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Abstract  This paper presents a high frequency phase 
variable model of electric machines obtained using finite 
element (FE) analysis. The model consists of the low 
frequency phase variable model in parallel with a high 
frequency winding branch. The resistance and inductance 
of individual winding turns are calculated by 
magnetodynamic FE analysis while capacitance is 
calculated by electrostatic FE analysis. With the obtained 
parameters, a distributed model was formed based on the 
winding arrangement. The order of the distributed 
winding model is reduced using the Kron reduction 
technique to form the lumped parameter high frequency 
winding branch. A Permanent Magnet synchronous 
motor (PMSM) with its operating inverter is used as an 
example. The developed model is then used to evaluate 
the motor-inverter interaction. The results show the 
ability of the developed model to represent the motor’s 
high frequency behavior under different operating 
conditions. 
 
Index Terms — FE, high frequency, PM synchronous 
motor, Kron reduction, phase variable model, lumped 
parameters, distributed parameters 

I. INTRODUCTION 
 

Many efforts have been devoted to develop the 
high frequency induction motor models based on 
experiments. Using these models, the overvoltage at 
the machine terminals, electromagnetic interference, 
and voltage distribution among the winding turns 
have been reported [1, 2]. A conventional direct–
quadrature (dq) axis model of PMSM has also been 
developed using an experimental approach [3]. The 
model can represent the motor’s low and high 
frequency behaviors.   

In this paper, an FE based physical motor model 
of randomly wound PMSM is developed. The 
developed model can be used to test, improve, and 
optimize the motor design. This model consists of a 
high frequency branch connected in parallel with a 
low frequency phase variable model. The low 
frequency phase variable model represents the 

motor’s low frequency behavior while the high 
frequency winding branch represents the high 
frequency behavior. A change in the winding 
arrangement will affect only the high frequency 
winding branch parameters and will not affect the 
low frequency phase variable model parameters.  

The FE based approach is used to calculate the 
high frequency model parameters. The developed 
model is used to evaluate the integrated motor drive 
high frequency behavior. This includes the motor 
terminal overvoltage, effect of switching 
frequencies on the motor currents and output torque. 
The simulation results show the ability of the 
developed model to represent the motor low and 
high frequency behavior under various dynamic 
operating conditions. 

II. HIGH FREQUENCY WINDING BRANCH 
PARAMETER CALCULATION USING FE 

A 2-hp, 6-poles, 36-slots, random wound winding 
arrangement, with 128 amp-turns per half slot motor 
was used as an example. Due to the symmetry, a one 
pole of the motor’s geometry is used considering the 
individual turns in each half slot as shown in Fig. 1. 
Each slot contains 18 turns with 9 turns in each half 
slot. Each turn utilizes #14 gauge wire with 
diameter of 1.6281 mm. Diameter of insulation is 
1.73 mm. The same positioning of the turns within 
the other slots is maintained. To consider the 
geometry effects on the inductance and capacitance, 
all the slots in one pole of the motor’s geometry 
were modeled. The winding resistance, inductance 
and capacitance values are function of the operating 
frequency. The resistance increases with the 
increase in the supply frequency due to the skin and 
proximity effects. The skin effect is the tendency of 
the current to remain at the surface region of the 
conductor while the proximity effect is the action of 
the magnetic field of adjacent conductors on the 
current density distribution inside the given 
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conductor. The inductance value decreases with the 
increase of the frequency. The change in the 
capacitance values with the change in the frequency 
is minimal and can be ignored in the considered 
frequency range. The capacitances are distributed 
between turn to turn and turn to ground. The 
capacitance provides an easy path for high 
frequency current components to flow between the 
turns and to ground.  

 

 

 

 

 

 
Fig. 1. One pole motor geometry with individual winding 
turns. 
 

A 2-D magnetodynamic FE analysis is performed 
to obtain resistances and inductances of the different 
winding turns. This analysis is a steady state time 
harmonic form of diffusion equation [4]. First a 
geometry description is set up by assigning the 
proper material properties to the different parts of 
the one pole geometry. The rotor and stator iron are 
composed of nonlinear magnetic material with 
linear resistivity. The turn conductors are assigned 
with unit permeability and resistivity. Assignment 
of resistivity is required to include the eddy current 
effects. The motor magnets are assumed to be linear. 
The shaft, fixing wedge and insulation inside the 
slots were assigned with air. The meshing is 
selected in coordination with the skin depth. The 
size of the mesh elements inside each turn is kept 
less than the skin depth. The skin depth is calculated 
according to the rise time of the pulse width 
modulation (PWM) pulses. The rise time of the 
PWM pulse is 1 µ s which corresponds to the 
frequency component of 1-MHz. The skin depth at 
1-MHz frequency is 6.6 e-5 m. The meshing details 
inside the one pole model are shown in Fig. 2. The 

mesh contains 7937 line elements and 179692 
surface elements.  

