
27r0
[R4.(R914,)G, (FI1,),_pde
0

Here, subscripts denote differentiation. The different
derivatives of the infinite-domain Green’s function given
in (11) with respect to 7 and 7, are given by

G,.(R.419, )— Y, (kR), (13.1)
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G, (R.¢|¢,)=——Y,(kR)cos(¢—¢,). (13.2)

2
G, (R.$16,) =27, (kR)soslp—4,). (133)

Thus, we have formulated the RW propagation equations
for solving the Helmholtz equation in 1D and 2D. In the
following section, we will present the results for test
problems in 1D and 2D.

3. Benchmark Problems

We have chosen four benchmark problems. The first two
problems involve the solution of Helmholtz equation in
1D. The first problem involves the solution of Helmholtz
equation in a medium with real propagation constant (k =
1.0) with a sinusoidal (k; = 1.5) forcing term. A real
propagation constant corresponds to insulating medium,
while a complex propagation constant corresponds to
conducting medium. The analytical solution chosen is
proportional to the forcing term. The rationale behind the
choice of a sinusoidal forcing term is that any forcing
function, piecewise continuous in the problem domain of
interest can be decomposed into an infinite sum of sinu-
soids. The second problem involves a heterogeneous
problem domain with a real propagation constant (k =
3.0) on the left and a complex propagation constant (k =
30 + 0.4i). An analytical solution of the
form A sin(kx) + B cos(kx) is imposed on either side of

the interface, while maintaining the continuity of the
solution and its derivative at the interface. The third and
the fourth problem involve the solution of 2D Helmholtz
equation in insulating medium. For the third problem, we
have chosen a circular cross section whose radius is
equal to twice the wavelength in normalized length
scales with £ = 1. The solution imposed on the problem
domain is the Bessel function of zeroth order. For the
fourth problem, we have chosen a Fourier mode solution
in a square problem domain whose side is equal to four
times the wavelength in normalized length scales with &
= 1. The field variable of interest 4 is zero in the top
bottom and right boundary line; along the left boundary
line 4 is equal to cos(zy/ L), where L represents the

length of the side of the square domain with y = 0 coin-
ciding with the bottom boundary line. The reason behind
choosing such a solution is again that any piecewise con-
tinuous boundary condition can be decomposed into in-
finite number of such Fourier modes.

In order to estimate our field variable, 4, of interest, we
define RWs to start at the point, where we need to esti-
mate A, The RWs propagate as “hops” of different sizes
from the point of interest to the problem boundary, con-
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sistent with a stochastic interpretation of (9) and (12). An
accurate statistical estimate for 4 can be obtained by
averaging over large number of such RWs.

The results for these problems are shown in Figures (1)
to (5). As seen from the figures, there is very good
agreement between the analytical and RW results. We
also observe that our algorithm has been able to capture
multiple wavelengths. In addition, it can be noted that for
the heterogeneous 1D problem, the solution is purely
oscillatory in dielectric, while the solution is damped in
the conductor. This is consistent with the usual skin-
effect type behavior expected in conducting medium. We
coded the algorithm in MATLAB 5.0™, using a 400-
MHz Apple PowerBook G3™ development platform.
The computational details are presented in Table (1).
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Figure 1: 1D homogeneous problem with real forcing
term in insulating medium. -10 < x < 10 in normalized
length scales and & = 1. A real, forcing term equal to
sin(k ,x) is applied withk , =1.5. The solid line repre-

sents the exact analytical solution. The dots represent the
random-walk solution points.
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Figure 2: 1D heterogeneous problem, the real part of the
solution. Heterogeneous domain with -10 < x < 10 in
normalized length scales. For x < 0, k£ = 3, while for x >
0, k=3 + 0.4i. The solid line represents the exact ana-
lytical solution. The dots represent the random-walk so-
lution points.
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Figure 3: 1D heterogeneous problem, the imaginary part
of the solution. Heterogeneous domain with -10 <x < 10
in normalized length scales. For x < 0, k= 3, while for x
>0, k=3 + 0.4i. The solid line represents the exact ana-
lytical solution. The dots represent the random-walk so-
lution points.
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Figure 4: 2D homogeneous problem in an insulating
circular cross section of diameter 41 in normalized
length scales with £ = 1. A solution consisting of the
zeroth order Bessel function is imposed. The solution is
plotted along a diameter of the cross section. The solid
line represents the exact analytical solution. The dots
represent the random-walk solution points.

Figure 5: 2D homogeneous problem in an insulating
square problem domain with a side equal to 4\ in nor-
malized length scales and £ = 1. A Fourier mode solution
is imposed and the solution is plotted along the center-
line x axis. The solid line represents the exact analytical
solution. The dots represent the random-walk solution
points.
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Table 1: Computational details for the verification prob-
lems.

Problem RWs per | Time per | Mean abso-
Specifications | solution solution lute error
point point
1D Helmbholtz 20000 About1 | 0.004 on a
equation with second | solution range
source term (—0.8 to 0.8)
1D Helmbholtz 500 About 1 | (1.7+2.8/)x10°
equation  in second | " on a solu-
heterogeneous tion range
problem do- (—1-9) to
main (1+)
2D Helmbholtz 15000 About 1 | 0.027+0.017:
equation with minute | on a solution
a zeroth order range (—0.4 to
Bessel func- +1.0)
tion solution
2D Helmbholtz 15000 About 0.106+0.143:
equation with one min- | on a solution
a Fourier ute range (-5 to
mode solution +5)

4, Conclusions

In conclusion, we have been able to create a floating RW
algorithm for Maxwell-Helmholtz equations at multiple
wavelength scales. Our next goal is to extend this ap-
proach to heterogeneous problems in 2D and 3D. The
absence of analytical Green’s function in 2D and 3D for
structures of arbitrary heterogeneity makes this an inter-
esting problem. A possible future application of this al-
gorithm would be the extraction of frequency- dependent
inductance, resistance and capacitance. We believe that
with additional development, this algorithm will lead to
the development of IC CAD for high-end digital IC in-
terconnect systems.
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Abdract

A novel time-domain technique is proposed for the analyss of
MEMS-based variable devices involving motion to arbitrary
inplane directions usng the adgptive body fitted grid
generation method with moving boundaries MEMS
technology is growing rapidly in the RF fidld and the accurate
desgn of RF MEMS switches that can be used for phase
shifting or reconfigurable tuners requires the computationally
effective modding of thelr trandent and steady-dtate behavior
including the accurate andyss of their time-dependent moving
boundaries Due to the limitations of the conventiona
time-domain numerica techniques, it is tedious to smulate
these problems numericaly. The new technique proposed inthis
paper is basad on the time-difference time-domain method with
an adaptive implementation of grid generation. Employing this
tranformation, it is possible to goply the grid generation
technique to the analysis of geometries with time-changing
boundary conditions. A variable capacitor that congds of two
meta plates that can move to arbitrary in-plane directions is
anayzed as a benchmark. The numerical results expressing the
relationship between the velocity of the plaes and the
capacitance are shown and the transent effect is accurady
modeled.

1. Introduction

The accurate knowledge of the eectromagnetic field variation
for a moving or rotating body is very important for the
redlization of new optical or microwave devices, such as the
RF-MEMS gructures used in phase-shifters, couplers or filters

[1,2]. Computationa method for moving boundary problems
have been presented earlier in heat and fluid flow area[3-6]. In
this paper, we propose a new numerical approach for the
andydsof thistype of problemsthet dleviatesthe limitations of
the conventiond time-domain techniquesin the e ectromegnetic
field [7-12] and shows good agreement with andytica results
[23]. Employing the trandformation with the time factor, it is
possible to apply the grid generation technique of [14] to the
time-domain anadyds of geometries with moving objects
With such a grid, the FD-TD method can be solved very eesily
ona“ddic’ (time-invariant) rectangular mesh regardless of the
shape and the mation of the physicd region, something that
makes it an egpecidly good tool to andyze arbitrary shape and
motion. In this paper, this Smulation method is gpplied to the
andyss of a two-dimensond MEMS varigble capacitor with
abitrary in-plane maotions of itsinterdigitated fingers.

2. General Theory of the Body-Fitted Grid Generation
M ethod with M oving Boundaries

This technique is basad on the finite-difference time-domain
(FD-TD) method with an adeptive implementation of grid
generdion. The key feature of thismethod isthet thetime factor
isadded to the conventiona numerica grid generation. Wehave
improved the grid generation of [14] to the present onehaving a
coordinate line coincident with arbitrarily shgped moving
boundaries or moving bodies. Employing this transformetion, it
ispossbleto gpply the grid generation technique to the andlysis
of geometries with time-changing boundary conditions. With
such agrid, the FD-TD method can be solved very eesily using

1054-4887 © 2004 ACES
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atime-invariant square grid (rectangular computationd region)
regardiess of the shgpe and the motion of the physica region.
Employing the trandformeation with the time factor, the partid
differential equetion in the physica region (X,Y, Z,t) is
related to the computationd region (¢,77,¢,T) asfollows

X=X(£,17,¢,1), @
y=y(.n.61), @)
z=2(¢,17,6,7), ©)
t=t($,n,6,1). @

Theinversetrandformation isgiven by

$=4(x%Y,2), ©)
n=n(xy,2), ©)
¢=¢(%Y,2), ()
r=1(X,Y,2). ®

According to the tranformation, the first derivatives are
transformed asfollows,

d/0x 0/0&
d/oy|  |0/on
d/oz| | 0/o¢ ©
a/ot d/or

Theinversetrandformation isgiven by,

0/0 [o/ox
o/on| | o0/dy
djoc | - d/0z 10
d/or a/ot

where the matricesK and L are given by
0&/ox 0n/ox 0¢/ox OT/0x
_|9¢/0y onjoy dgjoy or/dy
0&/0z dn/oz d¢/oz 0t/oz
d&/ot anjot ac/ot ar/ot

1)
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ax/0&
ox/on
ox/0¢
ox/ot

oy/0&
ay/on
ay/o¢
dy/or

3z/0&
0z/on
0z/0¢
0z/or

dt/o&
at/on
ot/oc |
ot/or

L=K™"= 12)

By this transformation, there is a unique correspondence
between the computationa region and the physicd region. The
tranformed region can be eadly solved in the rectangular
computationa region by FD-TD method. The stability criterion
for FD-TD dgorithmisdiscussad in [8].

