Applied
Computational
Electromagnetics
Society

Journal

Editor-in-Chief
Atef Z.. Elsherbeni

March 2005
Vol. 20 No. 1
ISSN 1054-4887



GENERAL PURPOSE AND SCOPE: The Applied Computational Electromagnetics Society (ACES)
Journal hereinafter known as the ACES Journal is devoted to the exchange of information in
computational electromagnetics, to the advancement of the state-of-the art, and the promotion of related
technical activities. A primary objective of the information exchange is the elimination of the need to “re-
invent the wheel” to solve a previously-solved computational problem in electrical engineering, physics, or
related fields of study. The technical activities promoted by this publication include code validation,
performance analysis, and input/output standardization; code or technique optimization and error
minimization; innovations in solution technique or in data input/output; identification of new applications
for electromagnetics modeling codes and techniques; integration of computational electromagnetics
techniques with new computer architectures; and correlation of computational parameters with physical
mechanisms.

SUBMISSIONS: The ACES Journal welcomes original, previously unpublished papers, relating to
applied computational electromagnetics. Typical papers will represent the computational electromagnetics
aspects of research in electrical engineering, physics, or related disciplines. However, papers which
represent research in applied computational electromagnetics itself are equally acceptable.

Manuscripts are to be submitted through the upload system of ACES web site http://aces.ce.olemiss.edu
See “Information for Authors” on inside of back cover and at ACES web site. For additional information
contact the Editor-in-Chief:

Dr. Atef Elsherbeni

Department of Electrical Engineering

The University of Mississippi

University, MS 386377 USA

Phone: 662-915-5382  Fax: 662-915-7231

Email: atef@olemis.edu

SUBSCRIPTIONS: All members of the Applied Computational Electromagnetics Society who have paid
their subscription fees are entitled to receive the ACES Journal with a minimum of three issues per
calendar year and are entitled to download any published journal article available at
http://aces.ee.olemiss.edu.

Back issues, when available, are $15 each. Subscriptions to ACES are through the web site. Orders for
back issues of the ACES Journal and changes of addresses should be sent directly to ACES Executive
Officer:

Dr. Richard W. Adler

ECE Department, Code ECAB

Naval Postgraduate School

833 Dyer Road, Room 437

Monterey, CA 93943-5121 USA

Fax: 831-649-0300

Email: rwa@attglobal.net

Allow four week’s advance notice for change of address. Claims for missing issues will not be honored
because of insufficient notice or address change or loss in mail unless the Executive Officer is notified
within 60 days for USA and Canadian subscribers or 90 days for subscribers in other countries, from the
last day of the month of publication. For information regarding reprints of individual papers or other
materials, see “Information for Authors”.

LIABILITY. Neither ACES, nor the ACES Journal editors, are responsible for any consequence of
misinformation or claims, express or implied, in any published material in an ACES Journal issue. This
also applies to advertising, for which only camera-ready copies are accepted. Authors are responsible for
information contained in their papers. If any material submitted for publication includes material that has
already been published elsewhere, it is the author’s responsibility to obtain written permission to reproduce
such material.


http://aces.ee.olemiss.edu/
mailto:atef@olemis.edu
http://aces.ee.olemiss.edu/
mailto:rwa@attglobal.net

APPLIED
COMPUTATIONAL
ELECTROMAGNETICS
SOCIETY

JOURNAL

Editor-in-Chief
Atef Z.. Elsherbeni

March 2005
Vol. 20 No. 1

ISSN 1054-4887

The ACES Journal is abstracted in INSPEC, in Engineering Index, and in DTIC.

The first, fourth, and sixth illustrations on the front cover have been obtained from the Department of
Electrical Engineering at the University of Mississippi.

The third and fifth illustrations on the front cover have been obtained from Lawrence Livermore National
Laboratory.

The second illustration on the front cover has been obtained from FLUX2D software, CEDRAT S.S.
France, MAGSOFT Corporation, New York.



THE APPLIED COMPUTATIONAL ELECTROMAGNETICS SOCIETY
http//:aces.ee.olemiss.edu

ACES JOURNAL EDITORS

EDITOR-IN-CHIEF/ACES/JOURNAL

Atef Elsherbeni
University of Mississippi, EE Dept.
University, MS 38677, USA

EDITORIAL ASSISTANT
Matthew J. Inman

University of Mississippi, EE Dept.
University, MS 38677, USA

EDITOR-IN-CHIEF, EMERITUS
David E. Stein

USAF Scientific Advisory Board
Washington, DC 20330, USA

ASSOCIATE EDITOR-IN-CHIEF
Alexander Yakovlev

University of Mississippi, EE Dept.

University, MS 38677, USA

EDITOR-IN-CHIEF, EMERITUS
Ducan C. Baker

EE Dept. U. of Pretoria

0002 Pretoria, South Africa

EDITOR-IN-CHIEF, EMERITUS
Allen Glisson

University of Mississippi, EE Dept.

University, MS 38677, USA

MANAGING EDITOR
Richard W. Adler
833 Dyer Rd, Rm 437 EC/AB

NPS, Monterey, CA 93943-5121, USA

EDITOR-IN-CHIEF, EMERITUS
Robert M. Bevensee

Box 812

Alamo, CA 94507-0516, USA

EDITOR-IN-CHIEF, EMERITUS
Ahmed Kishk

University of Mississippi, EE Dept.
University, MS 38677, USA

ACES JOURNAL ASSOCIATE EDITORS

Giandomenico Amendola
Universita' della Calabria
Rende , Italy

John Beggs
NASA Langley Research Center
Hampton, VA, USA

Malcolm Bibby
Gullwings
Weston, MA , US

John Brauer
Ansoft Corporation
Milwaukee, WI, USA

Magda EI-Shenawee
University of Arkansas
Fayetteville AR, USA

Pat Foster
Microwave & Antenna Systems
Gt. Malvern, Worc. UK

Cynthia M. Furse
Utah State University
Logan UT, USA

Christian Hafner
Swiss Federal Inst. of Technology
Zurich, Switzerland

Michael Hamid
University of South Alabama,
Mobile, AL, USA

Andy Harrison
Radiance Technologies, Inc.
Huntsville, AL

Chun-Wen Paul Huang
Anadigics, Inc.
Warren, NJ, USA

Todd H. Hubing
University of Missouri-Rolla
Rolla, MO, USA

Nathan Ida
The University of Akron
Akron, OH, USA

Yasushi Kanai
Niigata Institute of Technology
Kashiwazaki, Japan

Leo C. Kempel
Michigan State University
East Lansing MI, USA

Andrzej Krawczyk
Institute of Electrical Engineering
Warszawa, Poland

Stanley Kubina
Concordia University
Montreal, Quebec, Canada

Samir F. Mahmoud
Kuwait University
Safat, Kuwait

Ronald Marhefka
Ohio State University
Columbus, OH, USA

Edmund K. Miller
LASL
Santa Fe, NM, USA

Krishna Naishadham
Wright State University
Dayton, OH, USA

Giuseppe Pelosi
University of Florence
Florence, Italy

Vicente Rodriguez
ETS-Lindgren
Cedar Park, TX, USA

Harold A. Sabbagh
Sabbagh Associates
Bloomington, IN, USA

John B. Schneider
Washington State University
Pullman, WA, USA

Amr M. Sharawee
American University
Cairo, Egypt

Norio Takahashi
Okayama University
Tsushima, Japan



THE APPLIED COMPUTATIONAL ELECTROMAGNETICS SOCIETY

JOURNAL

Vol. 20 No. 1 March 2005
TABLE OF CONTENTS

“Generalization of Surface Junction Modeling for Composite Objects in an SIE/MoM
Formulation Using a Systematic Approach”
J. Shin, A.W. Glisson, and A. A. KishK.......ooviiii e, 1

“Mode Expansion with Moment Method (ME-MM) to Analyze Dielectric Resonator Loaded
Cavities”
Z. Wang, S. Safavi-Naeini, and J. L. Volakis. ..o 13

“On Second-Order Asymptotic Expansions at a Caustic”
AL T BOOYSEN. ittt e e 21

“NF-FF Transformation with Bi-Polar Scanning From Nonuniformly Spaced Data”
F. Ferrara, C. Gennarelli, M. Iacone, and G. RiCCIO...........cccoiiiiiiiiiiiiiiii i, 35

“Electromagnetic Modeling of an Adaptable Multimode Microwave Applicator for Polymer
Processing”
R. Sun, L. C. Kempel, L. Zong, S. Zhou, and M. C. Hawley..................ccoooiiiiiiinn.n. 43

“Comparative Evaluation of Some Empirical Design Techniques for CAD Optimization of
Wideband U-Slot Microstrip Antennas”
V. Natarajan and D. Chatterjee. ........o.oiiiiiiiiiii e 50

“Broadband Antenna Response Using Hybrid Technique Combining Frequency Domain MoM
And FDTD”
R.A. Abd-Alhameed, P.S. Excell, and M.A. Mangoud..............cooviiiiiiiiiiiieeeiene . 70

“An Optimized High-Order Implicit FDTD Solver with One-Sided TF/SF for Simulation of
Photonic Devices”
H. AL Abdallah. ..o 78

“Multiresolution Time Domain Based Different Wavelet Basis Studies of Scattering of Planar

Stratified Medium and Rectangular Dielectric Cylinder”
Q. Caoand K. K. Tamma ........ooiiiniiiititii ettt e e 86

© 2005, The Applied Computational Electromagnetics Society






ACES JOURNAL, VOL. 20,NO. 1,MARCH 2005

Generalization of Surface Junction Modeling for
Composite Objects in an SIE/MoM Formulation
Using a Systematic Approach

Joon Shin, Allen W. Glisson, and Ahmed A. Kishk
Department of Electrical Engineering
The University of Mississippi
University, MS 38677

Abstract— This paper discusses the modeling of various kinds
of surface junctions in an SIE/MoM formulation applied to
complex objects consisting of arbitrarily shaped conducting and
dielectric bodies. Methods of describing various types of junctions
and systematically incorporating them in numerical solutions
are presented. The procedures are of interest for the specic
application of arbitrarily shaped dielectric resonator antennas
and their associated feed structures and packaging. An E-
PMCHWT formulation in conjunction with a moment method
procedure using multi-domain RWG basis functions is presented
to deal with such general junctions. Some results are veried
with the FDTD method.

Index Terms—surface junction modeling, composite object,
SIE/MoM, E-PMCHWT, dielectric resonator antenna, multi-
domain basis function, FDTD

I. INTRODUCTION

HE modeling of general surface junctions in an SIE/MoM

(Surface Integral Equation/Method of Moments) formu-
lation is considered in this work. The speci ¢ application lead-
ing to this study is that of Dielectric Resonator (DR) antennas.
Since an experimental study of a cylindrical DR antenna was
reported in 1983 [1], this antenna has drawn continued interest
because of its small size, ef cienc y, and potential ability to
perform multiple antenna tasks via simple mode coupling
mechanisms. The con guration of a DR antenna may range
from a very simple one that allows analytic solutions to a very
complex one. A typical structure for a DR antenna is a DR
element of high dielectric constant excited by a single feed
such as a microstripline or coaxial cable. Various shapes and
combinations of DR elements as well as various feed structures
have been suggested, however, which may improve the antenna
performance in the areas of bandwidth, power handling, and
antenna ef cienc y. Rigorous SIE analysis methods for non-
trivial DR antenna con gurations have been available mainly
for Body of Revolution (BoR) objects [2,3]. DR antennas
have also been treated with the constraint of a multi-layered
environment [4,5]. where the dielectric layers are assumed to
be of in nite extent. In this work we consider the modeling of
general junctions encountered in such arbitrary con gurations
of DR antennas, which may include general 3D (Three-
Dimensional) composite objects, using an SIE/MoM method
with RWG (Rao-Wilton-Glisson) basis functions. Arbitrary
con gurations here refer to an arbitrary number of dielectric

regions, arbitrary compositions of conductors and dielectrics,
general excitations, etc., as well as arbitrary shapes.

The dif culty with an arbitrary 3D composite object comes
mainly from the modeling of surface junctions. To model a
surface junction, it has been considered necessary to properly
enforce the electromagnetic boundary conditions and the con-
tinuity of the currents at the junction. For a given junction this
may be accomplished easily, and the associated unknown cur-
rents and basis functions are assigned accordingly. However,
for an arbitrary con guration consisting of different types of
junctions, neither the formulation nor the implementation is
trivial. A usual approach might be to implement the junction
models only for some limited number of cases and to make
modi cations when need arises for a speci ¢ type of junction.
A similar argument is true in general, but to a somewhat
lesser extent, for the MoM technique regarding the number
of dielectric regions and the geometry con guration. The
objective of this study is to develop a rigorous yet ef cient
numerical method for EM (Electromagnetic) modeling of ar-
bitrary composite structures, which allows one, as a particular
application, to efciently try various con gurations of DR
antennas to optimize the performance.

The junction modeling problem has been considered in
previous works for conducting surfaces [6], for dielectric
surfaces [7], simple combinations of BoR objects [2,3,8,9],
and general conducting, dielectric, resistive, and impedance
boundary condition surfaces [10]. Finally, Kolundzija has also
reported extensive junction modeling of composite objects
[11]. A more detailed account for the junction modeling
as well as various SIE/MoM formulations is found in his
coauthored book [12]. Kolundzija employed a PMCHWT
(Poggio-Miller-Chung-Harrington-Wu-Tsai) formulation [13-
15], which has been commonly been referred to as a PMCHW
formulation, and entire domain basis functions de ned over
bilinear surfaces, which required fewer unknowns, and thus
electrically larger problem can be solved more ef ciently . The
extent of his surface junction modeling is the same as ours.
He describes the junction modeling in terms of doublets, while
we do so using multi-domain basis functions and multiplicity
of basis function. He treats an open metalic surface located
at a dielectric interface as two closed metalic surfaces, while
we treat it directly as another class of surfaces, which seems
simpler to implement. While [11] presents general rules,

1054-4887 © 2005 ACES
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Fig. 1. General geometry under consideration.

we present specic formulas for systematic and automatic
construction of basis functions, and all kinds of junctions are
classied into only a few cases, for which speci ¢ formulas
are given. In general we feel that our description of junction
modeling is elegant and systematic. The advantage of such a
systematic approach is that it enables a developer to set up a
framework that can be easily extended to include new features
more easily while maintaining code clarity. It should be noted
that another procedure for junction treatment has also been
recently described in [16].

II. FORMULATION

A. Problem Description

The geometry under consideration is a general inhomo-
geneous body with Npg dielectric regions, each of which
may contain conducting bodies as well as impressed sources
as shown in Fig. 1. The regions have permittivities €; and
permeabilities p;, where ¢ = 1,--- | Ng. Both ¢; and p; may
be complex to represent lossy materials. Non-zero thickness
conducting bodies denoted by R may occupy any parts of
the space. In nitely thin conducting bodies can reside in any
region, at interfaces between regions, or they may penetrate
from one region to another. All conductors are considered
to be PEC (Perfect Electric Conductor) material. One of the
regions, region R in Fig. 1, may be of in nite extent. The total
elds in each region are denoted by E; and H;, where i =
0,1,2,---, Ng, for electric and magnetic elds, respectively,
and ¢ = 0 denotes PEC regions with Eq =Hy=0. The time
variation, e/**, is assumed and suppressed throughout.

Any two adjacent regions, R; and R;, are separated by
a surface denoted by S;;(ts,t, f), where t, is the type of
the surface, and ¢ and f are the ‘to-region’ and the ‘from-
region’ of the surface, respectively, which de ne the region
connectivity and the surface orientation. The interface between
a non-zero thickness conducting body and a dielectric region

ACES JOURNAL, VOL. 20, NO.1, MARCH2005

also forms a surface denoted in the same way with the ‘from-
region’ being region zero. An in nitely thin conducting body
in a dielectric region forms yet another type of surface with
the ‘from-region’ being the same as the ‘to-region. Thus, there
are four types of surfaces specied by t,:

(i) PFO (ts =0) — Interface between a conducting body

and a dielectric region,

(il) PF1 (ts=1) — Innitely thin conducting body within
a dielectric region,

(i) PF2 (ts=2) — Innitely thin conducting body between
two dielectric regions, and

(iv) DF(ts=3) — Dielectric interface between two dielec-
tric regions.

These surface types are graphically represented by thick
shaded, solid, thick solid, and dashed lines, respectively, in
Fig. 1. We refer to PF0, PF1, and PF2 collectively by PF
(PEC faces).

When more than two surfaces meet at a curved line segment,
they form a junction. Depending on the numbers and types
of the surfaces at a junction, there are a variety of possible
junction types, all of which are considered in this study.

Each region R; is surrounded by a closed surface S¢ and is
associated with an inward normal unit vector fn;. The surface
interface between regions I?; and R;, if one exists, is denoted
as Sj;, foranyiandj, i=1,---,Ng, j=0,1,---,Ng.
Thus, Sic is the set of all interface surfaces S;;, where j
represents all region numbers that interface with region R;.
Note that S;; = Sj; for 7 # 0; however, the normal unit
vectors fi; and N, are in opposite directions to each other on
Sij.

B. The Field Equivalences

According to the equivalence principle [17], the original
problem can be decomposed into N p auxiliary problems, one
for each dielectric region. To obtain the auxiliary problem
for region R;, the impressed sources of the original problem
are retained only in region R; and the boundaries of the
region are replaced by equivalent surface currents radiating
in a homogeneous medium with the constitutive parameters
of region R;. Electric currents are used for the conducting
surfaces, while electric and magnetic currents are used for
the dielectric boundaries. The electric and magnetic currents
appearing on opposite sides of a dielectric interface in different
auxiliary problems are taken equal in magnitude and opposite
in direction to assure the continuity of the tangential eld
components on these boundaries as they are continuous in
the original problem. In this procedure, the elds produced
within the region boundaries by the equivalent currents and
the impressed sources in region R; must be the same as those
in the original problem, while the zero eld is chosen to exist
outside these boundaries. The electric and magnetic currents
along S are then J; = #; x H; and M; = E; x i,
respectively.

A system of surface integro-differential equations can be
obtained by enforcing the boundary conditions of continuity
of the tangential components of electric eld on the conducting
surfaces and both electric and magnetic elds on the dielectric



surfaces. This results in the E-PMCHWT (Electric-PMCHWT)
formulation [9] when there is no junction in the problem. For
problems having general junctions, however, it is not easy
to express the integral equation system explicitly apart from
the testing procedure. Thus the system of integral equations
is presented in the next section after describing the junction
modeling and the basis functions.

C. Modeling of Junctions in the Moment Method Solution

Arbitrarily shaped surfaces are discretized in triangular
patches and the equivalent surface currents are approximated
by expansions in the RWG basis functions on the patches [18],
which are expressed as

NTj
r) = I,BY(r; S, Sr, ) (1)
n=1
where
v + [hp+ res
T, _ Prnx/Nnt, T, +
B, (r) = { 0, otherwise, 2)

Nr, is the number of electric basis functions, and S T . are the
pos1t1ve/negat1ve domains or the from-/to- faces of the basis
T\ NT
function, respectively. For magnetic currents, {Bn n=1 can
be de ned similarly. The testing functions Tz;j and Tfm are
also taken to be the same as (2). With the basis and testing

functions de ned we have a matrix equation
THT 1T ]
()|

When there are general surface junctions, the current re-
lated to an unknown coef cient may exist on many different
surfaces. In such cases, the expression (1) is not rigorous
enough. For example, there is an electric current on a dielectric
surface in the region R; equivalent problem and another one
o wing in the opposite direction in the region R; problem,
represented by ‘—1,,” as shown in Fig.2(a). The expression in
(1) for the electric currents has this sort of implication for the
basis functions B,’ when the domain of the unknown involves
a dielectric interface, i.e., the single current coefcient I,
represents the current on both sides of the dielectric interface
and one must identify which side of the interface carries the
current coef cient with the negative sign.

When more than two dielectric surfaces meet at a junction,
this scheme does not work. Thus for general junctions, we
seek another way of expressing the generalized current more
rigorously. We will use two different basis functions for the
same unknown coefcient related to a dielectric surface as
shown in Fig. 2(b). In other words, the unknown coef cient
has a multiplicity of two when it represents the electric or
magnetic current on the dielectric face. The current direction
on each side of the interface in this case is accounted for by
the direction of the basis function (Fig.2(b)). This procedure is
easily extended to account for a junction of multiple interfaces.

Extending this to the general case, the generalized current
is dened in terms of the generalized basis functions as

71 Tj
TTT,L T]‘

V)

|VTm > :| . (3)
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Fig. 2. Two methods of representing basis functions.

C(r) = {I(x), M(r)} = ZIB S LB

n= 1+NT,
4)
where each B,, now represents 7, simple basis functions as
indicated below:

T,

B, (r) — {B,% (r), w1'th k=n, n < Nr, 5)
B, (r), with k =n — N,, n> Nr,
where
N = NTj + NTm

Tk

B, '(r) = > B(r;ffn, tfr,, Re,) (6)
v=1
Tk

By"(r) = Y By"(r;ffu,tfr, By, (7
v=1

B,, = the v basis function of I,,, v =1,...,7,

B;;Fi , B;f;” = RWG basis function de ned over the

corresponding patches as in (2)

7, = multiplicity of the unknown coef cient, I,
- { Nidfn; fidfn = Titf (8)
ngrn + 1, otherwise
nys = total number of faces connected
ngrn, = number of dielectric faces related to I,
ffn,,tfn, = from-face and to-face of B,,,.
R,, region of B,,,

Notice that there is one-to-one correspondence between B Z;
or Bz;:l and the parameter set { ff,,,,tfn,,Rn, }. The numbers
of unknowns and basis functions for a given junction or edge
are determined from the types and numbers of the faces
connected to the junction by considering proper boundary
conditions at the junction. The methods of determining them
and systematically incorporating them in the MoM solutions
have been developed and presented in Appendix, where J,,
and M,, are used instead of Bl and BIn, respectively
The generalized testing functions {Tm }m 1 {TIm }m 1, and
{T,,}N_, are also dened in a similar manner. We also
dene C;, the generalized current for the region R; equivalent
problem, as

Ci(r) = {Ji(r), M;(r)} )



where
Z Z 05 B, (¥ ffoy thay, Rn,)  (10)
Ml(r) = Z 2571 'Lan fnvvtfnva ) (11)
n= NT —+1 v=1
5;11 = source contribution coef cient

_ 1a an = Rz
o 0, otherwise

With the set of basis functions in (4)—(7), one may apply
the boundary conditions of tangential eld continuity at each
subdomain of the basis functions. By merely applying the
boundary conditions, however, the total number of equations
may be greater than the number of the unknowns because
of the multiplicity of some unknowns related to junctions.
The usual methods of solving equations apply only when the
number of equations equals to the number of unknowns, N.
While the solution of an overdetermined system is certainly
possible, it would increase the memory requirements to store
the additional equations, and we prefer to generate equations
that are equivalent to those we would obtain if modeling the
junction in the usual manner.

Such a set of NV equations can be obtained by taking the n "
integral equation as the set of simultaneous integral equations
(or summation of them) which satisfy the proper boundary
conditions on the subdomains of the basis functions (B,,,,v =
1,...,7) related to the unknown coef cient, I,,. It is possible
to obtain such a surface integral equation system by testing
with the generalized testing functions as follows

Z 5 T ) =
_Z Eznc i(SF iTmu 7

Nr, (12)

Nr
E Escat
i=1

m:1,2,...,

Nr Tm

Z< chat(ci)v Z 55%1' T, >
i=1 u=1

Tm

_Z Hznc Z5F iTmu 7

m—NTj+17---;NTj+NTm, (13)
where
(f.g) = /f-gds
s
Tm, = region number of the testing function, T, ,
oF = eld contribution coef cient

Tyt
1= Tma, (i.e., R;, = er“)
otherwise

— 1’
= 0
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and (Es°**, H:°?") and (Ei"¢, H!") are the scattered elds
due to C; and incident elds, respectively. Equations (12) and
(13) are the E-PMCHWT formulation [9] extended to general
junctions.

The meaning of (12) is that the scattered and incident
electric elds are tested by the electric testing functions. The
testings are summed over the entire region (i =1,2,..., Np).
However, the Kronecker delta function, 6 deselects the
corresponding inner products if the reglon of the testing
function, T,,,, is not R;. The meaning of (13) is similar.
The only difference is that the magnetic elds are tested with
the magnetic testing functions as indicated by the range of the
indices of the testing functions.

The electric and magnetic eld operators, £, EM, HY,
and HZM , are de ned in terms of the magnetic vector, electric
vector, electric scalar, and magnetic scalar potential functions
A F, &, and U, respectively, as [17]

E;(J,M) = E/J + EMM

= {HwA; -V} + {—%V x Fi} (14)
H;(J,M) = H/J + H'M Z

- {i V x Ai} +{—-wF; = V¥;}, (15

where E; and H; are the electric and magnetic elds at the
point r € R; due to the currents J and M on a speci ed
surface, Sc¢. The surface S¢ may be a subset of S; C the closed
surface of the region R;, which supports equlvalent currents,
or it may be a source surface within the region R; that supports
impressed currents. However, there are situations in which no
explicit impressed currents exist and the impressed elds are
specied, for example, by incident plane wave. In (14) and
(15), the subscript ¢ represents the region number in which the
elds or the potentials are evaluated. The potential functions
are de ned as

Ai(r) = ui/SCJ(r') Gi(r,v) ds' (16)
Fitr) = & [ M) Gifr,r')ds (17)
Oi(r) = 61 :Ccre(r/) Gi(r,r') ds' (18)
U;(r) = ui om(r) Gi(r,x') ds',  (19)

where the electric and magnetic surface charge densities
oe and o, are related to the surface currents through the
equations of continuity,

o) = — Y5 Im (20)
Jjw

om(r) = _ Vs -Mlr) Q1)
jw

In (16)—(19), G;(r,r’) is the scalar homogeneous region
Green’s function and is de ned as
o—ikiR

Giler) = o

(22)



where R=| r —r’ | is the distance between the eld point
r € R; and the source point v’ € S¢, and k; =w./p;€; is the
wave number of the region R;.

Substituting C; of (4) into (12) and (13), the impedance
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has been done using the approximate testing procedure ex-
plained in [18].

Other impedance matrix and excitation vector elements in
(3) are obtained similarly from (12) and (13) as follows

matrix and excitation vector elements in (3), 75 min’ and V T
for example, are expressed as TETm — Z Z Z 5%“%1 (EMM,,, (r'), I, (r))
i=1 v=1 u=1
Nr Tn Tm n Tm
e T Tom,
Zgr;]nT = Z Escat Z(ST" zB Zdrm zBmu I')> = Z Z ZdTMuTnuleu"v
i=1 i=1 v=1 u=1
Nr Tn Tm Nr  Tw Tm
_ J
=333 68 e (BB, (), By, (1)) = 2D 200 AT (), T ()
i=1 v=1 u=1 i=1 v=1 u=1
Nr Tn Tm Nr Tw Tm
7T Ts _ T T
=3 S S BT (), T () = =22 20 Tl = T
i=1 v=1 u=1 i=1 v=1 u=1
Nr 7n  Tm m=1,...,Np, and n = Np.+1,..., Np.+Np (26)
D IDID I ’ : :
i=1 v:llu 1 N q ) N (23) Nr Tnh Tm
= . . an =1,... .
m ’ ’ TJ " ’ ’ TJ TgnT Z Z Zdrm Ty 1 HJJTLu( )a Mmu (I‘)>
=1 v=1 u=1
Nr Tn Tm
Nr T™m ) = Z 257’ r 1T£mg]
_szimz <E§nc’ J7nu(r)>7 mzla---vNij i=1 v=1 u=1 o
==t 24y m=Np +1,...,Np,+Np, andn=1,...,Ny, (27)
respectively, where
Tn Tm
o o I A Z SN oz HM,, (Y), My, (r))
Zyil = contribution from J,,, (r')/J,,, (r) interaction i=1 v=1 u=1
— < EZJJTL (r/)’ Jm (r) > Tn Tm Tn Tm
’ “ = 5 YTnLT7n
zZ o Z contribution coef cient Z Z Z Z Z Z T U My
oy Ty =1 v=1 u=1 =1 v=1 u=1
1 Tm, = Tn, =1 !
— S F L ) My Ny 1
5rnuz Ty @ { 0, otherwise, 25) = Z Z Z5Z r -_ <Ei]']n; (r), JmL (r))

B,,, is denoted by J,, to signify the electric currents, and
E{ is the electric eld operator de ned in (14). Notice that
the generalized testing functions are the same as the basis
functions.

The meaning of (23) is that Z,T,{ﬁu is the interaction
between B,, and T,, = B,,. The interaction is expressed by
testing the scattered electric eld due to the source currents B,
with the testing functions T,,. Since B,, and T, are multi-
domain basis and testing functions, the testings are summed
over the entire region (¢ = 1,2,..., Ng). Examples of the
expressions for the testing equations and resultant matrix
elements are provided for specic situations in Appendix B
of [19].

It is worth noting that the triply indexed Kronecker delta
functions select only terms whose related basis and testing
functions have the same region as R;, where z 1s the sum-
mation index. Although the expression for Zmn n (23)
contains the complicated-looking triple summation, typically
only a few terms are left, e.g., only two terms for a dielectric
surface, due to the Kronecker delta functions, and this notation
automatically takes care of general multiple surface junctions.

The evaluation of the inner products of (EYJ, (r'),
Jm,(r)) and (Ei"¢ J,. (r)) in (23) and (24), respectively,

i=1 v=1 u=1
Nr Tp/ Tyt

1, rr,
:ZZZﬁgﬁﬂ@

/AR
my,mn,
=1 v=1 u=1

m:NTj—i—l, e 7NT]-+NTm and TL:NT].—F]., ceey NTJ""NTM
(28)
= _Z Z5Tm i H“Lc Mmu(r)>a

i=1 u=1

m:NTj—I—l,...,NTj—FNTm, (29)
where
ni = \Hil€
Jn/ = Mnu

I = Mp,, (30)

and £/, EM, H/ and HM are the eld operators de ned in
(14) and (15), and B, is denoted by J,,, and M, to signify
the electric and magnetic currents, respectively. Notice that in
(26) and (28) the duality property of the eld operators is used
and that there is one and only one J , which is the same as
M,,, for a dielectric interface. The prlme in the subscrlpt of
JnL is due to the fact that the indices n and n’ are for the
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Fig. 6. ¢-directed magnetic currents of T-junction with phantom dielectric

and n’ differ from each other for J , =M,, .

Some subroutines of EMPACK [20u] have been used for the
integrations over the triangular domains which appear in (23)

implicitly.

ITI. NUMERICAL RESULTS
A. Self Consistency Test — T-Junction

A T-shape junction of three 0.1-m wide and 0.3-m long PEC
strips is taken as an example. For comparison, a semi-circular
cylinder of phantom dielectric having 0.1-m height and 0.3-
m radius is attached to the T-shape junction as shown in
Fig.3. The z-directed surface currents along the contour lines,
(-0.3,0,0) — (0.3,0,0) and (0,0,0) — (0,—0.3,0), located
at the center of each strip are computed for a plane wave
excitation. The plane wave is expressed as Ei"¢=E, ko' r,
where k! = —& cos ¢’ sin @ — §jsin ¢’ sin ' — Zcosé?, E, =
E} (& cosf cos ¢ + feostising’ — Zsin6?), 0 = ¢ = 45°,
Ej =1, ky = 27f\/lio€o, and f = 300 MHz. The results
in Fig. 4 show very good agreement as well as the expected
current peaks at the ends of the strips.