Periodic boundary conditions are assigned to the 
wedge shaped pole structure while the homogeneous 
Dirichlet boundary conditions are applied to the 
outer stator surface. The FE-circuit coupling allows 
us to simulate the exact operating conditions with 
real voltage supply connection. The field and circuit 
equations are coupled and solved simultaneously 
[5]. The magnetic field inside the motor is governed 
by the following partial differential equation 

s eH J J∇× = +                                              (1) 

where, sJ  is the source current density, eJ  is the 
induced current density, and H  is the field 
intensity. In general, the current in the circuit 
domain with m loops can by represented by the 
following set of equations 

[ ] d  1[ ][ ] [ ] [ ] [ ]
dtm m m m m m m

m

E R I L I I dt
C

γ
 

= + + + 
 

∫      (2)         

where, mR  represents the matrix of resistances, mL  is 
the matrix of inductances, mC  is the matrix of 
capacitances, mγ  is the matrix of  non-linear voltage 
drops, mI  is the matrix of currents, and mE  is the 
matrix of voltages. More details about the 
formulation can be found in [5]. 

The inductance and resistance frequency response 
of the different turns were obtained by solving the 
magnetodynamic problem for various supply 
frequencies. The frequency range used is from 10- 
kHz to 1-MHz. Usually the PWM switching 
frequencies are in the range of tens of kHz. The 
upper limit of the frequency range is selected to 
include harmonics up to 1-MHz. 

The computation took 4 hours to solve the 
magnetodynamic problem on a Pentium P4, 3-GHz 
machine. During the simulation all the turns were 
connected in series. After solving the coupled field 
circuit problem, the resistances and inductances as 
functions of frequency were obtained.

 
 
 

 
 
 

 
 
 
 

Fig. 2. Mesh details inside one pole model, inside slot and inside turn. 
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The variation of the resistance and the inductance 
versus the frequency for different turns in the first 
half slot of phase A are shown in Figs. 3 and 4, 
respectively. 

 
 
 
 

 
 
 
 
 
 
 
 
 
Fig. 3. Resistance variation with frequency. 

 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

Fig. 4. Inductance variation with frequency. 

In Figs. 3 and 4, R1, R2… and L1, L2… correspond 
to the resistance and the inductance of the different 
turns in the first half slot of phase A respectively. It 
is difficult to point out each individual turn in Figs. 
3 and 4, since all the curves are very close to each 
other. Therefore, the figures are just meant to show 

the trend of variation of resistance and inductance 
with frequency. It should be noted that the slope of 
the resistance curve becomes smaller and also the 
slope of inductance curve becomes constant in the 
higher frequency region. The inductance obtained 
by this method is apparent global inductance. Since 
simultaneous excitation of all the turns in a given 
half slot is performed, the inductance value contains 
both self and mutual inductance terms. The skin 
effect inside the iron is more pronounced compared 
to the turn conductors. As a result, the flux lines do 
not penetrate the iron region but remain confined 
inside the slot. Figure 5(a) shows flux plot at 30 kHz 
frequency while Fig. 5(b) shows the flux plot at 1-
MHz frequency. The flux plots are at steady state. 
These figures clearly show the fact that the stator 
iron acts as a flux barrier due to the increased eddy 
currents at high frequency. The position and 
numbering of turns in the first slot is also shown in 
Fig. 5(b). Similar calculations were repeated for 
each half slot. 