3. Two Dimendonal Variable Capacitor with Arbitrary
Motions

The geometry to be consdered here is shown in Fig. 1. Under
the combined effect of mechanica and eectrical force, the two
plates are assumed to move with different velocitiesto arbitrary
in-plane directions. For the two-dimensond TM-propagation
case, there are only Ex, Ey, Hz nonzero components with a
time variation given by the following eguations,

oH, _ 1(0E, OB} (13)
ot ul oy 0x

OB _Lf0H, ;| (1)
ot &\ oy

oE 1(0oH

J:_* z +J 1 1
ot 5( ox y] (13

where €, | are the conditutive parameters of the respective
media. In Fig. 1, the configurations of the physica and of the
computationa regions are shown. The interdigitated fingers are
assumed to move to abitrary directions in the xy-plane with
velocitiesv and u, respectively and the direction of their motion
is shown by the angles £, and g, . Using a coordinates
transformation technique, the time-changing physica region
(xyt) can evolve to a time-invariant computationa domain
(é,n,1) . To transform the equations, it is easy to separate the
physica regionin 25 subregions, where (n, m) aretheindices of
each subregion in x- and y-direction. The number of subregions
depends on the geometry of the moving parts of the geometry.



Different subregions are characterized by different velocitiesin
amplitude and/or direction. The transform equations between
the physica and the computationa regionsare chosen as

— X=hy(t)

AT NCECS O R o
— y- gm—l(t) 1
7 g - g T 0
r=t (18)

where =1, 2, 3, 4, 5 nFl, 2, 3, 4, 5 and hy(t), h(t),
h, (1), hs(t), hy(t), hs(t), go(t), 9.(t), 9o (1), g5(t),
0, (t), gs(t) aewrittenin the following form assuming thet
the plate velocities remain congtant for the whole time of their
motion. a,_; , By, a@e coefficients to normdize the
computationa region. The coordinates X, X,, X3, X, , ad
Vi, Y2, Y3, Y, represent theinitia postions of the plates,

hy (t) =%, + (vcos@,)t, (19
h, (t) = x, + (ucosg,)t, (20)
hs(t) = %3 + (vcoso))t, (21
h, (t) = x, + (ucosg,)t, (22
g,(t) =y, +(using,)t, (23
g, (t) =y, +(vsing,)t, (24)
gs(t) =y; +(vsing,)t, (25)
94(t) =y, +(using)t, (26)

The functionshy(t), hy(t), hg(t), hy(t), cu(t), g(t), gs(t),
g« t ), describe the movement dong the x and y axis,
repectively, and dlow for the redization of a rectangular grid
with stationary boundary conditions, wherehy(t) =0, hg(t) =
Ly Qo(t)=0,05t) =L, 0s8 s360° 0 5§ <360°. By
choosing the angles, it is easy to goply this technique for the
anaysis of arbitrary motions. The partid time-derivativesin the
transformed domain (&n,7) can be expressad in terms of the
partid derivetives of the origind domain (xyt) usng egs
(16)-(26). The FDTD technique can provide the time-domain
solution of the rectangular (&,n,7) grid. The stability criterion in
this case is chosen as ¢ At < &/ 0.707, where 0 = Ax, = Ay,
assuming the grid is uniformly discretized in both directions. In
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generd, ¢ is the minimum space increment (minimum cell
gz6) for xand y directions[§].

4. Numerical Results

To vdidate this approach, numerical results are calculated for a
two-dimensiona variable capacitor withitsfingers moving only
to the x-direction. The grid includes 200x200 cells  whereL, =
L, =L =5\ Ax=Ay=L/200, and At =L/800c. Inthiscase, as
the plates are moving only to the x-direction away from each
other, the angles areg, =0°, 6, =180° and as the plates are
approaching other, the angles are 4, =180°,6, =0° . The
initial plate separation is L/5 and the grid is terminated with
Mur’s absorbing boundary conditions. The relation between the
velocity and the transent value of the capacitance between the
moving fingers, assuming that they dart to move away and
gpproach each other at t=40 time-step and stop at t=60 time-gtep,
is shown in Fg. 2. The capacitance is derived from [15] and is
cdculated in the area of Nno.43 in Fg. 2. Theoreticaly, the value
of the cgpacitance is derived from C = £9d, whered = A, S=

y
LA -
v o

: '4%) LZleu

Y2

v | |
' 1 1 _>

4
11—

15 P 55
un

14 2 u |m 5
73

13 3B | = , I 53
7,

+ 2 2 |2 52
un

1 2 s | a 51 ¢

0 & & & & 1
Fig. 1. Physicd region (top graph) and
computational (bottom araph) reaion.
Ax1. The gtationary value (u=v=0) in Fig. 2, is agreed with this
theoretical vaue. It can be observed that different velocity
vaues lead to different vaues of the capacitance, since they
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affect the gpacing of the fingersfor agpecific t, time-gep. Fig. 3
displays computationd results of the time dependence of the
trandent cgpaditance for velocity vaues in the range of
u=v=2x10"3c to u=v=8x10"3c, assuming that the
plates move away from each other from t=10 time-step to t=60
time-gtep. The horizontd axis indicates the normaized time
expressed in time steps and the vertical axis indicates the value
of the trandent capacitance. The dationary vaue (v=u=0) is
displayed for reference reasons and demondrates a (smoother)
time-variation due to the time evolution of the excitetion
function itsdf. In Fig. 4, the time dependence of the trangent
capacitance is demondrated for various velocity values,
assuming that the plates approach each other from t=20
time-gtep to t=60 time-gtep. Following this gpproach other, the
anglesared, =0°, g, =180° and as the plates are approaching
other, the angles are §, =180°, 4, =0° . The initid plate
separation is L/5 and the grid is terminated with Mur's
absorbing boundary conditions. The relation between the
velocity and the trangent value of the capacitance between the
moving fingers, assuming that they start to move away and
gpproach each other at t=40 time-step and top at t=60 time-gtep,
isshown in Fig. 2. The capacitance is derived from [15] and is
cdculated in the areaof N0.43 in Fig. 2. Theoreticaly, the value
of the capaditance is derived from C=¢,S/d , where
d=A,S=Ax1. The dationary vaue (u=v=0) in Fig. 2, is
agreed with thistheoreticd vaue.

It can be observed that different velocity vaues|ead to different
vaues of the capacitance, Snce they affect the spacing of the
fingersfor a specific t, time-step. Fig. 3 displays computationa
results of the time dependence of the transent capacitance for
veocity velues in the range of u=v=2x10"3c to
u=v=8x10"3c, asuming that the plates move away from
each other from t=10 time-step to t=60 time-step.
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Fig. 3. Time dependence of trangent capacitancefor each
velocity, where plates go away from t=10 time
stepsto t=60 time steps.
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Fig. 4. Time dependence of trangent capacitance for each
velocity, where plates approach each other from
t=10 time- gepsto t=60 time-steps.



The horizonta axis indicates the normalized time expressed in
time seps and the verticd axis indicates the vaue of the
trangent capacitance. The gationary va ue (v=u=0) isdisplayed
for reference reasons and demondrates a (smoother)
time-variation due to the time evolution of the excitation
function itsdf. In Fg. 4, the time dependence of the transent
cgpecitance is demondrated for various veodty vaues
assuming that the plates approach each other from t=20
time-step to t=60 time-step. Following this gpproach for the
whole period of the mation of the fingers, it is easy to perform
an accurate andysi s of the trangient response of the structure and
predict the ringing parasitic effects. It is clear thet the trangent
effect ismore pronounced for the higher values of velocity.

Conclusons

A noved time-domain modeling technique thet hasthe capability
to accurately Smulate the trangient effect of variable capacitors
with arbitrary in-plane motion of their plates has been proposad.
This technique is a combination of the FDTD method and the
body fitted grid generation technique. The key point of this
goproach is the enhancement of a space and a time
tranformation factor theat leads to the development of a
time-invariant numerica grid. The numerical results of the
relation between the capacitance and the velocity of the motion
are shown for aMEMSS capacitor and demondtrate the proposed
technique’'s  unique computationa advantages in the modeling
of microwave devices with moving boundaries.
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Abstract - Electromagnetic induction (EMI) sensing, from 10's of Hz
up to 100's of kHz, is emerging as one of the most promising remote
sensng technologies for detection and discrimination of buried
metalic objects, particularly unexploded ordinance (UXO). For a
single homogenous target it has been shown that the scattered EMI
signd drongly depends on an object's geometry and its
electromagnetic parameters. Mogt if not all UXO contain different
kinds of meta. Additiondly, UXO dtes ae often highly
contaminated with metallic clutter. Methods are currently needed to
digtinguish dangerous objects, such as UXO, from innocuous clutter.
Recently, anadysis of broadband EMI responses from multiple objects
has demonstrated significant interaction between them. The main
god of the paper is to invetigate interaction phenomena between
highly conducting and permesble metalic objects in the EMI
frequency range. Numerical results are compared with experimental
data for canonical geometries (spheres and cylinders). The results
indicate when and how interaction affects the EMI responses and
provides guidance for use of this understanding for future target
discrimination purposes.