The ¢—directed magnetic currents along a circumferential
contour (p=0° — ¢=180°, 2=0.0125) are studied for three
different grids. Grid-1 is shown in Fig. 3(b), and Grid-2 is a
uniformly ne grid having 40 edges along the circumference.
Grid-3 is similar to Grid-1, but it has locally ne grids near
the conductor strips as shown in Fig. 5. As shown in Fig. 6,
Grid-1 is not ne enough to result in the expected behavior of
magnetic currents or electric elds near a conducting surface.
At ¢ = 0° and ¢ = 180°, where the conducting strips are
located, the boundary conditions for the tangential electric
eld dictates £, =0 or My =0 at the conducting surface.
The opposite trend of the numerical solution for M4 near

along circumferential contour (¢ =0° — ¢ =180°, z=0.0125 m). Grid-1
and Grid-3 refer to grids shown in Figs. 3(b) and 5, respectively. Grid-2 is
uniformly ne grid using 40 edges along the circumfernce.

the conductor surface is due to the too coarse grid near
the conductor, which cannot model the rapid eld variations
properly. The locally ne grid, Grid-3, as well as the uniformly
ne grid, Grid-2, result in the expected current distributions
near the conducting surface. Similar behavior of the magnetic
currents has been checked for a simple 0.1-m wide and 0.6-m
long PEC strip without the center strip.

Fig. 7 shows the corresponding radar cross sections. It is
worth noting that even Grid-1 results in very good agreement
with the PEC-alone data in spite of the abnormal behavior of
the magnetic currents described above.

5 $=0 Plane ¢ =90 Plane
6 o PEC alone 6 © PEC alone
— Grid 1 —— Cridt
70|+ Grd2 7| v Crid2

x_ Grid 3 x_Grid3

0 30

Fig. 7.

60 90 120 150 180
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o /2% [dB]

0

30 60 90

120 150 180
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RCS of T-junction with phantom dielectric.
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B. Self Consistency Test Using Two Different Models

In this section, a PEC square-bar with three dielectric ones
attached to it as shown in Fig. 8 is considered. As shown
in Fig. 9, the PEC bar can be modeled using either PF0 or
PF2 surfaces. The surface of type PFO0 is modeled using
one electric unknown, while PF2 using two as discussed
in section II. Moreover the process of assigning the basis
functions and unknowns as described in the Appendix results
in wildly different sets of unknowns as well as basis functions
for the two models. The electric current distributions along
twelve contours on the PEC bar and attached strip are plotted
in Fig. 9 to show virtually the same results for the two different
models. Each contour runs from z = 0 to z = 0.5, with
(z,y) coordinates being (0.1, 0.0125), (0.1, 0.0375), (0.1,
0.0625), (0.1, 0.0875), (0.0875, 0.1), (0.0625, 0.1), (0.0375,
0.1), (0.0125, 0.1), (0.1125, 0.1), (0.1375, 0.1), (0.1625, 0.1),
and (0.1875, 0.1) for contours 1 to 12, respectively. It should
be noted that the results are obtained by using grid parame-
ters for each block of nex/ney/nez = 4/4/8 instead of
2/2/4 as suggested by the triangulation shown in Fig. 8
(nex/ney/nez are numbers of edges along x-, y-, and z-
direction). The excitation parameters are §° = ¢’ =45°, £ =1,
and f=300 MHz.

C. Junction Tests Using FDTD

Extensive validation of the code for various types of junc-
tions has been carried out. Here we present only sample results
for the test case shown in Fig 10. Itisa 0.Im x 0.1m x 0.5m
dielectric bar of €, =4 with seven 0.Im x 0.1m PEC strips
attached to it to result in PF1-DF-PF2 and PF1-PF2-PF2
junctions.

The top and bottom surfaces of the bar are dielectric.
Fig. 11 shows good agreement between MoM and FDTD
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Fig. 11. Bistatic RCS for junction test case C shown in Fig. 10. 0 =45°,
¢*=30°, Ej=1, and f=300 MHz.

(Finite Difference Time Domain) results except for around 6
= 150° in xz-plane. The grid parameters are nex/ney/nez
= 3/3/10 for ax/ay/az=0.1/0.1/0.5 (instead of
2/2/10 as suggested in Fig. 10), and the excitation para-
meters 0°=45°, ¢'=30°, E}=1, and f=300 MHz. The FDTD
parameters are: dx = dy = dz = 0.005 m, the second order
Mur’s RBC, 0.4-m distance from the scatterer boundary to
the RBC, and a Gaussian pulse of with 0.4-ns width and 2-ns
delay. The near- eld currents for the far- eld computation are
sampled at surfaces ve cells away from the scatterer surfaces.
The number of time steps used is 5000. However 2000 time
steps should be enough.

D. Microstripline/Slot-Fed Rectangular DRA

A Rectangular DR Antenna (RDRA) fed by a micro-
stripline through a narrow slot has been previously considered
by Liu ef al. [5]. The front and top views of such an RDRA
are shown in Fig. 12. The geometry of the DR element and
feed structure are taken from [5], where an in nite ground
plane is assumed.

For the 3DIE code, the implementaion of the SIE/MoM
formulation, a large nite ground plane is computationally
expensive. It is even more expensive when the GP is backed by
a substrate, in which case the GP PEC as well as the dielectric
surface are modeled using two unknowns per edge. Thus, it is
possible to reduce the number of unknowns signi cantly by
truncating the substrate such that only a minimal portion of
the substrate is used. The effect of the substrate truncation on
the radiation patterns should be negligible as shown in Fig. 13.
In Fig. 13, x12y04f and x12y04 refer to the RDRAs with
full and truncated substrates, respectively, while the numbers
in them refer to the ground plane dimensions, G, = 12 and
Gy = 4, respectively, in cm.

We next verify that the 3DIE code computes the radia-
tion patterns correctly and that the substrate truncation has
no signi cant effects. Fig. 14 shows the MoM and FDTD
computations of the radiation patterns of the smallest RDRA
in the principal planes of ¢=0°/180° and ¢=90°/270°. The

ACES JOURNAL, VOL.20,NO. 1, MARCH2005

DR — 245 —
(e, = 10.8)
GP z 1.27
/ | | =
1
Substrate 0.0787 i .
(er = 10.2) Microstripline
(a) Front view
Ground Plane
Gya
Truncated Substrate

o bt b

i Y i

1 1

! Microstripline DR~ N 1

Gmm : / L : : : G.’Ep
[ T I T
Gy S!/:‘ ********* I I il ik xr

1 1

! 024 T2

: |

| 2
___________________________ a———

Sy
Gya
G,

Fig. 12. RDRA with nite ground plane. DR dimensions are 2.45 x 2.5 X
1.27; slot length is 1.8; microstripline input and stub lengths are 5.8 and 1.8
from center of slot, respectively; S;=8 and Sy=4, all in cm.

Principal Polarization

0
5
g 10
e}
K
[T
& 15
xz plane, x12y04f
o xz plane, x12y04
20 - - - yz plane, x12y04f
o yzplane, x12y04
2? L L L L L
80 120 60 0 60 120 180
Observation Angle, 6
Fig. 13.  Effect of substrate truncation of RDRA of Fig. 12 on radiation

patterns with Gz=12, Gzm=0, Gzp=4, Gy=4, all in cm. RDRA x12y04
has truncated substrate as shown in 12, while x12y04f has full substrate.



Principal Polarization

Far Field [dB]
o

x08y04
Bi —— xz plane, MoM ‘o
201 o o xzplane, FDTD io
o/ - - - yz plane, MoM \o
I o yzplane, FDTD '
25 B \‘D =
N ! 7/
\\ Dl’ \\ 5 //
\ | \ !
39 \ I I I I I !
80 120 60 0 60 120 180

Observation Angle, 6

Cross Polarization

0 T . :

xz plane, MoM

10 - o xzplane, FDTD 1
- - - yz plane, MoM

20 o yzplane, FDTD i

O0O0005~ _ — 500005,
30 b y P DDDDDD\DD\ . 5 /;E:DSDDDDD Bﬂsm 4
o EEINN o7 %

Far Field [dB]
(&) S
o o

(o2}
o

70

8 L L L L
Sl) 80 120 60 0 60 120 180
Observation Angle, 6

Fig. 14. Comparison of MoM and FDTD results for RDRA of Fig. 12 with
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agreement between both methods is excellent for both the prin-
cipal and cross polarization as shown in Fig. 14. It should be
noted that the E-plane pattern (xz-plane principal polarization)
shows high asymmetry. This is due to the asymmetry of the
GP with respect to the DR element. The diffracted elds from
the GP edges contribute differently to the elds radiated from
the DR element due to the path differences in ¢ = 0° and
¢ = 180° planes. For RDRAs that have a symmetric GP, no
such asymmetry has been observed in the radiation patterns.
The cross polarization is shown to be low even for the minimal
size of the GP. The effects of the nite ground plane size on
the radiation patterns of the RDRA have been studied in [19].

IV. CONCLUSION

A systematic procedure for modeling of the general junc-
tions of any combination of conducting and/or dielectric
bodies in an SIE/MoM formulation has been presented. With
the successful modeling of general junctions, it is possible
to apply the E-PMCHWT formulation to a large class of

SHIN, GLISSON, KISHK: GENERALIZATION OF SURFACE JUNCTION MODELING

problems including dielectric resonator antennas of complex
con guration.

The procedure has been validated by modeling similar
test structures in different manners and by comparison of
results with FDTD solutions for a complex dielectric resonator
antenna geometry.
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APPENDIX
MODELING OF GENERAL SURFACE JUNCTIONS

For surface junctions, there may be in nitely many possible
con gurations regarding the number, order of connection, and
types of the connected faces. Here, we develop a systematic
procedure to model general junctions of arbitrary con gura-
tion.

A. Rules for Assigning Basis Functions and Unknowns

A single basis function is de ned over a pair of any two
adjacent triangular faces. Each basis function is associated
with the region into which it radiates and its type may be either
electric or magnetic. When at least one face of type DF is
involved in the junction, several different basis functions may
be related to the same unknown number, so we refer to this
as a multi-domain basis function.

The types and numbers of the unknowns and basis functions
of a junction, as well as the fashion in which they are assigned,
are mainly determined by the boundary conditions of the elds
on the connected faces. The eld boundary condition on a
PEC is that Fian = 0. Also the tangential magnetic eld
is discontinuous. The boundary conditions for a dielectric
face are that the tangential electric and magnetic elds are
continuous across the interface. From the Ey3 =0 condition,
it follows that there is no magnetic current for a junction
which has at least one PEC face. The continuity of elds
across a dielectric face leads to the multiplicity of an unknown
coefcient given by (8). For a PF2 face, the discontinuous
magnetic eld results in two unknowns on each side of the
face, while the total effect of the eld on the two sides is
represented by a single unknown on the face for a PF1 face.

When all the connected faces are PF in the same region, the
KCL (Kirchhoff’s Current Law), which states that the sum of
currents o wing into the junction edge from connected face is
zero, is applied. In such a case, The numbers of basis functions
and unknowns are Ny —1 where Ny is the number of the
connected faces.

In the following sections, the above rules are used to derive
the numbers of basis functions and unknown coef cients and
to set up a systematic procedure for assigning basis functions
and unknown coef cients.

B. Numbers of Basis Functions and Unknowns

For each edge, we have certain numbers of basis functions
and unknowns related to it, which are determined by applying
the rules of the previous section at the junction. For the pur-
pose of convenience, general surface junctions are classi ed
into three cases —
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(1) All faces are PF1

(i) All faces are DF

(iii) General cases excluding cases 1 and 2.
Then the numbers of basis functions n; and unknowns n,,
related to a junction edge can be expressed as follows

ntf—l, ntfznpfl
n, = 2n4f, ngg = ngr (A-1)
nef — Npfo/2, otherwise
Nyj = Ngp — 1, Ngf = Npf1
Ny = Nuj +Num =1+1 =2, ngp =ng (A-2)
nef — Npfo/2 — Ny, otherwise
where
ny = number of basis functions related to a junction
n, = number of unknowns related to a junction
= Nyj + Num
ny; = number of electric unknowns
Nym = number of magnetic unknowns
ngy = total number of faces connected to a junction
= TNpf + naf
npr = number of PF = nyro + npr1 + Npr2
npfo = number of PFO
nps1 = number of PF1
npf2 = number of PF2
ngs = number of DF

Having the numbers of the basis functions and the unknowns
for each edge, the corresponding total numbers are given as

Nb = Z ny (A‘?’)
Nedg
Nu = Nuj"'Num: Znuj+ Znum
Nedg Nedg
= > =N, (A-4)
Neag
respectively, where Nq, is the number of edges in the
problem.

C. Setting up Basis Functions and Unknowns

There are a number of legitimate ways to assign the basis
functions and unknowns for a surface junction consisting of
n.s faces. Here, we describe a speci ¢ way which is chosen
to facilitate convenient and systematic implementation of the
code.

From the de nition of the multi-domain RWG basis func-
tions of (5)—(7), it is necessary to specify its type (electric or
magnetic), positive/negative domains (from-face and to-face,
i.e. the assumed positive current direction), and region for a
basis function. While the determination of the type and region
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Fig. A-1. Rearrangement of local face numbers.

of the basis functions are relatively simple once their from-
face and to-face are chosen, it is not a simple task to assign
the from-face and to-face straightforwardly.

Initially the face numbers connected to a junction edge
are listed in the order of increasing global face numbers.
The resultant local face numbers may be spatially distributed
without any order as shown in Fig. A-1. For a systematic
junction modeling, it is necessary to rearrange them in an
orderly manner. To this end, the rst face or the one with
the lowest global number is chosen as the reference, from
which the angles to others are measured. The direction of
the increasing angle is determined by the surface normal
of the reference face. Then consecutive local face numbers
(1,...,n¢p) are assigned to each face as shown in Fig. A-
1. For the example shown the direction of increasing angle
happened to be CCW (counter-clockwise) because of the
surface normal . When both PEC and dielectric faces are
connected to an edge, the reference face must be a PF. Thus
if the lowest numbered face is a DF, then the original local
numbering is shifted until the reference becomes a PF. Once
the local face numbers are arranged in this way, we can
determine the from-face, to-face, region number, type, and
its unknown number straightforwardly. The from-face and to-
face of the rst basis (i, =1) are assumed to be the rst and
second faces, respectively. Considering the rules of the section
A at the junction and the resultant numbers of basis functions
and unknowns of (A-1) and (A-2), the from-face and to-face

of other basis functions (i, =2,3,...,np) are determined as

follows

(i) For ngy = nyy1 case (Fig. A-2(a)),
ny = mngp—1 (A-5)
IF = u (A-6)
tf = dp+1 (A-7)

JUNCTIONMODELING

(ii) For nyy = ngs case (Fig. A-2(b)),

ny, = 2n (A-8)
ip, i < nb/2 (tb = 1)
= . . A—
/I { iy +np/2, iy >np/2 (ty =2) (5-9)
ip+ 1, 1y < nb/2
tf = ih+np/24+1, ny/2 <ip <mny (A-10)
1, ib:nb/2 or ib:nb
(iii) For all other general cases (Fig. A-2(c)),
ny = ntf —npf0/2 (A-ll)
_ tfp+1, tfyis PFO
= { tfp,  otherwise (A-12)
_ 1, i, = nyp and the last face is not PFQ
= { ff + 1, otherwise A-13)
where
i, = 2,3,...,np = consecutive indices for
basis functions related to an edge
ff = local face number of the from-face of the
ith basis function (1,...,7n¢f)
tf = local face number of the to-face of the "
basis function (1,...,n:s)
ffy = ff of the (i, — 1)" basis function
tf, = tf of the (i, — 1) basis function
np = number of the basis functions related to an
edge as given in (A-1)
. . 1, for electric
t, = type of basis function = { 2, for magnetic.

The assignment of unknown numbers is self-explanatory in
Fig. A-2(a) and (b) for cases (i) and (ii), respectively. For
the general case of (iii), a new unknown number is assigned
consecutively to each basis function unless the from-face is
a dielectric face. When the from-face is a dielectric face, the
previous unknown number is used again (see Js,,J3,, and
Jy, in Fig. A-2(c)). Thus, the multiplicity of an unknown is
one if the related basis function does not have dielectric face
for its domain. In general, 7,,, the multiplicity of an unknown
number is given by

_ Ndfn, Ndfn = Mt f _
™ = { nafn + 1, otherwise (A-14)
where
ng = total number of faces connected to the
junction for I,
ngrn, = number of dielectric faces related to I,
Both J; and M; in Fig. A-2(b) have a multiplicity of
four, while the unknowns Js and Jg in Fig. A-2(c) have
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Cs, J3
fa fi

(a) All faces are PF1 (ngp=npp1=4).

Ng”

//.\\
Cr7, My, /\
C437‘]13/// C/&% \\\
f4 Cy, Ju, fl

(b) All faces are DF (ns=nqr=4).

n,=13-4=11

ny=13-4-3=38

(c) A general case (nyy=13,npr0=4, Nps1=5,npro=1,ngr=3).

Fig. A-2. Modeling of general surface junctions. (C;, i=1,2,3,..., is an
entry-counting index.)

multiplicities of three and two, respectively. Notice that setting
up the unknowns and basis functions of a given junction would
be wildly different if the global edge or face numbers were
set up differently.

After assigning the unknowns and the basis functions for all
edges, it is possible to rearrange the order of the unknowns
such that all electrical ones come before any magnetic ones
so that the relationships in (5) hold.
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Mode Expansion with Moment Method (ME-MM) to Analyze
Dielectric Resonator Loaded Cavities

Zhongde Wang ", Safieddin Safavi-Naeini ® and John L. Volakis ¥

Abstract—An efficient hybrid Mode Expansion-
(ME) Moment Method (MM) or ME-MM is proposed
to simulate the eigenvalue problem of multi-layer
dielectric resonators (DRs) within cylindrical and
rectangular cavities. Resonant frequencies and field
distributions for several DRs are presented. The
method’s efficiency and accuracy are validated by
comparison with commercial software, such as the
HFSS, and other numerical methods. Finally, an air
gap tunable DR analyzed via shows the ME-MM
potential to design tunable DRs and filters.

Index Terms—Mode Expansion, Moment Method,
Multi-layer  Dielectric =~ Resonators, = Resonant
Frequency, Field Distribution

I. INTRODUCTION

Resonators, filters and multiplexers play
critical roles in many telecommunication systems, such
as satellite and mobile communications [1], [2]. The
size of these components is directly related to the
wavelength and varies from less than one inch to more
than a foot. Strip-line and micro-strip-line structures
have been successfully adopted to avoid the bulkiness
of waveguide structures. However, when high power-
handling capability and/or low loss are needed,
waveguide remain choice devices Since materials of
high dielectric constant, high quality factor, and low
coefficient of thermal expansion have been developed
in the mid 70s [3], homogeneously and
inhomogeneously-filled waveguide components have
been studied and used in communications, navigation
and various types of radar systems. With so much
interest in dielectric structures, this paper presents a
new methodology, referred to as a hybrid Mode
Expansion Moment Method (ME-MM), to analyze
dielectric resonator (DRs) loaded cavities. The
efficiency and accuracy are compared with HFSS or
other numerical methods.

(1) The authors are with the Radiation Laboratory of
Electrical Engineering and Computer Science Dept,
University of Michigan, Ann Arbor, MI 48109. (2)
The author is with the Electrical & Computer
Engineering Dept., University of Waterloo, Ontario,
Canada. (3) The author is with the Electrical and
Computer  Engineering  Dept.,  ElectroScience
Laboratory, The Ohio State University, Columbus,
OH.

Analysis and modeling of waveguide resonant
and transmission structures have been research topics
in the past decades, especially for DR loaded cavities.
When a DR is placed in an open space, the analysis is
usually performed under the assumption that the fields
are completely restricted inside the dielectric materials
due to its high dielectric constant. As such, the DR
edges can be treated as perfect magnetic walls (PMW)
and the modes and field distribution can be easily
determined by calculating the field variations in each
direction [4]-[6]. Obviously, this type of configuration
is not practical and the PMW treatment is too
approximate. A more accurate model was suggested by
taking away the PMW on the two ends of a cylindrical
DR, while keeping the PMW on the side of the DR and
extending to infinity along the DR axial direction [7],
[8]. In this case, the fields outside the DR decay
exponentially along the axial direction. To represent
these fields, an extra subscript o is added to the

normal TE, and ITM,modes as TE,;and TM ;.

Further modifications assuming imperfect magnetic
walls on all the surfaces were also suggested, but the
analysis is still approximate with axial symmetric
modes only [9-11].

Placing the DR between two parallel
conducting plates provides a partial configuration. The
resonator is formed by cutting a piece of cylindrical
dielectric waveguide with a conducting plate at each
end. This configuration is important for dielectric
material measurement applications [12-14]. Rigorous
modal analysis, including the axially symmetrical
modes and the non-axial-symmetric modes for this
geometry, was given in [13] In any practical
applications, conducting enclosures for the DR are
unavoidable. This is because fields the DR must be
shielded and also for packaging because the DR array
interact with circuits components outside.

A popular analytical method is the finite
difference method [15], [16] which transforms the
D.E. into a system of algebraic equations by simply
replacing derivatives with finite differences. The finite
element method is another popular approach and when
making it more efficient and accurate for neural bars
where Green’s functions are used, an electromagnetic
boundary value problem can be converted in a surface
or volume integral equation in terms of the equivalent
electric and/or magnetic currents. The integral
equation itself is then transformed to a set of linear
equations by expanding the unknown currents as a
superposition of a set of basis functions and by

1054-4887 © 2005 ACES
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evaluating the inner products to get the equations with
a set of testing functions (MM) [17-20].

The most popular configuration is the
cylindrical, solid DR or ring DR coaxially loaded in a
cylindrical enclosure. Recently, a configuration of
cylindrical DRs loaded in a rectangular box was
studied [21], [22]. In these cases, conductor loss was
minimized by placing the enclosure conductor walls at
some distance away from the DR. However, if the
cylinder size is the major concern, those distances may
be partially or completely eliminated.

The mode matching method is often
employed to further characterize the guided modes in a
waveguide and to find the scattering properties of a
waveguide discontinuity. The configuration is
typically divided into regions that the fields in each
region can be typically expressed as a summation of its
eigenmode functions. By matching the boundary
conditions and using the orthogonal properties of the
eigenmode functions, a set of linear equations then
generated for the coefficients of the eigenmode
functions. The resonant frequencies are then found by
equating the determinant of the equation matrix to zero
[23]. In this paper, a new method combining the Mode
Matching and Moment Method (ME-MM) is proposed.
The key advantage of the approach is that the matrix
dimensions are determined by the number of basis
functions used on the inter-surface rather than the
number of modes in the expansion mode.

II. CONFIGURATION AND ANALYSIS

A typical configuration of the dielectric
resonator is shown in Fig. 1. It depicts a dielectric
cylinder of radius 7, and height/,, supported by a

concentric circular dielectric ring of radius # and
height/, . The entire configuration may be separated to
two sections:

Region I Post Region P:
p<r, cylindrical case
{ p<a rectangular case.
Region II Waveguide Region W :
cylindrical case

pr
p2a, 0£z<L, —a<x<a rectangular case

The post region P (region 1) is further subdivided
into sub-regions as follows:

e cylindrical case
Region B, : p<#y
{Regioan h<p<r
e b) rectangular case
Region A : p<r
Region P, :r, < p<vr,
Region P, :r, < p<a.
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Here, b>a for the rectangular case with 2b
representing the long-side length (Fig.1b).

The linear system for the fields and
eigenvalues in the resonator is constructed by
introducing a modal function representation of the
fields with linear multi-layer parallel plate waveguides.

At z=L (k=L2.)and p=r(i=12..),
the tangential field components are then enforced to be
continuous along the axial and radial directions. After
mode matching, this gives rise to the linear system of
equation in the modal field coefficients in the outer
region [22],

R;
{Wn W Wy W}T o 0
Th

(a) (b)
Fig.1. Configurations of Dielectric resonators:
(a) Cylindrical enclosure, (b) Rectangular enclosure.

The submatrices W;; and their element expressions are
listed in [22]. Their dimensions areJxJ withJ
representing the number of roots that the characteristic
equation in the cylindrical post region. 7 is the index

number along ¢ direction. And R’,T,R", and T
are the field coefficients in the P, region. The
superscripts e and /i represent TM and TE
eigenmodes, respectively.

The fields in the P region (/=2 for the

cylindrical configuration, and /=3 for rectangular
configuration in Fig.1) can be expressed as:

E' =X 5[ RyB (£ a)+ TyBY (£Fa) o
n.j

N ©)

+IX[RIBE )+ B (& ) ][]
L
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As usual ey (712),ep (712), by (y!'2), and hyy (7' z)
are the eigen-functions in the parallel-plate
waveguides [25]. The values for &, &", ¥, and y'
in each region can be easily obtained by solving its
characteristic equation subject to &° =y° +k*. We
also remark that B is the k" Bessel function or

modified Bessel function given by:

W _ J, (x);x2 >0

Bn (x) - {Iﬂ (|x|); xz S 0 (8)
@ : Y (x); x>0

B (x)= { K (et <0 ©)

The field expressions in the waveguide region
can also be represented with a modal superposition.
For the cylindrical configuration, the field expressions
are the same as in (2) and (3) with different
coefficients. For rectangular structure, the fields in the
waveguide region are

EWp — ZZ[A:ZP “Vmj¥ BWp Vi :|é:m (10)
HY =S| afe™ =B i, an

On the inter-surface between the post and the
outer waveguide region, we expand the tangential

electrical field & (¢,z) as
&2 (p.2) =X X (U}, cosnp+V; sinng)el (k,z) (12)
&, (p.2) = ;;(U,‘f’ cosnp+U? sin n(p) e (k,z) (13)

where the basis functions e (k,z)and e, (kz)can

take different forms, including triangular, sinusoidal,
or other sub-domain representations. Here we choose
the sinusoidal full domain basis functions for

e (k,z) ande, (k,z) since they closely represent the

actual field distributions.
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Applying the boundary condition of the
tangential field components

E|, =E|, =E (14)
7 I _ s
H’|P1 _H‘|W =H. (15)
And getting the resulting equations via Galerkin’s
method coupled with Mode Matching yields
Gll G12 Gl3 G14 U(P
21 G22 G23 G24 V(ﬂ
1 G32 G33 G34 UZ
41 G42 G43 G44 Ve

=0. (16)

QQQ

We should note that in (16), here 51/ 's are

sub-matrices whose dimensions are determined by the
number of basis functions (Ny, N_). Detailed element

expressions for G can be found in [25]. The resonant
frequency of the DR loaded cavity is obtained by

solving‘(:;‘:O. Substituting the resonant frequency

back into (2), (3), (10) and (11), the field distributions
in different regions are readily obtained.

For the rectangular geometry (Fig.1b), similar
procedures are applied and given in [25]. It is
important to point out the analytical integration cannot
be carried out from the mutual inner products, because
of the different coordinate systems at the post region
P(p.p,z) and the waveguide region# (x,y,z). To

reduce the CPU time spent on the numerical integrals,
Bessel-Fourier series are used to translate the
numerical integrations into simple summations as
follows:

sm[n; psm;o+a)} erimP ey
= Z Sln[_+k§0j +k p’7m:
cos{ psm(o+a } FInip 050

= Z cos[—+k(p) (FK, s 7,)

k=

(17

(18)
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J[T(p)] ex;{; Jktan™ (Za

Vi S0
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}/mx

L, [|T(p)|][(mn+ zay,,% o )}/ |

Ve 20 & mr < 2aly,,|

(19)
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T(p)= %ﬂ (mr)' —4ay?, (20)
7k =(mrg V4 (in] ) @1
kK=o pye . (22)

Using the above transformation technique,
rectangular-configuration is the same as that for the
analysis for the circular-configuration. In the following
section, several numerical examples for DRs inside a
cylindrical or rectangular enclosure are presented.

III. NUMERICAL RESULTS

A FORTRAN program was developed to
compute the resonant frequencies and field patterns of
the cylindrical multi-layers DRs loaded inside a
cylindrical or a rectangular waveguide junction.

Table 1 shows the convergence and accuracy
of the ME-MM in comparison with HFSS for a two-
layer DR (Fig.1 (a)). We can readily see that the ME-
MM is convergent and very fast (only six basis
functions needed).

Table 2 gives the calculation time and
computer memory (the number of tetrahedrons in
HFSS and basis functions number in ME-MM) in the
HFSS and the new method for two different cases:

Table 1 Resonant Frequency Convergence Testing
2a =1.6cm; L =3.0cm; 2r, =1.6cm; 2r, =1.6cm;
[, =0.55cm; 1, =0.8cm; ¢, =10.;¢,, =35.7
N, =0 (TE case)

HFSS
H 0,
N. /, (GHz) result Error (%)
4 3.3162 0.29
6 3.3208 0.15
3.3258
8 3.3210 0.14
12 3.3212 0.14
A .
b=0.51 inch

a=0.34 inch, H=0.6 inch
h=0.3inch, 5-35.74

¥y

Fig. 2. Cross-sectional View of a DR loaded cavity.
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Case A:

2a =1.6cm; L =3.0cm; 21, =1.6cm;2r, =1.6cm
[, =0.55cm;l, =0.8cm; ¢, =106, =35.7

2a=1"L=1"2r =0"2r, = 0.689"
Case B:
[, =0.275"1,=023"¢,=1,;¢,=38.

From this table, it is seen that in order to reach the
same accuracy, HFSS needs at least 100 times more
memory and 50 times more CPU time as compared to
the ME-MM.

Fig. 2 shows the dimensions and material
parameters of another DR configuration in a cavity
without substrate. The resonant frequencies for
different modes using FEM [29], modal matching [30]
and the new method are listed in Table 3. It is clear
that ME-MM obtains results closer to the more
accurate modal matching method. For the rectangular
configurations, the resonant frequencies for two simple
cases of dielectric rods within the cavities’ are
calculated and compared with HFSS in Table 4.

Table 2 Computer Resource Comparison

Calculating
Resonant
Time/No. of
Frequency
Tetrahedrons or
. ) (GHz)
Basis Function)
HFSS 896'16" /(10492) 3.3258
Case A:
TE
ME-MM 1'05" /(6) 3.3208
HFSS 896'16" /(10492) 3.733
Case A:
™
ME-MM 1'27" /(16) 3.763
HFSS 149'46" /(2894) 4.1264
Case B:
HE
ME-MM 305" /(12) 4.1545




Table 3 Resonant-Frequency Comparison

Ref[29] | Ref[30] | ME-MM
(GHz) (GHz) (GHz)
TEO1 3.435 3.428 3.433
TE02 5.493 5.462 5.322
TMO1 4.601 4.551 4.537
HE11 4271 4.224 4227
HE12 4373 4326 4316

Table 4 Resonant Frequencies for Rectangular

Configurations
(cm) Calculating | HFSS A =error
Result (GHz) (%)
(GHz)
Case (A)
a=3; b=3;
1=4; 10=1; 1.320 1.301 1.54
¢ =35
Case(B)
a=3; b=4;
1=4;r0=1; 1.210 1.220 0.82
g, =35
& 0.55¢cm
& 0.8cm
Arr d: Tunable
gap
& 0.8cm
EA
0.55cm
<«—>|
08¢ 08em

Fig. 3. Tunable DR with air gap,
g, =¢,=10,6, =¢.=35.7.
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Finally a tunable air-gap DR (resonant
variable to the air gap d) model in Fig. 3 is
investigated. As in Table 5, the resonant frequency
increases 1.6% when the air gap changes from 0.3 cm
to 0.45 cm. Also, we observe that the CPU time using
ME-MM is at least 30 times faster and also with much
less memory needs than HFSS.