The capacitances were calculated from FE 
electrostatic analysis since capacitances are function 
of the motor geometry and not the supply frequency. 
The electric field is assumed to be linear in this case 
and it is proportional to the applied voltage. The 
analysis determines the electric scalar potential 
distribution due to the applied voltage [6]. The turn 
conductors were treated as perfect conductors and 
hence are not meshed. The insulation in the slot and 
surrounding of the conductor is finely meshed. The 
mesh details in the slot and the insulation is shown 
in Fig. 6(a-c). The capacitance calculation is based 
on the energy principle. By applying voltage on the 
conductors, the ground capacitance matrix was 
calculated from the stored static energy. The electric 
potential distribution inside the motor is governed 
by the following partial differential equation,

 
 
 
 
 
 
 
 
 
 
 
 
                                                                   (a)                                                               (b) 

Fig. 5.(a) Flux lines in one pole machine at 30 kHz, (b) In the slot at 1 MHz.  
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(a)                                                           (b)                                                    (c) 
Fig. 6. Mesh details (a) inside one slot, (b) inside half slot, and (c) surrounding single turn. 

 

( )0r Vε ε ρ∇ ∇ = −i                     (3) 
where, ρ  is surface charge density, rε  is relative 
permittivity, 0ε  is air permittivity, and V  is electric 
scalar potential.  

To calculate the lumped capacitance matrix, 
charges are related to the potential differences. 
Similar capacitance calculations were repeated for 
each half slot. The mutual capacitances were 
calculated between turns within each half slot. All 
capacitances were multiplied by the mean length of 
the turn as the calculated capacitances are per unit 
length. The self capacitance is the addition of the 
ground capacitance and mutual capacitances with 
other turns. 

III. DISTRIBUTED PARAMETER MODEL AND ITS 
REDUCTION 

The distributed parameter winding model is 
shown in Fig. 7. The model is formed using the high 
frequency parameters obtained from the FE 
analysis. The distributed model consists of the 
resistance of each turn, the global inductance of 
each turn, the capacitance to ground for each turn 
and the mutual capacitances with other turns inside 
the half slot. The used motor has 216 turns per 
phase. All the turns in a given phase are connected 
in series thus forming 217 nodes. The parameters of 
the first turn are between nodes 1 and 2; the 
parameters of the second turn are between nodes 2 

and 3 and so on. The ground capacitance is equally 
distributed between the two ends of the turn. Here, 
C12 is the mutual capacitance between turns 1 and 2; 
R1 and L1 are the resistance and global inductance of 
the first turn, respectively. Also, C1g is the 
capacitance to the ground of the first turn and so on. 
The resistance and inductance values used in the 
model are the average values over the considered 
frequency range.  

The order of the distributed parameter winding 
model obtained above is reduced by using Kron 
reduction technique [7]. This reduction is performed 
in order to reduce the simulation time so that a 
global solution of the combined low and high 
frequency phenomena of PWM motor-inverter 
interaction can be obtained at much faster speeds. 
PWM is the modulation technique to obtain inverter 
output voltage control. The nodal method is used to 
form the admittance matrix of the distributed 
winding model. In this algorithm, all the nodes other 
than the terminal nodes are eliminated. To eliminate 
the internal nodes, the admittance matrix is 
partitioned such that the nodes to be removed are 
represented in the upper rows. The partitioned 
matrices are shown below in (4). In equation (4), i 
and j are terminal nodes and n is the number of 
turns. The reduced admittance matrix is obtained 
from (4) using matrix transformation formula given 
in ( )5 ,

 
 
 
 
 
 
 
 

Fig. 7. Distributed parameter winding circuit obtained from FE analysis. 
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.                      (5)                   

In (5), red
nodeY  is the reduced (2×2) admittance matrix. 

The π -network model shown in Fig. 8 (a), is used 
to represent the resultant matrix (5) using the 
principle of two port circuit [8]. The obtainedπ -
network is symmetrical with equal diagonal 
elements. From theπ -network model parameters, 
the high frequency branch parameters R, L, and Cg 
are obtained. The lumped equivalent circuit for the 
high frequency branch is shown in Fig. 8 (b). 

 

 

        (a)             (b) 

Fig. 8. (a) π -network model, (b) Reduced order high 
frequency winding branch. 

The high frequency phase variable model is shown 
in Fig. 9. This model consists of the low frequency 
phase variable model in parallel with the high 
frequency winding branch. The low frequency 
phase variable model was previously developed by 
the authors [9]. A filter is connected in series with 
the high frequency winding branch to filter out the 
fundamental (60 Hz) frequency components [10]. 
The lumped parameter values at various switching 
frequencies are given in Table 1. It should be 
observed that there is slight change in the values 
of the parameters by changing the winding 
arrangement from a form wound winding type to 
random wound winding type for same number of 
turns. Further details on the parameters of form 
wound winding type motor can be found in [11]. 