Keywords: UXO, Low frequency, Electromagnetic
Auxiliary sources, Interaction, multiple, scattering.

induction,

I. Introduction

Cleaning up buried unexploded ordinance has been
identified as a very high priority environmental problem for
many years. A significant fraction of al ordinance fired does
not detonate and remains dangerous for a long time. In some
cases, the ordinance is broken in parts upon impact with the
ground, complicating discrimination and possibly
contaminating ground water with explosive residues. Most if
not all UXO are composite objects with distinct, relatively
homogeneous sections, each consisting of different metal
shown in Fig. 1, eg., head, body, tail and fins, copper
banding, etc. Further, in many highly contaminated sites,
multiple UXO together with widespread clutter appear
simultaneously within the field of view of the sensor. The
false alarm rate produced by clutter is extremely high and
typically causes the mgjority of remediation costs to be spent
on excavating innocuous items. At present the major problem
is discrimination not detection. One of most promising
technologies for UXO discrimination is electromagnetic

induction (EMI) sensing, operating from 10's of Hz up to
100's of kHz. EMI sensing has some distinct advantages
relative to ground penetrating radar (GPR): while still range
limited, practical depth of penetration of EMI signals is
typically not limited by the lossiness of conductive soils, and
signal clutter due to dielectric heterogeneity is negligible. At
the same time, approaches to processing and resolution
improvement that are well established for GPR do not carry
over to EMI surveying. Frequency domain EMI responses
typically are characterized using two components: oneinphase
with the primary magnetic field and the other quadrature part
and they depend on an object’'s geometry and it's EM
parameters[1], [2].

The magnetic fields radiated by both the sensor and the
object fall off very sharply as afunction of distance, ~1/R®.
Therefore, the sensor affects different materials and sections
of the target differently. The transmitted (“primary”) field
produces much stronger excitation of the closest portion of the
target. In turn, the parts of the target radiating closest to the
receiver disproportionately influence on the scattered signal.
These proximity effects are particularly important for
identification and discrimination of multiple and composite
objects. Analytical techniques based on simple resonating
magnetic and electric dipoles are insufficient [3], when
sensors pass close to the target, as is often the case in UXO
surveying.

Fig. 1. 120 mm HEAT round UXO congsts of four sections,
atogether about 80 cm long: 1) magnetic (sted), 2) non-
magnetic titanium, 3) stedl, and 4) auminum.

The physics of UWB (1Hz — 300kHZz) EMI phenomenais of
diffusion rather than wave propagation. In genera, in the EMI
realm displacement currents can be neglected in both target

1054-4887 © 2004 ACES
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and surrounding media (air, ground). This means that the
dielectric constant of the surrounding medium is typically
unimportant for EMI identification of buried targets such as
UXO and competing clutter. Soil conductivity is nine orders
of magnitude lower than conductivity of a scatterer, which
combine with weak electric fields produce only weak soil
currents. Thismeansthat the exterior (soil) magnetic fieldsare
irrotational, and can thus be represented efficiently using a
simple scalar potential. Here we proceed in terms of such
potential outside the target, while retaining a vector field
formulation inside the metallic object, which an externa
transmitted (“primary" or excitation) magnetic field may
penetrate significantly.

The main goa of the paper is to investigate interaction
between highly conducting and permeable metallic sizable
objectsin the EMI frequency range; and further, to provide the
understanding of why, when, and how the interaction affects
the EMI response; and finally, to interpret data meaningfully
for target classification purposes.

II. A Hybrid Full MAS and MAS-TSA Method for
Multiple Targets

Assume that highly conducting and permeable multiple
metallic objects £ =1,2,...,N,, (where N, isthe number of

objects) are placed in a uniform background with the
electromagnetic properties effectively of free space. The
objects are illuminated by a time varying primary magnetic
field and are characterized by relative permeabilities Im, . and

conductivities S,[S/m]. The time dependence expression of

eMis suppressed subsequently. The region external to the
objects is region 0, and region interna to the ¢ object is
region /. Let N, to be outward pointing, normal unit vector to

the boundary S, lying between region 0 and / -th region as

shown in Fig. 2. The primary magnetic field penetrates inside
objects to some degree, inducing currents within and
producing secondary/scattered fields outside. It is very well
established that, in the magneto-quasistatic regime,
displacement currents jwD can be neglected in comparison
with conduction currentswithin objects. Outside of thetargets,
the electric field is small. This means that Ampere’s Law
becomes a homogeneous equation, N° H = 0. The magnetic
field in region O isirrotational and can be represented as the
gradient of a scalar potential. The magnetic field in region
{ satisfies vector wave equation:

N"N"H,-k?H, =0, (1)

where K, =4/- j2pnmm s, and nisfrequency [Hz].

ACESJOURNAL, VOL. 19, NO. 1b, MARCH 2004

nl! elvsl
PR
/Region L1H,
\ in J

\ﬂ_31/

Fig. 2. MAS diagram for multiple objects.

The boundary conditions on the surfaces of the objects
specify continuity of tangential components of H and normal
component of B.

Onsurface S, :

. & VI éNs, U

T1a () A HT )+ HP ()0 - Toa()€A diH (N = 0. (2
&=1 8 =1 a

Here the vectors fi a (r) consist of two independent tangential

and one normal vector at each point on the S, surfaces,

a=12,.,N,. In the case of the tangentia vectors,

fzya(r):flya(r) while  for the normal case
T2 (M =m 112 (1)
i0if /ta
da = 3
a7 ifr=a. 3

The hybrid full MAS /MAS-TSA [4], [5] was applied for
solving this problem. H5°(r) are secondary magnetic fields
and they are simulated using auxiliary magnetic charges
placed on auxiliary surfaces | i[n [1]1, [2]. We emphasize that
these auxiliary surfaces ﬂSL" are enclosed by the physical
surfaces S, and assume that they radiate in unbounded free
space, with region O characteristics, giving rise to the

Ncb

secondary field, & H(r) . Similarly, the H ,(r) ismagnetic
=1

field produced by auxiliary magnetic dipoles placed on the

external auxiliary surface 11S)" and they are assumed to

radiate in unbounded homogeneous space filled with /¢ -th
target’'s material properties [1], [2]. Applying boundary
conditions (2) at given point produces a linear system of
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Fig. 3. Scattered magnetic fields versus frequency for two cylinders placed end to end.

eguations in which the amplitudes of auxiliary sources are to

be determined.

I11. Results

To analyze interaction between multiple highly conducting
and permeable objects, a computer code was written based on
the full MAS and hybrid MASMAS-TSA method and severa
results were extracted and compared to available experimental

data.
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1. Two cylinders
a. Non-uniform excitation

For the validity of the hybrid full MAS MAS-TSA method
for multiple targets, we first examine the scattered field for
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two cylinders illuminated by GEM-3 multi-loop antenna.
Cylinders are lined up adong the axis of symmetry. The
primary magnetic field generated by a GEM-3 sensor was
modeled as a field radiated by two concentric coils [2]. The

current amplitudes on the coils were chosen such that at the
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Fig. 4. Secondary magnetic fields versus frequency for two cylinders. Axid excitation: Solid lines correspond to smple
summation of responses from each cylinder. Circle linesinclude interaction between them.
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center of the coils the primary magnetic field is zero. Two
excitationswere considered 1) Axial, i.e. when the coil axes of
GEM-3 are aligned with the axis of symmetry of the cylinders
and 2) Transversg, i.e. when the GEM-3 axis is orthogonal to
the cylinders’ axes. In numerical tests for the transverse case,
the primary field was considered to be uniform. This
assumption isreasonabl e because the diameter of the cylinders
is small relative to the targets distance from the sensor. The
cylinders parameters are: magnetic steel (L, =3inch, L,/2a =
2,5 =410°9Ym, m, = 120) and stainlesssteel (non-magnetic,
L = 3inch, Ly/2a =2, s = 1.4 10° Ym, m, = 1). Fig. 3 a)
shows scattered magnetic field versus frequency, when
stainless steel is up (i.e. towards the sensor) and the magnetic
steel cylinder is down, while the magnetic steel is up stainless
steel isdownin Fig. 3b). The observation point isz =31 cm
from the middle point between the cylinders. In numerical

calculations, the distance between cylinders was assumed to
be 10 micrometers. The numerical solution is seen to bein

very close agreement with measured data. A similar patternis
observed for transverse excitationin Fig. 3 ¢).