The tangential field distributions of
E, ~rand H_ ~ zare shown in Fig. 4, and again it is

obvious that the boundary conditions are matched
perfectly by ME-MM with very few unknowns, and
have much reasonable trend in comparison to HFSS
curves. Accurate field distributions are essential for
DR filters design. Typically they determine the
excitation position, and coupling-windows choosing
for multi-cavity DR filter [24].

—— MOM+Modal
— HFSS I

0.6 /

9)

0.5° /' Inside utside

0.4

Ephi (NZ

0.3

0.2r

0.1

G0 0.2 0.4 0.6 0.8 1 1.2 14 1.6

R (cm)
(a)
x10°

6 T r

—%— HFSS (Inside)

—+— HFSS (Outside)

—— New Method (Inside)
5 —— New Method (Outside)
41 /

:9)
w
%<
N
.
4
*
4
%
—\

Hz (Nz:
—

c — b
% 0.5 1 1‘.5 2 2‘5 3
Z (cm)
(b)

Fig. 4. Field distribution comparison (TE):
(@ E,~r,(b) H ~z.
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Table 5 Tunable Resonance Frequency by Air Gap

HFSS 3.14346
d=0.3cm
ME-MM 3.1247
HFSS 3.17595
TE d=0.35cm
ME-MM 3.1440
HFSS 321151
d=0.45cm
ME-MM 3.1757

IV. CONCLUSION

A new analysis method (ME-MM) was
proposed to analyze the multi-layer DR loaded
cavities. Accurate resonant frequencies and field
distributions for several different dielectric resonators
were evaluated by ME-MM. As compared with HFSS
and other numerical methods, our ME-MM saves
substantial CPU time and memory, without loss of
accuracy. Accurate field distributions can also be
obtained by the proposed method essential to provide
sufficient details for DR filter design. An air-
substantial tunable DR was analyzed using the ME-
MM, showing the capability of this methodology to
design tunable cavity-loaded DR filters.
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On Second-Order Asymptotic Expansions at a Caustic
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Abstract: This paper presents a detailed analysis of
second-order asymptotic expansions for the
description of the geometrical optics field in the
vicinity of a caustic. It is shown that the stationary
phase solution commeonly found in textbooks and
papers is valid only at the caustic, but not away from
the caustic, as is usually claimed. The exact
stationary phase expansion is derived and is
compared to steepest descent solutions presented
elsewhere in the literature.

1. INTRODUCTION

It is well known that the geometrical optics (GO) field
reflected from a surface is equivalent to the first-order
stationary phase (SP) asymptotic expansion of the
corresponding radiation integral. When the reflector is
concave, the reflected field forms a caustic surface as
depicted in Figure 1. Near the caustic, where the first-
order expansion begins to fail, two dominant stationary
(saddle) points contribute to the asymptotic solution of
the integral. These stationary points are each associated
with a geometrical optics type ray, the rays merging into
one another at the caustic. At the caustic the first-order
expansions have a singularity and tend to infinity.
Several second-order SP and steepest descent (SD)
expansions describing the fields due to these stationary
points are available in the literature ([1-19], listed in
order of publication, including some related topics).
The SP expansion originally introduced by Kay and
Keller [1] involves only a single stationary point and
does not decompose into two distinct GO expressions
away from the caustic.Others employing the SP method
derived similar expressions [2, 6 eq. (37), 9], all of
which are not valid in the vicinity of or further away
from the caustic, but only at the caustic itself. The
incorrect application of this second-order SP solution
away from the caustic has led to the introduction of
heuristic caustic correction factors by Albertsen et. al.
[8], which would not have been necessary if the exact
expansion had been used. The limitations of these

Caustic ~g

Figure 1. Reflected field of a concave reflector
. illuminated by a plane wave.

caustic correction factors have been pointed out by
Meloling and Marhefka [19].

A Steepest Descent solution was introduced by Chester
et. al. [3], which incorporated both stationary points
and was valid at and away from the caustic. Their
solution formed the basis of much of the work later
published on the topic [4, 5, 7, 11, 14, 16, 19]. The
new SP solution derived in this paper will be shown to
yield results identical to these SD results. It is also
possible to derive integral expressions for the fields in
the vicinity of the caustic, as proposed by Ziolkowski
and Deschamps [10], Hongo et. al. [12] and Hongo and
Ji [13], but as a topic it falls beyond the scope of this
paper. General reviews of high frequency techniques
were presented by Arnold [11] and Bouche et. al. [17].

1054-4887 © 2005 ACES
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It will first be shown that the existing second-order SP
solution is invalid away from the caustic. The exact
second-order SP solution will then be derived and will
be shown to be equivalent to the existing SD solutions.
A detailed analysis of the scattering problem shown in
Figure 1 will then be presented. This example will show
clearly how the isolated rays contribute to the total
solution. The paper is intended to present the new
second-order SP solution, as well as to s how those who
are not well familiar with asymptotic theory how to
interpret the various asymptotic solutions found in the
literature.

II. EXISTING SP EXPANSIONS IN THE
VICINITY OF A CAUSTIC

Returning to two-dimensional scattering problem
depicted in Figure 1 of which the paramater definitions
are shown in Figure 2, the scattered electric field for
the Tm, polarization can be expressed in integral form
as [20]

z

E = _fl fJ(:) HP (kr(t))dt
N

. “kn ﬂ]‘ J(1) e—jkr(r)dt (1)
4 Tk s‘/;(T)

= k7 [2/ p f I0) - (®) 40
4 nk ’

where J is the induced current on the circular reflector
of radius R, r the distance from the integration point
t=R0 on the equivalent reflector surface to the field
evaluation point, and H 0(2) is a Hankel function of the
second type. In the second line of (1) the large
argument form of the Hankel function [21] was
employed. The incident field in Figure 1 is assumed to
be a plane wave. For this particular problem and similar
problems in general, the scattered field integral can be
expressed as

I = fF(t)ej'"’(')dt , 2)

s

where in this case

and q(t) = - r(t).
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Ray 2 \\

Ray 1

Ray 3

Figure 2. Problem geometry and parameter definition.

If the reflector is large enough in terms of wavel ength,
scattering from the reflector can be analysed by means
of high frequency Geometrical Theory of Diffraction
(GTD) [22] techniques, namely geometrical optics type
reflected rays and diffraction from the edges of the
reflector surface. This paper is not concerned with the
diffracted fields, but only with the geometrical optics
fields. For cases where the reflector is electrically
large, also referred to as problems where £ is large,
the integral in (2) will have a stationary (or saddle)
point for each geometrical optics ray. Such solutions
are also referred to as the asymptotic solutions of the
integral in (2). For any such stationary point, denoted
by ' and defined by ¢ { t)=0, the first-order
stationary phase solution can be expressed as [7, p.
387]

N
2 Jke(r) J7
e e

, 3
kq'(t) ®

I~ F(t)

where q”(ts) is the second derivative of ¢ with
respect to £, evaluated at the stationary point, and it
was assumed that ¢ "(f)>0. When ¢’(s,)<0,a
phase jump of -90° occurs, since from (3) we have
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( -1 )’”2 =¢ 7™ . The asymptotic solution of the
integral in (2) can then be expressed as

27 jker) It
7 €
kg '(t)

1~ F() @

With some effort it can be shown that (3) is in fact
identical to the associated geometrical optics ray
reflected at point 7, [23].

For the problem shown in Figure 1, reflected rays will
traverse the caustic surface as indicated. Figure 2
depicts isolated rays traversing the caustic. At every
point near the caustic, but not near the cusp of the
caustic (0=0°), the total field will be given by the sum
of two distinct rays. In Figure 2 we keep Ray 1 fixed a s
the ray reflected at ©=45°. Progressing from the
reflector towards the caustic along the path of Ray 1,
Ray 1 will be crossed by a Ray 2, which has already
traversed the caustic surface (evaluation point A). At
the caustic, Ray 2 will have merged into Ray 1(point
B). As we continue to progress past the caustic along
the path of Ray 1, Ray 1 will now be crossed by a Ray
3, which is yet to traverse the caustic (evaluation point
C). At the indicated cross-over points, which are close
to the caustic surface, both rays contribute to the total
solution. At evaluation points far from the caustic, in
both directions, the stationary points become well
separated and the total field (excluding diffracted f ields)
is given by the sum of two GO rays, namely

-27 ke, i
7 e e
\ ke ()
I~ &)
2 Jka(t,y) eif

\ kg (2,,)

F(t,)

* F(tsz)

>

where it was assumed that g¢q " t,)<0 and
q //( t 2) > 0. Equation (5) is valid for those evaluation
points in the region between the reflector and the caustic
where the two stationary points are well separated. For
evaluation points well beyond the caustic, such as the
point (x,y) in Figure 2, the signs of the second
derivatives will have changed and {,and ¢, in (5)
must be interchanged.

As the caustic is approached, ¢ - where the

derivatives ¢ "(t,,),q"(t,) = 0 and equations (3) to
(5) become invalid. To overcome this problem, a
second-order SP solution must be derived. The general
procedure as adopted by [1, 9] is as follows. It is
assumed that ¢ =r =t , which allows a Taylor
expansion of g to be made about the stationary point
¢, yielding

q(e)+q'(e)(e-t) +
q(t) = q”(t) e (6)

C(t-t) = (t-1) .

Only the first three derivatives were retained in (6) and
by definition of a stationary point, ¢’ (¢,)=0. When
(6) is substituted into (2), followed by the
transformation of integration variable ¢ to variable u

(see [8] for details)
2 1 q ”(l‘s)

r- ts = ’ "
kq''(t) q"(t)

the asymptotic solution

I = 21rF(ts)[ )%”e"‘“"’Ai(—o) ®)

kq ///(ts)

is obtained, where Ai denotes the Airy function of the
first kind [24],

k)2 [a" ()1
9= 5 " 4/3 2 0 (9)
2) 19"
and
2 3/2
¢ = 37 . 10)

At the caustic ¢’ t) =0, yielding

I= 2nF(:J)[ ];eM(")Ai(O) . ay

kq ///(ts)

If (8) is supposed to represent the total field in the
vicinity of the caustic, the contributions from the two
distinct stationary points should become evident as one
moves away from the caustic. This is clearly not the
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case for (8), as it incorporates only one stationary point .
If (8) is supposed to represent the contribution of a
single stationary point only, and that a similar
expression should be added for the contribution from
the other stationary point, two problems arise. Firstly,
at the caustic where t,=t, =t , the value of the field
will be twice that given by (11), which is not correct.
Secondly, when one moves away from the caustic, the
two stationary points begin to separate and ¢>0. For
widely separated stationary points, o» 0 and one can
employ the large argument form of the Airy function in
(8). This is given by [8, 24]

di(~x) ~ i&‘sin(;xﬂl‘-) , (12)

ﬁ 4

an oscillatory function which does not decrease
monotonically away from the caustic as is char acteristic
of the GO field given by (3). Equation (8) thus
represents neither the total field nor the contribution of
a single stationary point away from the caustic. Keller
and Kay however expressly state that (8) above,
presented in a different form in their paper, is the
transition function between the field at the caustic and
the first-order solution given by (3) above [1, paragraph
following eq. (50)].

In an attempt to overcome this problem, (12) was
written as

Ai(-0)~ LI Pt S R L)

2/

by [8], which was then substituted back into (8). This
substitution supposedly takes both rays into account,
since (8) now "tends towards a sum of two terms, each
of which is similar to" (3) above [8]. Since only one
stationary point appears in (13), it was then suggested
that each geometrical optics ray in (5) above be
multiplied by a "caustic correction factor"

4i(-0)/na*

in(2 ;+£
sm(30 4)

(14

The very use of the term "correction factor” suggests
that there is something wrong with the asymptotic
expansion given in (8), which is not the case as long as
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(8) is evaluated at the caustic only. As will become
clear, this confusion stems purely from the fact that (8)
is not an exact asymptotic expansion for the field at
and away from a caustic.

III. DERIVATION OF EXACT SP EXPANSION
IN THE VICINITY OF A CAUSTIC

In order to derive an exact second-order SP solution
for the field at a caustic, the general approach adopted
by Felsen and Marcuvitz [7] will be followed. The
general form of exponential integrals is

I= fF(z)e"Q(')dz , 15)
P

where the integral is evaluated over a path P in the
complex z-plane. As before, a Taylor expansion about
the stationary point z, and a substitution for z-z; similar
to (7) yields

3

! 2 b
I~ Fz)| — 7™ e au ,(16)
S e R
where
2 e%:)r
o = [f] 83_ = an
2 [o ///(z‘)]4/3
and
= ;6”’ : (18)

For the sake of further analysis the sense of integration
in (16) is reversed by performing the substitution u=-z.
Furthermore, for the special case where Q(z) =j q(z),
(16) can be written as
I =1 ~ F(z )(—] %e fejkq(z‘)e 5
P s kq ///( Z“_)

19

where the relevant parameters in the integral can now
be expressed in terms of (9) and (10) as
2 1 2

S L) I &

°" [ k)s “me e

2 P
lq7(z)]
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and

3
2

2 2
5: ;63/2 :jga :j( X (21)

As we have assumed q”(zs) > 0, the integral is
designated I = Ip. Defining the integral in (19) as

3

Sz-2
C(d) =fe Ydr (22)

P

and considering the possible integration paths for this
integral as shown in Figure 3, the asymptotic solution
of (22) is [7]

2 j Ai( S) it P=L, (23a)
C(0) = ~=[Bi(S) -j4i(6)] if P=L, (23b)
T[Bi(8) +j4i(6)] if P =L, (23¢c)

y Z=X+Jjy

Figure 3. Integration paths for an Airy type integral of
complex argument,

Since we need the integral to be in the form of 2)
before we can derive a stationary phase path, following
[7] we use the transformation ; = 7.’ below to

obtain
13 3
6’/"2- 1 E(z~-—)
fe 3dz/=.5"fe ‘dr (24)
P, P//
where
3 3
E=6"=;0, Q=07 . @5

The transformationhas now allowed us to express (22 )
as

3

o:-L 1.9
fe Ydz = B [ e (26)

P/ P//

where the function in the exponential term is

3

£(2) =,~(Z_£3_) . @7

Equation (27) has stationary points where g’ (z) =0,
which yields

z =1 . (28)

A stationary phase integration path requires that
Re{g(z)} = Re{g(z)}, and with z=x+jy we
obtain the integration paths defined by

3

Re(g(z)} = ~y+x7y- 2L
3 (29)

Re{g(z)} =0 .

These integration paths are shown in Figure 4 and it is
clear that an integration path corresponding to Lj, in
Figure 3 can be selected. For this choice the
stationary phase solution of the integral in (22) is given
by (23a) and the stationary phase solution of (19) for
an isolated stationary point z, becomes

"

1 N T
I~ 27F(z) 2|5 e ke 5
kq"(z)

(30)

x

J
x di(0e )
When O becomes large, we can use the large

argument form of the Airy function of complex
argument [24]

Ai(z) ~ ———e * , |arg(2)| < ® (31)
V3

to show that (30) reduces (3).

When ¢ ”(z)<0, we have from (25) and (20)
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- Figure 4. Stationary phase paths for an Airy type
integral of complex argument.

AR
——
2 [q ///(z;)]z
kU "@)IT 4z i (32)
3——'7}7"_25 e
g7 (z)]

le"(z)1° (33)

The negative sign in (32) will not result in different
integration paths as defined by (29), but the
transformation , = 57,/ = F¢ ? ,/ impliesthatthe
integration path must be rotated by 60° with respect to
the case where g /( z,)> 0. If we rotate the path through
z_=+1 in Figure 4 by 60° anti-clockwise, we can select
an integration path corresponding to L,;, resulting in

(22) becoming
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C(8) = m[Bi(ge’ ) - jdi(oe )]
(34)
= 2me ““di(oe ¥y
where we have used the relationship
24i(ze” 7y = ¢ D 4iz) 7jBiz)] . B

When (34) is substituted into (19) and recognising
from (21) and (32) that ¢ will also change in sign, we
obtain

I~ 271'F(zs)[ -

%e ‘j(ejkq(zt) e _j?ﬂ
kq7(z)

(36)
« di(oe )

For o becomes large, we can use (31) to show that
(36) reduces to (4).

The asymptotic solution for the isolated stationary point
z,=z, is thus given by (30) when ¢"(z_,)> 0 and by
(36) when g’(z_,)<0. For the second ray, defined by
2,=2,,, we also apply either (30) or (36), depending on
the sign of ¢’(z ,). For evaluation points along the
path of Ray 1, ¢’(z,)<0 and q’/(z,,)>0 before
the caustic is traversed. Beyond the caustic ¢/(z_,)>0
and ¢’(z,)<0. The total field is thus given by
lml(ql”<0,q2”>0) = 1,(z,,) +1(z,,) for the case
where the caustic is yet to be traversed, and by
I,(a/>0,9,'<0) = I (z,)) +1,(z,,) beyond the
caustic. At the caustic, having been approached from
either side, -0 and the total field is given by
I=1,+1I , namely

2

1 X
-k +j=
— 1) .75 4i00)
kq"(z)

I ~27mF(z)

1 .
2 )1 jkatz)
e e

. 7 4i(0)
ke"(z,) n

+27 F(z,)

2 T Jjka(z)
e

=2mF(z)| ——
kq~(z)

4i(0) .

This is the same value as given by (11).
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IV. SD ASYMPTOTIC EXPANSIONS FOR TWO
NEARBY STATIONARY POINTS

A steepest descent asymptotic solution for the total field

of (2) in the case of two nearby stationary (saddle)
points is expressed by Felsen and Marcuvitz [7] as

1
1 -
I~k *[h F(t,)+h,F(1,)]e""

x di(-0k?)
(38)
+jmo Tk LA F(t )~k F(t )]’
< di'(-0k?)
where
h = . h, = (39
1
a, = E[q(t,,)’fq(t,,)] ) (40)
and
2 2 1
39~ E[‘I(’,,)”‘I(t,z)] . 41)

In (39) it is assumed that ¢ (s )< 0 and q(¢,)>0.
The total field given by (38) is the sum of two rays,
described respectively by

1
T, 3 jaak
Ip ~ ?k 3 (A F(t,) +h2F(tu)]e

x [Ai(-0k?®) + jBi(-0k?)]

o 42)
"f;‘? k(A F(s) - F(t )]
x [4i'(-0k®) + jBi'(-0k*)] ,
and
I~ 2k [hF() +h F(t,)]e"
x [Ai(-0k’) - jBi(-0k?)]
43)

1 By _ jank
+j20 Tk C[RF(t,) ~hF(t)]e

x [di'(-0k>) - jBi'(-0k*)]

It is easily verified that the sum of (42) and (43) yields
(38).

At the caustic ¢ =t , g=0, and h and h,
assume the limiting value [7]

I, | =1h,| =
‘ e

2 |35
1" : 44)

Since the second term in (38) becomes zero, it is
rudimentary to show that (38) reduces to (11).
Equations (42) and (43) can likewise be shown to
reduce to

2 L +i X
1 - 27| —— |7 e T ai0) a5
kg (1)
and
I~ 27 F(t) + T T i) 4
kq(t)

respectively. To derive (45) and (46) the relationship

Ai(-0)% jBi(-0) = 2¢ >di(oe Ty @D

was used. When the two stationary points are widely
separated, (38) reduces to (5), as is shown in Appendix
A. It is also shown that (42) and (43) reduce to (3) and
(4), respectively.

It should now be clear that at the caustic and far away
from the caustic, the SD expressions for the total field
and the two separate rays are identical to the
corresponding SP expressions derived in the previous
section. A numerical example presented later will show
that the SD and SP expansions yield identical results in
the intermediate region as well.

V. NUMERICAL EXAMPLE OF THE
SCATTERED FIELD NEAR A CAUSTIC

In order to demonstrate how the field behaves in the
vicinity of the caustic and how the isolated ray
contributions should be interpreted, we return to the
problem depicted in Figures 1 and 2. The scattered
field will be calculated by means of geometrical optics,
integration of the physical optics current induced on
the reflector surface, the newly derived SP expansions
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and the SD expansions discussed in the previous
section.

The two-dimensional circular scatterer is assumed to
have a radius R=200A and is illuminated by a plane
wave, which is TM, polarised. The incident electric and
magnetic fields at the reflector surface are given by

Ei - E'ZA - e-ijcose ZA (48)

and
Hi - H')”‘ - _l,}ev'chosef , (49)
where m is the free space wave impedance. With

E'=1, the GO scattered electric field is given by

-j ~jkl
Er=E'g=-e 0 | LTy o)
pPrh

where /, is the distance from the reflection point along
the ray path and the radius of curvature £ is given by

1 2 2

1
—~ = == . = - Gl
Y I R cosO’ R cosB’ G

In (51) it was furthermore assumed that /= since
the incident field is a plane wave. For a circular
reflector, 6'=0.

The physical optics current J is given by

2

J=JF=20xH' = Ze7*o®, g s
z TI x ¥y
(52)
- ze*ijcosecose s,
n

where we have utilised the normal vector relationship
A=nt+ny=-cosBt-sin0y. In subsequent
integral calculations (1) was evaluated by means of
Gaussian integration, with 5 integration points/
wavelength used for the 0°-90° circular integration

sector (about 1570 integration points).

With (52) substituted into (1), we have from (2)

F(0) = _E‘ %ejtcose , (53)

where for an observation point (x,y) shown in Figure 2,
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I, = J(x-Rcos®)” + (y - RsinB)’ (54)

and
q(0) = —(12+Rc058) . (55)

The derivatives of g(0) are given in Appendix B. The
first- and second-order expansions discussed above
give a phase jump of +45° across the caustic. Since
the GO field encounters a phase jump of +90° across
the caustic, all SP and SD solutions were multiplied by
a factor ¢’ * to ensure that the GO and SP/SD phase
terms are identical.

With the appropriate functions as defined above, the
various field expressions were evaluated along the path
of Ray 1 in Figure 2, which is vertically downward
(6,=45°) . The evaluation points on this path
progressed from the reflector surface to beyond the
caustic surface. Ray 2 crosses Ray 1 at a distance of £,/2
before the caustic, while Ray 3 crosses Ray 1 at a

- distance of £,/2 past the caustic point of Ray 1, where

p, = 0.5 Rcos(m/4)

1.0

\
N

0.0 0 45 62.0 380
Integration angle (')

Normalised Magnitude
o
o

180 K I

30 \/ r

. L
i

-180° § 5 62.0 90
Integration angle ()

Phase

Figure 5. Integrand for Ray 2 crossing Ray 1.
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1.0 N

Normalised Magnitude
o
o

Phase

0.0 0 23.9 45 90
Integration angle (')
180" h ,
g0’ \l‘ \
0’ 1 !
- \ /I
-80 \/ ,
-180 & 23.8 45 90

Integration angle (")

Figure 6. Integrand for Ray 3 crossing Ray 1.

Figures 5 to 7 show the magnitude (normalised) and
phase (not normalised) of the integrand of (2) for the
cases where the two stationary points are separated from
each other and when the two rays have merged into each
other at the caustic. In Figure 5, Ray 2 has a stationary
point 6,=62.0° and has already traversed the caustic
surface (point A). The first derivative of g is clearly
zero at the two stationary points (the definition of a
stationary point), and it is also evident that ¢”/(8,,)<0
and ¢’(0,,)>0. Figure 6 represents the case where
Ray 1 is crossed by Ray 3 (point C). Ray 1 has already
traversed the caustic, but Ray 3 (6,=23.9°) is yet to do
so. As expected, the signs of the second derivatives have
reversed and we now have ¢”(9,)>0 and
q""(8,,)<0. Figure 7 shows the integrand magnitude
and phase for the case where the two rays have merged
into one, with the evaluation point at the caustic of Ray
1 in Figure 2 (point B). The phase of the integrand
displays an inflection point at the caustic and one can by
inspection see that ¢”/(6,,) =g"(8,,) =0.

o 1.0

ho]

o]

o+~

c

@]

2

T 0.5 AN

n

-t

rr';

E

[

[=)

z
0.0 3 v A

Integration angle (")

180°

|

} )

@

10}

£ li
1R

-180° 3 25 30

Integration angle {')

Figure 7. Integrand for Rays 1 and 2 having merged
at the caustic.

The scattered electric field along the path of Ray 1 was
next calculated by means of the techniques mentioned
above. The ray path progressed from the surface of the
reflector (,,=0) to /,=1.50,. Figure 8 shows the
scattered field component of Ray 1 only, as calculated
by means of geometrical optics (GO), the new
stationary phase expansions deriv ed above (SP) and the
steepest descent expansions given by [7] (SD).

The phase of the scattered field (¢) was normalised with
respect to the GO linear phase (excluding the phase
jump which occurs when the caustic is traversed),and
the normalised phase is thus given by the expression
¢, = ¢ + k(Rcos(w/4) + L) - T the phase term
T accounting for the negative reflection coefficient in

(50) above. The magnitude was normalised with respect
to the value of the electric field at the caustic,

designated by Ec.

Returning to Figure 8, Ray 1 seems to be discontin uous
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Figure 8. Partial field given by Ray 1.

across the caustic, as the phase jumps by more than
90°. It should be kept in mind that ¢”'(8_,)<0 as long
as Ray 1 has not traversed the caustic, and ¢ "'( 0,)>0
when it has already done so. One must then use (36) in
the former case and (30) in the latter. At every
evaluation point along the path of Ray 1, one should
simply choose the appropriate asymptotic solution,
which in turn depends on the sign of ¢"(8,). The SP
solution is not accurate right against the surface of the
reflector, since we have used the large argument form
of the Hankel function to derive (2), which is not
correct when £, -0,

Calculation by means of the SD expansions is
considerably more involved. It should be clear that (42)
and (43) represent the case where Ray 1 is yet to
traverse the caustic, with ¢ ”(8,)=¢/<0 and
q"(8,)=¢>0. When Ray 1 has traversed the
caustic, the signs of these derivatives change and (42)
and (43) are no longer valid. We can rewrite (42) and
(43) in shorthand notation for the case where
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1 /!
q,<0,9,>0,1,<p; as

I, = C.[hF +hF,][4i+]Bi]

./ .7y
+C,[hF, ~hF][4i"+jBi]

(56)
~ 2 ejkq2 e ke for o» 0
2 1"
qu
and
1= C,[hF, +hF][Ai-jBi]
+C,[hF, -h,F ][4i'-jBi]
(57

-2 jkq ‘jz
~ F ‘e ' for o»0
Yl ke
9,

The corresponding expressions for the case where
" "
g/>0,4/<0, 1,>p, are

I = C‘ [thl +h2F2] [4i - jBi]
./ ./
- C2 [th1 _thz] [4i"-jBi'] 8
-2 Jkq, ']'g
e e

i
qu

~ F for o» 0

2

and

C, [k F, +h,F,][4i+]Bi]

~C.[hF, -hF.1[4i' +jBi']
2 11 2 2 (59)

27 ke iz
—— ¢ 'e ! foron»0
1 17
kql

It should be noted that the SD expansions do not quite
give the correct values as the caustic is approached.
This is because of various terms ( 4> #,, 0) in the SD
expansions tend to either zero or infinity as the caustic
is approached. These infinite/zero numbers are added
and subtracted to give the total contribution of Ray 1,
with an obvious numerical round-off error giving rise t o
the discrepancy. The field value jumps from just more
than to just less than the actual value as the caustic is
traversed. We know from (45) and (46) that the SD
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solutions for Ray 1 and Ray 2 give the correct value at
the caustic. The phase curves are identical.

Figure 9 shows the GO, SP and SD results for the
contribution of Ray 2 as the evaluation point p rogresses
along the path of Ray 1. An algorithm was developed to
find the appropriate stationary point of Ray 2 for each
of these evaluation points. The phase of the Ray 2
results was normalised by the same factor as used in
Figure 8. Near the caustic Ray 2 tends to Ray 1 and
experiences a similar phase variation, except that the
phase jump is now -90°. When the results of Figures 8
and 9 are overlaid, one can see that the total field will
be continuous in magnitude and phase.

2.0Ec G0 i

— SP

@ ---SD

9 1.5Ec / \

e

el

c -

% 1.0Ec /—\

= 4

[

(]

2 0.5Ec =

.

0.0 0.5 1.0 1.5
Distance from reflector in rho,
along path of Ray 1
180° TIiy
. s

® 90" 1 [ I

£

o t Il .

5 I / / /

" 0 ——

:

€ . |

C -80 ”|

o

z

-180" § 0.5 1.0 1.5

Distance from reflector in rho,
along path of Ray 1

Figure 9. Partial field given by Ray 2.

It should be stressed that the expansions for isolated
stationary points given by (30), (36) and (56) to (58)
can yield an absolute phase variation of maximum 15°,
as is evident from Figures 8 and 9.

The total field as calculated by geometrical optics, the
SP and SD expansions and integration of the physical
optics (PO) current is shown in Figure 10. There is no

discernable difference between the results of any of the
latter three methods. The physical optics integral
solution should actually be regarded as the bench -mark,
as it is based on the least number of approximations.

Of particular interest is the phase of the total field in the
vicinity of the caustic. The phase of the total field was
normalised by the same factor used in Figures 8 and 9.
Had there been no caustic effect present, the normalised
phase at 1.0 p, would have been zero (the field would

2.0Ec &0 ]
— 5P
g 1.5E -
.SEc
2 — PO
5 A
9 1.0Ec
=
; T |
b
g 0.5Ec
-
0.0 % 0.5 1.0 1.5
Distance from reflector in rho,
along path of Ray 1
180° ;
@ 90’
s 4
5 WWWA W\~
o 0
0 V VV
et
—
g
C -90
o
z
-180° § 0’5 170 1'5

Distance from reflector in rho,
along path of Ray 1

Figure 10. Total field taking both stationary points into
account,

have been purely GO in nature). However, with the
caustic present, the phase at the caustic is +45° with
respect to the linear phase of Ray 1. In fact, if one
considers the normalised phase in the region where the
GO and SP magnitude curves begin to separate (the
caustic region), it is clear that there is a gradual phase
jump from 0° to +90° across the caustic region. This is
in perfect agreement with the phase jump predicted by
the first-order SP (and thus the GO) solutions of the
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scattered field integral.
VI. CONCLUSION

Of the various published forms of asymptotic
expansions for the field in the vicinity of a causti c, only
the steepest descent expansions were found to be
correct. The corresponding second-order stationary
phase expansion which is commonly found in the
literature and textbooks was found to be valid only at
the caustic itself, but incorrect away from the caustic.
In this paper the exact second-order stationary phase
expansions were derived. These expansions yield
identical results to the steepest descent expansions, but
are considerably less complex to evaluate than the
latter. This is due mainly because the new stationary
phase expansions were derived in terms of the
contribution of a single stationary point only, whilst the
steepest descent expansions were derived in terms of
two nearby saddle points. It is instructive to see that two
seemingly different sets of expansions yield the same
results. This is of course to be expected if both are
correct.

The purpose of the paper was not only to present the
exact stationary phase expansions, but also to serve as
a tutorial for those who are not experienced in the fie 1d.
The importance of the numerical example presented
here lies in the clear exposition of how the various
expansions should be used, and in that it shows how the
phase of the total field experiences a gradual phase
jump of 90° as the caustic is traversed. The expansions
for the isolated stationary points do not yield a
continuous phase jump across the caustic by themselves ,
only when they are added to obtain the total field. The
second-order solutions discussed in this paper are not
valid in the region of a caustic cusp, where higher order
derivatives for the various functions are required [1 ].