IV. SIMULATION AND RESULTS  
The high frequency phase variable motor model 

is tested in an integrated motor drive system as 
shown in Fig.10. A vector control algorithm is 
used to drive the motor. The motor drive system 
consists of a PWM inverter, cable and the 

developed motor block model. The load torque is 
set to its rated value of 12 N.m. 

 

 
 

 

 

 

 
 
 
 
 
 
 
 

 
Fig. 9. High frequency phase variable model. 
 

Table 1. Lumped parameters at different frequencies. 

  Per phase 10 kHz 20 kHz 30 kHz 
Resistance R 

(Ω ) 6.66 8.08 9.02 

Inductance L 
( µ H) 67.37 38.46 29.97 

Capacitance 
Cg (nF) 1.42 1.42 1.42 

 
As shown in Fig. 10, there are two cascaded 

control loops to control the motor. The inner loop 
controls the motor's stator currents. The outer loop 
controls the motor's speed. A high frequency cable 
model was used to connect motor to the inverter 
[12]. The simulation was performed at various 
switching frequencies namely, 10-kHz, 20-kHz, 
and 30-kHz. For PWM switching operation, the 
simulation time step should be in the range of 
nanoseconds in order to capture the spikes in the 
various waveforms. Figure 11 shows the three 
phase current profiles at different switching 
frequencies. The pulsations in the current 
waveform are due to PWM switching action. The 
spikes in the current waveform are due to high 
voltage edge rates of converter elements and cable 
parameters. The high frequency branch enables us 
to include these spikes. These spikes are clearly 
visible in 10-kHz current waveform results. At 20-
kHz and 30-kHz frequency, there is an increase in 
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the number of current spikes since the spikes are 
formed at each transition point. Since the 
capacitance values are constant for all cases, the 
increase in the magnitude of current spikes is 
marginal. The spikes in phase A current are clearly 
shown in Fig. 12. Typical torque waveform is 
shown in Fig. 13 at various switching frequencies. 
The pulsations in the torque are due to the PWM 
switching action. The frequencies in the 
simulations are approximate values since the 
motor is working under the hysteresis current 
controller. Therefore the captions of Fig. 11 to Fig. 
14 are annotated with (approx.) label. The spikes 
are also visible in the ground current which is 
shown in Fig. 14. This current is the current 
passing to the ground through high frequency 
winding branch. This current produces 
electromagnetic interference with other electrical 
equipments connected to the ground. The motor 
model is also tested for the overvoltage 
phenomenon when connected through a long cable 
to the PWM inverter. Due to the impedance 
mismatch between the cable impedance and the 
motor input impedance, the voltage builds up at 
motor’s terminal and can reach a peak value of 
double the DC supply voltage. This can damage 
the motor’s insulation. Predicting this overvoltage 
magnitude is very crucial in the insulation design 

and selection process. To investigate the effect of 
cable length on the motor overvoltage, the motor 
model is connected to a cable of different lengths. 
The overvoltage at 10-kHz switching frequency is 
shown in Fig. 15. As the length of the cable 
increases, the amplitude of the voltage increases 
and the frequency of oscillations decrease. The 
simulation results show that the developed model 
can predict motor-inverter interaction at faster 
speeds than full FE model. The developed model 
can be used to evaluate EMI issues during the 
design and development process numerically. 

V. CONCLUSION  
A high frequency phase variable electric 

machines model is developed using FE analysis. 
This was done numerically rather than 
experiments. This approach will allow us to 
evaluate the motor high frequency behavior during 
the design process. The winding arrangement 
changes show a little difference in the parameter 
values for equal number of turns. The model can 
predict motor high frequency behavior such as 
motor current spikes, terminal overvoltage as well 
as the ground currents at fast computation speed. 
The model can be utilized in design optimization 
and insulation selection for motors during design 
process as well as in the evaluation of EMI issues. 

 

 

 

 

 

 

 

 

Fig. 10. Integrated motor drive system. 

 

 

 

Fig. 11. Three phase steady state current waveform at different switching frequencies. 
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Fig. 12. Phase A steady state current waveform at different switching frequencies. 

 

 

 

 

Fig. 13. Torque profile at different switching frequencies. 

 

 

 

 

Fig. 14. Grounding current at different switching frequencies. 

 

 

 

 
 

Fig. 15. Overvoltage profile for different cable lengths. 
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