Note a particular advantage here from using the MAS and
MAS-TSA formulations. Conventional integral equation
approaches, e.g. MoM, encounter difficulties when two
distinct bounding surfaces are very close to one another, asin
the example above. Singularities on one surface are close
enough to the other surface to disrupt simple integration
routines on the latter. They cannot be separated and integrated
out anayticaly in the same way as singularities within a

0.006

0.006
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single surface can be. MA S-based methods encounter no such
problems, because auxiliary surfaces containing the sources
are purposely displaced from the physical surfaces.

b. Uniform excitation

Next we examine broadband EMI scattering from two
geometrically identical cylinders(radiusa=10cm, ratiolength
to the radius is L/2a =3) lined up along the z-axis and excited
by a gpataly uniform oscillaing magnetic field
H" =H_Z, H,=1(A/m). The cylinders electromagnetic
parameters are: for case 1 (Fig. 3 a b, ) in which both
cylindersarethesqame(nlr =m, =150, s, =s, =4x0°Sm);

and case 2 (Fig. 3 d, e, f) in which one cylinder is non
permeable (Aluminum, m =1, s, = 2.8x10'S/m) and oneiis

permeable (steel, m, =150,s, =4%0° S/m ). Fig. 4 shows

comparison of the secondary magnetic fields (inphase and
quadrature parts) for the two cylinders with and without
interaction included in the cal culations. The distances between
them are: a/100 Fig. 4 ad:, a/2 Fig. 4 b-e: &/2 and 2a.
Fig. 4 c-f. Observation point is x=y=0, z=3 m from the middle
point between cylinders. These results clearly demonstrate the
possibility of significant coupling between metallic objects
over entire broadband EMI range. The interaction effects are
much larger at low frequencies than at high frequencies. The
results also show that the coupling between objects strongly
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Fig. 5. Secondary magnetic fields versus frequency for two cylinders. Transverse excitation: Solid lines correspond to smple
summation of responses from each cylinder. Circle linesinclude interaction between them.
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depends on distances between objects and especially on their
material properties. As distance decreases, the difference
between the simple summation and full interaction increases
greatly, specifically for thetwo permeablecylindersFig. 4 a-c.
For thetwo identical permeable cylinders, coupling still exists
even when the distance between them is one diameter Fig. 4 c.
However, the coupling between non-permeable and permeable
cylinders disappears at a/2 distance (Fig. 4 €), and issmall in
any case.

The same cylinders were excited by atime varying uniform
magnetic field oriented orthogonal to their axis of symmetry
(transverse excitation). Fig. 5 shows the Hx component of the
scattered magnetic field versus frequency at thepointy =z=0
and X = 1 m from the middle point between cylinders, for
different distances between them: Fig. 5a, d correspond to
separations of &/100; Fig. 5 b) e) for a/2; and Fig. 5 for
separation 2a. Again, the results show the existence of
coupling between highly conducting and permeable metallic
targets in EMI frequency range. At low frequencies the
interaction between permeable objects Fig. 5 ac) is much
stronger than between non-permeable and permeable objects
Fig. 5 df). Additionaly, Fig. 5 shows that in case of the

transverse excitation the coupling between cylindersis weaker
than in axial excitation.

2. Two spheresunder uniform primary magnetic field.

Similar testswere performed for two geometrically identical
spheres (radius a=25 cm), lined up along the z-axis and
excited by a uniform oscillating magnetic field. The spheres'
electromagnetic parameters and distances between them are
exactly the same asfor the cylindersin section 111 part 1.

Fig. 6 shows EMI responses by the two spheres. In genera
the effect of interaction between the spheresis similar to that
for the cylinders, although the degree of coupling between two
permeable cylindersis much greater than between comparable
spheres. However, interaction between non-permeable and
permeable spheres is stronger than between the comparable
cylinders. Overall, a low freguencies the amplitude of EMI
responses for interacting permeable targets increases 1.3~2
times (see Fig. 3 @) and Fig. 5 a) ). At highest frequencies
(PEC) responses decrease, though very dlightly.

The same spheres were illuminated by a primary magnetic
field oriented transverse to the axis of alignment. The results

0.0001 0.0001 0.0001
—sSum Quadrature —Sum Quadrature —sum Quadrature
510° |0 "Inter 510° | ° " Inter 5| Inter
o 510
04 04
~ 0¢
N
;é 510° 510°
p 5107
~+7-0.0001 -0.0001
I ?
K53 , -0.0001
X-0.00015 F K -0.00015 F ’
s 4
4 ¢ -0.00015 |
-0.0002 0 -0.0002 ’
° a) p‘o b) 060060000002 o C)
9-00-6-0—@-0-9-0-0’0 R OQ0-0000.00 o
_000025 ul ul al Il ul i 1 ul ul _000025 ol . ul ul | ol i il ul -0.0002 ul ol n ol o " " o "
0.0001 0.01 1 100 100  10° 00001 0.01 100 10t 10° 0.0001  0.01 1 100 10*  10°
Frequency [HZ] Frequency [Hz] Frequency [Hz]
0.0001 0.0001 0.0001 S
—Sum —Sum —Sum
-o--Inter --e--Inter
510° 510% | 510°

Og

Re{Hz} & Im{Hz}
o

510%

-0.0001 ml ul al il l 'l ul ul al

Quadrature

510° |

ul al al

TR ul " ol -0.0001

0.0001 001 1 100  10* 10°

Frequency [HZ]

d ™I ul
1 100 0° 100 0.0001 001 1 100 10* 10°

Frequency [Hz]

Frequency [HZ]

Fig. 6. Secondary magnetic fields versus frequency for two spheres digned along the Z axis. Axid (Z) excitation: Solid lines=dmple
summation of responses, circle linesinclude al interaction between them.

143



144

ACES JOURNAL, VOL. 19, NO. 1b, MARCH 2004
0.002 = 0.002 0.002
—Sum —Sum
=-e=*Inter | Quadrature
0.001 0.001 F 0.001 ‘Quadrature
< [
T 04 0 ¢o-0-0-6-0-0-00 0 ¢o0-0-0-0-6-6-0-02
=
E :
3 .0.001 -0.001 [ -0.001
~_~ L
x
I [
j.'_;‘ L
& -0.002 -0.002 f -0.002 Inphase
-0.003 -0.003 | -0.003
00° : . b) c)
406 0-60-00-000: 0060000000022
-0.004 Ciomd ool ool vrmd sl i gl vl vl 0,004 | R ; il cound ovond cond e seuad sueed cendd o
0.0001 0.01 1 100 10 10 0.0001 0.01 1 100 10*  10° 0.0001 0.01 1 100 10* 10°
Frequency [Hz] Frequency [Hz] Frequency [Hz]
0.003 0.002 = 0.002
—— Sum —Sum —Sum
=== |nter 0.0015 | —*®-*Inter 0.0015
0.002 F il
o 0.001 Quadrature 4 0.001
< -0l
T
£ 0.001 0.0005 0.0005
o_a 0 qe-e-0-0-00-0-00-0 Og¢e
—_
< 0decocccoosse
% 0.0005 0.0005
4 P Inphase
-0.001 -0.001
-0.001 Inphase
0.0015 0.0015 [
d) 3 b f
¢o-ep-e-ap-e-a-p 0P al ! " al _0.0026 " ul il i ul " -0.002 d ool ! i ul il ul l "
0.0001  0.01 1 100 10* 10° 0.0001  0.01 1 100 10 10° 0.0001  0.01 1 100 10 10°

Frequency [Hz]

Frequency [Hz]

Frequency [Hz]
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are shown on Fig. 7. In genera the interaction between
spheres for the cases is the same as for cylinders Fig. 5.
However, the results show that at high frequencies coupling
between cylinders is stronger then between spheres Fig. 5 d)
Fig. 7.d).

Near field analysis

In this section we present near field analysis to provide
an understanding of the interaction phenomena between
metallic objects. Fig. 8 shows equal lines of the total field

m, |H, | distributed inside and outside of the two identical

objects, where the subscript i corresponds to zero for free
space and lor 2 to thefirst or second targets, respectively. The
EM and geometrical parameters are the same as for Fig. 3 b
and Fig. 5 b cases, with spheres (a-b) and cylinders (c-d) at
different frequencies between 10 Hz (~magnetostatic limit)
and 10° Hz (~PEC limit). The distance between objectsis 5cm
and they are illuminated by uniform primary magnetic field
H” =z. Inside permeable metallic object small magnetic

dipoles exists. Normally (no external magnetic fields) these

dipolesare oriented chaotically and the total field produced by
them is zero. When the permeable metallic object is placed
inside the low frequency 10 Hz primary magnetic field, then
the primary field forces the internal dipolesto line up in one
direction, so that the induced magnetic field is inphase with
the primary field and amplifies that field in the external
region.

For a single highly permeable sphere under uniform primary
magnetic field with unit amplitude 1 (A/m) we see [6] that the
amplitude of thetotal external magnetic field on the boundary
approaches a magnitude no greater than about 3 (A/m), ro
matter how large m is made. Numerical simulations [7] have
shown that comparable external fields for the cylinder
approach approximately 2~2.5. Fig. 8 shows the amplitude of
the total m, |H, |field for permeable spheres (a) and cylinders

(c). The field mostly is focused between the objects and
increases dramatically from 1 to 4.2 for spheresand from 1 to
8.52 for cylinders. In other simulationswe observethat, astwo
permeabl e targets approach each other at low frequency, the
amplitude of the total field between them significantly
increases to factors much greater than those cited above. The
stronger magnetic field around each object induces stronger
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Fig. 8. Absolute vaue of the total m, |Hi | field for axia excitation; left: low frequency; right: high frequency.

response within the other object, which atogether produces
stronger far field. By contrast, at high frequencies the induced
currents inside object become small, and are distributed only
on the surface, opposing the primary magnetic field. When
two objects are placed close to each other the total field
between abjects is suppressed. Figs. 8 b, d show the near
magnetic field for the high frequency (~PEC) case. These
figures show that the total magnetic fields between objects
approaches zero and scattered magnetic fields from the targets
are dlightly smaller than summation of fieldsfrom the separate
targets.