It is hoped that this paper will contribute to a better
understanding of asymptotic solutions at a caustic.
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APPENDIX A

Equation (38) can be shown to reduce to (5) as follows.
For widely separated stationary points, g becomes
large and we can use the large argument form of the
Airy functions in (38). With (12) and [24]

4i'(~x) ~ - ‘/—lﬁ-o:cos(éx;+;) (60)

substituted into (38), we obtain

1~ 2 (F |2 +F, | 21" sina
k ! L I\
. [1: -2 | 2 ja k
- ; [Fl q—l F2 _q:])e cosa ,

where the shorthand notation F,=F(¢,) and
q,=¢ //(‘, ,) was introduced for the sake of simplicity
and

(61)

o = 302 + I . (62)

Rearranging (61), we obtain

a
o

- . . J
ﬁ(sma -jcos) e

l\ kq,

. . J
2n (sina +jcost) e

2’\ qu

Equation (63) can be written as

I~ F
(63)

a
o

+F

x
-2 I3 ja k
I~F ,|-2Fe e

1‘\ kq,

LT
s2n I3 —ja Ja k
e?e’e

' Fz\ kq,

64

which with the aid of (40) and (41) reduces to

LT 9
-2m Uy kg 2 J7 kg
I~F ,|-~lfe *e "+ F ,|—e‘'e *. (69
R\ 2\ kq,

Equation (65) is identical to (5).

The isolated rays given by (42) and (43) can in similar
fashion be shown to reduce to the first and second terms
in (5), respectively. Only (42) will be discussed. The
large argument forms of the Airy functions of the
second type are [24]
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1 -1 2 I
Bi(-x) ~ ﬁx ‘ cos(éx’+~4—) (66)

LD B 67)

With (12), (60), (66) and (67) substituted into (42), we
obtain

x [ +sin0 +jcosa]

FifETE, \J?-Fz E])e"‘“"

x[ -cosd +jsine] ,

(68)

which upon further simplification yields (3).
APPENDIX B

Differentiation of

q(0) = —‘/(Rcosﬁ -x)?+(Rsin®-y)* - RcosO (69)
- with respect to 0 yields

q'(8) = - [(Rcos® -x)* + (Rsind -y)*] * 0

x (xRsin® - yRcos@) + Rsin0.

Further differentiation yields

q"(0) = [(RcosB -x)? + (Rsind -y)?]

x (xRsin® - yRcosO )
(71)

- [(RcosB -x)* + (Rsin® -y)*] *
x (xRcos® +yRsinO) + RcosO

and differentiation once more

34 9B

megy = - 94 _ 9B _ 4.
q"(9) 5 35 Rsin0 (72)

where
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g—g= 3 [(RcosB -x)* + (Rsind —y)’]%
x (xRsin® - yRcos0)’ 73)
- 2[(RcosB -x)* + (Rsin —y)z]_%
x (xRsin® - yRcos® ) (xRcosO +yRsin0)
and
‘;—B = - [(RcosB -x)? + (RsinB —y)z]_%

x (xRsin@ -yRcos0)

x (xRcosO +yRsin0) (74)

-1
2

+ [(RcosO -x)* + (Rsin8 -y )]

x (-xRsin® +yRcosO)
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ABSTRACT

An efficient probe compensated near-field—far-field
transformation technique from irregularly spaced bi-
polar samples is developed in this paper. The singular
value decomposition method is applied to recover the
uniformly distributed data, whose position is fixed by a
nonredundant sampling representation of the
electromagnetic field. Then an optimal sampling
interpolation algorithm is used for reconstructing the
plane-rectangular samples required to carry out the
standard near-field—far-field transformation. This last
step is required to benefit by the use of FFT algorithm.
Numerical examples are reported to assess the
effectiveness of the proposed technique.

1. INTRODUCTION

The method of constructing antenna radiation patterns
from near-field (NF) measurements has been widely
investigated in the last two decades and used for
applications ranging from cellular phone antennas to
large phased arrays and complex multi-beam
communication satellite antennas. It has been proved to
be an efficient and attractive alternative to conventional
far-field (FF) range and compact range measurements.
There are diverse methods for the FF evaluation
depending on the ways data are acquired. Among them,
that employing the bi-polar scanning [1-3] is
particularly attractive for its mechanical characteristics.
The antenna under test (AUT) rotates axially, whereas
the probe is attached to the end of an arm which rotates
around an axis parallel to the AUT one. This allows
one to collect the NF data on a grid of concentric rings
and radial arcs (see Fig. 1). The bi-polar scanning
maintains all the advantages of the plane-polar one [4,
5] while providing a compact, simple and cost-effective
measurement system. In fact, only rotational motions

are required and this is convenient since rotating tables
are more accurate than linear positioners. Moreover,
since the arm is fixed at one point and the probe is
attached at its end, the bending is constant and this
allows one to hold the planarity.

An efficient probe compensated NF-FF transformation
technique with bi-polar scanning has been developed in
[3] by taking advantage of the nonredundant sampling
representations of electromagnetic (EM) fields [6],
properly extended to the probe voltage (the voltage
measured by a nondirective probe has the same effective
bandwidth of the field [7]). An optimal sampling
interpolation (OSI) algorithm has been applied to
recover the plane-rectangular data from the bi-polar
ones, thus enabling the FFT use in the NF-FF
transformation. Such a technique allows one to lower
the number of needed NF data in a significant way with
respect to the approach in [1, 2], without losing the
efficiency.

Fig. 1 - Geometry of the problem.
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Unfortunately, due to an inaccurate control of the
positioning systems, it may be practically impossible
to get regularly spaced NF measurements. On the other
hand, their position can be accurately read by optical
devices. Moreover, the finite resolution of the
positioning devices prevents the possibility to locate
exactly the receiving probe at the points fixed by the
sampling representation. According to these
considerations, the development of an accurate and
stable reconstruction process from the knowledge of
nonuniformly distributed data becomes relevant. It must
be stressed that, in this context, the formulas available
in literature for the direct reconstruction from
nonuniform samples are not user friendly, unstable and
valid only for particular sampling points arrangements.
A convenient strategy is to recover the uniform
samples from those irregularly spaced and then
determine the value at any point of the scanning surface
by an accurate and stable OSI formula. In this
framework, the approach proposed in [8, 9] is based on
an iterative technique which has been found convergent
only if it is possible to build a biunique correspon-
dence, which associates at each uniform sampling point
the nearest nonuniform one. With reference to the field
reconstruction on a plane, this restriction has been
overcome in [10] by developing an approach based on
the use of the singular value decomposition (SVD)
method [11] for reconstructing the uniform plane-polar
data. This latter approach is preferable to that based on
the iterative technique, since it is more flexible and
allows one to take advantage of data redundancy for
increasing the algorithm stability [10].

The aim of this paper is just the extension of the NF—
FF transformation technique with bi-polar scanning
developed in [3] to the case of irregularly spaced NF
data.

2. THEORETICAL BACKGROUND

A point on the scanning plane can be specified by the
bi-polar coordinate system using the AUT angle o, the
angle & and the arm length L (see Fig. 1). The polar
coordinates p, @ are related to them by the following
relations:
p=2Lsin(8/2) ; p=0-58/2. (1)
To cover the circular scanning region with a bi-polar
scanner, the probe passes from one acquisition ring to
another by travelling along the arc described by the end
of the arm. During this movement, the AUT stays
fixed. Once the probe is located on the ring to be
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considered, the AUT rotation allows one to perform the
data acquisition at the sampling points. The choice of
the distance from one ring to another and the angular
sampling rate on them can be fixed according to a
nonredundant sampling representation, which uses
radial lines instead of radial arcs, thus remarkably
reducing the number of rings and sampling points on
them as shown in [3]. Moreover, if the AUT is quasi-
planar, an effective source modelling [6] is obtained by
choosing the surface X enclosing it coincident with the
smallest oblate ellipsoid having major and minor semi-
axes equal to a and b (see Fig. 1). Note that, because
of the rotational movement of the scanner arm, the
positions of the samples on the n-th ring are shifted by
©y(&,)=-9,/2 with respect to the corresponding
ones in the plane-polar grid.

According to [6], when considering an observation
curve C described by an analytical parameterization
r=r(&), the “reduced electric field”

F&=E® O, @)

v (§) being a phase function to be determined, can be
closely approximated by a spatially bandlimited
function. For electrically large antennas, the
bandlimitation error becomes negligible as the
bandwidth exceeds a critical value Wz and can be
effectively controlled by choosing a bandwidth equal to
X Wé , x'>1 being an excess bandwidth factor. When
considering a radial line, by adopting W; = Bl 2m (B
being the wavenumber and /' the length of the ellipse
C', intersection curve between X and the meridian
plane), we get:

2 2
v _1 -1 1_8 2
=Balv —E| cos € 3
Y=B V2 _g? [ v2—82| ] (€)

c= i [l e 0

where E(-|-) denotes the elliptic integral of the second
kind [12], €= f/a is the eccentricity of C', f is its
focal distance, u = (1, —1)/2f, v=(r+r,)/2a are
the elliptic coordinates, r,, being the distances from
the observation point P to the foci of C'. Moreover,
sin”'u =9, U. being the polar angle of the
asymptote to the hyperbola through P.

When the observation curve is a ring, it is convenient
to utilize the azimuthal angle ¢ as parameter and the
corresponding bandwidth



W) =PBasind.E). §)

By taking into account that the voltage measured by a
nondirective probe has the same effective bandwidth of
the field, the above theoretical results hold also for the
probe voltage and then the “reduced voltage” V at the
point (§,¢) on the radial line fixed by ¢ can be
evaluated via the OSI expansion:

V(E.0) =

n,+tp

2 e o) Qn(E-6) Dy(e-8)  ©

n=n,—p+l1

where n, = Int(§/AE), 2p is the number of retained
samples and

2nm
ON"+1°

g, = nAt = N'=Int(xN')+1 (7

N'=Int(y We) +1; N=N"-N' 8)

% >1 being an oversampling factor needed to control
the truncation error. Moreover,

_sinf(2N"+1) /2]

~ (2N"+1)sin(£/2) ©)

Dy+(E)

Ty 2(cos(§/2)/cos(§0/2))2 -1
Ty [2/0052(?;0/2) - 1]

Qy (&)= (10)

are the Dirichlet and Tschebyscheff Sampling (TS)
functions, respectively, Ty(-) is the Tschebyscheff
polynomial of degree N, and &, = pAL.

The intermediate samples V(€,,,¢) are given by:

‘;(Em > (P) =

m() +q

V(&n’q)m,n) QM,,((p_ (pm,n) Dy ((p_(pm,n)

m=m,—q+1

an

where V(én,(pm’n) are the uniformly spaced samples
on the ring specified by §,, 2¢ is the number of
retained samples along ¢, my=Int((@—,(,))/Ae,)
and

2mmw

<Pm,n=<Po(§n)+mA<Pn=<Po(§n)+W (12)
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My =TntMi ) +1; My =Int(rW, )+1 (13)

My= MMy =1 i@ (19

The basic theory of the classical probe compensated NF
measurements on a plane as proposed in [13] is based
on the application of the Lorentz reciprocity theorem.
According to such a theory, the AUT far-field
components are related to: i) the two-dimensional
Fourier transforms of the output voltages V,, and Vj
of the probe for two independent sets of measurements
(the probe is rotated by 90° in the second set); ii) the
far-field components radiated by the probe and the
rotated probe, when used as transmitting antennas. The
key relations in the reference system used in the present
work are explicitly reported in [3, 10]. However, these
equations are valid whenever the probe maintains its
orientation with respect to the AUT and this requires its
co-rotation with the AUT. Obviously, the scanning
equipment is remarkably simplified when this is
avoided. Probes exhibiting only a first-order azimuthal
dependence in their radiated far-field (f.i., an open-ended
cylindrical waveguide excited by a TE|; mode) can be
used without co-rotation, since V;, and Vg can be
evaluated from the measured voltages V(P and V.,
through simple trigonometric relations [3].

According to the above considerations, an efficient
probe compensated NF-FF transformation from a
nonredundant number of bi-polar data is achieved by
recovering the values of Vj, and Vg in the plane-
rectangular grid needed to perform the described NF-FF
transformation.

3. NF DATA RECONSTRUCTION FROM
NONUNIFORM SAMPLES
Let us now assume that, apart from the sample at the
origin of the coordinate system on the scan plane, the
irregularly distributed samples lie on K =N,
nonuniformly spaced rings (see Fig. 2), where N is
the number of the rings uniformly spaced according to
the nonredundant sampling representation considered in
the previous section. This hypothesis can represent the
spatial distribution of the NF measurements. In fact,
since the scanning procedure fixes each ring by means
of a rotational movement of the arm and collects the
data on it by rotating the AUT, errors can occur on the
ring location and on the position of the samples on it.
As a consequence, the starting two-dimensional
problem is reduced to find the solution of two
independent one-dimensional problems. In this frame-
work, let us assume to know the probe voltage at
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J >2M +1 nonuniform sampling points (E_k,(_p j) on
the nonuniform ring having radius p(§;). The
corresponding reduced voltage at each nonuniform
sampling point can be expressed via the OSI expansion
(11), so obtaining the linear system

V(&®;)=
m“ +(1

V(Ek’q)m,k) QMk (6] - (pm,k) DM]'('((_P/' _(pm,k)

m=m,—q+1

j=1d (15)

It can be rewritten in matrix form as

[l

x=b, 16)
where b is the sequence of the known nonuniform
samples, x is the sequence of the unknown uniformly
distributed samples, and A is the JxQ2M +1)
matrix, whose elements are given by the weight
functions in the considered OSI expansion:

ajm =y, ((_Pj _(pm,k) Dy ((_Pj —<Pm,k) - (17

It is useful to note that, for a fixed row j, these
elements are equal to zero if the index m is out of the
range [my(, 0;)—q+1, my(E, ®;)+ql. The best
approximated solution (in the least squares sense) of the
overdetermined linear system (16) is obtained by using
the SVD algorithm.

Fig. 2 - Distribution of nonuniform samples.
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Let us now tackle the problem of evaluating the probe
voltage at a generic point P (§,@) on the plane from the
knowledge of the recovered uniform samples on the
irregularly spaced rings. To this end, the OSI expansion
(11) can be employed to determine the intermediate
samples V(ﬁk,(ps (crosses in Fig. 2) on the radial line
through P. Since the intermediate samples are
nonuniformly distributed on the considered radial line,
the voltage at P can be found in analogous way by
recovering the regularly spaced intermediate samples
again via SVD and then interpolating them via the OSI
expansion (6). The overdetermined linear system to be
considered is now:

V(Er.0) =

n() +p

V(E,.9) Qy (Ek - <t:n) DN"(Ek - E.»n)
n=n,—p+1

k=1,...K (18)

which can be expressed in matrix form as (15).

It must be stressed that, in order to minimize the
computational effort for computing the plane-
rectangular data needed to perform the probe
compensated NF-FF transformation described in the
previous paragraph, it is convenient to determine on
each ring the same number N, of uniform samples
with plane-polar distribution. This number is fixed
according to the sampling rate on the outer ring. In
such a way, although the so recovered NF data are
redundant in @, the number of SVD on the radial lines
is minimized since these samples are radially aligned. It
is worthy to note that the overall number of SVD
required to recover these samples is K+ N,. Once
these latter have been determined, the plane-rectangular
data can be evaluated by using the corresponding OSI
expansion in [5].

4. NUMERICAL RESULTS

The validity of the developed technique has been
assessed by many numerical tests. The following
simulations refer to the field radiated by a uniform
planar circular array having diameter equal to 33.6 A, A
being the wavelength. Its elements, symmetrically
placed with respect to the plane y = 0, are elementary
Huygens sources linearly polarized along the y axis and
are radially and azimuthally spaced at 0.7A.
Accordingly, this antenna can be modelled as enclosed
in an oblate ellipsoid having a = 17 A and b = 2.2 A.
An open-ended cylindrical waveguide with radius equal



to 0.338 A is considered as measurement probe. The
scanning plane is 20 A away from the AUT center and
the bi-polar measurement system is characterized by L
=80 A and 0,,,,=53°, so that the NF data lie in a
circular zone of radius =72 A. The nonuniform
samples have been generated by imposing that the
distances along & and @ between the position of each
nonuniform sample and the associate uniform one are
random variables uniformly distributed in
[-AE/4,AE /4] and [-Ag, /2,A, /2]. Tt must be
stressed that this is a very pessimistic occurrence in a
real scanning system.

The process for recovering V;, and Vg from the
nonuniformly distributed bi-polar samples of V,, and
V, has yielded fast and accurate results. Figure 3 shows
a representative reconstruction example of V;, on the
radial line at @ = 90°. As can be seen, there is an
excellent agreement between the exact and the
reconstructed probe voltage save for the peripheral
region, where an unavoidable truncation error occurs
due to the lack of needed guard samples. The algorithm
performances have been assessed in a more quantitative
way by evaluating the maximum and mean-square
errors occurring in the reconstruction of the uniform
plane-polar samples of V;,. These errors (see Figs. 4
and 5) are normalized to the voltage maximum value on
the plane and have been obtained by comparing the
aforementioned reconstructed uniform samples and the
exact ones. Note that this comparison has been made in
the central zone of the scanning plane, so that the
existence of the required guard samples is assured.
Obviously, even better results are to be expected when
the nonuniform samples are closer to the uniform ones.
The stability of the algorithm has been investigated by
adding random errors to the exact data. Both a
background noise (bounded to Aa in amplitude and with
arbitrary phase) and uncertainties on the data of +Aay in
amplitude and +A¢ in phase have been simulated. As
shown in Fig. 6, the algorithm is stable. In any case, it
is possible to take advantage of the data redundancy for
improving the stability (see Fig. 7).

The developed algorithm has been employed to
determine in a fast and accurate way the plane-
rectangular data required for the probe compensated NF—
FF transformation [13]. The E-plane pattern,
reconstructed from the recovered plane-rectangular data
lying in a 100\ x 100\ square grid, is shown (crosses)
in Fig. 8. The pattern reconstructed (via the
uncompensated NF-FF transformation) from the exact
plane-rectangular field samples lying in the same grid is
also reported as reference (solid line). As can be seen
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the FF reconstruction is very accurate, thus assessing
the effectiveness of the proposed technique.

A further example of simulated NF-FF transformation
from nonuniformly distributed bi-polar data is shown in
Fig. 9. It refers to an AUT obtained from the
previously considered array by changing the excitations
of its elements in order to obtain a Tschebyscheff-like
behaviour with sidelobe ratio (SLR) = 40 dB in the FF
region. Also in this case the FF reconstruction is
resulted to be very accurate.
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5. CONCLUSIONS

The problem of an efficient AUT pattern reconstruction
from the knowledge of irregularly spaced bi-polar data
has been tackled and solved in this work. The developed
method takes advantage of a nonredundant sampling
representation of the probe voltage and of the use of the
corresponding OSI expansion for interpolating the
samples. This has allowed the building of linear
systems whose best solution in least squares sense has
been obtained by applying the SVD technique. The
reconstruction process has yielded accurate and stable
results even in presence of very large position errors.
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Fig. 6 - Amplitude of the probe output voltage Vy, on
the radial line at @ = 90°. Solid line: exact.
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Abstract—This paper presents the electromagnetic modeling of
a novel adaptable multi-feed multimode cylindrical cavity
applicator where the spatial distribution of the electric field can
be specified a priori to accomplish a desired processing task. The
electric field intensity inside the cavity can be tailored by just
varying the power delivered to each port, and the mode-
switching can be realized without mechanically adjusting the
cavity dimensions. An orthogonal feeding mechanism is
developed to reduce the cross coupling between the ports.
Numerical simulations are performed for the cavity applicator to
verify the theoretical analysis.

Index Terms—Electromagnetic modeling,
multimode applicator, orthogonal feeding.

adaptable

I. INTRODUCTION

ICROWAVES have been investigated as an attractive

and efficient alternative energy source compared to
inefficient pressurized ovens for material processing,
including polymers and composites. The observed advantages
are volumetric heating, direct and fast heating, high
selectivity, and high controllability. Results have been
reported on enhanced polymerization rates [1-2], increased
glass transition temperatures of cured epoxy [1], improved
interfacial bonding between graphite fibers and the polymer
matrix [3], and increased mechanical properties of the
composites [4]. However, industrial use of microwave
processing has been impeded by the lack of proper applicator
design, modeling, and control/monitoring methods. Most
existing applicators are for specific applications only and the
applicator design has to be performed over and over again for
new processes, mostly by trial and error without the assistance
of a model. The development of adaptable applicators, which
can be configured to accomplish a variety of processing tasks,
is therefore very important.

Commonly used applicators for materials processing can be
classified into three basic types: waveguide, multimode and
single-mode applicators. A waveguide applicator is a hollow
conducting pipe with either a rectangular or a circular cross-
section. The wave inside a waveguide applicator is
fundamentally different from that inside multimode and
single-mode applicator. The former is a traveling wave and
the latter is a standing wave. Energy from the microwave
generator travels through the waveguide and is partially

absorbed by the material being processed. The remainder of
the energy is directed to a terminating load. Traveling wave
applicators are primarily used for continuous processing of
high-loss materials; low-loss materials require an excessively
long waveguide or a long processing period to absorb the
necessary energy.

The most popular applicator type is the overmoded or
multimode cavity where the electric field distribution is given
by the sum of all the modes excited at a particular frequency.
The frequent use of multimode cavity applicators is a result of
their low cost, simplicity of construction, and adaptability to
many different heating loads. This kind of applicator is very
versatile in that it can accept a wide range of material loads of
different dielectric losses, size and shape [5]. However, that
may limit product quality, particularly with regard to the
uniformity of temperature distribution in processed materials.
Difficulties for multimode cavity analysis of electric field
distributions result essentially from coexistence of many
resonant modes. By rotating the sample and/or using metal
stirrers, it is possible to improve the E-field uniformity and,
thus, the heating uniformity inside the multimode applicator
[6]. The mode-stirrer is a fan within a multimode cavity
designed to change the resonance of multiple modes within a
4 MHz band near 2.45 GHz. As the mode-stirrer rotates, the
resonant conditions of the cavity change, focusing the energy
into different field patterns. The rotation of the fan cycles the
cavity through the different resonant modes with a pattern that
accepts whatever random heating occurs across the sample.
This may improve the heating uniformity to a certain degree,
but makes it more difficult to predict the electric field
distribution and not suitable for precision material processing.

The single-mode resonant applicator is designed to support
only one resonant mode, therefore resulting in highly
localized heating. These applicators can efficiently provide
high field strength at mode-specific locations within the cavity
since single frequency systems can be tuned for maximum
throughput. Although single-mode applicators have a high
efficiency relative to multimode and traveling wave
applicators, sometimes it is very difficult for them to provide
desired uniform heating across a large sample. To obtain
uniform heating under these conditions, a technique called
mode-switching was developed, in which several modes with
complementary heating patterns are alternatively excited [7].
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With a fixed frequency microwave power source, mode-
switching can be achieved by mechanically adjusting the
length of the cavity. This mechanical process slows the
response of the system to temperature changes. With a
variable frequency power source, modes can be changed by
changing frequency. As a result of the instantaneous variable
frequency mode switching, not only the speed of the process
but also the controllability of the process is much improved
[8]. However, variable frequency sources are inherently less
efficient than the single frequency versions; the equipment is
also very expensive. In our research effort, mode-switching
can be obtained by varying the power delivered to multiple
ports, hence eliminating the need for mechanical applicator
adjustments.

In this case, we can tailor the field intensity to achieve high
field strength in the regions of the applicator requiring high
fields (and hence regions where heating is desirable) and low
field intensities in regions where heating is not desired. We
will explore multi-port multi-feed applicators where the field
spatial distribution can be specified a priori to accomplish a
desired processing task. Single frequency operation is
preferred since the over-all system efficiency is generally
higher for such “tuned” systems.

Specifically, in our modeling, we are exciting a cylindrical
cavity via two ports to get a TM mode and a TE mode
simultaneously. With these separately controllable TM and TE
modes, we not only get desired field strength distribution at
specific locations inside the cavity, but also have the ability to
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heat along a preferred direction; this is particularly useful
when anisotropic materials are processed. Taking advantages
of TM and TE modes, it is easy for us to get low port-to-port
coupling, especially when a lossy load is present. This will be
shown later in both theoretical analysis and numerical results.

II. ADAPTABLE MULTIMODE APPLICATOR

Inside a circular cylindrical cavity, the resonant frequencies
for TE and TM modes as functions of cavity height # and
radius a can be expressed as [9]:

(g = 1)

27an| uE

1

(fipa =
"1 o HE

)

where X, and x'np are tabulated zeros of the Bessel’s

function and the derivative of the Bessel’s function,
respectively. Resonant frequency f'can be plotted as a function
of cavity length in a mode diagram for a fixed radius, as
shown in Fig. 1.
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(a) TMog + TEyyy (b) TMqy + TE3y;

Figure 2. Electric field distributions for different combination of TM and TE modes.
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Figure 3. Parametric study on the weighting factor o for the combination of the two modes.

Typically, inside the cavity, TM modes are excited with a  ports. If the feeds are ideally orthogonal, the mutual coupling
coaxial probe while TE modes are excited with sidewall-  between ports is zero (e.g. S,, =0=S,,). This is a desirable

mounted loops. Although these are useful methods for  condition since a non-zero transmission term indicates that
feeding, they may not lead to sufficient decoupling of the two
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power from one port will exit the cavity through the other port
doing no significant heating of the polymer. Our cavity design
has two feed ports. The feed mechanism chosen, to minimize
mode cross-coupling, are an axial slot (to excite a TE mode)
and an azimuthal slot (to excite a TM mode). These slots are
electrically very narrow to avoid mode cross-coupling.

By observing the mode diagrams, it is seen that when the
cavity height is adjusted, we can have different combinations
of TM and TE modes resonant at 2.45 GHz, and thus get
different electric field distribution inside the cavity. When the
radius a = 10.75 cm and height h = 7.34 cm, we can get the
combination of TMg,y and TE,,;, which is shown in Fig. 2(a);
while a = 10.75 cm and h = 9.50 cm, the combination of
TMo and TEj;; is shown in Fig. 2(b). For both cases, we
have an axisymmetric electric field pattern (TMpy) at the
center as well as some distributed spots (TE,;; or TEj;;)
around it. TM mode has the electric fields along the central
axis of the cylinder, which is best suited for heating rods and
cylinders located along the axis of the cylinder; TE mode has
the electric fields parallel to the bottom plate of the applicator,
which is best suited for heating flat panels or disks.

For each combination of TM and TE mode with fixed
cavity height, by varying the power delivered to each port,
mode-switching can be obtained at a single frequency without
mechanically adjustment of the cavity dimensions. This
transition can be shown in Fig. 3 for the combination of TMyg
and TE;;; case. To investigate the curing field for
simultaneous mode excitation, a parameter o is introduced. A
pure TE mode excitation has a =0 while a pure TM mode
excitation is given by o =1. The cavity model was verified
for these two cases using the appropriate slot excitation
methods. The numerical simulations using COMSOL’s
FEMLAB code [10] were performed for different oL, which
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means different relative power delivered to each port. Fig. 3
illustrates the field distribution for each o, where (c) is the
same as that in Fig. 2(a) but with different scale. It was
determined that o =0.55yielded the most uniform curing
field in the center plane of the applicator. A uniform field is
desirable since that will allow the curing of the largest
diameter part.

III. PORT-TO-PORT COUPLING ANALYSIS

As mentioned above, the mutual coupling between the two
ports is a very important factor that influences the
performance of the applicator. To get better performance, we
wish to get lowest possible coupling in order to avoid the
energy leakage through the ports. In a homogeneous, source-
free cylindrical cavity with perfectly conducting walls, the
electromagnetic fields inside the cavity can be derived from
Maxwell's equations and boundary conditions [9]. For TMy
mode, we can get:

E,=E,=0
2
E - k J0(5'52pj=—ja)ﬂ10(5'52’0] 3)
joe a a
H,=H,=0
H = 61//020
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a op a a

For TE,;; mode, we have:
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Considering the field generated by azimuthal slot for TM,o
mode, E, and E, are zero, and E, is very difficult to be
coupled out through the axial slot; similarly, for the field
generated by axial slot for TE,;; mode, E, is zero and it is very
difficult for E, and E, to be coupled out through the azimuthal
slot. So it is seen that with these two specific modes, we can
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have very low port-to-port coupling, which is essential for
achieving improved efficiency.

In practice, the microwave power is delivered into the
cylindrical cavity by rectangular waveguides (for this work,
WR-284) via iris-coupling (shown in Fig. 4 as meshed
geometry in FEMLAB). The dominant mode inside the



waveguide is TE;y mode. The dimensions of the irises need to
be determined so that the S;;, S»;, Sy, and S|, are minimized.
Under these conditions, the maximum power is delivered to
the load for processing. Fig. 5 and Fig. 6 show the simulated
S-parameters for this empty two-port-feed cavity, where we
call the TE-port as port 1 and TM-port as port 2. The resonant
frequency shifted down a little bit from 2.45 GHz due to the
existence of the irises. After the lossy epoxy samples are
loaded inside the cavity, the S,; and S;, are expected to be
even smaller. This multimode applicator is primarily designed
for the processing of epoxy resins DGEBA/DDS mixture. The
g and g as a function of temperature and extent-of-cure are
measured at MSU using perturbation technique with single-
mode cavity, and are shown in Fig. 7. More information about
DGEBA/DDS to be processed with this cavity applicator can
be found in [11]. Since the complex permittivity of
DGEBA/DDS varies as a function of temperature and extent-
of-cure during microwave heating, the S;; and S,, are
expected to vary significantly due to the loaded epoxy sample.
In practice, in order to adjust the reflection coefficients at the

S-parameters
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Frequency (Hz) . 109

Figure 5. TE mode (S;; and S,,) for the two-port cavity.
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two ports, a brass plunger can be introduced lying very close
to each coupling iris [12], so that the S;; and S, can be
retuned in real-time.

)

. TMport

-
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Figure 4. Cavity fed with waveguides via irises.
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IV. CONCLUSION

In this paper, we have presented the electromagnetic
modeling of an adaptable multimode microwave cavity
applicator for polymer processing. It is shown that the mode-
switching can be realized by just varying the power delivered
to each port, without mechanically adjustment of the cavity
dimensions. An orthogonal feeding mechanism is developed
to reduce the cross coupling between the ports. The feed
network that consists of coax-to-waveguide transition
followed by iris-coupled cavity is being implemented.
Experiments will be carried out to verify the model and
develop control strategies.
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Comparative Evaluation of Some Empirical
Design Techniques for CAD Optimization of
Wideband U-Slot Microstrip Antennas

V. Natarajan and D. Chatterjee

Abstract—In this paper three different empirical
techniques, for design of wideband U-slot microstrip
patch antennas on infinite, grounded substrates (e,
= 1.0, 4.0, and 6.15), has been studied extensively.
Methods I and III, developed by the present authors,
commonly utilize the property of dimensional invariance
in designing the radiating patch of the U-Slot microstrip
antenna. These two methods use empirical (quadratic)
curve-fit equations, and formulas for design of probe-fed
rectangular patches, respectively, to initiate the corre-
sponding probe-fed U-Slot patch designs. The second
(method II) approach, published earlier by different
authors, principally utilizes the distinction between
four resonant frequencies and calculates the various
dimensions associated with the U-Slot patch radiator.
The initial U-slot designs from the three empirical
techniques have been further optimized for enhanced
bandwidths via: (a) parametric simulation, and (b)
built-in global optimizers such as Powell and Genetic
algorithms in the commercially available microstrip
CAD software, IE3D. Extensive analysis, based on: (a)
comparison of the three empirical design algorithms
(methods I, IT and III) , and, (b) impedance behavior
(and VSWR characteristics) of U-slot antennas on low,
medium and high permittivity substrates, show that
method III is generally superior to methods I and II.
Additionally, since the overall U-Slot patch dimensions
follow the relation Y ~ 1.385 (methods I and III), and,
% ~ 2.0 (method II), U-Slot designs via methods I
and III have /ower cross-polar levels in the principal
(¢ = 0°,90°) planes compared to those obtained via
method II.