In order to understand the underlying physics of transverse
excitation (Figs. 5 and 7), Fig. 9 shows contours of the total
magnetic field m, |H, | between the same permeablecylinders

and spheres as in Fig. 5 and Fig.7. The distance between
objects is 5 cm and they are excited by a uniform primary
magnetic field H*” =%, perpendicular to the line connecting

their centers. In these cases the primary magnetic field is

parallel to the parts of the spheres and cylinders that are

closest to one another. Theresults show that, at low frequency,
the total magnetic fields between the objects are reduced
(Fig. 9 @) and ¢)). Thisisdueto the geometry of the scattered
field lines. At low frequency one may think of these lines as
radiating from the North pole of each object (onitssideinthe
transverse case), in phase with the primary field, but then

arcing around until they are again parallel to but opposed to
the primary field in the region alongside the objects. Thus at
very low frequency the tangential component of the scattered
magnetic field opposes the primary magnetic field between the
objects, and total external field isreduced there. According to
standard EM boundary conditions, the tangential components
of the total magnetic field inside and outside the object must
be continuous. Along the line connecting the object centers,

the primary and secondary magnetic fields are indeed
tangential to the target surfaces. Thus the reduced external

field corresponds to a reduced internal field and hence a
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Fig. 9. Absolute vaue of the total m, |Hi | field for transverse excitation; left: low frequency; right: high frequency.

smaller magnetic moment. These facts explain the observation
that at low frequency the value of the scattered magnetic field
for two objects with coupling Fig. 4 ac) and Fig. 6 ac) is
smaler than simple summation would predict. At high
frequency, thedirection of the scattered fieldsisgeometrically
similar to those at low frequency, but with sign reversed.

Thus the tangential component of the scattered magnetic field
between the objectsisinphase with the primary magnetic field
there. Standard EM boundary conditions near the PEC limit
require that the internal fields be negligible, related to the
external field by a jump condition, the magnitude of which
depends on the induced surface currents. The increased
magnitude of the total field between the objects thus
correspondsto larger surface currentsthan would otherwise be
present, and hence a larger induced magnetic moment. Thisis
why the results show that the secondary magnetic field from

two objects with coupling is dightly larger than predicted by
simple summation at high frequency. Because the high
frequency phenomenon is associated with induced surface
currents, it applies equally to the permeable and non
permeable cases.

V. Conclusion

In this paper, the hybrid MAS and MAS-TSA is applied for
multipletargets, to study electromagnetic interaction problem
between highly conducting and permeable metallic objects.
The accuracy of the method was tested against experimental
data, and numerical tests were performed for combinations of
two cylinders and spheres. The numerica method has a
distinct advantage relative to popular integral equation



methods because sources of induced EM activity are located
on surfaces shifted away from one another.

Overall, significant effectson far field EMI response caused
by coupling of multiple objects are observed, depending on
the objects' electromagnetic properties, distance between
them, their geometries, and orientation of the primary
magnetic field. The interaction between aligned permeable
metallic cylinders is much stronger than between permeable
spheres. Results for target combinations with mixed (non-
permeable/ permeable) EM properties show the opposite
trend, with the interaction between spheres slightly stronger
than between cylinders. However the interaction effects
between permeable and non-permeable bodiesis dlight in any
case. Near field anayses have shown that, under axial
excitation at low frequencies, the magnetic field isintensified
only between permeable targets. Its amplitude increases
greatly asthe two objects approach each other. Ultimately this
increasesthe magnetic moment of the two-object combination,
relative to what would be predicted by simple superposition of
responses. Thisis not the case for permeable/non-permeable
combinations at low frequency. By contrast, for transverse
excitation the scattered field between permeable objects
opposes the primary field at low frequencies and reinforces it
at high frequencies. Thus for the transverse case the opposite
coupling trend is produced at low frequency, relative to axial
excitation. Because high frequency coupling effects in the
transverse case are due to induced surface currents, they
appear for both permeable and non-permeable combinations.
These examinations of near field distributions around the
interacting objects show the physical mechanisms responsible
for the evidence of coupling seen in the far field, for highly
conducting and permeable metallic targets in EMI frequency
range.

In future work we explore these effects more
comprehensively, organizing them into a suitable basis for
inversion or target discrimination.

V. Acknowledgment

This work was sponsored by the Strategic Environmental
Research and Development Program and US Army CoE
ERDC BT25 and AF25 programs.

References:

1 F. Shubitidze, K. O'Nedll, S. A. Hade, K. Sun, and
K. D. Paulsen, "Application of the method of auxiliary sources
to the wideband electromagnetic induction problem ”, IEEE
Transactions on Geoscience and Remote Sensing, Vol: 40 Issue:
4, Pages: 928-942, April 2002.

2. F. Shubitidze, K. O'Nell, K. Sun, and K. D. Paulsen,
“Investigation  of  broadband  electromagnetic  induction
scattering by highly conducting, permeable, arbitrarily shaped 3
D objects’ IEEE Transactions on Geoscience and Remote
Sensing, in press.

Shubitidze, et al.: Coupling Between Highly Conducting and Permeable Metallic Objects in the EMI Frequency Range

3.

N. Khadr, B. J. Barrow, T. H. Bell, and H. H. Nelson. “Target
shape classification using electromagnetic induction sensor data
", UXO Forum on CD, 8 peges, 1998.

F. Shubitidze, K. O'Neill, K. Sun, |. Shamatava, and
K. D. Paulsen “A combined MAS-TSA dgorithm for broadband
electromagnetic induction problems. See in this issue of ACES
Proceedings’. The 19th Annua Review of Progress in Applied
Computational Electromagnetics, Pages. 566-572, March 24-28,
2003.

F. Shubitidze, K. O'Nell, |. Shamatava, K. Sun, and
K. D. Paulsen “A Hybrid MASTSA agorithm for broadband
electromagnetic induction problems. See in this issue of ACES
Proceedings’. Applied Computational Electromagnetics Society
Journd, this issue.

J. R. Wait, “A conducting sphere in a time varying magnetic
fidd'. Geophysics Volume 16, Pages: 666-672, 1951

|. Shamatava, K. O'Neill, F. Shubitidze, K. Sun, and C. O. Ao.
“Evaluation of approximate Analyticad Solutions for EMI
Scattering from Finite Objects of Different Shapes and
Properties’, |EEE International Geoscience and Remote Sensing
Symposium and 24" Canadian Symposium on Remote Sensing,
Pages: 1550 —1552, July 2002.

147



148

Fridon Shubitidze received the degree of
Diploma radio physicig (M.S) from the
Sukhumi  branch  of  Thilis State
University, Republic of Georgia, in 1994
and Candidate of Sciences Ph.D degreein
radio physics (applied electromagnetics)
from its physics department, Thilis State
University, Republic of Georgia, in 1997.
Beginning in 1994 he was on the
L i Research Staff of the Laboratory of
Applied Electrodynanlcs. Thilis State University, Department of
Physics, Republic of Georgia. At the same time he joined department
of physics and mathematics, Sukhumi branch of Thilis State
University as a senior teacher and became Associate Professor there
in 1998. From 1998 to 1999 he held a postdoctora felowship in
Nationad Technical University of Athens, Greece, performing
research in connection with computer simulation of electrostatic
discharge, eectrodynamics aspects of EMC, numericd modeling of
conforma  antennas, electromagnetic wave scattering, field
visualization and identification of objects by scattered feld andyss,
investigetion of wave propagation through anisotropy, plasma and
chird media; and innovative numerical methods. He is currently,
working as Senior Research Associate at the Thayer School of
Engineering, Dartmouth College, Hanover NH. His curent work
interests focus on numericad modeling of electromagnetic scattering
by subsurface metallic objects.

Kevin O'Neill received the B.A. magna
cum laude from Cornell University, fol-
lowed by M.AA, M.SE., and PhD.
degrees from Princeton University,
Department of Civil Engineering. After
an NSF postdoctora fellowship at the
Thayer School of Engineering at
Dartmouth College and the U.S. Army
Cold Regions Research and
Engineering Laboratory (CRREL), he
joined CRREL as a Research Civil
Engineer. His research has focused on numerica modeling of
porous media transport phenomena and of geotechnically relevant
electromagnetic problems. He has been a Visting Fellow in the
Department of Agronomy at Cornell University, continues since 1989
as a Visiting Scientist at the Center for Electromagnetic Theory and
Applications at MIT, and since 1984 has been on the adjunct faculty
of the Thayer School. Current work centers on electromagnetic
remote sensing of surfaces, layers, and especially buried objects such
as unexploded ordnance.

Irma Shamatava received the
degree of Diploma radio physicist
(M.§) from Sukhumi branch of
Thilis State University, Republic of
Georgia, in 1994. Since 1997, she
has been on the Staff of the
Computer center, Sukhumi branch of
Thilis State University, Republic of
Georgia. During the same period she

y.

joined Department of Physics and Mathematics, as an assistant
teacher. Sheis currently, working as researcher at the Thayer School

ACESJOURNAL, VOL. 19, NO. 1b, MARCH 2004

of Engineering, Dartmouth College, Hanover NH. Her research
interests focus on analyticd and numericd modeling of
electromagnetic scattering by subsurface metallic objects.

Keli Sun received his B.S., M.S. and Ph.D.
degrees in  Computational and  Biofluid
Mechanics from the Department of
Mechanics and Engineering Sciences, Peking
University, Beijing, P. R. Ching, in 1991,
1994 and 1997 respectively. As an exchange
student, he also worked in the school of Pure
and Applied sciences, Tokyo University,
Tokyo, Japan, from December 1995 to
December 1996, studylng the mobility and mechanical properties of
membrane proteins in living cells. After getting his Ph.D. degree in
1997, he worked on the faculty of Tsinghua University, Beijing, P.R.
China performing research and teaching biomechanics. He obtained a
second Master of Science degree in Computational Electromagnetics
in May 2001 from the Thayer School of Engineering at Dartmouth
College in Hanover, NH. Dr. Sun is currently employed as a
Research Associate in the Numerica Methods Laboratory in the
Thayer School furthering his research in Computational
Electromagnetics and its gpplications in remote sensing.




ACESJOURNAL, VOL. 19, NO. 1b, MARCH 2004

Numerical Study of Coupling between Coagulators
and Electrodes of Cardiac Pacemakers
under Consideration of the Human Body

Markus Schick and Friedrich M. Landstorfer
Institut fuer Hochfrequenztechnik, Universitaet Stuttgart
Pfaffenwaldring 47,

70550 Stuttgart, Germany
Email: schick@ihf.uni-stuttgart.de

Abstract

The paper presents a numerical, worst-case
study of the coupling between coagulators and
cardiac pacemakers under consideration of the
human body. For this purpose two special body
models have been implemented. With these
models whose electrical properties correspond
to a weighted average of those of different tis-
sues of the human body the influence of the
latter can be taken into account in the computa-
tions. Different parameters such as position of
the pacemaker and its electrode, coagulation
frequency, and coagulation point on the surface
of the human body are considered. Based on
results of previous investigations simplified
approaches to account for the dielectric coating
of the coagulator electrode and housing of the
pacemaker can be used. The investigation
shows, that for the scenario described above,
strong peaks occur in the resulting graphs aris-
ing form resonance effects on the coagulator
cable.

Introduction

The increasing use of electronic devices in op-
erating theatres and intensive-care units leads
to possible interactions of such devices and
consequently to serious immunity problems.
Particularly critical are scenarios, where ex-
tremely small patient-related electrical signals
are registered. These signals can be heavily
influenced by currents in the tissue of the pa-
tient or by radiation coupling originating from

other devices acting on the patient. Cardiac
pacemakers are implanted medical devices con-
trolling the rhythm of the heartbeat and giving
electrical stimulation to guarantee a steady
pulse. By the influence of electromagnetic
fields, a malfunction of the pacemaker might
happen. Devices producing such disturbances
are, for example, RF surgery devices. One of
them is a coagulator. Measurements inside the
human body are not feasible. For dealing with
these EMC-problems, simulation models have
to be developed and numerical computations
have to be carried out, to determine the cou-
pling effects between coagulators and cardiac
pacemakers. A near field worst-case study of
these effects considering the properties of the
human body is described in the following.

Human Body Models

For this analysis, appropriate model for nu-
merical calculations representing the influence
of the human body has to be generated. In order
to achieve results of general validity, different
scenarios need to be considered within the nu-
merical investigations. To limit the extent of
memory requirements and computation time, it
is necessary to perform the investigations with
simplified models. For this examination, two
models have been used. The first is called
Hy26 and was developed following the meas-
ures given in DIN 33 402 part 2 ([1], [2]). It is
a flattened body model including shoulders and
head (see Fig. 1 left) representing a male per-
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son between 41 and 60 years old. It consists of
canonic structures and was especially devel-
oped for the field computation program used in
this study: FEKO ([3], [6]).

FEKO is a field computation programme con-
sidering objects of arbitrary shape. It is based
on a full wave solution of Maxwell’s equations
in the frequency domain. The accurate Method
of Moments (MoM) formulation is used to
solve for the unknown surface currents. As-
ymptotic techniques, Physical Optics (PO) and
Uniform Theory of Diffraction (UTD), have
been hybridised with the MoM in order to
solve electrically large problems. The MoM
has also been extended to solve problems in-
volving multiple homogeneous dielectric bod-
ies, thin dielectric sheets and dielectric coated
wires.

The second model was converted from a CAD
model, segmented for FEKO and is called Er-
goman (see Fig. 1 right). It satisfies the same
conditions as Hy26. The former is more flexi-
ble regarding changes in the modeling, the sec-
ond has a more humanlike shape and has less
corners and edges.

Fig. 1. Human body models Hy26 (left) an Er-
goman (right).

Additionally the electrical properties of the
human body have to be taken into account. As
these models are homogeneous, weighted aver-
age values for the relative permittivity and the
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conductivity of the tissues are used for model-
ing. Depending on frequency, the values for the
single tissues (muscle tissue, bones, lungs,
heart, stomach) are chosen according to [4] and
[5] and weighted according to [7].

Coagulator

The coagulator is a RF-surgery device using
high frequency currents e.g. for cutting tissues.
But in contrast to a scalpel, the cut with a co-
agulator shows no bleeding as the egg white in
the cells is coagulated by the current flowing
and consequently seals the cells.

Fig. 2. Coagulation point in the chest area and
position of the opposite electrode on the
femoral.



The coagulator can be operated in two different
modes, the monopolar and the bipolar mode.
With the latter a pair of tweezers is used whose
halves are identical with the two electrodes.
Here the current flow is local in the human
tissue. In case of the monopolar mode, a special
shaped electrode is used for cutting, and a large
opposite electrode is usually placed on the
femoral (see Fig.2). In this case the current
flows from the coagulation point over the hu-
man body to the femoral. For investigating the
worst-case input voltage at the input of the car-
diac pacemaker the normally used monopolar
mode is considered in this study, because of the
large-scale distributed body currents created in
this approach. With the bipolar mode only a
very local current flow between the ends of the
tweezers is to be expected, with hardly any
influence on the pacemaker.

The length of the coagulator cable is chosen to
8.6 m with the voltage source placed 3.3 m
after the coagulation point. The area of the neu-
tral electrode on the body model is varied from
50 cm? to 180 cm? and is attached on the outer
side of the femoral. Most of the cable routing is
done in the y-z-plane on the right side of the
body model.

Cardiac Pacemaker and Electrode

As a second object for consideration, a cardiac
pacemaker is regarded in this study. It consists
of a housing containing the electronic circuits
for regulating the heard beat and an electrode
leading the electrical signals to the heart. In a
pre-investigation ([8]), the influence of differ-
ent housings of the pacemaker was determined.
In this study mentioned above a calculation
method combining the Method of Moments
(MoM) and the Multiple Multipole Method
(MMP) was used to numerically determine the
influence of electromagnetic waves on cardiac
pacemakers in the frequency range from
50 MHz to 500 MHz. First a layered planar
model was used. For taking body resonances
into account, a 3-dimensional model of spher-
oidal shape was introduced. A realistic body
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model for comparative measurements has been
built up, and showed only small differences to
the computation results. Several typical scenar-
ios have been investigated and worst-case input
voltages have been determined. For the cardiac
pacemaker 2-dimensional and 3-dimensional
models are taken into account as well as differ-
ent geometrical shapes. Since all housings con-
sidered give nearly the same input voltage, a 2-
dimensional model with a shape approximating
a real pacemaker (see Fig. 3 down) is used in
this study. For obtaining reliable results, it is
mandatory to model the pacemaker’s electrode
appropriately and to take its insulation into
account. The dimensions are 0.5 mm for the
radius of the wire and 0.5 mm for the thickness
of the insulation, which was assumed to consist
of silicone, and, consequently, the conductivity
and relative permittivity of the latter are used in
the calculations.

%)

Fig. 3. Different positions for implanting a
cardiac pacemaker (above) and model
of the implanted cardiac pacemaker

(below).

The resulting lengths of the electrodes in these
three cases are 25.8 c¢cm, for the pectoral case
and 88.1 cm for the abdominal case, respec-
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tively. The housing has a height of 3.5 cm and
a width of 5 cm and is placed 6.5 cm inside the
body model. Three different positions are usu-
ally used for implanting a cardiac pacemaker:
right pectoral, left pectoral and abdominal (see
Fig. 3 above). All three were taken into account
in the examinations described below.

Examinations

To investigate interferences of coagulators with
pacemakers, the following interference model
(described in [8] and introduced in [9]) consist-
ing of two sub-models is used. The sub-model
“coupling” describes the relation between the
interference source (coagulator) and auxiliary
quantities such as e.g. the voltage at the elec-
trode leading to the cardiac pacemaker. In this
study this model is considered under worst-
case assumptions. The sub-model “compatibil-
ity” describing the effect of the interference
with the circuit of the pacemaker is not investi-
gated here.

Z,

—
e

U Uz

PP PP

O€4¢—O
N

Fig. 4. Equivalent circuit diagram for the cou-
pling model.

Figure 4 shows the equivalent circuit of the
coupling model. The implanted pacemaker can
be completely characterised by the complex
internal impedance of the electrode Z, and the

input impedance of the pacemaker circuitry
Z,. To gain a more general validity of the

coupling model, the (fictive) open circuit peak-
to-peak voltage U, is determined (with

Z, — ) in the computations.
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The study deals with a typical application: co-
agulation in the chest area (e.g. cutting or seal-
ing an artery). In the investigations the position
of the pacemaker and the resulting lengths of
the electrode, as well as frequency in the range
from 100 kHz to 100 MHz, and the point of
coagulation are varied. The input voltage on the
electrode at the entrance of the cardiac pace-
maker is calculated. To achieve values for the
input voltage two computations are necessary.
The first is to determine the current 7/, in the

ultimate element on the pacemaker’s electrode
at the entrance of its housing when feeding the
coagulator cable with a voltage source with
U,=1V. The second computation is for de-

termining the impedance Z , of this very ele-

ment. With these two values the voltage at the
pacemaker’s entrance can then be calculated
withU, =7 ,1,.