I. INTRODUCTION

Microstrip antennas are an extremely popular
choice for wireless applications due to their low-
profile, ease of fabrication and integration with RF
circuitry [1], [2]. However, conventional probe-fed,

Department of Computer Science and Electrical Engineer-
ing, 570-F Flarsheim Hall, University of Missouri Kansas
City (UMKC), 5100 Rockhill Road, KC, MO 64110, USA;
e-mail:chatd @umkc.edu

microstrip patch configuration antennas suffer from
low bandwidth characteristics. Recently, wideband
impedance characteristics were achieved by properly
etching a U-shaped slot on the metallic surface of the
rectangular radiating patches, as in Fig. 1, on both
foam [3] and microwave substrates [4]. (In this paper
bandwidth of an antenna is dictated by the range of
frequencies for which the return loss is < -10 dB).
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Fig. 1. Physical topology of probe-fed, wideband, U-slot mi-
crostrip antenna on microwave substrate. The dimensions shown
here are independent of the coordinate system; the probe location
however, is defined w.r.t the coordinate system which is located
at the center of the rectangular patch. Note that the U-Slot is also
located symmetrically with respect to the origin. In this paper the
probe has a radius r, and is located on the x-axis i.e., yp =0,
and, F= % + xp as shown here.

While no analytical models are available to de-
scribe the working of this novel U-slot microstrip an-
tenna configuration, two different empirical methods
to initiate the design of wideband U-slot antennas
were presented in [5] and [6]. The subject of this
investigation is to present a comparative analysis of
these empirical techniques to design wideband U-slot
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microstrip antennas.

The empirical technique in [5] is based on dimen-
sional invariance relationships observed in the U-slot
geometry, and some empirical design equations. The
design equations in [5, Section VI] were developed
for specific substrate permittivities and thicknesses.
The method in [6], which has been described here in
subsection V. B for the sake of completeness, assumes
the existence of four distinct resonant frequencies to
determine the dimensions of the U-Slot. However, the
applications of these equations were carried out on U-
slot antenna on low permittivity (e, = 2.2) dielectrics
only.

For most cases, the U-slot antenna geometries de-
signed via the empirical techniques documented in [5]
and [6] need to be further optimized, through the use
of CAD tools like IE3D [7], for achieving the desired
wideband impedance bandwidth behavior. The ability
of these empirical techniques to generate initial U-slot
antenna geometries, which can be rapidly optimized
using the global optimizer sub-routines in IE3D is
presented in [8]. The results indicate that the empirical
technique in [5] generates initial U-slot antenna de-
signs, which are more suitable for rapid optimization
via IE3D. Extensive parametric modeling results are
also presented in [5], [9] and [10] to aid designers
in the selection of parameters for rapid optimization
of initial U-slot antenna geometries. While the use
of parametric modeling results is advocated in [6,
Section V] for further optimization of the U-slot
antennas, no methodology/procedure is available.

Apart from these results, the capabilities of built-
in optimizers in IE3D, namely Genetic, Powell and
Random algorithms, for rapid optimization and gen-
eration of wideband U-slot topologies are documented
in [11]. The results reported in [11] are restricted
to optimization of initial U-slot antennas designed
via empirical method in [5]. A systematic approach
to setting up the optimization simulations on IE3D
is also described therein. The effects of dielectric
permittivity and thicknesses on the performance char-
acteristics like impedance bandwidth, gain etc., of the
U-slot antennas on low, medium and high substrate
permittivities are examined in [12]. These results
enable a designer to select an optimal combination of
substrate permittivity (e¢,) and thickness (h) - given
a center frequency of operation (f,) of the U-slot
antenna. Such optimal selection would lead to reduced
optimization cycle time.

One of the main purposes of this investigation, in
addition to comparative analysis, is to present a third
empirical technique for the design of wideband U-slot
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antennas, that is distinct from [5], [6]. A comparative
analysis of the capabilities of the three empirical
methods to generate initial U-slot antenna geometries,
which can be rapidly optimized with minimum num-
ber of optimization cycles, is also investigated in this
paper, including some appropriate case studies. To
that end, parametric ([5], [9], [10]), and global opti-
mization techniques, with the commercially available
CAD software IE3D [7], are used for a comparative
assesment of the three empirical design techniques.

The scope of the results presented here are re-
stricted to probe-fed, single-layer U-slot antenna ge-
ometries on infinite grounded substrates, modeled and
simulated using CAD tool IE3D. The capabilities of
the global optimizers namely Genetic, and Powell
optimizers are restricted to their implementations in
IE3D [7]. Since optimization is an open-ended pro-
cess, the procedure is stopped after achieving the de-
sired wideband impedance characteritics. Therefore,
in some cases, these designs could be modified for
further enhancement of bandwidth characteristics.

The empirical equations for the resonant frequen-
cies in [6] and [13] have been validated for low
permittivity substrates in [14]. The third empirical
technique (method III), described in Section III of this
paper, employs the algorithm developed in [15] based
on the information in [2]. The outline of the remainder
of the paper is described next.

The basic problem of wideband U-slot antenna de-
sign is presented in Section II. The detailed algorithm
of the proposed technique (i.e. the third empirical
technique), to initiate the design of wideband U-slot
antennas, is presented in Section III. The methodol-
ogy followed to initiate the design of wideband U-
slot antenna geometries via the different empirical
techniques is outlined in Section IV. Three design
examples are presented in Section V, to illustrate the
abilities of the three empirical methods to initiate
the design of wideband U-slot antennas. The results
of simulation performance of the these initial U-slot
antennas are discussed in Section VI. The step-by-step
procedure used to optimize the initial U-slot antennas
to achieve wideband impedance charcteristics is also
described in this section. Finally, the results of the
paper are summarized in Section VII, followed by the
list of relevant references.

II. PROBLEM DESCRIPTION

The problem associated with wideband microstrip
designs as discussed in [5, Section III], concerns
forming a loop in the input (Z;,) impedance on the
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Smith chart. The loop should lie within the VSWR
< 2 circle, and most of the frequencies should be
contained by the loop. All empirical techniques, fol-
lowed by appropriate optimization schemes, are solely
concerned in generating a U-slot design that closely
satisfies this criterion.

The technique in [5, Section VII] relies on empir-
ical design equations derived with specific substrate
permittivity (e,.) and thickness (h). However, it is quite
impractical to derive similar equations for all possible
¢, and h combinations. Therefore, the applicability
of these relations over all practical values of ¢, and
design center frequency (f,) remains very tedious.

The information gleaned from the review of [5]
suggests seeking an alternate method to the design
of U-slots that is much more straightforward; thus
a possible alternate approach has been described in
Section III.

The method in [6] is based on resonant frequency
equations obtained via parametric simulations on U-
slot antenna geometries on low permittivity (e, =
2.2) dielectrics. The applicability of these equations
to design wideband U-slot antennas on medium and
high permittivity dielectrics has not been documented.
Also, the algorithm presented in [6, Section III] may
generate non-physical and ambigous values for certain
values of input specifications. (This aspect of the
algorithm is further explored in Section V).

An empirical technique which generates the desired
wideband impedance results with the least number
of optimization cycles may be considered superior
to others. This observation forms the basis of the
comparative analysis. In this investigation, the number
of optimization cycles may be characterized/identified
on the basis of the following features:

e Number of optimization variables required.
« Range of optimization required in the variable.
o Optimization time.

III. AN EMPIRICAL PROCEDURE FOR WIDEBAND
U-SLOT ANTENNA DESIGN (METHOD III)

The empirical method in [5] relies on derived
empirical formulations to obtain % ratio, and the sub-
sequent use of dimensional invariance relationships
to design the U-slot antennas. As mentioned earlier,
derivation of these empirical equations for every prac-
tical substrate permittivity and thickness combinations
becomes quite cumbersome. The proposed empirical
technique employs semi-analytical techniques [1, ch.
4], [2] to design a rectangular patch geometry, and
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subsequently uses the dimensional invariance rela-
tionships to design a U-shaped slot on the radiating
rectangular patch.

To that end, cavity model based, custom built Fast
Iterative Code (FIC) [15] is utilized to obtain the
dimensions of the rectangular patch following the
appropriate information in [2]. The algorithm of FIC
[15] is briefly described below.

(i) Select the substrate permittivity (e,), thickness
(h) and operating frequency (f;) for the design
of rectangular patch. The information presented
in [14] may be used in the optimal selection of
€, h. In addition, the total number of iterations
ITMAX is also required as input.

To account for the fringing effects, a slightly
higher frequency f2 ~ 1.25f, is chosen and
the resonant length (L) of the radiating patch
is calculated via the formula:

(ii)

¢
2feve
A nominal patch width W~ 1.5xL is also

selected in order to facilitate the working of the
FIC algorithm.

ey

(iii) The effect of fringing fields on the resonant
length of the rectangular microstrip antenna are
calculated as

Ap _ OA12h[eeee (W) + 0.3)(X + 0.264)
eers (W) — 0.258](% +0.8)
)
where the effective relative permittivity
e+ 1 e — 1
€ers(X) = + ) (3)
2 9 /1410
and the symbol X = L or W, in (3).

(iv) The resonant frequency of the rectangular patch
is now computed via (Hammerstad’s)[1, p. 267,
Eq. (4.28)]

fir = - (4)
(L +AL) &
and (James’s)[1, p. 267, Eq. (4.31)]
fre
fr= = ®)
(14 X)/€ets (L)eers (W)
empirical formulas, where,
B h 0.164(e, — 1)
X = (f) [0.882 + (T>
e+ 1 L
+ T (0.758 + n[1.88 + ED .(6)




(v) Having computed fy and f; the algorithm
checks for the condition

min(fm, fr) < fr <max(fu, fr). (D)

In [2] it has been shown that the measured
resonant frequency, defined by Sm(Z;,) = 0,
remains bounded by these two limits for low
and moderate permittivity substrates. (For high
permittivity substrates, resonances may not oc-
cur if the substrate thickness is too large. In that
case the frequency at which the VSWR is the
lowest may be considered to satisfy (7)).

(a) if the condition (7) is satisfied, the proce-
dure stops, and resonant length L of the
rectangular patch is thus found.

(b) if however, f, < min(fg, f7), then a new
frequency f? = 7 —0.05 x f,., with f? given
in step (i), is selected and the procedure is
repeated till the condition in (7) is satisfied.

(c) if f, > max(fy, fs), then a new frequency
with £ = 2 4+ 0.05 x f,, with 2 given
in step (i), is selected and the procedure is
repeated till the condition in (7) is satisfied.
In the steps (a) to (c) f, is the original
operating frequency as in step (i). If the
conditions (v) (a), (b) or (c) are not sat-
isfied in the total number of iteration steps,
ITMAX, then the algorithm stops.

(vi) The patch resonant length L and width W =~
1.5 x L are obtained whenever (7) is satisfied.

The U-slot design now proceeds with the knowl-
edge of the broader dimension W as in Fig. 1. Note
that the patch resonant length, L, is redundant in
the design of the U-slot. With the knowledge of W,
the dimensional invariance properties [5, Section IV,
Table I] are employed to obtain initial design of the
U-slot.

In the process of obtaining the complete U-slot
dimensions via the dimensional invariance relations,
it was observed that % ~ 1.385, where L is the
overall length of the U-slot as shown in Fig. 1, and
is distinct from the length L obtained earlier for
the rectangular patch from the Fast Iterative Code
[15]. An alternate approach would be to apply W
= 1.385 L, in step (vi) in the preceding algorithm
and then obtain the complete U-slot antenna geometry
via the dimensional invariance relations. However, this
alternative approach is not pursued in this paper.

Having obtained the complete set of dimensions,
this antenna is then modeled and simulated via com-

mercial CAD tool IE3D (or equivalent). Based on the
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location and size of the impedance locus obtained
on the Smith chart, the antenna geometry is further
optimized for wideband performance. Note that, with
the exception of the procedure used to obtain the
dimensions of the width of the radiating patch, all
the steps (to generate the location and dimensions
of a U-shaped slot) are common to methods I and
III. However, it must be emphasized that both these
empirical methods produce different set of dimensions
of the U-slot antennas.

The criteria hT\/E ~ 0.1, 0.12, 0.14 and 0.18 [12]
are used to obtain initial values of substrate permittiv-
ity (&) and thickness (h), to design wideband U-slot
antennas on air (¢, = 1.0), low (¢, =~ 2.94), medium
(e = 4.5) and high (e, ~ 9.8) permittivity dielectrics,
respectively. These choices of inputs, satisying the
above criteria were observed to have small overall
optimization cycles [12].

IV. METHODOLOGY

A brief description of the empirical techniques used
to initiate the design of wideband U-slot antennas are
presented in this section. Methods I and III essentially
are based on [5] and Section III, respectively, hence
are omitted here for brevity.

In [6], the effect of variation of : (a) the length
of the vertical arms of the slot (Ls; - t), lengths
of (b) the horizontal arms of the slot (W), and
(c) the rectangular radiating patch (L), on the res-
onant frequencies (assuming four distinct resonant
frequencies occur) are documented for U-slot antenna
on low (e, = 2.2) permittivity substrate. Based on
the observation of these specific parametric modeling
results, empirical equations are dervied for each of the
last three resonant frequencies of the U-slot geometry.
These formulas, coupled with equations in [1, ch.
4, pp- 266 - 268] to design probe-fed, rectangular
microstrip antennas, are used to obtain a complete set
of dimensions of U-slot antenna geometry. However,
as the empirical formulas for resonant frequencies are
based on parametric studies of U-slot antenna on low
permittivity (e, = 2.2) dielectrics, their applicability
to initiate the design of wideband U-slot antennas on
other (medium or high) permittivity dielectrics remain
unknown. The details of implementing the empirical
design algorithm [6, Section III], and its validation,
are included in Section V. B of this paper.

The wideband U-slot microstrip antenna may be
considered as a structural perturbation to the classical
probe-fed, rectangular microstrip patch. Therefore,
once a rectangular patch antenna is designed via any
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of the analytical methods in [1, ch. 4], a U-shaped slot
may be etched on the surface of the radiating patch.
This is the basis of a third (method III) empirical
method to initiate the design of wideband U-slot
antennas as presented in Section III. The location and
size of the slot on the radiating patch are obtained
from the dimensional invariance relations presented
in [5, Section IV]. The salient features of the three
empirical techniques are summarized in Table I.

TABLE I
SUMMARY OF EMPIRICAL TECHNIQUES TO INITIATE DESIGN
OF WIDEBAND U-SLOT MICROSTRIP ANTENNAS

Method Basic Concepts & Features | Reference Inputs Re-

quired

1 Empirical design equations | [5] €r, h, £,
to calculate % ratio and
dimensional invariance re-
lations.

11 Empirically derived reso- | [6] €r, h, £, %
nant frequency formula of bandwidth,
the U-slot geometry and (Lb—W_t)
rectangular microstrip an- ratio

tenna design equations in
[1, ch. 4, pp. 266 to 268]

Section | €, h,
III, this

paper

I Design rectangular patch
microstrip antenna via ana-
Iytical models in [1, ch. 4].
A U-shaped slot is cut on
the surface of the radiating
patch using dimensional in-

variance relations [5]

The initial U-slot antenna geometries obtained from
the three empirical techniques may require further
optimization to yield wideband impedance behavior.
These initial U-slot antennas are modeled and simu-
lated assuming infinite, grounded dielectrics via IE3D
[7]. Based on the impedance behavior of each of
these initial U-slot topologies, they were optimized
for further bandwidth enhancement. The optimization
of these initial U-slot antennas designed via the three
empirical techniques were carried out by the following
two approaches.

(a) Use of parametric simulation results in [5,
Section V], [9] and [10] in the selection of
optimization parameters, and subsequent vari-
ation of these parameters to generate wideband
impedance behavior.

Selection of optimization variables based on the
parametric modeling results in [5, Section V],
[9] and [10] and use of global optimizers in
commercial CAD tool IE3D, namely Genetic,
Random and Powell optimizers [7] to generate

(b)
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wideband radiators.

The immediately preceding steps (a) and (b) together
form the central part of this investigation as presented
in this paper. Results corresponding to steps (a) and
(b) are included in Sections VI A and B, respectively.

The ability of the three empirical methods to gen-
erate initial U-slot antenna geometries, which can
be rapidly optimized via these two approaches is
illustrated with some design examples in the ensuing
section.

V. CASE STUDIES AND DESIGN ISSUES

This section documents the capabilities and limi-
tations of the three empirical methods to initiate the
design of wideband U-slot antennas, via the following
design examples.

o Design Example (a): ¢, = 1.0 and f, = 0.9 GHz
o Design Example (b): €, = 4.0 and f, = 3.26 GHz
e Design Example (c): €, = 6.15 and f, = 2.4 GHz

In all the three examples U-slot antennas exhibiting
2:1 VSWR bandwidths > 20% are considered wide-
band radiators.

A. Design Using Methods I and II1

Applying the criteria hT\/a ~ 0.10, 0.14 and 0.16
[12], substrate thicknesses (h) of 33.31 mm, 6.45 mm
and 7.56 mm were chosen to initiate the design of
U-slot antennas, for design examples (a), (b) and (c),
via empirical method in [5] (or method I). Here A
corresponds to the respective design frequencies (f;.)
of the design examples. Since no formulations exist
to initiate the design of U-slot antennas for design
example (a) via method I at h = 33.31 mm, the
empirical equations derived for ¢, = 1.0 and h = 18.0
mm [5, Table II] were used to obtain the % ratio.
As indicated earlier, this is one of the difficulties of
method in [5]. Similarly, empirical equations derived
fore, =4.5andh=6.35mmand ¢, =4.5 and h =10.0
mm were used to calculate the % ratios for design
examples (b) and (c), respectively. The remaining
dimensions of the U-slot antenna geometries for the
three design examples were calculated following the
procedure documented in [5, Section VII].

For U-slot antennas designed via method III, cri-
teria similar to those used for method I were used
to select the values of substrate thicknesses (h). The
cavity model based FIC and dimensional invariance
relations were then used to obtain the dimensions of

a rectangular patch and U-shaped slot, respectively.



B. Design Using Method 11

The algorithm for the empirical design method in
[6, Section III] (or method II), is described here
including its implementation and validation. The de-
scription is necessary for a comparative analysis of
the three methods, later in this paper.

The algorithm assumes existence of four distinct
resonant frequencies for the U-Slot patch antenna,
fres1, fres2, fress and f.s4. Before presenting the
algorithm, the various physical distinctions associated
with the resonant frequencies are identified following
their original description in [6].

fres1 1S associated with the resonance of the slot em-
bedded in the microwave substrate

freso 1s related to the resonance of the TMy; mode of
the patch

fres3 1s dependent in a complex manner with the x-
and y-directed patch resonant modes

fres4a can be related to the resonance of the slot in air
including the effects of the “pseudopatch” that is
formed inside the U-Slot

Since no analytical theory is presented in [6], one
simply cannot be assured of the validity of these
distinctions. In addition, for electrically “thick” sub-
strates the existence of distinct resonant frequencies
is not always possible. However, it is also known
from the basic theory of microstrip antennas that an
increase in the electrical thickness (hT‘/E_"') of the sub-
strate increases the impedance bandwidth [1, p. 288,
Fig. 4.16]. This observation suggests that the design
technique in [6] may work well only for electrically
thin substrates. Consequently, one may expect that
the initial design of the U-Slot via [6] would exhibit
lower impedance bandwiths and hence would need
to undergo significant optimization cycles using the
CAD tool IE3D [7]. One of the major purposes of
this study is to investigate, via several case studies,
if the initial U-Slot design via [6] (or method II) is
indeed relatively difficult to optimize as compared to
the initial designs via methods I [5], and III. The
sequence of steps of the design algorithm from [6,
Section III] are summarized next. (The dimensions
are as shown in Fig. 1.)

Step 1: The algorithm requires the following
inputs: (a) fyes3, (b) 10 dB return loss bandwidth
(%) in %, (c) the ratio % One then calcu-

lates
A
fres2:fres3 - Tf X 1007 (8)
and,
Af

fT684:f7‘653 + 7 X 1007 (9)

NATARAJAN, CHATTERJEE: COMPARATIVE EVALUATION OF SOME EMPIRICAL DESIGN TECHNIQUES

respectively.
Step 2: The substrate thickness (h) and permit-
tivity (e,) are chosen to satisfy

)\resiﬂ(air)
h>006————m-o-. 10
> 0.06 NG (10)
In (10) Apes3(air) = f::;z is the free-space wave-

length corresponding to the frequency f,.s3, and
Vo = 2.997925 x 10710 cms/sec is the velocity
of electromagnetic waves in free-space.

Step 3: The overall resonant length (Fig. 1) of the
patch plus the extensions due to fringe effects, is
given by

L+2AL~ (1)

Vo
2\/afr653 .
Step 4: The overall width of the patch is given
by W = 1.5 x (L + 2AL).

Step 5: The overall effective permittivity and the
patch resonant length extension are calculated
separately as,

$1 e -1 120 "2
Eeff:€r2 +6T2 <1+W> , (12)

and,

(eets +0.3)(¥ + 0.262)

2AL=0.824h
(€ert — 0.258) (Y + 0.813)

(13)
Interestingly, (12) and (13) are closely similar
and identital to equations (3) and (2), respec-
tively.
Step 6: The overall patch resonant length is now
re-calculated as

Vo
L=—"—""— —2AL. (14)
2\/ 6efffres3
Step 7: The slot thickness, t, is calculated via the
relationship

Ares3(air)
60
Step 8: Calculate the slot width

t= (15)

Vo
We=—+— —2(L+ 2AL —1). 16
° vV €ottlres? ( ) (16)
Step 9: Select L such that
Ls—t Ls—t
W > 0.3 and W, > 0.75. a7)

Step 10: Calculate the effective permittivity and
the length extension of the “pseudopatch” as

:er-i-l_’_er—l ) 12h 2
2 A

€eff(pp) 2 . 2t )
(18)
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and,

_ €e 4 0.3)(W==2t 1 (0.262
9, =0.824h (Cere(pp) ) - )

(19)
Step 11: The quantity
- 1
b ~ L—-t+2A,,—
€etf(pp)

Vo
X
fres4

Step 12: The algorithm checks the condition

—{2(Ls — t) + ws}>. (20)

(Ly+b) < L.

If this condition is not satisfied, one adjusts the
quantity (Ls—t) step # 9 and keeps recalculating
b in step # 11, till the condition in step # 12 is
satisfied and a physically realizable design for
the U-Slot microstrip patch antenna is feasible.

The implementation of the above algorithm was
validated for the design of the U-Slot dimensions
of ¢, = 2.2 and h = 0.635 cms at f..,3 = 2.15
GHz, as available in [6, Table IV]. However, when
the algorithm of method II was subsequentlly applied
to the calculation of the initial U-Slot dimensions for
e = 4.0 and 6.15, one of the dimensions turned out
non-physical. The details are included in Table II,
below.

TABLE II
NON-PHYSICAL OUTPUTS OBTAINED VIA METHOD II ([6]),
REFERRING TO FIG. 1. (ALL DIMENSIONS IN MM)

Parameter; Example (b) Example (c)

(Type: Input/Output)

€r 4.0 6.15

(input)

h 6.45 7

(input)

- Afa (% bandwidth); 25 30

(input)

fress in GHz;(input) 3.26 2.4

EeD: (input) 04 04

W; (output) 34.49 37.78

L; (output) 17.15 19.18

Ls; (output) 15.33 15.11

Ws; (output) 14.66 19.46

t; (output) 1.53 2.08

b; (output) -2.0018 -5.1102

Comment b < 0.0 b < 0.0
(non-physical) (non-physical)

At this stage, in view of the results in Table II, it
appears appropriate that a comparative analysis of the
three methods be presented. This, expectedly, would
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help in understanding the salient features of method
II and its standing with respect to methods I and III.

Following [5], application of methods I and III is
initiated by the combination of substrate parameters,
satisfying the criterion hVe  ~ 0.14 for low and
medium permittivities. (For substrates with ¢, > 6.0
a value of 0.18 was found to yield acceptable results
[5]). Beyond this point, methods I and II differ
noticeably and their intrinsic differences are briefly
summarized below.

For method I, assuming the substrate geometry is
known uniquely, empirical equations [5, Table II] are
used. (For situations where there exists no empirical
equations corresponding exactly to the particular sub-
strate type, an ‘average’ design procedure is adopted
as explained in detail in [5, Section VII]). The main
purpose of method I, however, is to obtain the appro-
priate % ratio from the empirical equations. Knowing
the substrate thickness, h, one readily calculates the
overall U-Slot patch width W for a typical ¢, and
design/operating frequency, f.. Once W is known,
the other dimensions of the U-Slot can be calculated
very quickly by using the dimensional invariance re-
lationships as in [5, Table I]. The rapid calculation of
the dimensions essentially resembles the back-of-the-
envelope process. The main disadvantage of method
I, however, is that the starting empirical equations are
available for a few select substrate cases, and hence
the accuracy of the average design procedures are
questionable. For greater accuracy, one needs to derive
empirical equations for a given combination of ¢, and
h, which in itself can be very tedious.

The preceding limitation of method I is circum-
vented by the algorithm of method III, described
in Section III. With the knowledge of the substrate
geometry and the design frequency, one can determine
the larger patch width, W, via egs. (1) to (7). Once W
is known, regardless of the % ratio, the dimensional
invariance relationships from [5, Table I] can be used
to complete the U-Slot radiating patch design, just as
in method 1. The primary advantage of this approach,
over method I, is that equations (1) to (7) apply to
an arbitrary class of substrate topologies, as long as
the assumptions of the cavity-model remains valid in
that particular case. (In [2] it has been shown that
these cavity-model formulas are applicable to ¢, =
12.0.) Thus even for substrates where the empirical
equations (method I) are not directly available, one
can still proceed to design a U-Slot by first obtaining
the overall rectangular patch dimensions (method III).
Since the theoretical validity of these cavity-model
formulas is well-known [1], [2], method III is far more



versatile and expected to be accurate than method I.

Method II in [6], as discussed here, has some
inherent limitations in its applications. The two initial
U-Slot patch designs for €, = 4.0 and 6.15, as shown
in Table II, could yield non-physical dimensions, b,
(Fig. 1). Incidentally, one notes that from a numerical
standpoint the condition in step 12 is still satisfied
even with the negative value of the b dimension in Fig.
1. In absence of a comprehensive analytical theory for
the U-Slot, this apparent limitation for method II was
investigated as explained below.

Since the initial design [6] for the U-Slot relies on
the existence of distinct resonant frequencies, it maybe
hypothesized that the design algorithm would be phys-
ically viable if the parameter /\h‘/g_"') is small. For

resii(air
the two cases listed in Table II, one finds hl/gir) ~

0.09 and 0.125 for ¢, = 4.0 and 6.15, respectively.
The exact nature of dependence of b on the substrate
permittivity €, and thickness h is complicated, because
of the nature of the algebraic forms of the various
intermediate quantities as appearing in equations (12)
to (20). Preliminary examination of (20) indicates
that for b > 0, (physically realizable geometry), the
additional condition

Vo
€eff(pp) fresa

needs to be satisfied. (Condition (21) easily follows
from the second condition in (17), and (20)). From
the present investigations, it appears that (21) is gen-

erally satisfied when % < 0.075. Consequently,
in light of the current analysis, it appears that the

condition (10) in step 2 could be modified to read:

L—t+2Ap, > — 3.5WS] (1)

0.06 < ﬂ < 0.075. (22)
Aress (a7)

This implies that physically valid initial U-Slot patch
designs following the algorithm in [6] are feasible for
low permittivity substrates. This observation has the
further impact that these initial designs via [6] could
exhibit low, 10 dB return loss bandwidths. Hence,
these initial designs obtained from method II (or [6]),
when subjected to parametric or global optimization
schemes via commercial CAD softwares such as IE3D
[7], would require increased optimization cycles (as
defined in Section II).

However, it is emphasized that this aspect of imple-
menting the algorithm in [6] needs to be investigated
in more detail, before the condition (22) could be
considered acceptable.

The dimensions of the U-slot antennas obtained via
the three methods for design examples (a), (b) and
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(c) are tabulated in Tables III, IV and V, respectively.
The U-slot antenna geometries obtained via methods
I, I and III, for the three design examples, were
modeled and simulated assuming infinite grounded
dielectrics via commercial CAD tool IE3D [7]. Based
on the location and size of the impedance locus on the
Smith chart, optimization parameters were chosen for
subsequent optimization of the initial U-slot antenna
geometries. The analysis of the results are discussed
in the following section.

VI. RESULTS AND DISCUSSION

The results of the performed simulations, and the
subsequent optimization of the initial U-slot antennas
designed via the three empirical methods, are dis-
cussed in details in this section. To that end, the results
obtained via the use of parametric simulation results in
[5], [9] and [10] are discussed next in part A, followed
by results obtained via IE3D global optimizers in
part B. In addition, boresight gain vs. frequency, and
principal plane (¢ = 0° and 90°) co- and cross-polar
radiation patterns, for initial and optimized U-Slot
patch geometries (for €, = 4.0 in Table IV), are also
included in part C for a complete understanding of
the antenna performance. A comparative performance
analysis of the three empirical design techniques,
based on bandwidth, gain and radiation characteris-
tics, is presented in part D.

A. Optimization via Parametric Modeling Results in
[5],[9] and [10]

The results of U-slot antennas, designed via the
three empirical techniques and further optimization
via parametric modeling results are shown in Figs.
2 to 14. The impedance loci of the U-slot antennas
obtained from the three empirical methods for design
example (a) are shown in Fig. 2. From the Smith chart
results, U-slot antennas designed via methods I and III
form impedance loops close to the center of the Smith
chart. In contrast, the U-slot antenna from method II
appears to be highly capacitive, with its impedance
loop on the lower half and farthest from the center of
the Smith Chart.

The impedance loci of the (final) optimized U-
slot antenna geometries obtained from methods I, II
and III, for design example (a), are shown in Fig. 3.
All three optimized U-slot antennas appear to exhibit
wideband impedance behavior.