Results

As an example for the results obtained the volt-
age on the electrode at the input of the cardiac
pacemaker for the model Hy26 is shown in Fig.
5 and for Ergoman in Fig. 6. In both cases the
voltage for all three implantation positions are
displayed. For both models the abdominal im-
plantation leads to the highest values for the
voltage at the entrance of the cardiac pace-
maker. A comparison between the two models
for abdominal implantation is shown in Fig. 7.
Comparing the two curves it is obvious that the
curves are similar for lower frequencies but
differ much more for frequencies over 10 MHz,
especially in the peaks that appear there. Ergo-
man has only one peak (62 MHz) compared to
Hy26 with four peaks (26 MHz, 38 MHz,
56 MHz, 91 MHz).
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Hy26
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Fig. 5. Voltage on the electrode at the entrance of the pacemaker in V for the model Hy26.

Ergoman
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Fig. 6. Voltage on the electrode at the entrance of the pacemaker in V for the model Ergoman.

Abdominal implantation of pacemaker
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Fig. 7. Voltage on the electrode at the entrance of the pacemaker in V for abdominal implantation for
both models.

153



154

One reason for these peaks is resonance effects
on the coagulator cable. A relation between the
resonant frequencies and the appertaining
wavelengths, respectively, and the length of the
cable can be determined. Variation of the cable
length showed a very good agreement of the
theoretical determined frequency correspond-
ing to a wavelength resonance and the first
resonance in the results for all the computed
cable lengths. The size of the neutral electrodes
area has almost no influence on the results.
Also the variation of the coagulation point in
the chest area showed no significant differences
in the results.

The body model itself influences the magnitude
of the voltages only but not their resonance
frequencies. Resonances are taking place on the
surface of the human body not inside, because
of the strong attenuation of the tissue. The fact
that the resulting curve of the model Hy26 has
more peaks compared to that of Ergoman arises
from the form of the model itself as it contains
edges and corners due to adding parts of ca-
nonical structures. In contrast Ergoman has a
more smoothed shape. The distances between
these edges on the human body model are in
the order of half a wavelength of the resonance
frequencies observed in the graph.

The validation of the computational method is
given in [8], where measurements where per-
formed for comparison with the computational
results and very good agreement was achieved.

Conclusions

A near field study is presented to determine the
influence of a coagulator operated in monopo-
lar mode in the presence of a cardiac pace-
maker. Two human body models have been
developed with corresponding electrical prop-
erties of human tissues. Different positions of
pacemakers and points of coagulation are taken
into account. Resonances can be found in the
resulting curves and with comparing these they
can be deduced from resonances on the coagu-
lator cable.
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Correlation between the geometrical characteristics and dielectric
polarizability of polyhedra
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Abstract a PEC (perfect electric conductar, = oc) and PEI
(perfect electric insulatot,. = 0) inclusions:

This article analyzes polarizability characteristics of the
five regular polyhedra (tetrahedron, cube, octahedron, Qs PEC = 3, Qs PRI = —3/2. (4)
dodecahedron, and icosahedron) and sphere. In partic-
ular, the variation of the polarizabilities (polarizability
is the amplitude of the static dipole moment caused by this paper, we will focus on the polarizabilities of
an incident electric field of unit amplitude) is correlatethclusions with certain special basic shapes: in addi-
with various geometrical parameters of these Platonion to the sphere also the five Platonic polyhedra (tetra-
solids: specific surface, number of edges, vertices, ametron, hexahedron (cube), octahedron, dodecahedron,
faces, and the volumes of inscribed and circumscribadd icosahedron) are under consideration. As reported
spheres. It is found that the polarizabilities of perfed [3], we have conducted an extensive study of the static
electric conductor (PEC) and perfect electric insulatpolarizabilities of these shapes, and numerical values for
(PEI) objects are most strongly correlated with two dithese polarizabilities are now available to an accuracy of
ferent parameters: the radius ratio of circum- and ithe order oftl0—®. Based on the calculations of [3], the
scribed spheres (PEC case) and the normalized radigimates in Table 1 have been found for the normalized
of the inscribed sphere (PEI case). polarizabilities of Platonic polyhedra of the PEC and
PEI type. The calculations were made by solving the
surface integral equation for the potential function with
1 Introduction Method of Moments and third-order basis functions.

The numerical values of Table 1 tell that the polariz-

When a dielectric inclusion is put into a homogeneo@®lity amplitude values for the PEC and PEI cases are
and static electric field, there will be a perturbation iROrrelated: a “sharper” object, like the tetrahedron, has
the behavior of the field function in the vicinity of theStronger polarizabilities (in both cases) than smoother
inclusion. The strongest component of this “scattere@?€S, and the smoothest shape is obviously the sphere.
field is that due to a (static) electric dipole moment prever,. the ampllltudes of these polarizabilities vary
This dipole field is proportional to the incident unifornflightly differently in the two cases as can be seen in
field E. The proportionality coefficient is called polarfigure 1, where they are plotted on the same PEC/PEI
izability a: graph.
p = aEe. @ The aim in the present paper is to try to find correla-

For example, for a dielectric sphere with volui¥ieand tion of the polarizability values with various geometri-
permittivity e, the polarizability is [1, 2] cal characteristics of the polyhedra. The normalized po-

larizabilities for the limiting cases of PEC and PEI are
(2) correlated against several parameters which intuitively

could be anticipated to have effect on the creation of
wheree is the free-space permittivity (the permittivitythe dipole moment. The geometrical parameters that are
of the environment in which the inclusion is embeddedyeated are the number of faces, edges, and vertices of
Let us define the normalized dimensionless polarizaliite polyhedron, the solid angle subtended by the faces

€ — €

s =3V
@ 606+260

ity by when looked inside from a vertex, the specific surface of
a, = “ (3) theinclusion, as also various parameters connected with
€V the spheres inscribed and circumscribed on the polyhe-

whence it isa,, s = 3(e, — 1)/(er + 2) for a sphere dron. All these parameters vary from one polyhedron
with relative permittivitye,.. The two extreme cases aréo another, and they can be thought as certain measures

1in fact, sphere is an extremum shape which has the minimum polarizability, given the permittivity and volume of the inclusion. Any
deviation from this form will increase, averaged over all directions, the dipole field [4].
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of “non-sphericity” or “unsmoothness.” However, eactivities of the inclusion and exterior, respectively, axd

of the parameters measure this abstract sharpness pi®fie outward normal vector to the surface at peint

erty in a different way. It is therefore very interesting to o )
see which of the geometrical characteristic figures vari@gce the potential is known on the surface, the dipole

most similarly with the polarizabilities. momentp can be calculated by
Although the connection between the polarizabilities of /

=—(7—1ee ds 6
regular polyhedra and their basic geometrical character- P (T = Dec s ¢(r)n(r) ©

istics is interesting from the general mathematical na- o .
ture, the electric polarizabilities are very important als¥d the polarizabilityv is obtained from (1).

from the practical point of view in modeling of ma- . . . . L
terials. In practically all models for the effective per--rhe potential function that is needed in the estimation
of the polarizability can be calculated by solving inte-

mittivity of inhomogeneous media, polarizability is the . .
- . - ral equation (5) with the method of moments (MoM)
I . F I o .
mostly determining parameter. For dilute mixtures, t ]. Let us suppose that the surfaSeis divided into

effective permittivity is linearly dependent on it and fo lanar trianqular elements. Then the unknown poten-
higher loadings of the inclusion phase, the effect of e g ) P

o . tial ¢ is expressed as a linear combination of continuous
polarizability becomes nonlinear and more pronounced.

high order polynomial basis functions? defined on
The objects of the present study, polyhedra, are veéhese elements [3]
natural forms. On microscopic scale, solid-state mat-

ter takes its shape in basic regular crystal forms which N @
makes good reason and need for the results of polar- ¢ = Zc"“n : @)
izabilities of polyhedra. And even if on a larger scale n=1

h d isotropic. th ! ic obiects retain t ereq = 1,2,..., is the order of a basis function. Us-
phous and ISotropic, the MICroscopic Objects retain Galerkin’s method equation (5) is next multiplied
basic structure. Then also the polarizabilities of the ba- (@)

sic forms are essential when modelling the macrosco or\(/v'etregmjlghzj?;Ilj)l?iibms:eqnof:el 7uat|;)]r:]s 22: It:gev?/:stteeg as
response of such matter. ' 9 q

the following matrix equation
Furthermore, the results for electric polarizabilities are

matter may be disordered, polycrystal or even amcﬁrg\g

readily available for magnetic modeling of materials. Ac=b, (8)
This is thanks to the duality between the electric and - o
magnetic problems; hence the exact analogy betwadferec = [ci,...,cn]” is the unknown coefficient

permittivity and permeability on one hand and the elegector of¢.

tric and magnetic polarizabilities on the other. . . . .
9 P Equation (5) is a Fredholm integral equation of the sec-

ond kind with a weakly singular kernel. However, for

. . ... non-smooth surfaces, like a tetrahedron or a cube, the
2 Calculation of the polarizabili- order of the singularity of the kemel increases at the

tieswith the method of moments edges and corners. To improve the efficiency of the
numerical algorithm, the integrals with singularities are
evaluated in closed form. This method is based on the
Let us suppose that a dielectric inclusion is put intosangularity extraction technique, originally introduced
uniform z-directed incident field. = E.u,. The cor- by Wilton et. al. [7] and Graglia [8] for linear basis
responding electrostatic field problem can be formulatéshctions, and more recently, generalized for high or-
as an integral equation for the unknown surface poteter polynomial basis functions in [9]. After the sin-

tial function¢ [5]: gular term is integrated analytically, the outer integral
S with respect ta- and the other terms are regular and can

de(r) = o(r) + be evaluated by standard numerical methods, for exam-

2 ple with Gaussian quadrature. The singularity extraction

-1 /¢(r/)i (#) ds’, technique clearly improves the accuracy of the calcula-

Am % on’ \ [r —r'| tion of the near interaction terms of the system matrix,

rons. (5) and thus, leads to a more stable algorithm than pure nu-

merical integration. The method also improves the ac-
HereS is the surface of the inclusion, = —F, zisthe curacy of the near-singular terms, not only the singular
incident potential;y = ¢; /¢, is the ratio of the permit- ones.
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Other factors that effect to the accuracy of the solutidhe sphere, the solid angle seen from the vertex (that is,
are e.g. mesh density and type of the basis functioms any point on the surface of the sphere) is obviously
Since the potentiap varies strongly near the corners ohalf of the total solid angleir/2 = 2.