The results of the initial and optimized U-slot
antennas designed via the three empirical techniques,
for examples (b) and (c), are in Figs. 4 to 8. The
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TABLE III
DIMENSIONS OF INITIAL AND OPTIMIZED, (VIA PARAMETRIC MODELING RESULTS IN [5], [9], [10])
U-SLOT ANTENNAS OBTAINED VIA THE THREE EMPIRICAL METHODS FOR DESIGN EXAMPLE (A),

REFERRING TO FIG. 1. (ALL DIMENSIONS IN MM)

Parameter Method I Method II Method IIT
Initial Optimized | Initial Optimized | Initial Optimized

€r 1.0 1.0 1.0 1.0 1.0 1.0
tan(0) 0.0 0.0 0.0 0.0 0.0 0.0

h 33.31 33.31 25.0 25.0 33.31 33.31
L 159.24 159.24 131.56 131.56 129.42 129.42
w 220.38 220.38 249.83 249.83 178.85 178.85
Ls 110.24 110.24 80.45 80.45 89.46 89.46
W, 85.65 85.65 48.12 55.0 69.51 69.51

t 12.33 12.33 5.55 5.55 10.01 10.01
a 24.5 24.5 2.99 2.99 19.98 19.98
b 24.5 24.5 48.12 48.12 19.98 19.98
F 79.62 83.62 65.78 65.78 64.71 66.71
Rprove 3.0 4.0 2.0 2.0 3.0 35

TABLE IV

DIMENSIONS OF INITIAL AND OPTIMIZED, (VIA PARAMETRIC MODELING RESULTS IN [5], [9], [10])
U-SLOT ANTENNAS OBTAINED VIA THE THREE EMPIRICAL METHODS FOR DESIGN EXAMPLE (B),

REFERRING TO FIG. 1. (ALL DIMENSIONS IN MM)

Parameter Method I Method II Method IIT
Initial Optimized | Initial Optimized | Initial Optimized
€r 4.0 4.0 4.0 4.0 4.0 4.0
tan(0) 0.002 0.002 0.002 0.002 0.002 0.002
h 6.45 6.45 55 55 6.45 6.45
L 21.18 21.18 17.96 17.96 18.44 18.44
w 29.32 29.32 34.49 34.49 25.54 25.54
Ls 14.66 14.66 16.01 13.53 12.76 12.76
W, 11.39 11.39 15.94 12.0 9.93 9.93
t 1.64 1.64 1.53 1.53 1.43 1.43
a 3.76 3.76 0.95 243 2.84 2.84
b 3.76 3.76 1.0 2.0 2.84 2.84
F 10.59 9.59 8.96 8.96 9.22 7.72
Rprove 0.635 0.635 0.635 0.635 0.635 0.635
TABLE V

DIMENSIONS OF INITIAL AND OPTIMIZED, (VIA PARAMETRIC MODELING RESULTS IN [5], [9], [10])
U-SLOT ANTENNAS OBTAINED VIA THE THREE EMPIRICAL METHODS FOR DESIGN EXAMPLE (C),

REFERRING TO FIG. 1. (ALL DIMENSIONS IN MM)

Parameter Method I Method II Method IIT
Initial Optimized | Initial Optimized | Initial Optimized
€r 6.15 6.15 6.15 6.15 6.15 6.15
tan(0) 0.002 0.002 0.002 0.002 0.002 0.002
h 7.56 7.56 3.1 7.0 7.56 7.56
L 21.06 21.06 2242 2242 20.22 20.22
w 29.14 29.14 37.78 37.78 27.98 27.98
L 14.58 14.58 21.35 17.35 14.0 14.0
W, 11.53 11.53 18.89 14.89 10.87 10.87
t 1.63 1.63 2.08 2.08 1.57 1.57
a 3.24 3.24 0.16 2.16 3.11 3.11
b 3.24 3.24 0.95 2.95 3.11 3.11
F 10.53 8.03 11.21 11.23 10.11 7.61
Rprobe 0.635 0.635 0.635 0.635 0.635 0.635




Fig. 2. Comparison of impedance loci of initial U-slot anten-
nas from the three empirical methods for design on dielectric
substrates with ¢, = 1.0 via IE3D [7]; O — O — O- method I;
* — * — x- method II; o — o — o-method III.

Fig. 3. Comparison of impedance loci of final, optimized U-slot
antennas from the three empirical methods on dielectric substrates
with €, = 1.0 via IE3D [7]; O — O — O- method I; * — % — *-
method II; o — o — o- method III.

impedance behavior of the initial U-slot antenna de-
signs on ¢, = 4.0 (Fig. 4) and ¢, = 6.15 (Fig. 7)
show that the design via method II, for examples
(b) and (c), do not form loops close to the center
of the Smith Chart, in contrast with methods I and
III. Following parametric modeling results in [5],
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Fig. 4. Comparison of Smith Chart results of initial U-slot
antennas from the three empirical methods on dielectric substrates
with €, = 4.0 via IE3D [7]; O — O — O- method I; * — % — *-
method II; o — o — o- method III.

Fig. 5.
U-slot antennas from the three empirical methods on dielectric
substrates with €, = 4.0 via IE3D [7]; O — O — O-method I;
* — % — %- method II; o — o — o- method III.

Comparison of Smith Chart results of final, optimized

[9] and [10], these U-slot antennas were optimized
for wideband impedance characteristics, as shown in
Figs. 5 to 6 for example (b), and Fig. 8 for example
(c), respectively. In both cases, the final optimized
impedances loci form loops in the VSWR < 2 region
of the Smith chart.

The choice of the optimization parameters (such as
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Fig. 6. Comparison of VSWR results of final, optimized U-slot
antennas from the three empirical methods on dielectric substrates
with €, = 4.0 via IE3D [7]; O — O — O- method I; * — % — *-
method II; o — o — o- method III.

Fig. 7. Comparison of Smith Chart results of initial U-slot
antennas from the three empirical methods on dielectric substrates
with €, = 6.15 via IE3D [7]; O — O — O- method I; * — % — *-
method II; o — o — o- method III.

width of slot, length of slot, probe location etc.), is
based on the size and location of the impedace loci
of the initial U-slot antennas on the Smith chart, and
the knowledge of the parametric simulations results
documented in [5], [9] and [10].

To that end, probe location and radii were chosen as
optimization variables for U-slot antennas for example
(a), designed via methods I and III. In contrast,
for the U-slot antenna designed via method II, the
length of the horizontal arm (W;) was chosen as the
optimization variables.
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Fig. 8. Comparison of Smith Chart results of final, optimized
U-slot antennas from the three empirical methods on dielectric
substrates with ¢, = 6.15 via IE3D [7]; O — O — O-method I;
* — % — x-method II; o — o — o- method III.

Fig. 9.  Optimization Process for U-slot antenna designed via
method I on dielectric substrates with €, = 4.0 using parametric
modeling results in [5], [9] and [10]; O — O — O- Initial,
unoptimized; X, = 0.0, Y, = 0.0; * — % — x- X, = 0.0, Y, =
0.5; 0 —o0—o0— X, =0.0, Y, = 1.0; all other dimensions of the
U-slot antenna are kept constant - all dimensions in mm.

It is interesting to note (from Table III) that, while,
methods I and III require two optimization variables
to produce wideband bandwidth characteristics, the
range of variation of each of these optimization vari-
able is quite small. In comparison, method II requires



Fig. 10. Optimization Process for U-slot antenna designed via
method II on dielectric substrates with €, = 4.0 using parametric
modeling results in [5], [9] and [10]; O — O — O- Initial,
unoptimized; L, = 16.01, W, = 15.94, a = 0.95 and b = 1.0;
x — % — %- Stepl -Ls = 12.0, W5 = 15.94, a =2.43 and b = 2.0;
o—o—o— Step2 - L, = 12.0, W, = 13.0, a = 2.43 and b = 2.0;
all other dimensions of the U-slot antenna are kept constant - all
dimensions in mm.

Fig. 11. Optimization Process for U-slot antenna designed via
method III on dielectric substrates with €, = 4.0 using parametric
modeling results in [5], [9] and [10]; O — O — O- Initial,
unoptimized; X, = 0.0, Y, = 0.0; * — x — - X, = 0.0, Y, =
0.75; 0o —o —o— X, = 0.0, Y, = 1.5; all other dimensions of the
U-slot antenna are kept constant - all dimensions in mm.

only one optimization variable. However, the range
of variation required to achieve wideband impedance
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Fig. 12. Optimization Process for U-slot antenna designed on
dielectric substrates with €, = 6.15 via method II; O — O — O-
Initial; h = 3.1; * — % — %- h = 7.0; all other dimensions of the
U-slot antenna are kept constant - all dimensions in mm.

Fig. 13.  Optimization Process for U-slot antenna designed on
dielectric substrates with €, = 6.15 via method II; * — % — *- h =
70,Ls =2135,a=06and b=095 0—-0—0o-h=70,L; =
17.35, a = 2.16 and b = 2.95; all other dimensions of the U-slot
antenna are kept constant - all dimensions in mm.

characteristics is quite large (W - from 48.12 mm to
55.0 mm). This may increase the optimization time
and hence the optimization cycle for method II in
comparison with methods I and III.

For design example (b), the initial U-slot antennas
obtained from both methods I and III, form impedance
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Fig. 14.  Optimization Process for U-slot antenna designed on
dielectric substrates with €, = 6.15 via method II; * — % — - h =
7.0,Ls =17.35,a=2.16, b =295 and W5 = 18.89; 0 — 0 — o-
Optimized- h = 7.0, Ly = 17.35, a = 2.16, b = 2.95 and W, =
14.89; all other dimensions of the U-slot antenna are kept constant
- all dimensions in cms.

loops very close to the center of the Smith chart (Fig.
4). Therefore, only their probe locations were varied
to obtain wideband impedance characteristics as evi-
dent from Figs. 9 and 11, respectively. In contrast, the
U-slot antenna designed via method II does not form
an impedance loop close to the center of the Smith
chart. (Fig. 4). Hence, multi-step (multi-parameter)
optimizations must be pursued to achieve wideband
impedance characteristics. The multi-parameter/multi-
step optimization procedure is shown in Fig. 10.

As seen in Fig. 10, in step 1, the length of the
vertical arms of the U-slot are varied from 16.01 mm
to 11.53 mm. This optimization moves the impedance
loop closer to the center of the Smith chart. Then, the
width of the horizontal arm (W,) is chosen as the
optimization variable in step 2 to shift the impedance
locus within the 2:1 VSWR circle.

A similar feature is observed in the optimization
procedure for U-slot antennas for example (c) via the
three empirical methods. For U-slot antennas designed
via methods I and III, the location of the probe feed
is chosen as optimization variable. The optimization
procedure of U-slot antennas designed via methods
I and III are similar to those shown in Figs. 9 and
11, and are omitted here for brevity. In contrast,
substrate thickness (h), width of the horizontal arm
(W) of the U-slot and lengths of the arms (L,) were
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chosen as optimization variables for U-slot antennas
designed via method II. The step-by-step optimization
procedure is documented in Figs. 12 to 14.

In the first step of the optimization process, (in
Fig. 12), the substrate thickness of the U-slot antenna
is increased from h = 3.1m to 7.0 mm, shifting the
impedance locus closer to the center of the Smith
Chart. Then, in the second step, the length of the
arms of the slot (L) are reduced, as shown in Fig.
13, to further move the impedance closer to the center.
Finally, the width of the slot (W) is adjusted to obtain
wideband U-slot antenna geometry as evident from
Fig. 14.

The 2:1 VSWR bandwidths of all the final, op-
timized U-slot antennas for the three design exam-
ples are tabulated in Table VI. The details of the
optimization procedure followed to obtain wideband
impedance results are discussed next.

TABLE VI
2:1 VSWR BANDWIDTHS OF PARAMETRICALLY OPTIMIZED
U-SLOT ANTENNA GEOMETRIES

DESIGNED VIA THE THREE EMPIRICAL TECHNIQUES FOR THE
DESIGN EXAMPLES (A), (B) AND (C)

€r method I (%) | method II (%) | method I (%)
1.0 34.21 34.29 29.47

4.0 37.58 30.56 36.81
6.15 30.20 40.39 31.54

B. Optimization via Global Optimizing Sub-Routines
in IE3D [7]

The results of global optimization of the initial U-
slot antennas designed via the three empirical tech-
niques, are presented in Figs. 15 to 18. While, all
three algorithms were used in the optimization studies,
only results from Genetic and Powell optimizers are
presented here.

The ability of the built-in optimizing sub-routines
in IE3D, namely Genetic, Powell and Random op-
timizers, to rapidly optimize initial U-slot antennas,
designed via method I, is discussed in [11] and is
omitted here for brevity. The results presented therein
indicate that the initial U-slot antennas designed via
method I can be rapidly optimized via global optimiz-
ers in IE3D. The sensitivity of these optimizers to the
selection of range of optimization is also documented.

In this section, the ability of the global optimizers to
rapidly optimize the initial U-slot antennas, designed
by methods II and III, is discussed. It must be em-
phasized at this point that, since IE3D is a general
purpose electromagnetic simulator, the designer must



Fig. 15. Comparison of Smith Chart results of final, optimized
U-slot antennas designed via method II on dielectric substrates
with €, = 4.0. Optimization variables - Ly and W,; O — O — O-
parametric modeling results based optimization, * — * — *- after
800 generations of Genetic optimizer and o — o — o— after 100
iterations on Powell optimizer.

1
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Fig. 16. Comparison of VSWR results of final, optimized U-
slot antennas designed via method II on dielectric substrates with
er = 4.0. Optimization variables - Ly and W,; O — O — O-
parametric modeling results based optimization, % — % — %- after
800 generations of Genetic optimizer and o — o — o— after 100
iterations on Powell optimizer.

essentially choose the optimization variables, criteria
and the range over which the antenna geometry must
be optimized. Here, parametric simulation results pre-
sented in [5], [9] and [10] play a vital role in selection
of optimization variables for IE3D (or CAD) based
optimizations.

For U-slot antenna designed via method II, both
length (Ls) and width (W) of the slot were chosen as
an optimization variable. Similarly probe location was
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TABLE VII
DIMENSIONS OF FINAL, OPTIMIZED (VIA GLOBAL OPTIMIZERS
ON IE3D) U-SLOT ANTENNAS OBTAINED FOR U-SLOT
ANTENNA GEOMETRY DESIGNED BY METHOD II [6], FOR
DESIGN EXAMPLE (B), REFERRING TO FIG. 1. (ALL
DIMENSIONS IN MM)

Parameter | Initial Genetic Opti- | Powell Opti-
mizer mizer

€r 4.0 4.0 4.0

tan(0) 0.002 0.002 0.002

h 5.5 5.5 5.5

L 17.96 17.96 17.96

w 34.49 34.49 34.49

Ls 16.01 12.85 14.1

W, 15.94 12.0 11.65

t 1.53 1.53 1.53

a 0.95 2.55 1.9

b 1.0 2.56 1.96

F 8.96 8.96 8.96

Rprobe 0.635 0.635 0.635

lower freq. | - 3.1 3.1

() in

GHz

upper - 4.1 4.1

freq.(fu)

in GHz

Optimization - Ls, Wy Ls, Wy

variable(s)

Optimization - [S11] < -10 | |[S1i] < -10

criterion dB dB

Number - 800 100

of gener-

ations /

iterations

chosen as optimization variable for U-slot antenna
designed via method III. The dimensions of the final,
optimized U-slot antennas, designed via methods II
and III, obtained from IE3D are presented in Tables
VII and VIII, respectively. The various details of the
input used to set up these optimization simulations on
IE3D for these optimization studies are also presented
therein. The performance of the corresponding U-slot
antennas, optimized via parametric modeling results,
are also shown for comparison.

As seen from the figures, both Genetic and Powell
optimizers on IE3D generate wideband impedance
behavior in U-slot antenna geometries designed via
method II. In contrast, in Figs. 17 and 18, only
Powell optimizer appears to generate wideband U-slot
antenna topologies for U-slot designed via method III.
Overall, the results from the global optimizers in IE3D
are in good agreement with the information obtained
from optimization studies based on parametric mod-
eling results in [5], [9] and [10].
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Fig. 17. Comparison of Smith Chart results of final, optimized
U-slot antennas designed via method III on dielectric substrates
with €, = 4.0. Optimization variables - probe location; 0—0—0-
parametric modeling results based optimization, * — % — *- after
400 generations of Genetic optimizer and o — o — o— after 100
iterations on Powell optimizer.
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Fig. 18.  Comparison of VSWR results of final, optimized U-
slot antennas designed via method III on dielectric substrates with
er = 4.0. Optimization variables - probe location; O — O — O-
parametric modeling results based optimization, * — % — *- after
400 generations of Genetic optimizer and o — o — o— after 100
iterations on Powell optimizer.

C. Comparison of Gain and Radiation Characteris-
tics

In the previous sections of this paper, focus had
been directed towards broadband characteristics of U-
Slot geometries generated from the three empirical
techniques, viz., methods I, II and III. Return-loss
and impedance data for both initial (unoptimized)
and final (optimized) U-Slot designs have shown that
method III, introduced in Section III of this paper, is a
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TABLE VIII
DIMENSIONS OF FINAL, OPTIMIZED (VIA GLOBAL OPTIMIZERS
ON IE3D) U-SLOT ANTENNAS OBTAINED FOR U-SLOT
ANTENNA GEOMETRY DESIGNED BY METHOD III [SECTION
I11], FOR DESIGN EXAMPLE (B), REFERRING TO FIG. 1. (ALL
DIMENSIONS IN MM)

Parameter | Initial Genetic Opti- | Powell Opti-
mizer mizer

€r 4.0 4.0 4.0

tan(0) 0.002 0.002 0.002

h 6.45 6.45 6.45

L 18.44 18.44 18.44

w 25.54 25.54 25.54

L, 12.76 12.76 12.76

W, 9.93 9.93 9.93

t 1.43 1.43 1.43

a 2.84 2.84 2.84

b 2.84 2.84 2.84

F 9.22 6.57 6.445

Rprobe 0.635 0.635 0.635

lower freq. | - 3.0 3.0

() in

GHz

upper - 4.2 4.2

freq.(fu)

in GHz

Optimization - probe probe

variable(s) location location

Optimization - [S11] < -10 | [S1i| < -10

criterion dB dB

Number - 400 100

of gener-

ations /

iterations

better choice for wideband applications of all the three
empirical techniques. However for a complete perfor-
mance appraisal of the three methods, it is necessary
to examine other aspects of antenna performance,
namely, the gain and radiation characteristics. To
avoid tedium, results for gain vs. frequency and co and
cross-polar radiation patterns in the ¢ = 0° and 90°
cardinal planes are included in this subsection for
substrate permittivity €, = 4.0 and for both initial
and optimized U-Slot designs from each of the three
techniques. The dimensions of the U-Slot antenna
from the three techniques are available in Table IV
(for both initial and optimized cases). Figs. 19 to 24
shows the relevant results, and are briefly discussed
below.

In Figs. 19 and 20 the peak boresight (¢ = 0°,0 =
0°) gain is seen to be slightly higher for designs via
methods I and II, compared to method III. Interest-
ingly, the peak gain occurs at 3.2 GHz for designs via
methods II and III, while for method I the gain is at
the peak around 2.8 GHz in both initial and optimized
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Fig. 19. Boresight gain vs. frequency for initial U-Slot patch
designs for data in Table IV and dielectric substrates with ¢, = 4.0
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Fig. 20. Boresight gain vs. frequency for optimized U-Slot patch
designs for data in Table IV and dielectric substrates with ¢, = 4.0

designs.

Following the design example in [5, Section VII],
empirical equations from [5, Table II] for substrate
e, = 4.5 were used to calculate the % ratio for
€, = 4.0 at a resonant frequency of f; = 3.2 GHz.
Subsequently the dimensional invariance relationships
[5, Table I] were used to obtain the other dimensions
of the U-Slot for ¢, = 4.0. Thus, when the method
I design was simulated via IE3D [7], the peak gain
occured at 2.8 GHz as seen in Figs. 19 and 20. This
can be realized since U-Slot dimensions obtained via
method I (using empirical equations for €, = 4.5)
were not appropriate for €, = 4.0.

One also notices in Figs. 19 and 20 the peak
boresight gain differences between U-Slot designs
from methods I and III are roughly 1 dB but occur
at frequencies of 2.8 GHz and 3.2 GHz, respectively.
The same figures also show that U-Slots designs via
methods II and III have different peak boresight gains,
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but at the same frequency of 3.2 GHz. These features
are briefly explained, below.

For U-Slots designs via methods 1 and III, we
note from Table IV that % = 1.385 for both cases.
The overall radiating (patch) area for U-slot design
via method I is larger than that via method III. In
addition, " ~ 0.12048 (method 1 at 2.8 GHz),
and ~ 0.14028 (method III at 3.2 GHz), respectively.
Since the radiation efficiency, e,, decreases with in-
crease in % values [1, p. 288, Fig. 4.16], [2, p.
247, Fig. 5.8], it follows that the overall boresight
(¢ =0°,0 = 0°) gain from [1, p. 277, Eq. (4.54)]

will be larger for method I compared to method II.
The same line of arugment can be extended to show
that peak boresight gains for designs via methods I
and II at 2.8 GHz and 3.2 GHz, respectively, will
be the same as seen in Figs. 19 and 20. (We note
from Table IV that the overall U-Slot patch areas via
methods I and II are almost the same.)

The radiation patterns of the initial and optimzied
U-Slot geometries obtained from each of the indi-
vidual methods I, II and III in Figs. 21 to 24 are
discussed, briefly, next.

—&- Method |
—— Method Il
—©- Method Il
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Fig. 21. Co-polar (E4) and cross-polar (Eg) patterns for the
initial U-Slot patch designs or data in Table IV and dielectric
substrates with €, = 4.0, in the cardinal plane ® = 0°, at f =
3.26GHz.

The co- (E4) and cross-polar (Ey) radiation patterns
in the ¢ = 0° principal planes are shown in Figs. 21
and 22 for the initial and optimized cases, respectively.
One notices that the design via method II has the
highest level of cross-polar component in comparison
with the other two designs. Also, method III design
has the lowest crosspolar level.
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Fig. 22.  Co-polar (E4) and cross-polar (Eg) patterns for the
optimized U-Slot patch designs or data in Table IV and dielectric
substrates with €, = 4.0, in the cardinal plane ® = 0° at f =
3.26GHz.
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Fig. 23. Co-polar (E4) and cross-polar (Eg) patterns for the
initial U-Slot patch designs or data in Table IV and dielectric
substrates with €, = 4.0, in the cardinal plane ® = 90°, at
f =3.26GHz.

One notices identical characteristics in the radiation
behavior in the ¢ = 90° principal plane as shown in
Figs. 23 and 24. The crosspolar (Egy) levels are much
higher for the design via method II when compared
to methods I and III.

The reasons can be traced back to the designs
in Table IV. From this table, one notices that the
% ~ 1.385 for the U-Slot designs via methods I
and III. Quite interestingly % ~ 1.98 for the U-
Slot design from method II. Since % ~ 1.5 yields
a patch with lowest crosspolar power [1, p. 290, Fig.
4.17], one can conclude that the overall dimensions of
a rectangular U-Slot patch via method II would yield
the highest crosspolar levels as shown. In contrast for
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Fig. 24. Co-polar (E4) and cross-polar (Eg) patterns for the
optimized U-Slot patch designs or data in Table IV and dielectric
substrates with €, = 4.0, in the cardinal plane ® = 90° at f =
3.26GHz.

U-Slot designs via methods I and III, the crosspolar
levels are comparatively smaller by roughly 10 dB.

This phenomenon was also observed for U-Slot
designs on €, = 1.0 and 6.15 substrate geometries. It
is interesting to note that both the boresight gain and
crosspolar levels could be explained fairly accurately
from the corresponding characteristics of a probe-fed
rectangular patch having the same overall W and L
dimensions. This phenomenon suggests that the effect
of the slot in the U-Slot patch is primarily to cancel
the probe-inductance and produce a second resonance
and contribute to the wideband characteristics.

D. Summary of Comparative Performance Analysis of
Three Empirical Design Methods

In this section the main features of the three meth-
ods are summarized in Table IX.

In [5, Table II] (method I) the empirical (quadratic)
curve-fit equations were developed from IE3D code
[7] (method of moments) simulation results to obtain
relationships of the generic form

W%
F :C2f3 + ler + 007

where f, is the design (or operating) frequency in
GHz. In the above, the constants, Cy 10 need to be
determined for specific substrate ¢, and h. Note that
f; is not necessarily the resonant frequency. In fact, as
observed in [5], for U-Slot designs on higher ¢, sub-
strates a proper resonant frequency on the Smith Chart
may not strictly be found, but a minimum VSWR for
a given f; may still be viable. This approach, though
very tedious, is in principle applicable to all classes

(24)
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TABLE IX

Performance Evaluation of the Three Empirical Design Techniques

Empirical
Techniques

General Features of Initial De-
signs

Performance and Features of Optimization Approach

Parametric Modeling Results [5], [9], [10]

Global optimizers in IE3D (Genetic and
Powell) [7]

Method I [5]

studied here. It also has
the smallest boresight gain.
The overall patch + =
1.385.

(1) Initial designs, for most (a) Most significant control on wide- (i) Results from parametric optmization
cases, exhibit wideband band performance is exercised by a studies agree with the global op-
characteristics and have an proper choice of the substrate thick- timizers, viz., Genetic and Powell
overall % =~ 1.385. ness, or equivalently, the % > algorithms in the commercial soft-

(2) Use of the empirical equa- 0.1 parameter. ware, IE3D
tions in [5, Section VI, Ta- (b) Peak values of boresight gains and (ii) Other features are the same as that of
ble II] may not always work pattern shape remains relatively un- parametric optimization scheme(s)
wal for all substrates, but. is affected in the final optimized design for method I
‘;ril/‘lue for substrates with (c) Readily optimized for enhanced
% > 0.1 bandwidth performance with smaller

(3) Acceptable boresight computational resources
gain and cross-polar
performance observed for
low to high permittivity
substrates

Method 1II [6]

(4) The empirical design al- (d) Parametric simulation approaches (iii) The dimensions of the optimized U-
gorithm assumes four dis- applied to the initial design from Slot designs via global optimizers
tinct resonant frequencies, method II does indeed yield 10 (Genetic and Powell algorithms) in
although the first one is dB return loss bandwidths > 20%. the IE3D are different for the iden-
never used in the design of (See Table VI for select performance tical set of constraints. (See Table
the U-Slot. data.) VIL)

(5) The  design  approach (e) Since initial designs from method II (iv) Parametric and global optimization
could yield negative or often exhibit poor bandwidths, their results show acceptable agreement
non-physical values for optimization for enhanced band- in performance behavior. ((See Figs.
the dimension b shown in width performance generally re- 15 and 16 for impedance and VSWR
Fig. 1 for select substrate quires several optimization variables performances, respectively.)
permittivities  and  yet over wide ranges resulting in in- (v) Optimizing the design for bandwidth
the algorithm would creased demands on available com- does not appear to affect the gain
still  predict  successful putational resources. This is the ma- and radiation pattern behavior
completion of design Jjor disadvantage of using method II.

(6) Physically realizable (f) Other antenna parameters such as
designs  appear  viable boresight gain, radiation patterns re-
on smaller substrate main largely unaffected in the final
thicknesses and may not optimized design
demonstrate wideband
performance, compared to
methods I and IIT

(7) The initial designs have an
overall % ~ 2.0 and
have high cross-polar lev-
els compared to methods I
and IIT; the boresight gain
is however higher than the
designs via method III

Method 111,

Section 11, (8) This empirical design al- (g) Of all the three empirical design (vi) The dimensions of the optimized U-

this paper gorithm is more verstatile techniques, method III requires the Slot designs via global optimizers
and straightforward than least number of optimization cy- (Genetic and Powell algorithms) in
method I, because it starts cles for designs exhibiting enhanced the IE3D are nearly identical for
with the design of a rect- bandwidths the identical set of constraints. (See
angular patch that is exten- (h) Other features were observed to be Table VIIL.)
sively documented and well identical to (b) and (c) for method I, (vii) Parameric and Global optimizer re-
understood [1], [2]. above sults are agree very closely. (See

(9) The initial design has the Figs. 17 and 18 for impedance and
lowest cross-polar compo- VSWR performances, respectively.)
nents of all three methods (viii) Gain and radiation patterns remain

almost unaffected in the final op-
timized design for enhanced band-
widths.
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of substrates, and hence will work for those values
of h‘//\a where the cavity model may not be accurate.
This feature is unique only to method I and thus merits
its application.

Method II is additionally constrained by the design
algorithm [6] that proceeds by assuming a-priori ex-
istence of four distinct resonant frequencies of the U-
Slot. As shown here, this additional assumption could
sometimes result in non-physical dimensions for the
U-Slot geometry. However, this apparent drawback of
method II needs to be investigated in the future in
more details for larger values of h‘/<;. The present
investigations found that it generated physically re-
alizable U-Slot designs on low ¢, substrates with
smaller h values.

Method III is versatile but is strictly restricted to
substrate geometries satisfying the criterion h\<§ <
0.1 dictated by the applicability of the cavity model
formulas [1], [2]. (However, for the U-Slot designs
presented and studied here, method III did not show
any limitations when applied to high €, substrates.)
The design of the rectangular patch and its modifica-
tion by the dimensional invariance technique to realize
the U-Slot, appears to be the most straightforward
of all the three approaches, and is free from the
limitations that are intrinsic to methods I and II.

VII. CONCLUSION

In this investigation three empirical methods for the
design of a probe-fed, U-Slot microstrip patch anten-
nas on substrate permittivities ¢, = 1.0,4.0, and 6.15
has been extensively studied for a comparative as-
sessment of their performances. The analysis of the
results from the three algorithms suggest that two
of the methods (I and III), generate initial designs
that exhibit superior wideband behavior. In contrast,
method II was found to be limited to electrically thin
and low ¢, substrates. Consequently, initial designs
via method II have smaller bandwidths compared to
other two techniques. Interestingly, the initial designs
via methods I and III had lower peak cross-polar
levels, when compared to method II by a factor of
10 dB. This was attributed to the fact that overall U-
Slot patch dimension % ~ 2.0 (via method II). In
comparison, % ~ 1.385 for U-Slot designs via I and
III, which is close to the optimum value of % ~ 1.5
for a retangular patch. Therefore, methods I and III
generate initial U-Slot patch designs that have good
return loss bandwidths, and cross-polar performances
when compared to method II.

Parametric, and global (Genetic and Powell) opti-
mization methods were employed for further band-
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width enhancements of the three designs. The results
showed that intital designs via methods I and III were
rapidly optimized when compared to method II. Since
method II design worked well when restricted to sub-
strates with low h‘<a, its optimization for bandwidth
enhancement was feasible with more (input) variables
and allowing wide range parametric variations, result-
ing in increased computational resource requirements.
The optimization process(es) did not affect the far-
field (gain, radiation) behavior for all the cases studied
here.
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BROADBAND ANTENNA RESPONSE USING HYBRID TECHNIQUE
COMBINING FREQUENCY DOMAIN MoM AND FDTD
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Abstract— A hybrid technique is proposed for
computation of broadband characteristics of an antenna
in the presence of a dielectric scatterer. The technique
links the frequency domain Method of Moments
(MoM) and the Finite Difference Time Domain
(FDTD) method. The coupling of these methods is
achieved by using the Equivalence Principle, applied
over the intervening surface. A great reduction in
computation time is achieved in the MoM domain by
using an impedance interpolation technique. The
Gaussian pulse (GP) and Derivative Gaussian pulse
(DGP) are investigated as the excitation sources for the
MoM. Examples are given and the results found to be
in good agreement with alternative methods.

Index Terms—Method of Moments (MoM, Finite
Difference = Time  domain  (FDTD,  Hybrid
computational, Equivalence surface.

I. INTRODUCTION

ybrid techniques linking the frequency-domain

Method of Moments (MoM, i.e. as applied to an

integral equation formulation) and the Finite
Difference Time Domain (FDTD) method provide a
powerful and flexible approach to the numerical
solution of a complex antenna structure in the presence
of a relatively large lossy dielectric volume [1-4]. If
broadband analysis is required, such as the transient
response for sub-surface radar, this can be accurately
investigated by computing the field propagation over
the two different domains and on the equivalence-
principle surface (the surface that couples the two
domains), over the entire bandwidth.

Previous work in the literature includes Bretones et
al’s [5] use of a time-domain integral equation (TDIE)
method in a hybrid approach for studying the transient
excitation of a thin wire antenna located in the
proximity of an inhomogeneous dielectric scatterer and
above a PEC ground plane. Cerri et al. [6] also used a
TDIE method in developing a hybrid technique. This
method has the advantage of generating information
over a wide frequency band: it does not require an
iterative procedure to couple with FDTD, but it requires
very large run-times when treating a junction with more

than two wires [7], unlike the frequency-domain
version, in which the complex metallic structures may
be modelled accurately in shorter run-times and with
more flexibility for modelling complex geometries.
Huang et al. [8] employed a hybrid technique for
modelling the interaction of ground-penetrating radar
(GPR) with complex ground using a combination of
frequency domain MoM, Fourier transformation and
iterations; however, the reaction of the back-scattered
field and the source is not discussed in detail and the
run time for the MoM part is time-consuming for large
source regions. Another hybrid MoM/FDTD method
[9] was applied for the specific case of numerical
simulations of SAR and the magnetic field of shielded
RF coils loaded with a human head for a biomedical
application. In another case [10] the source antenna is
modelled as a stack of Hertzian dipoles. However, in
both [9] and [10] the authors neglect the effect of the
back-scattered field on the source. The same
approximation is used in [11], which is oriented
towards two-dimensional UHF/VHF propagation
problems: the FDTD domain is excited just by a
vertical slice near the problem area.

Research is still proceeding and more groups have
become interested in the hybrid method. Bretones et al
have recently published a method to combine the NEC
with FDTD [12]. Unfortunately, the back-scattered
field on the wire is calculated in a non-optimal way, as
the algorithm entails running the FDTD code N; times
(where N; is the number of the basis functions on the
wire antenna). This requires extensive computational
time, which could be prohibitive in the case of complex
mobile phone handsets with (for example) helical
antennas using hundreds of basis functions. Some
interesting comparisons between the MoM and FDTD
numerical methods are published in [13] for modelling
electrically small antennas and in [14] for radiation and
scattering involving dielectric objects. The advantages
of each technique are discussed: this shows how a
hybrid method combining the advantages of the two is
a powerful and effective technique.

In this paper, the fields are computed over a wide
bandwidth using the method of interpolation of
impedance/admittance matrices on the antenna side,
applied to frequency-domain MoM [15-17]. This saves
execution time and memory requirements for the MoM,
while retaining the power and maturity of FDMoM (or
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FDIE). Basically, the Inverse Discrete Fourier
Transform (IDFT) is performed on the equivalence-
principle surface within the FDTD domain and, on the
other hand, the Discrete Fourier Transform (DFT) is
used to account for the back-scattered fields for the
MoM domain. The number of frequency samples
required to predict the coupling fields between the two
domains over the entire bandwidth was investigated.
The positions of these samples over the selected
bandwidth were also studied in relation to their effect
on recovery of the time-domain fields for different
resonant structures. If the conducting structure is of a
modest electrical size, such that it obviously cannot
support more than one resonant mode, at a frequency
that can be approximately estimated, as few as three
interpolation points can be sufficient to cover the
required mode bandwidth.

MM

| + '

| imerpolarion methed | | 10 (DFT)
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Fig. 1. Basic geometry of the hybrid combination of
frequency domain MoM and FDTD.

II. SUMMARY OF THE METHOD

Consider Fig. 1, which shows two different regions.
One contains a source and the other a scatterer. The
coupling domains between the two regions have been
addressed fully in refs. [1-3]. Usually, the coupling is
implemented using a single excitation frequency with
iteration across the equivalence-principle surface. The
forward fields from the source to the scatterer (E(jo),
H(jo)) are computed using the frequency domain
MoM. The induced surface currents J(jo) and Mg(jo)
that represent the FDTD excitation over the closed
surface S can be given by:

M;;(jo) = E(jo) xn @)
Jsi(@)=nxH(jw) 2

where n is the normal vector directed outward from
the closed surface Sg;.
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The back-scattered fields (Ey(t), Hy(t)) on the
enclosing surface are derived from the FDTD
computation. Then the reaction of these fields on the
source region can be stated as:

Ry =<E_ J;, >—<H, M, >
= j (Ets b Jib _Hts b Mib )dsch (3)
Seh

where E; and Hy are the test electric and magnetic
fields from the source. M;, and Jg are the induced
magnetic and electric surface currents on the closed
surface Sy, “<>” and “e” represent the inner product
and the vector dot product respectively.

The procedure is repeated until a steady state
solution for this single frequency is reached. In general,
if broadband antenna analysis is required, many
frequency samples are required to cover the entire
bandwidth on the FDMoM side to predict the required
time variations of the induced surface current on the
enclosed equivalent surface (for use by the FDTD side).
Using IDFT, these samples can be combined as the
excitation of the FDTD domain. The main problem is
the computational time required to evaluate these
samples on the MoM side of the problem because the
MoM has to be executed once for each sample.

Thus, an impedance/admittance interpolation method
on the MoM side was developed to predict these fields
on the equivalence-principle surface. The method
requires storage of impedance matrices for a few
different frequencies over the specified bandwidth.
Then, using the quadratic interpolation method
(requiring three selected points), the impedance can be
found at any frequency between these points, as
follows.

The interaction [Z] matrices for the three selected
frequencies are directly computed by FDMoM [1-3].
The elements of [Z] for the intermediate frequencies are
approximated by a quadratic function:

Zmn (f) = Amnf2 + anf + Cmn (4)

where f denotes frequency and 4,,, B,. and C,, are
the mnth elements of the complex coefficient matrices
[A], [B], and [C]. Equation (4) can be cast into a system
of three equations and three unknowns. These
equations, together with the elements of the directly
computed [Z] matrices that are calculated at three
selected frequencies, are used to determine the
coefficient matrices. If the frequency band of interest is
especially wide, it may be necessary to divide the band
into several interpolation frequency ranges and
implement a process of stepping through them.

The frequency characteristics of the [Z] matrix
elements can be determined by the Electric Field
Integral Equation (EFIE) and the form of the basis and
test functions used [15]. These equations reveal that the
term ¢?** dominates the frequency behaviour of the [Z]
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elements. For matrix element Z,, R equals 1, = |rpy-
ru|, where ry, is the observation location and r, is the
source location. When the observation and source

points are close to each other, Ty, is small and e /"
varies slowly with frequency. When they are far from

each other, r,, is large and e "™ fluctuates rapidly
with frequency and thus dominates the frequency
variations of the [Z] matrix elements. An improved
method for computation of [Z] elements in this case can
be implemented by direct interpolation of the [Z]

elements divided by the factor e "™ and then the
resultant interpolation value is multiplied by the same
factor [15,16].

The interpolation function can also be cast in a form
that accurately models the behaviour of the large-
amplitude terms in [Z], i.e. the self-terms and those
quantifying the coupling between very close segments.
This has been implemented for thin wire antennas [16].
However, this was done to increase the accuracy in
evaluating the terms of [Z] at the intermediate
frequencies or to allow larger interpolation frequency
ranges.

Thus, the currents for a particular frequency, resulting
from a wideband excitation (e.g. a Gaussian Pulse) can
be found once the impedance matrix at that frequency
can be predicted. Therefore, the scattered fields on the
equivalence-principle surface due to the predicted
currents can be computed. Once these fields are
computed, the finite difference equations at the
equivalent surface can be stated as follows:

E=Egprp + IDFT(nxH(jw))/(¢/At+0/2) 5)

H =H pyp — IDFT(E(jo)xn)/(At/ 1) (6)

where Epprp and Hgprp are the normal electric and
magnetic field finite-difference updating equations. At
is the time step, €, 1 and © are the absolute permittivity,
permeability and conductivity of the surrounding
medium, respectively. The above equations are
executed for each FDTD iteration and hence
simultaneously cover all of the frequency samples,
taking into the account the frequency spectrum of the
pulse applied, obtained from MoM and interpolation by
performing the IFDT on the transferred excitation data.
Using the above technique and the theory presented in
[2] it can be deduced that the computation time
required for the hybrid method depends predominantly
on the execution time of FDTD method.

III. RESPONSES AND NUMBER OF SAMPLES

Consider Fig. 2, which shows the frequency
responses of two different forms of the real part of the
antenna input impedance. Usually the selected points
shown in both of them can be used for interpolation, to
predict the entire response. This response will be used
to obtain the time-domain performance of the antenna
using the inverse Fourier transform. For the case shown
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in Figure 2a, uniform frequency sampling can be used
since the rate of change of the curve at resonance is
slow. However, for the case shown in Figure 2b, a very
large number of frequency samples would be required
to resolve the detail in the resonance peaks. Since the
location of the resonances cannot normally be known
beforehand, there is no convenient way to quickly
determine the order of the samples required for
interpolation. For a limited known bandwidth the
resonances can usually be predicted with sufficient
accuracy for some extended set of interpolation points
by applying approximated analytical approaches:
confidence in the choices can be strengthened by
repeating the simulation two or three times with
differing choices to test for stability.

To save time, and use the same number of frequency
samples to predict the frequency response, the non-
uniform inverse Fourier transform was used:

(1) =25 Aw; Re(X (jwy)e ™) )
i=1

where o; (for i=1,2,...,n) is the i™ frequency sample.

Re(z)
(@)
Frequency
Re(z) Selected points for
interpolation
Frequency

Fig. 2. Frequency response of the real part of input
impedance. (a) wide resonance, (b) sharp resonance.

Aw; is the frequency width from the preceding
sample to the frequency sample ®; A substantially
higher density of frequencies ; (for i=1,2,...,n) is
chosen around the sharp resonance regions of the
frequency response. This method must be used when a
strong resonance is present, either inherently in one part
of the system (e.g. a helical antenna) or as a result of
strong coupling between the source and a scattering
element. Since the time-domain behaviour of the
antenna can be found, the scattered fields in the time
domain can be found easily, subject to the proper
selection of frequency samples that adequately predict
the approximated antenna response. Therefore, these
fields can be used to replace the actual source (the
antenna) by a chosen equivalent surface. This surface
can then be coupled to any time-domain method, such
as FDTD, in a hybrid technique.



IV. EXCITATION SOURCE

The input voltage source considered was either a
Gaussian pulse (GP) or a derivative Gaussian pulse
(DGP). The temporal behaviour of this impressed
voltage source can be given as follows. For GP
excitation:

2 2
W)= de”8 (1) (8)
where A is the amplitude of the pulse, g is the inverse
of the rise time, and t, is the time delay.

The frequency domain version of this source can be
found using Fourier transformation, thus:

Wjw) = ﬁefjtdwef(w 2g)* )

A pulse with parameters A=1V, g=1.5x10° s and t; =
2.5ns was chosen as an example having a 3dB
bandwidth somewhat less than 1 GHz. This provides
excitation across the operating band for antennas with a
bandwidth of 1 GHz. The time-recovered GP,
reconstituted from the frequency domain using 128
selected frequency samples uniformly distributed over
the frequency spectrum, was found to be close to the
shape of the original pulse. The working bandwidth of
this pulse was taken to be 1.5 GHz.

1 D T T T T
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Fig. 3. Example of a differential Gaussian pulse for
g=1.5><1095'1 and t;=2.5ns. (a) vs. scaled time. (b)
Spectrum magnitude vs. frequency. (c) Phase vs.
frequency. (d) Recovered pulse for 128 frequency
samples, vs. scaled time.

The second excitation source was represented by a
DGP. Originally, this pulse was used because there is
no DC component in its frequency spectrum. It is given
by:
2 2
w(t) = —Ag*(t —tg)e € D) (10)
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where A is the amplitude. The frequency domain
version of the above pulse can be found, using a
Fourier transform, as:

. 2 2
V(o) = —j AL e taw (@7 14g%) (11)
g

The time-domain version of the DGP, its spectrum and
phase are shown in Fig. 3. The time reconstruction of
this pulse over 128 frequency samples, uniformly
distributed over 1.5 GHz, is presented in Fig. 3d. This
was obtained using the inverse discrete Fourier
transform.

V. SIMULATION AND RESULTS

Several examples are given to highlight the features of
the method. The results are compared with those from
some homogeneous time-domain methods such as pure
FDTD and TDIE [18]. In all cases, the dielectric
volume was considered to be free space. This is
adequate to test the stability of the method and its
agreement with the results of other methods (which
may not be able to handle dielectrics).

Example 1. A straight wire antenna of length 0.5m and
radius Imm was analysed when driven by a DGP with
g=1.5x109 s and t,=2.5 ns. The number of frequency
samples for the Z-matrix interpolation used here was 9.
The proposed method was executed over the entire
bandwidth of 1.5 GHz. The numbers of frequency
samples over the bandwidth were chosen to be 64 and
128, in order to match the inverse discrete Fourier
transforms: a uniform discretisation technique was used
in this case. The source current versus time is shown in
Fig. 4 and the results are compared with those from
standard packages implementing the FDTD and TDIE
methods. The results of the proposed method are in
good overall agreement with those obtained from
FDTD and TDIE.

Source Current

= &4 Tfrequency samples
L28 frequency samples
FDTD

2 3
Scaled Time (cT})

Fig. 4. The input source current versus scaled time for a
dipole excited by a DGP.
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Example 2. The same wire antenna geometry of
example 1 was used, but excited by a GP having
g=1.5x109 s and t,=2.5 ns. The number of frequency
samples used for Z-matrix interpolation was 14. The
lowest frequency sample was chosen at 25Hz to
exclude DC effects, which would require a different
treatment. The proposed method was run over the rest
of the entire bandwidth of 1.5 GHz. The number of
frequency samples used to cover the bandwidth was
chosen to be 128, uniform discretisation again being
used. The source current versus time is shown in Fig. 5.
The results are in good agreement with those obtained
from FDTD alone and TDIE.

Tt
g
=
|81
1]
<
=1
=}
2]
&U‘f - 128 frequency samples
_ot by
FDTD
TDIE
-3 L L
0 1 4 5

2 3
Scaled Time (cT)

Fig. 5. The input source current versus scaled time
for a dipole excited by a GP.

Source Current

- - - 256 frequency sarhples
—— TDIE

2 3
Scaled Time (cT)

Fig. 6. The input source current versus the scaled
time for a helix excited by a DGP.

Example 3. A source consisting of a helical wire
antenna was analysed, using the same excitation
voltage as in Example 1. The helix had the following
geometry: pitch distance 0.01m; helix radius 0.015m;
wire radius 0.5mm; no. of turns 6. The excitation was
located at the centre of the helix. Fifteen points were
used for Z-matrix interpolation to cover the entire 1.5
GHz bandwidth. 256 frequency samples were

ACES JOURNAL, VOL. 20, NO. 1, MARCH 2005

predicted, applying the non-uniform discretisation
technique. The source current is presented in Fig. 6:
compared to the results obtained from TDIE, the
proposed method is quite acceptably accurate for such a
complex geometry as the helix. The FDTD results are
not presented in Figure 6 since no real model for the
exact geometry of the antenna can be developed using
this method, due to its curved wire nature.

Example 4. A near field due to a dipole, having similar
configuration and voltage excitation as in Example 1,
was investigated using the proposed technique. The
dipole was replaced by the closed equivalence-principle
surface inside the FDTD region that represents the
scattered fields, as shown in Fig. 7. The size of the
closed surface was 4x4x61 cells (cell size = lem). A
suitable number of frequency samples used inside the
FDTD zone, as predicted from the selected frequency
points, was 256. The memory required for field
transformation was around 4Mbyte. The interval time
considered in this example was double the time taken
by the previous examples, to illustrate the stability of
the method. The near fields at 0.05m from the antenna
are shown in Fig. 8. The results show a good agreement
of the present method with that computed from the pure
FDTD and the TDIE methods, both in the decay of the
amplitude and the periods of the following pulses, for
interval times of most interest. A maximum of less than
5% difference was detected between these field
amplitudes. The computation time was two hours on a
Sun Sparc 10 workstation.

61 cells

Observation

point

F1g 7. The antenna geometry of example 4 inside the
hybrid method domains.

Example 5. A two-arm square-spiral wire antenna with
a scatterer formed of two crossed wire dipoles (Fig. 8)
were investigated. The square spiral was selected here
simply to compare the results with FDTD, as its shape
is conformal to the rectangular grid. The radius of all of



the wires was chosen to be lmm. The spiral was
located 3cm above the cross point (origin point) of the
crossed dipoles. The source excitation was placed at the
centre of the spiral using the same DGP as in Example
1. The spiral antenna was then replaced by the closed
equivalence-principle surface inside the FDTD region
that represents the scattered fields, as shown in Fig. 8.
The size of the closed surface was 16x18x4 cells (cell
size¢ = lcm). The number of frequency samples
predicted from the selected frequency points was 256
and the memory required to store the fields on the
equivalent surface was 2Mbyte. The near electric field
was recorded at x = 0.0m, y = 0.08m, z = 0.03m, as
shown in Fig. 9. There is good agreement between the
two methods although the peak values differ by
approximately 3%. The total simulation time was two
hours on a Sun Sparc 10 workstation.
2.5/
2.
15
1

i 256 Frequency samples '
['; FDTD

i TDIE

|

Electric field
=)

25 n . L " |
. . Scaled Time GT) . i
Fig. 8. The electric field component E, versus the
scaled time at 0.05m from a source dipole excited

by a DGP.

Bem i Acells

b p——————————— [ Lot
! voltage source co
2cm-——a -

FDTD size
36 x 36 x 22 cells
PML = bcells

Fig. 9. The antenna geometry of example 5 inside
the hybrid method domains.
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VI. CONCLUSIONS

A method to obtain broadband antenna responses
from the hybrid technique using the frequency-domain
Method of Moments (IE Method) and the Finite
Difference Time Domain method has been presented.
This has the advantages that complex arbitrarily-shaped
metallic antenna structures can be simulated with the
mature FDMoM method, in combination with large
complex penetrable dielectric bodies that can be
efficiently modelled with the FDTD method. A [Z]-
matrix interpolation methodology on the MoM side was
used in order to significantly reduce the computational
time required for wide-band performance evaluation of
antennas. Quadratic interpolation was found sufficient
to predict the time-limited responses. The use of non-
uniform frequency samples on sharp resonances has
been shown to be a viable technique for minimisation
of computational and memory requirements. The results
were in reasonable agreement with available data from
relevant (but less flexible) single-algorithm methods: it
is likely that the disagreement in amplitude (of less than
5%) with the FDTD method could be due to
deficiencies in the representation of wires in the latter:
this does not invalidate the fundamental merits of the
hybrid method. Particularly, the computation time for
the present method depends mostly on the running time
of the FDTD method.

An enhancement to the technique can be achieved by
implementation of the method in Ref. [2]. In a single-
frequency example, this showed how current crossing
the boundary between the two domains can be
represented: this has great advantages for the present
work because it can reduce the memory requirements
and the computation time since only the most complex
part of the antenna need to be modeled.

......... 256 frequency samples
- FOTD

Ex component
o

-1

-2
2 1 2 3 4 5
Scaled Time (cT)
(a)
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............ 256 frequency samples
----- FDTD

Ey component
(=]

0 1 2 3 4 5
Scaled Time (cT)
(b)
Fig. 10. The electric field component versus the scaled
time at position x = 0.0m, y = 0.08m, z = 0.03m of Fig.
8; (a) Ex component, (b) E, component.
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An Optimized High-Order Implicit FDTD Solver with
One-Sided TF/SF for Simulation of Photonic Devices

Hossam A Abdallah
The George Washington University, Washington DC-USA

Abstract: In this paper an optimized high-order
implicit finite difference time domain (FDTD)
solver with one-sided total-field/scattered-field
(TF/SF) excitation is developed for numerical
simulation of integrated optical components. The
optimized FDTD algorithm reduces the number of
operations and the storage requirements to perform
the matrix inversion using LU decomposition. It is
shown that the one-sided TF/SF formulation is
more accurate in launching the exact power into
the simulation domain as well as decreasing the
load on the PML-ABCs. The implementation of
this tool was done in the Prometheus program, a
software package of Kymata Netherlands.

Keywords: FDTD, TF/SF, Photonic devices
1. Introduction

There are different wave modeling
techniques that are successfully used in modeling
integrated optical structures. Finite difference time
domain  (FDTD), Fourier transform-beam
propagation method (FT-BPM), finite difference-
beam propagation method (FD-BPM), and finite
element beam propagation method (FE-BPM) are
the most popular and useful techniques for the
simulation of integrated optics structures. FT-
BPM, FD-BPM, and FE-BPM were developed for
the case of weakly guiding structures where the
use of the paraxial approximation and the
neglection of any back reflections offer solutions
in the frequency-domain. These characteristics
limited the use of these methods when these
assumptions are no longer valid.

The FDTD method overcomes the
disadvantages of the previous methods. In
simulating guided-wave optics the method became
increasingly popular due to its attractive features
such as ease of implementation and full-wave
simulation including multiple reflections and
radiation. The first FDTD algorithm proposed by
Yee [1] provides a simple and a direct solution to
the Maxwell’s equations. However, the Yee FDTD

scheme that is second order in both space and
time, we refer to it as Yee(2,2), is dispersive, less
accurate, and computational expensive. Higher-
order FDTD schemes [2] overcome these
problems but come at a higher computational cost.
In this paper we implemented an implicit fourth
order scheme in space and second order in time
[3], we refer to it as Implicit(2,4). The
Implicit(2,4) scheme introduces substantial
accuracy and improvement over Yee(2,2) and
because it is unconditional stable arbitrary time
steps can be chosen. Detail analysis of the
dispersion and accuracy of the Yee(2,2) and
Implicit(2,4) schemes were performed in 1D and
the results in [4]. The Implicit(2,4) algorithm
requires the inversion of a tridiagonal matrix,
which can be replaced by decomposing the matrix
using the LU decomposition. We derive a simple
algorithm to perform the LU decomposition. The
new algorithm reduces the number of operations
and the storage requirements to perform the LU
decomposition.

It is known that implementation of sources
in FDTD simulations requires more complicated
procedures. The complications come from the
requirements to terminate waveguides that are
extended beyond the grid boundaries. All
excitation techniques intend to couple the exact
incident power to the FDTD grid, allow back
reflected waves to pass through the excitation
position, to avoid the interaction between
simulated sources and the absorbing boundary
conditions (ABCs), and, finally, to decrease the
load on the ABCs. A popular method is the use of
the total-field/scattered-field (TF/SF) method [5].
By introducing the TF/SF formulation, the
simulation domain will be divided into three
domains: the total-field domain, the scattered field
domain, and the ABCs domain (we use the
perfectly matching layer PML ABCs in all our
simulations). The SF domain offers information
about any scattered field meanwhile decreasing the
load on ABCs.
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In most of the structures of interest to our
work the amount of scattering on the right side of
the simulation domain is much less compared to
the left side and therefore no scattered field region
is added on the right side of the simulation
domain. We refer to such formulation the one-
sided TF/SF formulation. Implementation as well
as illustrative example of the one-sided TF/SF
formulation is described in detail in Section 3.

Finally the developed simulation tool was
used to analyze a number of structures that are
excited by waveguides. The accuracy of the results
was compared to the accuracy of the Prometheus
program (a beam propagation based solver).

This paper is organized into four sections
as follow. Following this Introduction Section,
Section 2 introduces the optimized LU
decomposition of the Implicit(2,4) FDTD scheme.
Section 3 introduces the one-sided TF/SF
formulation and some simulation results obtained
using this formulation together with the
Implicit(2,4) FDTD scheme and the PML-ABCs.
Finally, Section 4 presents conclusions about the
work we presented.

2. Differential Equations and Difference
Notations in 1D

In a 2D setting, assuming that both the
fields and the dielectric structure are constant
along the y—direction, Maxwell equations

decouple into two sets (we introduce the
normalized fields Eand H as E= &/ 1,E,

H=H, with the speed of light in free space
¢, =1/y&u,, and we drop the hat above the

normalized fields) One set is constituted by
electromagnetic fields with vanishing components

E, E, H,

£0,E, =c,(0,H,—0.H_), (1)
atI_I)c = COGZEy’ (2)
0,H,=—c,0.E,. 3)

These fields are called the TE fields. The second
set has vanishing £, H , H_ components.

0,.H,=—c, (0.E,—0.E.), 4)
&0,k =—c0.H , %)
£,0,E, =c,0.H,. (6)
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These fields are called TM fields. The two sets are
completely decoupled; there is no common field
vector component. Therefore TE and TM fields
constitute two possible classes of solutions for
two-dimensional electromagnetic problems. If the
medium is inhomogeneous along the x -direction,

then boundary conditions at material interfaces

. OE, :
imply that £ , —-, and H_ are continuous for

TE fields. For TM fields H )
a

H,
ox

We introduce and derive some notations
for the finite differences that will be used for the
FDTD schemes wunder consideration. For
simplicity we consider a one dimensional finite
difference notation. We apply and analyze
different FDTD schemes in 1D and then extend
the implementation of the most appropriate

scheme to 2D . The TE field equations in 1D are

and E_ are

continuous while 1S not.

€0k, =c,0_H,, (7)
0H = coézEy‘ ®)

As shown in Figure 1 and as proposed by Yee [1],
the discretization points forE and H are
interleaved in space and time. We present
notations for approximating the first and second
derivatives in space or time at certain position
using the neighboring points. We denote by ¢

either £ or H_. We assume equidistant

discretization with the step size Az in the z-
direction and the time step size Af and define
¢! =¢(nAtiAz). 5. and 5’ are the
approximations to the first and second derivative
with respect to z , respectively.

t
A

E Eiz
e e Hen Husa Higzn Hia
t=rhe ( ) ( ) —~H Y — A T —
= 1 [
= F L]
B E E B Bz Bz By Ey

L,
Fig. 1. Position of discretization points in a 1D
grid, circles.

We differentiate between two grids. The first grid
is the staggered grid in which £ and H, are

located in space as in Fig. 1, the second grid is the
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non-staggered grid in which £ and Hy are

located at the same space and time positions.
For the staggered grid we define the following
finite difference expressions

n é,:# _é/in
5z§i+1/2 = IT + O(AZ)2 )
5Zé/i"+% — §i+1/2A_Zé/i—l/2 + O(AZ)2 (10)

n+l _F#n
5té/in+% :%+O(AZ)2 (11)

1 _1
é,n+2 _é,n ]
i+ i+t

ol =2 "7 L O(Ar)*. 12
té,ﬁ Y (A1) (12)

For higher order FDTD schemes we use also the
following non-symmetric stencils, for the second
order spatial derivatives

5, =4 (ii;+ Sy O(Az) (13)

R VUt A
522411 2 4/1—3/2 (izz—;/; +é/l+l/2 +0(AZ)2 (14)

and for non-staggered grid

sor=tthiony )
oer =SS0 e)

sy =S oy )

The minor problem or disadvantage when
using staggered grids is the need to perform post-
processing calculation/interpolation to evaluate
field values at the same spatial and temporal
positions. These requirements complicate the
simplicity of the FDTD scheme and require
additional computation time and programming
effort.

2.1 Yee Scheme

Yee formulated the first FDTD scheme [1]
on a staggered grid using a second order accurate
approximation to the spatial and time derivatives.
We will refer to it as Yee(2,2), where (2,2) refers
to the order of accuracy in time and space,
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respectively. For the 1D TE fields given by
equations (7) and (8), the Yee(2,2) scheme will
have the form

n+

(18)

H%
Wl c05H

%. (19)

52Ey

Equations (18) and (19) are rewritten to yield

. . . n+l . n+% n
explicit expressions for £ given H * and E]

and for H;H% given E7 and H :_%. Thus, from

initial field distribution E, the algorithm can

advance alternatingly £, and H_ in time. The

Yee(2,2) algorithm is a conditionally stable
algorithm which means that the time and space
steps must satisfy certain criteria. In 1D the

e Az
stability criteria is At < —.
=)

2.2 A Fourth Order Implicit Scheme with
Optimized LU Decomposition

In this paper we considered an implicit
fourth order scheme in space and second order in
time [3]. We refer to it as Implicit(2,4). The
derivation of the Implicit(2,4) scheme starts with
calculating the truncation error to the fourth order
when approximating the first derivatives. This
leads to

(AZ)2

my ‘(20
4 )0.Cuir +O(Az)" (20)

n+t
5z§i+l/.2 = (1 +—

+1/2

and by introducing a discrete approximation to the

2l by 52‘4 , we obtain
i+1/2 i+1/2
S =(1+ (Az )52)8‘: +O(Az)4. 1)
OZ |41/

Demonstrated here for 1D problems, the
field values at the grind points are calculated in
two steps. In the first step the values of the first
order derivatives are calculated directly from the
difference equation and in the second step these
derivatives are expressed explicitly in terms of the
field values of the neighboring grid points. The
second step involves the inversion of a matrix,
which is tridiagonal except at the first and last
rows (this because of the need to use one sided


mjinman
.


fourth order accurate implicit approximations to
the derivatives at the first and last points at the
boundary). In 2D and 3D the spatial derivatives
are approximated in the same way and the
matrices that relate the fields with their derivatives
will be the same.

The inversion of the tridiagonal matrix can
be replaced by decomposing the matrix using the
LU  decomposition. Performing the LU
decomposition requires SN operations and L and
U will be bidiagonal matrices, except at a few
rows, with one of them containing ones on the
diagonal [3]. Therefore it is possible to store the
results of the LU decomposition using only 3
vectors each of size N.

We derive a simple and optimized
algorithm that can be used to perform the LU
decomposition specifically for the discretized
matrix from the Implicit(2,4) scheme. The
discretized matrix of the system in (21) will have
the form, dropping the time dependence notation
for the moment

26 -5 4 -1 0 0] ., =%

1 2 1 0 01 8.<l,, &6 |- (22)
0 1 2 1 01 2.4, | 24| &4
o A VI

0 . . 0 1 22 1aL],,, Sva—Sna

0 . . -1 4 -5 26)|a<],,, S-S

Performing one time Gauss elimination to the first
and last rows only results in

0 1 0 00 . o a4, | b
12 1 00 . o] o<, &= (23)
0 1 2210 . of agl, | 24 &4
0 . . 01 22 1{0<],,, Sy —Cnea
0 . . 00 1 0]]ag],,,] by
with
1
b1:W(27(§2_§1)_(§3_§0)) (24)
and
1
by = W(zngmz —Cv-) =Gy —Ew)) (25)

When simulating TE fields, the process of
solving the linear system will be repeated twice for
1D problems, four times for 2D with PML-
ABCs. For a large number of time steps, the
computation time of the Implicit(2,4) scheme may
limit the use of the scheme for simulating large
structures. Hence, any optimization to the LU
decomposition process will effectively reduce the
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total computation time. Rather than performing the
LU decomposition on the systems in (22) or (23)

as proposed in [3], we eliminate 0_¢ | and

32
0.6],,, from (23) and perform the LU

decomposition. The resulting system has the form

11 0 0 0 ol o<l,, | [ &
02 1 0 0 0l a.¢l,, b,
0 22 1 0 0| a.¢l,, b,
00 1 22 1 0| 2.l,, o =<
. . . . . —_— E .
0 1 22 1 0 0|04, Cva—Cns
0 0 22 1 0|04<],.,, by,
0 0 220 a:‘é/‘A/fs/z bN*1
K 0 0 1 1]]a4],,,] by |
(26)
with
b2=(42_§1)_22b1 (27)
b3:(§3_§2)_b1 (28)
by, =(Cy3=Cya)—by (29

bN—l = (é/N—Z - é/zvq) - 22bzv (30)

The LU decomposition of the matrix in 20 will
result in two matrices L and U of the following
form

1 0 0 0 o[t 1 0 o0 0 0
01 00 0 0|0 l/ag, 1 0 0 0
0 q 0 0 0|0 0 la, 1 0 0
LxU=|0 0 a, 1 0 0fjo 0 0 Va 0 0
00 0 a,, 1 0jJlo 0o o0 l/a
00 0 0 a, 1[0 0 0 0 1

31
where p equals to N-2. The values of a, can be

calculated using the simple expression

1 1
al =—, al_ =
22 2-a,,

, i=23,4,.,p. (32)
Due to the round off error and the
precision accuracy, we found that a, =a, for

i =6 with error less than 107" . This suggests
storing only the values a,, i=1.2,...,6. This not
only reduces the number of operations and the
storage requirements to perform the LU

decomposition but also reduces the number of
operations to solve the linear system using the
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above LU formulation. The algorithm used to
solve the linear system LUX =b will be carried
out by solving LY =b with Y =UX. For the first
system the algorithm will have the form

K:blﬂ Y2:b2
Y=b-a_,*Y , i=345,.,p+2 (33)

and for solving ¥ =UX

X =Y X =Y  *a

p+2 T T p+20 p+l T Tp+l p
X=X, -X,)*a,, i=p-lLp-2..2
X, =%-X,. (4)

2.3 Accuracy of Different FDTD Schemes

We confirm the second and fourth order of
accuracy with respect to the spatial discretization
of the previously presented FDTD schemes in one
dimension, similarly the extension in two
dimensions. The results shown in Figure 2 are
obtained for a sinusoidal wave with wavelength
1.0uum propagating in free space in the positive
z —direction over a distance of 10 um , where N is
the number of discretization points. For ¢ =1,

angular frequency @, and wavenumber k, an

exact solution of the 1D TE field equations can be
found.