S [10], an appropriate refinement of the mesh, which o )
takes into account the behavior of the potential at t{@ble 3 collects some other, more indirect, geometrical
edges and corners, usually increases the accuracyPaameters of the polyhedra. The edge lengdfeach
couple of mesh refinements were tested in [3] andat _the polyhedra is normalized such that the volume is
was found that a mesh with a square root refinemefftity- The parameters are

towards the edges gives the best results. Also higher

order basis function representations improve the numer- o
ical accuracy. Both second and third order basis func-
tions were tested in [3], and the third order ones gave
better results.

As is already pointed out, equation (5) is a Fredholm
integral equation of the second kind. When iterative e
solvers are applied to solve such equations, usually ac-
curate results are obtained within a few iterations. This
seems to be the case when the matrix equation (8) is *
solved iteratively with the restarted version of the GM-
RES method [11] and is small. However, for high

T > 100, the convergence dramatically slows down and

in some cases the method does not converge at all. The
reason is that equation (5) does not have a unique solu-
tion if the inclusion is PEC, i.e., if = oco. This non-
uniqueness problem can be avoided, for example, by
adding a constant valug' N to each element of the ma-

trix A [12]. Numerical experiments have demonstrated
that by this simple modification the convergence can be
essentially improved for inclusions with highvalues.

the specific surface of the polyhedron, defined as
the area of the surface of the object when its vol-
ume is unity (e.g., for a cube, edge length= 1
gives unit volume, meaning that the surface is
6a* = 6),

the ratio of the radii of the circumcribed sphere
R.irc and the inscribed spherg,,

the normalized equivalent radii of the circum-
scribed and inscribed spheres,. andg;,,. These
two equivalent radii are defined with the volumes
of the circum- and inscribed spheres with

‘/circ 1/3 v 1/3
circ = ) in = | 9
g < v ) g v )

whereV is the volume of the given polyhedron.
Note that both are defined to be larger than unity.

It is tempting to predict that the polarizabilities of the
various polyhedra follow the pattern of these charac-
. o . teristic parameters that measure how “nonspherical” or
3 Polarizabilities and characteris- “sharp-formed” the polyhedra are. Let us try to make a
tic fi gures graphical and quantitative estimation of this correlation.

In Figures 2-5, the geometrical parameters are plotted

. ) . against the PEC and PEI polarizabilities of the objects.
Let us next list and define several geometrical parameg- P J

ters that could be interpreted as an abstract distance figmumerical measure for the correlation between two

sphericalness. For all five polyhedra and the spheggts of parameter variables is the correlation coefficient
these are correlated against each other in the figupeslefined by the following [13]:

to follow. Since there are five polyhedra, there are six
points in the figures.

Table 2 gives various fundamental geometrical charac- (z: — may) (y: — my)

teristics of the regular polyhedra. These are the number _ i=1 (10)
of faces, edges, and vertices. One further measure is” 6

the “sharpness” of the vertex, defined by the solid angle \/% Y@ —mg)? - g
which is bounded by the faces when one looks into the =1 !
polyhedror? Note that on the table, sphere is also taken

to be a special case of a Platonic polyhedron, havingwahere the six cases (five polyhedra and the sphere) are
infinite number of faces, edges, and vertices. Also, fall included in the summation. The two variablesand

=
e

2

Mo

1(yi - my)

2There are different ways to calculate the vertex solid angle. Perhaps the most elegant is the following (Girard’s theorem): given the dihedral
angles between the faces, the solid angle is the excess angle of the sum of the dihedral angles over the corresponding planar polygon angle-sum.
This property is used in Table 2.
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y (with arithmetic means:,, andm,,) represent any pair Hence the polarizability increases in the PEC case as the

of the polarizabilities and the characteristic geometricatrtex solid angle decreases. On the other hand, in the

parameters listed above. PEI case the situation is the opposite: the external side

) o of the polyhedron is “more conducting” and again the

The corre_latlon coefficients between the parameters g irast is infinite. But the convex form of the polyhe-

collected in Tables 4 and 5. dra does not allow any sharp corners into the object. In
the PEI case, then the properties of the inscribed sphere,
rather than the sharpness of the vertices, are more essen-

4 Conclusions tial parameters witht respect to the polarizability.
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Table 1: Limiting valuesd. — oo, PEC; and:, — 0, PEI) for the normalized polarizabilities, = «/(e.V') of
regular polyhedra. Best numerical results according to [3]. The accuracy is such that the last number in the results

for polyhedra should be correct tol, except for tetrahedron in which case itis$.

polyhedron | ay,(e, = ), PEC| an(e, =0), PEI
n tetrahedron 5.0285 —1.8063
i hexahedron 3.6442 —1.6383
octahedron 3.5507 —1.5871
dodecahedron 3.1779 —1.5422
icosahedron 3.1304 —1.5236

B
sphere 3 —3/2
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Figure 1: The polarizabilities of PEC and PEI inclusions against each other. The correlation coefficient of these
two variables is 0.9901, meaning that the polarizabilities behave slightly differently for different polyhedra.

Table 2: Geometrical characteristics of polyhedra, with the corresponding parameters for a sphere.

polyhedron | faces| edges| vertices solid angle seen

from the vertex
tetrahedron 4 6 4 3arccos(1/3) — m ~ 0.55129
hexahedron | 6 12 8 3w/2 —m~ 1.5708
octahedron 8 12 6 4arccos(—1/3) — 2w ~ 1.3593

dodecahedron 12 30 20 3arccos(—1/v/5) — m ~ 2.9617
icosahedron | 20 30 12 | 5arccos(—v/5/3) — 37w ~ 2.6345

sphere 00 o) 00 21 = 6.2832
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Table 3: Additional geometric characteristics of polyhedra and the sphere. Note that the pasaisédteredge
length (for the polyhedra) and radius (for the sphere) chosen with the requirement that the volume of the object be

unity.
polyhedron | a(V =1) | specific surface Recirc/Tin | Yeirc Jin
tetrahedron 2.039 7.20562 3 1.9359 | 1.5497
hexahedron 1 6.000 1.7321 | 1.3960| 1.2407
octahedron 1.2849 5.71911 1.7321 | 1.4646| 1.1826
dodecahedron 0.50722 5.31161 1.2584 | 1.1457| 1.0984
icosahedron | 0.771025 5.14835 1.2584 | 1.1821| 1.0646
sphere 0.62035 4.83598 1 1 1
()(,(8:00)
55 T T T T 55
4.5} 1 45}
4 4
*
35 * 35 *
. * * " " " . # " " "
0 005 01 015 02 025 "0 0.05 0.1 0.15 0.2
1/ face# 1/ edge#
55 T T T T 55
5r = kN 51 *
p=0.9083 p=0.9937
4.5} 1 45}
4 4
* *
35} * 1 35} *
. % * " " " 3 N2 ﬁ " " "
0 005 01 015 02 025 I 1 15 2
1/ vertex# 1/ solid angle

Figure 2: The polarizability of PEC inclusions and the geometrical parameters of Table 2.
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Figure 3: The polarizability of PEI inclusions and the geometrical parameters of Table 2.

Table 4: The correlation coefficients between the PEC and PEI polarizabilities with the geometrical parameters in
Table 2.

ale =00) | -a(e =0) | 1/face#| 1lledge#| l/vertex# | 1/solid angle

ale = 00) 1.0000 0.9901 | 0.9248 | 0.9671 | 0.9083 0.9937
-a(e = 0) 0.9901 1.0000 | 0.9603| 0.9745 | 0.9052 0.9746
1/face# 0.9248 0.9603 | 1.0000| 0.9756 | 0.9278 0.9150
1/edge# 0.9671 0.9745 | 0.9756 | 1.0000 | 0.9756 0.9724
1ivertex# 0.9083 0.9052 | 0.9278 | 0.9756 | 1.0000 0.9359
1/solid angle| 0.9937 0.9746 | 0.9150| 0.9724 | 0.9359 1.0000
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Figure 4: The polarizability of PEC inclusions and the geometrical parameters of Table 3.

in

Table 5: The correlation coefficients between the PEC and PEI polarizabilities with the geometrical parameters in
Table 3.

ale =00) | -a(e=0) | surface| Reirc/Tin Jeire Jin
ale = 00) 1.0000 0.9901 | 0.9830| 0.9953 | 0.9727| 0.9917
-a(e =0) 0.9901 1.0000 | 0.9957| 0.9878 | 0.9677| 0.9977
surface 0.9830 0.9957 | 1.0000| 0.9892 | 0.9802| 0.9982
Reire /Tin 0.9953 0.9878 | 0.9892| 1.0000 | 0.9904| 0.9938
Jeirc 0.9727 0.9677 | 0.9802| 0.9904 | 1.0000| 0.9789
Gin 0.9917 0.9977 | 0.9982| 0.9938 | 0.9789| 1.0000
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Figure5: The polarizability of PEI inclusions and the geometrical parameters of Table 3.
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