Fig. 2. L, norm of the difference between the
numerical and exact values for £ ) field at the last

time step using the Yee(2,2), Explicit(2,4), and
Implicit(2,4) scheme at different points per
wavelength.
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3. One-Sided Total-Field/Scattered-Field
Formulation

The total-field/scattered-field (TF/SF)
technique [5] is an efficient way to increase the
quality of simulations through reducing the load
on the ABCs and by offering information about
scattered fields. The TF/SF was originally
proposed for free space problems and for
modeling point sources, which are not of great
practical interest in integrated optics problems.

The simulation domain is divided into
three domains: the total-field domain, the scattered
field domain, and the PML domain, as in Figure 3.
The formulation is based on the linearity of the
Maxwell equations and on decomposing the
electric and magnetic fields as sum of two
components, one in the total field region and
another in the scattered field region

E =E +E, (35)
H=H+H_, (36)

where & is the incident field value, & is the
scattered field value, and & is the total field
value, £ ={E,H}.

Incident fieldis exated here

Y m
e

PNLtegion Scattered-field Total fieldregion Scattered-field PMLregon
regon region

Incident field is subtracted here

Fig. 3. The FDTD regions for 1D TF/SF grid.

Consider the 1D mesh as shown in Fig. 3
where two scattered-field regions are defined on
both ends of the simulation domain. We call this
formulation two-sided TF/SF formulation. In most
of the structures of interest to our work the amount
of scattering on the right side of the simulation
domain is much less compared to the left side and
therefore no scattered field region is added on the
right side of the simulation domain. We refer to
such formulation the one-sided TF/SF formulation.

The black dots in Fig. 4 are the positions

of the electric field Ey,and the gray dots are the

positions of the magnetic field /. In the total-

field region, the FDTD algorithm is applied to the
total field, while in the scattered-field region it is
applied to scattered field only. On the interface
between these two regions the incident field is



taken into account. Details of these formulation in
1D, 2D, and 3D are well documented in [5]. For

the 1D TE Yee(2,2) scheme, only two FDTD
update equations need modification. The first for

the E  field update equation at the TF-SF

interface and the second for the H _ field update

equation at the first point to the left to the TF-SF
interface [5].

The discretization equations of the FDTD
scheme with one-sided TF/SF formulation for 2D
structures are similar to those introduced in [5]
with one difference that is simply having no
scattered field region at the right side of the
simulation domain, see Fig. 4(a). As described in
[5] the incident fields at all time steps need to be
known for regions around the total-field —
scattered-field interfaces. These fields are obtained
from a separate simulation and are used as incident
fields in the same regions. If the same incident
fields are used to excite different structures then
these fields can be stored and used in these
simulations. Otherwise two simulations are run
simultaneously, one for calculating the incident
fields and are used as the incident fields in the
same regions in the second simulation. Running
two simulations approximately doubles both the
memory and computational time requirements
compared to running a single simulation and using
stored values of the incident fields in the incident
field regions. For our work the two simulation
approach was selected and implemented for
arbitrarily choosing the incident structures, the
incident propagating mode, the simulation window
etc.

Figs. 4(a) and 4(b) show the domains of
the two FDTD  simulations that run
simultaneously. In the first simulation, the
waveguide that is used to excite the structure in
4(a) is extended to the right hand side of the
FDTD domain, see Fig. 4 (b). The waveguide is
excited by incident modal field using the hard
source excitation (the modal profile of the
propagating mode of interest is obtained from a
separate mode solver program, the width and
refractive indices of both the exciting waveguide
and background are inputs to this mode solver).
Hard source excitation has the advantage of
coupling the exact power into the FDTD grid
compared to other excitations [2], [4].

In the second simulation with the
configuration shown in Fig. 4 (a), at each time step
fields obtained from the first simulation at the
incident field regions are used to introduce the
incident field in the same regions. For most of our
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simulations the size, number of cells, of the
scattered-field region was equal to those of the
PML region.

PML regon
Scattered-field region
Total-field region

#-/

FPML-region

The extended waveguide

o

./

il /

(b)
Fig. 4. (a) 2D one sided-TF/SF problem geometry,
(b) 2D-problem domain for simulation of the
incident field in the absence of any structures
inside the TF region.

The following example demonstrates how
the developed FDTD scheme with the one-sided
TF/SF formulation works. Fig. 5 (b) shows the

intensity plot of the E field for TE polarization

for the cos-bend waveguide sketched in Fig. 5 (a),
with width 0.5 wm, length 10 um, offset 2
pum,and da 0.1 pum . At the plane in and plane
out positions the cos-bend is connected to a
waveguide with the same width of the cos-bend
and a length 2 um . The refractive index of the

background is 1.0 and a refractive index of 3.0 in
the guiding regions. No special treatment was
applied to dielectric interfaces and structures with
magnetic material were not considered in this
work.

The computational window is Sx15 um

in the x - and z -directions, and the wavelength is
1.5 pum, Az and Ax were chosen to be 0.05
um and simulation is performed for 300 fs
with dt equal to 0.05 fs. The values for the

PML parameters are 8, 3, 10 for the number of
PMLs cells, the polynomial degree of the
conductivity profile, and the reflectivity,
respectively, in both the z- and x-directions. Fig. 5
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(c) shows the intensity of the incident field
propagating in the extended waveguide.

Length .

— Plane Ouil ¥ I‘Mdﬂ'

Fig. 5. (a) cos-bend waveguide, (b) the intensity of
the £, field in the SF region, (c¢) The intensity

plot of TE-E  field propagating in an extended

waveguide used in the TF/SF excitation.

The developed simulation tool was
integrated into the Prometheus program, a
software package of Kymata Netherlands
company (currently C2V) [6]. Prometheus is a
design, simulation and mask layout platform for
integrated optics devices.

Two examples are presented here to
validate the accuracy of the developed simulation
tool. In the first example a straight waveguide is
excited by the modal filed of the fundamental

ACES JOURNAL, VOL. 20, NO. 1, MARCH 2005

mode and the overlap coefficient between the
input field and the output field at the end of the
waveguide is calculated. All the temporal field

values of the £, component for both the input and

output field are stored. Then they are Fourier
transformed and the overlap is calculated. The
overlap coefficient for a waveguide with
parameters 1.55um, 3um, lum, Sum, Sum
for the wavelength, the refractive index of the
waveguide, the background refractive index, the
x -section and z -section of the computational
window, respectively, is found to be 0.996. Figure
6 shows the plot of the normalized amplitude of
the input and output field of the waveguide.

— - Endfield
—r— Startfield

hverlap coefficient 0.936

1

=]
o

o
t

i

Mormalized Amplitude of
o o o o o
ka [5) B (4] m

o

x) 1 2 2 4 )

o

Fig. 6. Start and end field of a waveguide
simulation.

The second example that validates the
accuracy of the developed simulation tool is a
directional coupler was modeled using the
Prometheus program and the developed simulation
tool. Figure 7 (a) shows the intensity plot of

the £ field for a directional coupler of length 75

pm,this is also the length of the computational
window, widths of the waveguides are 1 gm and
core separation is 1 pm. Figure 7(b) shows the

intensity plot of £  field calculated using

Prometheus program of Kymata software.
The wavelength was 5 um, smaller
wavelengths require long waveguides which
means a huge number of grid points, and the width
of the computational window in the x -direction
was 10 pum. The step size was 0.1 and 0.25
p#m inthe x - and z -directions, respectively. The
coupling length calculated using the Prometheus
program 20.6303 um while the one calculated
using the developed
20.62143 um .

simulation tool is
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(b)
Fig. 7. The intensity plot of the E field

component for a directional coupler, (a) calculated
using the FDTD method, (b) calculated using the
Prometheus software program of Kymata
Netherlands.

The results presented in the previous two
examples show that the accuracy of the developed
simulation tool is in good agreement with the
accuracy of the Prometheus program, a widely
accepted software package in the integrated optics
community.

4. Conclusions

An optimized implicit high-order finite difference
time domain (FDTD) solver with one-sided total-
field/scattered field formulation for time
dependent numerical simulation of integrated
optical components is developed and its accuracy
was verified versus results calculated by the
Prometheus  program. A  reduced LU
decomposition was developed for inverting
matrices that arise from the implicit FDTD
scheme. Although implicit high -order FDTD
schemes are unconditional stable, implementing
them seem to be feasible only for 1D or 2D
problems due to the increasing computational cost
compared to explicit schemes.
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Multiresolution Time Domain Based Different Wavelet Basis Studies of
Scattering of Planar Stratified Medium and Rectangular Dielectric Cylinder

Qunsheng Cao and Kumar K. Tamma
AHPCRC,University of Minnesota, Minneapolis, MN 55415

Abstract — In this paper, several wavelet bases,
namely, the Daubechies, the biorthogonal Coiflet,
the Deslauriers-Dubuc interpolating functions, and
the cubic spline Battle-Lemarie, are applied to the
multiresolution time domain (MRTD) technique
for planar stratified media and electromagnetic
scattering. These MRTD schemes are studied via
field expansions of the scaling functions in one-
dimensional (1D) and two-dimensional (2D) cases.
A rigorous treatment method for inhomogeneous
media structures is given. We have focused here
on the study of reflected and transmission
coefficients for an electromagnetic wave
propagation on a stratified slab media and the
scattering width (SW) of a rectangular dielectric
cylinder. The 1D propagation characteristics of
single and periodical stratified media and the 2D
scattering width of the MRTD schemes are
compared with the results of the FDTD method.
Finally, we describe the computational accuracy of
the relative peaks and shifting position errors, via
a comparison of the results of the MRTD scheme
based on the different basis with those of the
FDTD method.

Key words: Multiresolution Time Domain
(MRTD) scheme; orthogonal and the biorthogonal
wavelet bases; reflected and transmission
coefficients and scattering width.

I. INTRODUCTION

In recent years, the multiresolution time-
domain (MRTD) method [1]-[6] has been applied
successfully to wvarious electromagnetic field
analyses. The fields of the MRTD scheme are first
expanded as a summation of scaling functions and
wavelet in space and rectangular pulse in time.
Although many different orthogonal and bi-
orthogonal families of wavelets in theory are
available, there are a few fundamental
requirements that restrict us to use the wavelet
families: (i) Smoothness and differentiability, (i)
orthogonality, (iif) compact support, (iv) symmetry

or asymmetry, and (v) explicit analytic expression
[7] in the choice of the scaling functions and
wavelet in the Multiresolution Analysis (MRA)
used in the MRTD scheme.

In application of the MRTD method, we can
frequently choose and use different families of
scaling functions and wavelets. The cubic spline
Battle-Lemarié (BL) orthogonal wavelet family
[8]-[9] is very desirable in the applications of the
multiresolution time domain analysis. The Battle-
Lemari¢ family of wavelets has good regularity
and symmetry, the basis functions are orthogonal,
and although the scaling functions and wavelet of
BL don’t have compact support, the functions
decay exponentially. The Battel-Lemarié wavelet
family was first introduced into the time-domain
analysis for electromagnetic field applications [1],
which is based on Galerkin’s procedure of the
method of moments (MOM) [10]; and later it
progressed towards the introduction of the MRTD
scheme in 1996 [1]. Another basis family used in
the MRTD scheme is the Daubechies’s compact
support orthogonal wavelets [3], [7], and the
family is with compact support and orthogonality,
but they are far from being symmetric. The
Daubechies’s family is characterized as the one
with an external phase and with the shortest
support length for the given number of vanishing
moments [7]. As a typical biorthogonal wavelet
family, namely, the Cohen-Daubechies-Feauveau
(CDF) wavelet family [5] used in the MRTD
method, the CDF can be thought as a product of
the marriage between the spline family and
Daubechies’ construction. The CDF spline family
is therefore indexed by the pair (n,7) and denoted

by CDF (n,7n), n is order of B-spline function and

n is the vanishing moments of the wavelet. Yet
another wavelet basis used in the MRTD scheme,
the spline biorthogonal Coiflet wavelets family, a
variation of the Daubechies family [6], is with
almost symmetric properties, orthonormal and
compactly supported on limited intervals. The
MRTD schemes also adopt the Deslauies-Dubue
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interpolating wavelets family [4], and the Haar
wavelet family [6] as field expansion basis. The
MRTD schemes based on these different wavelet
bases have shown a good potential to approximate
the exact solutions. For example, the cubic spline
Battle-Lemarie scaling and wavelet basis, which is
the first wavelet basis used in the MRTD scheme,
can even obtained near Nyquist sampling limit in
using the Galerkin’s sampling procedure with high
computing accuracy [1]. In the MRTD scheme a
reduction of grid density is inherent in the
computations; however, there is a need to ensure
adequate computing accuracy compared with the
traditional finite difference time domain (FDTD)
method. We note that different wavelet basis used
in the MRTD schemes, because of the different
wavelet bases; they have different properties of the
compact support, and decay exponentially with
symmetry. Therefore, there exist varied indexes
of summation in the field expansions and for
convergence for the different basis, which leads to
some differences in computing accuracy for
practical structures.

In this paper, we present exact algorithms of
the MRTD scheme based on different wavelet
basis, and the functions of field expansion are
chosen as the scaling functions of the various
wavelet bases in one-dimension (1D) and two-
dimensions (2D), respectively. We provide the
expansion functions of a different wavelet family,
and give the exact formulations of the dielectric
regions of the MRTD for an inhomogeneous
lossless media. Finally, we calculate the wave
reflected and transmission coefficients in the 1D,
and the scattered width (SW) of a rectangular
dielectric cylinder in the 2D case, respectively. We
also compare the computing accuracies of the
MRTD scheme based on the different wavelet
bases with those of the FDTD method, and discuss
the implementation aspects and approximations
that are employed in providing simplification of
the formulations.

II. FORMULATION AND WAVELET
BASES CHOSEN

Firstly, we consider a 2D scattering analysis of
an inhomogeneous lossless medium with the
permittivity €,. For the MRTD scheme, we adopt
a pure scattered-field formulation employed in the
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FDTD technique [11], in which the incident field

E™ is added only to the targets to describe time-
domain electromagnetic fields. The Maxwell’s
equations for 2D TM; mode can be written as

aHscat 1 a scat
Lo T )
ot Hy Oy
aHé;C‘” 1 o scat
- ——: )
ot K, Ox
8E scat aE inc
€, —=—¢g,(e, - 1)—=
0*r 8t 0( r ) 8t
SE gy 3)
+ y _ X
ox oy

where E*““ indicates the scattered E-field. The
relative permittivity €, is given as

K K K K K

(x,7) = e, forx  <x<xj,y  <y<y;
e x,y)=

1, elsewhere

(x=0,1,2,...,N) 4)

where N is the total number of participating media,
x' (y) and x5 (v, ) are the x (y)-coordinates of
lower and upper limits of the x-th dielectric
medium. Next, the field values are expanded as
separable combination for the orthogonal scaling
functions ¢(§),(§ =x,y) in space, and the Haar

functions (rectangular pulse) A(f) in time,
respectively. For example, the scattering fields are
expanded as

H;caz (x,y,t) — f: ¢XHi,j+%¢i(x)¢j+%(.y) (5)

i, j==eo hn (t)
= H", ¢ 5

H;cat (X, v, t) — Z by i+%,_/¢i+% (x)¢j (y)
iy j=o0 hn (t)

E )= 3 CELR @6, 0h@). ()

n,i, j=—0

where 51. (&) denotes dual scaling shifted by i

units.  Similarly, the expansion forms of the
incident field are similar with that of the scattering

field. The functions A, (¢) and ¢,(§) or 6,(@

are generated from the basic functions by dilation
and translation as

(1) = h(Att—n +‘j (8)

2

(6)
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If the scaling function ¢,(&) :$i (§), then the
expansion is called an orthogonal expansion,
otherwise it is called a biorthogonal expansion. In
this paper, we have considered a variety of
different scaling functions ¢(§) and its shifted

functions ¢, (&) (or shifted dual functions $i &)),

that is, the cubic spline Battle-Lemarie scaling
function, the compact support Daubechies scaling
function Dy (p:2) [12], the compact support
spline biorthogonal (Coiflet wavelet) scaling
function (p =2, [N):2) [13], the compact
support spline biorthogonal (Coiflet wavelet)
scaling function (p:4, ]3:4) [13], and the
Deslauriers-Dubuc interpolating functions [14] as
a scaling function, respectively. As examples,
Figs. 1 give the distributions of the cubic spline
Battle-Lemarie scaling function and Daubechies
scaling function Dy, and their corresponding shift
functions. In particular, the Deslauriers-Dubuc
scaling function has its dual scaling function,
where the dual function can be chosen as the Dirac

delta function: 5(&)28(&) [14]-[16], and the

interpolating scaling function constructed as the
autocorrelation function of the Daubechins’
orthogonal scaling function with N=2 [14]-[16].

| |i III i) 1
Pl &)

{x) and gy(x)

-II.-1g
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Fig. 1. The scaling function ¢(x) and its

shifted functions ¢,(x) (or dual

shifted functions &(x) ). (a) The

cubic spline Battle-Lemarie basis,
and (b) the Daubechies D, basis.

Substitution of the field expansions into the
Maxwell equations (1)-(3), and then sampled
using the basis function as the test function by the
standard a Galerkin’s procedure leads to the
following two update equations of the H-fields:

sc;zt n+y12 :scgzj "*Vf
l,‘/+41 l,j+A At (loa)
- _z a(v)»VCthEin/+v+y Ay
[ T2 Ay
s;at "*I% — S;at "’l%
T Ve Yyl
41 > A (10b)
- Y a0 EEL,
ILIO " +v+ 2,_/ Ax
Table 1. Connection coefficients OL(V),
(a(=v)=-a(v-1))
v | Daubechies Coiflet Coiflet
(p=2.7=2)| (p=4p=4)
0| 1.22953239 | 1.23464519 | 1.31103170
1| -0.09358996 | -0.09715386 | -0.15600966
2| 0.01025133 | 0.01162914 | 0.04199606
3| 0.00003558 | -0.00019002 | -0.00865439
4 0.00083094




The coefficients OL(V) connecting the scaling and

their derivative functions are obtained by a
numerical integral method in the Fourier domain

[1] and Table I lists the coefficients oc(v) of the

Daubechies D, and biorthogonal Coiflet scaling
functions.

The derivation of the update equation for the £
fields is quite involved, since all orthogonal
relations of the bases functions are not valid due to
the introduction of the inhomogeneous region.
Staring from the time domain equation (3), we
derive the following update equation for the E
field:

scat pon+l __scat yon 1
el = wki; t

N X
K K QK
1+Z(8, _l)ai,iB_/,j
K=l
A A N
o j+ ( lb« (mcEnH mcEn )
Z - llB/j bz i',j'_¢z i

i'=i-A j'=j—-A x=l

1
X
%@+ﬁmf—ﬁﬁﬁz}
k=1

sca. n+y At S‘C’a n+y At
ZG(V)[ ¢)t z+v+/1 Ax ¢‘:H1 ]+v+/ Ay

(11)

+

and the coefficients o/, and B . are defined as:
s, = [0,008, (o (122)
NS
S B TR
By = A_yyj;q)"q (1o, (v)dy (12b)

where (x,x5) and (y;,y,) are the lower and

upper limits of the x-th dielectric medium along
the x- and y-directions, respectively. N is the
number of dielectric media in the computational
domain, and A is an adjustable constant, which is
determined by the size of stencil effect, the
computing accuracy requirement and the
localization property of the scaling functions.
Usually the constant A is chosen as 6 to 9 for the
cubic spline Battle-Lemarie wavelet basis, and 4 to
6 for the Daubechies D, and Biorthogonal Coiflet
basis. Equation (11) indicates that for the k-t

CAO, TAMMA: MULTIRESOLUTION TIME DOMAIN BASED DIFFERENT WAVELET BASIS STUDIES

scattering target, the distribution of E-field has
relation with that of the fields within an extended
region, which is covered by the region:

[0 AL A6 -l

In the derivation process we have used the
main diagonal approximation in the evaluation,

i.e., we replace o f3% . by o B 0,0, .. This

approximation is justified because of the compact
support of the bases functions and the fact that the
main diagonal coefficients are larger than those of
the non-diagonal coefficients [17].

Equation (12) involves the scaling and its dual
functions and the products of them. From these

multiplicative products of functions d)(x)&(x) of

the different wavelet bases we can obtain roughly
the extended dielectric region for different wavelet
bases, that is, we can estimate an adjustable value
A according to different accuracy requirements.

Now we consider one-dimensional wave
propagation TEM mode. Considering the

constitutive relation for the E-field, D, =€E we

derive the update equation of the E-field in the
dielectric region, that is,

VDI =y D= S a) H3 5T 3)
D” +00 N

ZmEn[ H+Z(8 _1) J

i'= k=0 (14)

i+A

-2 ACE

n
ti¢y i
i'=i-A k=0

Employing an inverse matrix technique, equation
(14) can be re-written as a typical update equation
as given by

JE =L S ), o (15)
80 k=1 i'=i-A
where
[XK]{[ I_HA(s —1)%} . (16)
i'=i—-A

Numerically, for the MRTD solver we can pre-

Bk., . and dielectric

calculate the coefficients o iy

i'i?

matrix [X], and can pre-store them at the start of
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the MRTD code. Due to the requirement of a
square matrix, the dimensions of the connected

dielectric ~ matrix [X] in  (16) are
(if —ir +2A)>< (l; —ir +2A) for each dielectric
region. As an approximation, we can only
consider the main diagonal element in (16) as
explained previously; and as a further
approximation we can reduce the dielectric region
to a real dielectric region, and make the dielectric

width equal to the slab width by decreasing
A—0.

III. NUMERICAL RESULTS

As a first example, we consider a TEM plane
transient pulse with a maximum frequency

Jiax =10GHz , generated by an exciting E, field

that is incident on a dielectric slab characterized
with a relative permittivity €, =4, and the width

is 3x107m and Ar=125x10""s. The
computational domain and the grid configuration
are listed in Table II, in which NX is the total
computing dimension, i, i, are the slab positions,
and i, i, are the record positions for the reflected
and transmission wave, respectively.

Table II. Configuration of dielectric slab

NX i 1 iz irl ir2
(cell) | (cell) | (cell) | (cell) | (cell)
300 140 170 120 200
150 70 90 60 100
75 35 45 30 50
60 28 36 24 40
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Fig. 2. Magnitudes of reflection coefficient
S|, and transmission coefficient S,

L L L
7 8 9 10

versus frequency in a single-layer
dielectric slab system. (a) the cubic
spline Battle-Lemarie basis, and (b)
the Daubechies D, basis.

Figures 2 show the results of the reflected and
transmission coefficients for one dielectric slab for
the cubic spline Battle-Lemarie wavelet basis and
the Daubechies wavelet basis, respectively. In
order to compare the computing accuracy for
different wavelet bases, we have to define two
relative errors. One is the relative peak error

2 — Ranalysis (n) - RMRTD (n)

p
Runulysis (n)

with the value change of the reflected coefficient
curve at a specified peak position, where R(n) is

the corresponding value of the reflected coefficient
at the n-th peak in the reflected coefficient curves.
The other one is the relative shifting error

Y fO_fMRTD

,=————, which is
fo

frequency position shifting changes along the

horizontal axis in the coefficients curves, where

fo is a corresponding frequency value of the

, which is involved

involved the

analytical solution along the horizontal axis.
In Table III are given the relative peak errors
%, corresponding to the third peak, and the

relative shifting error X corresponds to the

frequency value along the horizontal position



fo =9.98GHz for the different MRTD wavelet

basis compared with the analytical solution with
increasing cell unit Ax . From Figs. 2 and Table
III, it is found that the reflected and transmission
coefficients of the MRTD scheme based on the
cubic spline Battle-Lemarie wavelet are of
reasonable accuracy and within the limits of the
computational relative peak error and the relative
shifting error.

Figures 3(a) and 3(b) show the enlarged local
peak portion of the reflected coefficient curve and
the enlarged local horizontal portion that
correspond to the third peak and the frequency
value along the horizontal position with the
frequency value of the analytical solution

fo =9.98GHz with Ax = km% , respectively.

Table III. Relative peak error at the third
peak and shifting position error of the
reflected coefficients at f =9.98GHz

Battle- Daubechies Coifelt Coifelt
Lemarie (%) (p=2p=2) (p:4jﬁ:4)
Ax %) (%) (%)
mm) Py Ts 1z [z | = [= [= |3
0.75 [-0371-029]-0.17 | -0.18 | 0.02 | -0.18 | 0.02 | -0.18
1.50 1-0.33]-0.12 ] 0.02 | -0.29 | 0.17 | -0.29 | -0.02 | -0.18
3.00 | 032 | -042| 048 | -1.14] 2.75 | -1.40 | 0.70 | -0.98
3.75 1035 ]-0.72| 0.57 | -1.70 | 6.47 | -2.18 | 2.30 | -2.25
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Fig. 3. Enlarged magnitudes of the reflection
coefficients S|, versus frequency in

a single-layer dielectric slab system.
(a) at the third peak position, (b) at
the 10GHz frequency position with

cell size Ax = km% .

For the reflected coefficients obtained with
only the main diagonal elements in the dielectric
matrix, that is, the matrix elements that only

correspond to the same units as o, the

Daubechies D4 scaling basis, the reflected
coefficients show a smaller computational relative
peak error and smaller relative shifting position
error than that of the other bases for the ‘coarse’
cell size. Therefore, as a simplification of the
main diagonal approximation, the Daubechies Dy
scaling basis can be chosen as a basic basis to be
used in the MRTD expansion.

Figure 4 give the reflected coefficients of a
periodical dielectric stratified 10 layer media using
the MRTD scheme based on the Battle-Lemarie
scaling functions; the width of the slab is

w, =3x107m, the width between slabs is

w, =3x107m, and the values are compared

with the analytic solution. It can be seen that the
MRTD scheme exhibits high computing accuracy
and larger savings in computing memory, and
nearly the same computing time compared with
the FDTD method for a complicated periodic
structure. The total lengths of the periodic slabs
are NX =1020 for the FDTD and NX =204 for
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the MRTD. The CPU time is about 92.5 seconds

for the FDTD with sz}\’m%o, about 107.2
seconds for the MRTD based on Battle-Lemarie

scaling functions with Ax = Xm%, and about

110 seconds for the MRTD based on the
Daubechines D4 scaling functions  with

Ax = Xm%. A total of 40,000 time steps were

used for the same 500 MHz Pentium III (Katmai)
computations.
Next, we investigate the scattering width

(SW), o, for a square dielectric cylinder with a

plane wave incident with a maximum frequency of
Sfoax =5GHz. The dimension of the target is

0.18x0.18m" with the relative permittivity €, =4,

and the discretization employs Af=2.5x10""s,
and the total number of steps is 4000 for the
MRTD scheme and the FDTD method. Ten layers
of the APML boundary are used. In Fig. 5 is
plotted the SW of the MRTD scheme based on
different wavelet bases with that of the FDTD
method for the 7M., mode. The results of the
MRTD scheme are in good agreement with that of
the FDTD for a specified frequency at a specified
incident and scattering angle. However, the
computational space for the MRTD scheme is
60Axx60Ay, and is only about 14.1% of that
employed in the FDTD, which is given by
160Ax x 160AYy .

(Perindical £labs) MRTDg,
i

< om0 2 Smamemn 1)

ngH—-- 2=l Imrb-ﬂ.ﬂ:l'.ﬂ
Lo 3 rmamei__ W%
gl domE Vrnaein

Susalytic selutin

-l
]"uil'I ||
"

L
o 1 2 a

i 5 ] 7 B
Frequency (GHz)

Fig. 4. Magnitudes of the reflection
coefficients S, are for a periodical

dielectric stratified ten layer media
by the cubic spline Battle-Lemarie
wavelet basis.
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In order to compare the accuracies of scattered
width of the MRTD scheme based on different
wavelet basis, we again employ the concept of the

G rprp (M) = O ypp (1)

S rprp (1)

where o(n) is the value of SW at the specified n-

relative peak error X =

2

th peak in the scatter width curve, and the relative
f 0o f MRTD

0

shifting position error 2 = , where

fo and f,rp are corresponding frequency values

of the FDTD method and the MRTD scheme in
the horizontal axis for the n-th peak in the SW
curve, respectively.

20
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Fig. 5. Magnitudes of the scattering widths
as a function of frequency (¢, =30°,
¢, =30%) for the different wavelet
bases and FDTD method are for a
TM, wave incident on a square
dielectric cylinder, where ¢, and ¢,

are the incident and scattering angles
of the wave, respectively.

Table IV lists the two relative errors, in which
the relative peak errors are for the third curve peak
and shifting position errors are for the specified
frequency value along the horizontal position. For
example, for the FDTD method the value of
frequency along the horizontal position is about

f, = 4.646GH: .



Table 1V. Relative peak and shifting
position errors of the scattered width for
the third peak curve

Battle- Daubechies Coifelt Coifelt

Deslauriers

Lemarie (%) (p=2,p=7 (p=4,p=4)| -Dubuc
g B %) %) %)
mm) s T s s = |2 [z |5 [z |5 =
700 | -1.88 | 0.78 | 13.01 | 1.92 | 3.28 | 1.02 | 360 | 3.22 | 5.98 | -0.26,

0.75 |-1.00 [ 0.73 | 10.49 | 2.90 [ 2.05 | 1.01 | -0.33 | -0.30 | 4.92 | -0.74
0.50 |-0.57 (039 | 9.18 | -1.02 | 0.41 | 0.17 | -1.97 | 0.56 | 3.44 | -0.04

A careful study of the SW with varied cell
sizes of different MRTD wavelet bases and from
Table IV, we find that the scattering widths of the
cubic spline Battle-Lemarie wavelet basis have
reasonable accuracy within the limits of the
computational relative error, and higher accuracy
than that of other wavelet bases relative to the
results of the FDTD method with different cell
sizes. Figs. 6(a) and (b) are the enlarged scattered
width curves corresponding to different wavelet

bases with the cell size Al = xmﬁ%. From Figs.

6(a)-(b) and Table IV, the results of the
Daubechies D4 basis show a larger peak and
shifting position errors than that of the other
wavelet bases.
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Fig. 6. Enlarged scattering widths as a
function of frequency (¢, =30,

¢,=30% for different cell sizes are

for a TM, wave incident on a square
dielectric cylinder. (a) at the third
peak position (b) at the 5.0GHz
frequency position with cellsize

A=0.75x10"m = 7

IV. CONCLUSIONS

In this paper, a multiresolution time domain
scheme based on different wavelet bases have
been explored, and have been applied to
electromagnetic analysis of a 1D wave with
reflected and transmission, and a 2D scattering
problem in an inhomogeneous dielectric region.
The formulations of the update equations of the E-
field were derived. @We have calculated the
reflected, transmitting coefficients, and the
scattered width in 1D and 2D for the MRTD
schemes, respectively, corresponding to different
wavelet bases. The computed results have been
compared with those derived from the FDTD and
analytical solutions. We have also estimated the
values of the relative peak errors and the shifting
position errors at a specified horizontal frequency
for the different MRTD schemes. The different
MRTD wavelet schemes show the comparative
accuracies of the different wavelet bases at
specified frequency and peak positions.
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